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STABILITY FOR CONFORMABLE IMPULSIVE DIFFERENTIAL
EQUATIONS

YUANLIN DING, MICHAL FECKAN, JINRONG WANG

ABSTRACT. In this article, we study impulsive differential equations with con-
formable derivatives. Firstly, we derive suitable formulas for solving linear
impulsive conformable Cauchy problems. Then, we show that the linear prob-
lem has asymptotic stability, and the nonlinear problem has generalized Ulam-
Hyers-Rassias stability. Also we illustrate our results with examples.

1. INTRODUCTION

Among the new mathematical tools, we have the conformable derivative which
was introduced in [I}, [I4]. It has been used in Newton mechanics [9], cobweb models
[7], logistic models [2], and other branches of physics [20] and mathematics [4 [18]
9], 24, 75, 6.

Impulsive differential equations have been applied to many problems; see [5] [0
12, 29, [30]. In particular, [3, 8, [19] consider impulsive differential equations with a
conformable derivative of the form

sy(t) =g(t,yt), tel:=Ia,b]\{ts,...,tm}, 0<B <1,
Ay(tk):Ik(y(t;)), k=1,2,...,m7

where D} is called the conformable derivative with low index a, the function g :
[a,b] X R — R is continuous, I : R — R is an (instantaneous) impulsive function,
a =1t <ty < - <ty <tpyr =0b b>0,y(t,) = lim,o-y(tx +€) and
y(tf) = lim_o+ y(tx +€).
Motivated by the works [I3| 16, 17, 23] 27, 28] [32], we consider the conformable
linear non-instantaneous impulsive differential equation
aﬁy(t)::uy(t)? te (Sk7tk+1]7 k2071a27"'ama
y(th) =&y(ty), k=1,2,...,m,
y(t) =&yt ), te (tesk], k=1,2,...,m,

y(sf) =y(sy), k=1,2,...,m.

(1.1)
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Note that y(t;) = €y(t; ) is the classical impulsive condition that affects y at the
point ti; meanwhile y(t) = £y(t, ) for t € (t,si] affects y on the interval (t, si]
and is called non-instantaneous impulsive equation.

Next, we consider the conformable non-linear non-instantaneous impulsive dif-
ferential equation

(1.2)

,y(t))
D=y(s;), k=12,...,m,

where p and & are constants, 0 < 8 < 1. For k = 1,2,...,m: the s, are called
junction points while the t; are called impulse points, tg = so = a < t; < s1 <
to < S < tms1 =b,b>0,g:[a,b xR — Ris continuous, hy, : [tg, sp] xR — R
is continuous and is called a non-instantaneous impulsive function. For details on
the non-instantaneous impulsive equations, see [27, eq. (1.6)]. Equations ,
are used in the dynamics of evolution processes in pharmacotherapy: the first
equation denotes the health status of a patient; the second equation denotes the
doctor takes some actions to test medicine for the patient practicably; the third
equation denotes the testing medicine is valid for this patient and then begin to
deal with the effect of patient for some time. The final equation shows the effect of
testing medicine disappeared in the health of the patient.

The article is organized as follows. In Section 2, we present some basic defini-
tions, and derive the solutions for two kinds of non-instantaneous impulsive frac-
tional Cauchy problems. In Section 3, we define asymptotic stability and give some
conditions for to be asymptotically stable. In Section 4, we define generalized
Ulam-Hyers-Rassias stability for , and use a fixed point theorem to study this
stability. In Section 5, we illustrates our main results by examples.

2. PRELIMINARIES

Let PC(I,R) ={y: I - R:y € C((tx, ty+1],R), k =0,1,..., y(t,) = y(tx)},
where C'((tg, tx+1], R). This is the space of piecewise continuous functions endowed
with the norm ||y|| = sup,c; |y(t)]-

Definition 2.1 ([I5], Definition 2.1]). The conformable derivative with lower index
a of a function y : [a,b] — R is defined as
t+e(t—a)=P) —y(t
gy(t):limy( tet—a) ™) y()’ a<t, 0<p<l,

e—0 3

pyla) = lim Dy(t).

A function y is called S-differentiable at to if Dfy(to) exists and is finite.

If y € C'([a,b],R), then Diy(t) = (t - a)'=Py'(t). For t > a the conformable
derivative Dgy(t) exists if and only if y is differentiable at ¢ and Dgy(t) = (t —
a) =y (1) see [1]

Definition 2.2 (see [I5], Definition 2.3]). The conformable integral with lower index

a of a function y : [a,b] — R is defined as
t

J5y(t) = / y(s)dg(s,a) = / (s —a)’ly(s)ds, a<t; 0<p<l1.

a
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When a = 0, we write dg(s) = da(s,0).

Lemma 2.3 (see [I5], Definition 3.3]). Let y : I — R be a continuous function. A
solution y € C(I,R) of the linear problem

fy(t) = py(t) +9(t), tel, 0<B <1,
y(a) = Ya
has the form
t
Y(#) = gaeh =078 4 / e(t=a) /B o=1(s=a) /B g () (5 — a)P s,
The result in Lemma [2.3] is also valid when continuous function is replaced by
integrable functions with finitely many points of discontinuity.

Remark 2.4. Consider the multi-dimensional case
Dey(t) = f(y(t),t), t>a

2.1
9(@) = v, 2
where f € C(R" X [a,00),R™). Then we consider the associate ODE
Y'(2) = f(Y(2), VB2 +a), 220 2.2)
Y (0) = yq-
For a solution Y (2) of (2.2)), by defining
L (t—a)f
vty =¥ (5). (2.3)

for t > a, we obtain
Diy(t) = (t —a)' Py (1)

Note that
Sy() = lim DFy(t) = f((@),0) = f(ya.a).
So all solutions of are determined by and viceversa. For instance, when
fly.t) = Ay + (),
for a matrix A. Then becomes
V() = Ay +9(0). t2a o
y(t) = Ya,
and becomes
Y'(2) =AY (2) + g(/Bz+a), 2>0
Y(0) = ya,
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with solution
Y (2) = e*y, + / AW g({/Bu + a)du.

0
Thus by (2.3)), a solution of (2.4)) is
(t—a)B
(t—a)? B (t—a)P s —a B
s =y [T Ay s = O
0

(t—a)f b=l (s—a)f —a)p
=N Z/a+/ ATFET )g(\ﬁ/ﬁ%+a>(s—a)ﬁfldsy
a

t
= s ATy, 4 / ep A= =m0 g () (s — a) P ds.
a

This is a generalization of Lemma to higher dimensions.

Next, we establish two standard frameworks and derive appropriate formulas for
solving the impulsive Cauchy problem (|1.1)), and the problem

Diy(t) = g(t), te€ (sp,try1], k=0,1,....,m, 0< B <1,
y(t) = hk(t)a te (tk75k]a k= 15 ceey MM, (25)
y(a) = ya.

Lemma 2.5. Let y(t,s,ys) be the solution of (1.1)) with initial value y(s) = ys.
Then

y(t) =yt s,ys) = W(t, s)ys, 0<s<t,

where
W(t,s) = €7@ =n(@:5) oy (% [(((t— a)f — (Snant) — a)?)+ — ((s — a)?
n(a,t)—1
~Gawn =) )+ Y (e~ ) — (51— 0))]),
k=n(a,s)

where n(a,t) denotes the number of the impulse points that belong to (a,t) and
2T = max{0, z}, 2 € R. Note that when n(a,t) = n(a,s), we have szn‘&‘;) = 0.
In particular,

Y

(1) = en(et) [((t-0)P ~(sngaty—0)) T+ 00" (ths1—a) P —(s5—a)?) V.

Proof. Depending on the number of pulse and junction points between times ¢ and
s, we have the following 8 cases.

Case 1: There are no pulse or junction points between t and s, i.e. n(a,t) = n(a, ).
(i) Let t,s € (Sk,trt1] for k=0,1,2,...,n(a,t). When ¢ € (a,t;], we have

y(t) = yaert=a)"/8,
When ¢t € (1, 1], we have
y(t) = €y(ty) = gerh =" /Py,.
When t € (s1,2], according to

— —a)f s1—a)B
y(s1) = fy(h )= é’eﬂ(tl ) /Bya — et(s1—a) /,Byal,
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we have
(tl—a)B/ﬁ
-8, _ p(t—a)?/p 8¢ Y Py
yt) =e Yar =€ en(si—a)? /3
(tl a /ﬁ
_ _E(s—a)f lt—ay? s &= Py,
y(s) =es Yar = en(s1—a)7/B
SO

W(t,s) = eu((t—a)ﬁ—(s—a)ﬂ)/ﬁ_
(ii) Let us set t,s € (tg, s, k =1,2,...,n(a,t). From

y(t) = &y(ty ), k=1,2,...,n(a, 1),
we obtain y(t) = y(s), so W(t,s) = 1, a constant.
Case 2: There is only one junction point between ¢ and s, i.e. n(a,t) = n(a,s).
For every s € (tn(a,s), Sn(a,s)] a0d t € (Sp(a,t)s tn(a,t)+1), We have
— on((t=0) ~(sn(ay—a)?) /B
y(t) = eu(( ) —(sn(a,n—a) )/ y(st 5, t))

eﬂ((tfa)ﬂ*(snm.t)*a)ﬁ) /ﬂy(ST_L(avt))

— (-0 ~Cnan =) /8y 5).

SO
Wi(t,s) = o (=0 ~((sn(arn -)?)

Case 3: There is only one pulse point between time ¢ and s, i.e. n(a,t) = n(a, s)+1.
Let us select every s € (Sn(a,s)s tn(a,s)+1] and t € (tn(at), Sn(a))- When y(t) =
§y(t;(a t)), we have

— —a)?—(s—a)?
(0) = 9l ) = e (o= =em )y,

SO
W(t,s) = gor((tntan =) ~(s=)") /5,

Case 4: There are one pulse and one junction points between ¢ and s, i.e. n(a,t) =
n(a, s) + 1.
(i) By selecting every s € (Sn(a,s)s tn(a,s)+1) and t € (Sn(a,t)s tn(a,t)+1], We have

y () = et (=0 ~Gnn =) /8, o+ 5t o)

y n(a t))
5

e

/ﬁfy n(a t) )

)
(t=a)° ~(Sn(a)~ aﬁ)/ﬂ

)
— (=0 (om0 =0)°) B g ((bnan =) ~(s=)?) /8 oy

el
/‘L((t a 7(5n(a,t) a
(

)

SO
V[/(t7 S) — eﬂ((t_a)ﬂ_(sn(a.t)_a)ﬁ)/Bgeﬂ((tn(a,t)_a)ﬁ_(s_a)ﬁ)/5'

(ii) For every s € (tn(a,s)s Sn(a,s)] and t € (tn(a,t)s Sn(a,t)], We have

y(t) = gy(t;(a,t) )



6 Y. DING, M. FECKAN, J. WANG EJDE-2020/118

— é’ey‘((tn(a,t) 7a)ﬁ7(5n(a,s)7a)ﬁ) /B

<
—~
w
2+
e
w
N
—

<
N
V2l
S
~
£
3
N
-

= fe”((tnwﬂ—a>5—(sn<a,s>—a)6)/6

SO
W(L s) _ geu((tn(a,t,)*G)ﬁ*(sma,s)*a)ﬂ)/B.

Case 5: There are two pulse and one junction points between ¢t and s, i.e. n(a,t) =
n(a, S) +2. For every t € (tn(mt)v Sn(a,t)] and s € (Sn(a,s)7 tn(a7s)+1]7 we have

y(t) = Sy(t;(a t))

a)”—(s a)”
= fe# (tn(a,n=a)" =(sn(a,)-1—0) /By n(as)+1)

)

= et (=0 ~Gnimn1=0)) /8, o S(a,s)+1)

ﬂ)/’géy (ta,s)+1)
)

(
(@

B (e )
(@

_ fe” tn(a,t)—a)" = (Sn(a,t)—1—a)” /ﬁ ((tn(a t1—a)’—(s— a)ﬁ)y(s)
"
= 62 €xp (Eﬂ((tn(a,t) - a)ﬁ - (Sn(a,t)—l - a’)ﬁ)

+ ((tn(a,s)—i-l - a)B - (Sn(a,s) - a)ﬁ) - ((5 - a)B - (Sn(a,s) - a)ﬁ))y(s),

SO

W(t7 8) = 52 exp (% ((tn(a,t) - a)ﬁ - (Sn(mt)fl - a)B)

+ ((tn(a,s)-i-l - a)ﬁ - (Sn(a,s) - a’)ﬁ) - ((S - a)ﬁ - (Sn(a,s) - a)ﬂ))
Case 6: There are one pulse and two junction points between ¢t and s, i.e. n(a,t) =
n(a, S) + 1. For every s € (tn(a,s)a Sn(a,s)] and t € (Sn(aﬂf)ytn(a,t)-i-l)a we have

t—a B_ Sn(a,t)—a B
y(#) = (=) ~(s5nay—a)") /8 Y(55 )

e”((t a)’ - (Sn(a,n—a) )/ﬁy n(a t))

eu( t—a)® = (sp(a,t)— “)ﬁ)/ﬁ&/ n a t))

eu( i a)/j n(a - a)ﬁ)/ﬁfeﬂ( n(a,t) = a)ﬁ (Sn(a s) a) )/By(sz’;l,t))
6#‘( (t—a)’ —(sp(a,n— a)ﬁ)/ﬁf ((t"<“ 0=a)" = (sna.) = a)ﬂ)/ﬁy(s)v

S0
W(t,s) = e”((t_“)ﬁ_(5"<a=t>_‘1)8)/Bge“((tn(a,w—a)ﬁ—(snm,t)—l—a)ﬁ)/ﬁl

Case 7: There are two pulse and two junction points between ¢ and s, i.e. n(a,t) =
n(a,s) + 2.
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(1) For every s € (Sn(a,s)7tn(a,s)+1] and ¢ € (Sn(a,t)ytn(a,t)-i-l)a we have

)P (s 00 1y —a)P
y(t):e”((t )7 =(sn(a,ty—a) /’By(s+ t))

n(a,

t— a)ﬁ Sn(a t)fa)[j /By(s_( t))

)
)
A (R L a>’3)/5§y(f;(a,t>)
)
)
)

el
(
(
(¢
(¢
(

o (t=0) (51 (a.ty—a)® /ﬁfe“(( n(ayt)—a)B_(Sn(a,t)fl_a)ﬁ)/By(8+( t)—l)
_ ey, . a)[ (S(ant)— a)/j /Bge#(( n(a,t)70‘)’6*(5"(“'”_170’)[&)/ﬁy(si( )+1)
— ot (=)~ (sn(ay—a)’ /556#(( n(a)=0)° =(Sn(a,0) 1*‘1)13)”53/(7f (as)+1)

— (=) (s~ a)ﬁ)/ﬁg 1((tnaty =) —(sngany-1—a)°) /8

b oo)

= 52 exp (%((t - a’)ﬁ - (Sn(a,t) - a)ﬁ) + ((tn(a,t) - a)ﬂ - (Sn(a,t)—l - a)ﬂ)

+ ((tagany—1 —a) = (s = a)ﬂ))y(é’),

S0
W(t,s) = & exp (% ((t—a)? - (Sn(at) — a)”)
+ ((tn(a,t) - a)ﬁ — (Sn(an-1— a)ﬁ) + ((t"(a’t)_l B a)ﬁ — (- a)ﬁ)).
(ii) For every s € (ty(a,s)s Sn(a,s)] and t € (tn(a,t), Sn(a,t)], We have
y(t) = &yt u4))
— ge%((tn(aﬁ«)*“)ﬁ (Sn(a.0)+1=a B)y Sn(ass)+1)
766‘5( n(a,t)=@)° =(Sn(a,0 11— 6)y na5)+1)
_ 563( n(a,t) =) = (Sn(a, 41— “)B)gy n(a s)+1)
_ feg( n(aty=a)" =(5n(a,s)41—0 ﬁ)56 (c "(“)“_a)ﬁ_(s"(“'s)_a)ﬁ)y(s)
= 265 (00 =0 =Cnta11=0°)+ (Cagen1-0) = Gntan=0)") ).
S0

W(t’ S) — 526%((tn(a,t)70’)[-}7(571,((1,5)«#170’)[3)+((tn(a,s)«l»l70‘)[37(571,((1,5)70‘)6) .

Case 8: There are several pulse and several junction points between t and s.
(i) For every s € (tn(a,s) Sn(a,s)) a0d t € (Sp(a,t), tn(a,t)+1) We have

Wt 5) = er(@-n(@) ([0 ~nio-?) 421000 (e -0 ~(o-0))]
(ii) For every s € (S5(q,s)s tn(a,s)+1) and t € (tn(a,t)s Sn(a,)], We have

n(a,t)—1

Wit 5) = gntat=n(as) & [ SEE00 (=0 ~(e-0)) = (-0 ~Gniair =) ]
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(iii) For every s € (Sn(a,s) tn(a,s)+1] and t € (Sp(a,t)s tn(a,t)+1); We have

n(a —nla,s 'LL
Wit.s) = €07 exp (F1(((¢ = 0)" = (o = 0))
n(a,t)—1

(5= @) = (ntaw ~ )+ D (b1 = @) = (s = ))]).

k=n(a,s)

(iv) For every s € (tn(a,s), Sn(a,s)] and t € (tn(a,t)s Sn(a,r)], We have
Wit ) = en(an=—n(@s) i T (k-0 ~e-0))
Summarizing the 8 cases above, we can write

W(t, S) _ gn(a,t)*n(a,s) exp (% [(((t _ a)ﬁ _ (sn(a,t) _ a)ﬁ)Jr

- ((S - CL)B - (Sn(a s) — a)ﬁ)+)

2.6
n(a,t)—1 ( )
+ Y (e — ) — (e —a))])
k=n(a,s)
In particular when s = a,
W(t,a) = 0@ S0 =(on=0") TR0 (=) = (o))
The proof is complete. O

Lemma 2.6. A function y € PC(I,R), is a solution of the fractional integral
equations

y(t):/ (s— @) g(s)ds + ya, ¢ € (a,tr];

y(t) = /t(s —a)?Yg(s)ds + he(sk), t€ (sk tesr], k=1,...,m;
N y(t) = hi(t), te (tx,sk], k=1,...,m,
if and only if y is a solution of .
Proof. Assume y is the solution of (2.5). When ¢ € [a, t,], we have
y(t) =g(t), t € (a,ta] with y(a) = ya- (2.7)
By Definition and integrating , we obtain

y(t) = / (s — a)PLg(s)ds + c.

Obviously, y(a) = y, so ¢ = y,. Therefore

t
y(t) = / (s —a)’"tg(s)ds +ya, tE€ a,ti].

Note that when ¢ € (¢1, s1], we have y(t) = h1(t). Also when t € (s1,2], we have
sy(t) = g(t), t € (s1,2] with y(s1) = hi(s1).

Similarly, we have

y(t) = / (s —a)P~tg(s)ds + hi(s1), fort € (s1,2].
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When ¢t € (3, s3], we have y(t) = ho(t). Also when ¢ € (sq,t3], we have
5y(t) = g(t), t € (s2,t3] with y(s2) = ha(s2).

So, we obtain
y(t) = /:(s —a)?Yg(s)ds + ha(s2), t € (so,t3].
Summarizing, 2
5y(t) = g(t), t € (sg,trer1] with y(si) = he(sk)-
Then .
y(t) = /Sk(s —a)PYg(s)ds + h(sk), ¢ € (th s

The remaining proofs can be done by continuing the standard steps and then verify
the conclusions. O

Lemma 2.7 (see [I0]). Suppose that (Y,d) is a complete metric space, and that
WY =Y is a strictly contractive operator with constant L < 1. If there exists a
nonnegative integer k such that d(W*+ly, Wky) < co for some y € Y, then:

(i) The sequence {W™y} converges to a fixed point y* in W;
(ii) y* is the unique fixed point (ifW inY*={xcY :dWky,z) < co};
(iii) If x € Y™, then d(z,y*) < = d(Wz,x).
3. ASYMPTOTIC STABILITY FOR THE LINEAR PROBLEM

Definition 3.1. The solution y(¢) of (I.1) is locally asymptotically stable if there
exists § > 0 such that for any x, € R with |y, — z4| < ¢, it holds

tl—lglo |y(t7 a,Ya) — y(t, a, :Ea)| =0.
If 0 is arbitrary, then y(t) is globally asymptotically stable.

For the next theorem we assume that s; and t51 satisfy

< ten—a) (s —a)’

m=> ﬂ 5 ST]Qa k:071727"'7m (31)
and define
n= m, p< 03
2, H Z 0.
Theorem 3.2. Assume that (3.1)) holds. If
1
@::u+ﬁln§<0, (3.2)

then (L.1)) is asymptotically stable.
Proof. From (2.6 and (3.1)), we have

B (s —a)f n(a,t)—1, (tpy1—a)P )P
(e Ty s 7 (Rt L0 [ en(at)

W(t,a)] < bl

—a)®  (Gn(a —a)#
< et [( = ﬁ> o ’fﬂ) )++n(a,t)n] gn(a,t)

< e (M) n(at)
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By (3.2)), we have
ne
et¢ < T < 1,
so when t — oo, we have n(a,t) — oo, and then
[S]
[W(t,a)| < etez ™M@ 50, ast — .
The proof is complete. (Il

Theorem 3.3. Assume that A = p+ plné < 0 and one of the following two
conditions holds: £ > 1, and

lim sup n(a, t) =p <00
—a)? Sn(a,t)—@)”? n(a,t)—1 1—a)b s.—a)B\ T )
{00 ((tﬁ) _ (sng ﬂ) ) )++Zk(:0t) ((tze+6 ) _(kg) )
(3.3)
oré <1 and
lim inf n(e,?) =p < oo, (34)
o) —a)B Sn(a,t)—a)? n(a,t)— —a)B YN ’ N
t— ((t ﬁa) _ (sag /3) ) )++Zk(:0t) 1((tk+1ﬁ ) _(skﬁa) )
then (1.1)) is asymptotically stable.
Proof. By (2.6]), we have
s t*aﬁ n(a,t)—1 ¢ —a)? Sg—a
T L = T petoy
When £ > 1, by (3.3]), we obtain
n(a,t)—1
t— B n(a - A t - B - B
na,t) < p[ (LS - Lot 20y N7 (e 2 (om0,

for any ¢ large enough. Then

t—a)?  (Sn(a,t —a)f n(a,t)—1, (tg —a)f (s —a)B
|W(t,a)] <e(“+”lnf)[(( e T (%_%)].

Because u+ plng < A\/2 < 0 we have

)8 Gna,=»” nlat)—1, (b1 —a)P (s —a)P
Wt a)] < o3[ Tmeg=n ) (et Cagmn)]

)

as t — oo. Similarly, when £ < 1, by (3.4)), we obtain

(t—a)’  (Sngan —a)’ et (the1 —a)? (s —a)?
nla,) > p| (g - I )]

for any t large enough. When ¢ < 1, we have

‘ G VR
t=a)f _ Cn@n=" 1 cnien-1 Ghi1=0®  (sg—a)
W (t,a)| < e(HtpIng) [( B 7 )THEk=0 (/73—?)]’

and satisfy pu+ pln€ < A\/2 <0, so

SRy 0P (e a)B
(t—a)B  Gna,e)=7 |+ n(a,t)—1,(tgyr1—a) (sp—a)
%[( B 7 )T T (g i )]

(Wt a)l <e —0,

as t — oo. The proof is complete. [
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Note that
W(t,a)
_ B [0 s —a)?) TGO (theg1—a) — (55 -a))] gnla.t)
- 3.5
_ 2 (-0 ~(snan=0)?) TR (g1 —0) ~ (55 -a))] (3:5)
o« JE(n@n =5 [((1=0)" ~(sniarn—a)?) TGO (tr11—0) —~(sx—a))] )
Next we discuss the condition on A = pu + pln ¢ directly.
Theorem 3.4. Assume that
: n(a,t)
lim =p<oo. (3.6)
%) —a)P (Sn(a,)—a)? n(a,t)—1 —a)b sp—a)b
t— ((tﬁ) _ (/63 a) )++Zk(:0) ((tk+%a) 7(kﬂ) )
Then:
(i) If A <0, then (1.1)) is asymptotically stable.
(ii) If A > 0, then (1.1)) is unstable.
Proof. (i) Since A < 0, there exists ¢; such that
leM| <e 9t t>0, (3.7)
in which {; = —\/2.
By (3.6)), there exist w; > 0 such that for any ¢ > wq, we have
’ n(a,t)
—a)P (Sn(a,ty—a)P n(a,t)—1 1—a)B sp—a)f\ p‘ =
((tﬁ) _ ( 5) )++Zk(=o) ((tk+5 ) _(kﬁ 2|ln§|
Then
s t) @ B n(a,t t a)f sp—a
‘elnﬁ(n(a,t)*l)[((t_ga)ﬁ*( "(""5) ) ) +3 0= ( )= 1(% #)])‘
s —a B t)— t 1—a B S —a
< olmélfn(an—p[ (45— Cnep=0 ) Les 0l s )])] o (3.8)
S t) @ B n(a 1 a)f sp—a
<e T1[(<t a)f ¢ n(a.) ) ) pypen - (<tk+i3 )« = >5)].
Substituting (3.7) and (| into , we obtain
t—a gnat a n(a,t t 1l1B sp—a
W (t0)] < e—%[<< fﬂ‘* Coteg 2Oy (el msal)]
as t — oo. Thus (i) is proved.
(ii) We rewrite (3.5)) as
W(t, a)e (@05 [((=0) ~(n0-0)7) HELE T (a0 ~(s1-))] )
(3.9)
_ A (-0 =G0 -0?) +E1G 0T (-0 = (k=)
Since A > 0, there exists (2 and yo € R™ such that
leMyq| > €S2t t >0, (3.10)

in which (o = /2.
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By (3.6)), there exist we > 0 such that for any ¢ > ws, we obtain

‘67 ¢ (n(at)—=4 [ (=) (s —0)?) +X 7% (thr1—a) —(si—a))]) ’

3.11
<o [((t a)P <Sn(a,t)*a>ﬂ) n(a t)—1 (tk+1 a)P (skfu.)ﬁ):l ( )
<e? B +2 ﬁ —75 ).
Substituting (3.10) and (3.11)) into ( , we obtain
s a Y
[(a ) Gnga, t) )° RED DG 1((tk+1ﬁ ) (kﬁ >ﬂ)]
<‘ A= = i a1 G m0? 7(5’“5“)6)]%‘
P +
< |W(t7 a)ya| exp ( - lnf(n(a,t) - B [((t - a)ﬂ - (sn(a,t) - a)ﬁ)
n(a,t)—1
+ Y (k=) = (s —a))]))|
k=0
a)B (Sn a,t 7Q)B n(a, ( d)ﬁ sp—a)P
< (Wt a)yale F (1527 = Cotep=m) T 0 (gt gt
)
a)B (Sn a, —a) n(a, ( G)[ sp—a)P
V0l 3 oL~ o o et
as t — oo. The proof is complete. ([

4. GENERALIZED ULAM-HYERS-RASSIAS STABILITY FOR THE NONLINEAR
PROBLEM

We introduce the concept of generalized Ulam-Hyers-Rassias stability through
the concept of stability in [21], B1].
Let € >0, ¢ > 0 and ¢ € PC(I,Ry) be nondecreasing, in the conditions

|D5x(t) —g(t,x(t)| < B(t), te€ (sp,trt1], k=0,1,2,...,m, 0< B <1,

() — ha(t,2(0)] < @, t€ (tysel, k=1,2,....m (4.1)

Definition 4.1. Equation (|1.2) has generalized Ulam-Hyers-Rassias stability if
there exists cg g n,,o > 0 such that for each solution € PC(I,R) of inequality
(4.1)), there exists a solution y € PC(I,R) of (1.2)) with

[2(t) =y ()] < cgpm0(0() +¢), tEL

When € = 1, the generalized Ulam-Hyers-Rassias stability reduces to the classical
Ulam-Hyers-Rassias stability, see [27, Remark 3.5].

Remark 4.2. A function z € PC(I,R) is a solution of if and only if there
exists H € PC(I,R) and a sequence Hy, k = 1,2,...,m which depends on z such
that
(i) |[H(t)| < ¢(t) for t € I, and |Hg| < @ for k=1,2,...,m;
(i) Dgz(t) —g(t x(t)) + H(t) for t € (sg,trt1], k=0,1,2,...,m
(ili) z(t) = hi(t,z(t)) + Hi, t € (sg—1,tk], k=1,2,...,m
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Remark 4.3. If x € PC(I,R) is the solution of (4.1]) then z satisfies the following
integral inequalities:
|z(t) — he(t,z(t)| < @, tE€ (tg,sk), k=1,2,...,m,
t t
|z(t) — x(a) — / (s —a)?g(s,x(s)ds| < / (s —a)’Lo(s)ds, te (a,t1],
a a
t

a(t) - / (5 — )51 g(s,2(s))ds — h(sp 2(5))] < / (s — )P o(s)ds + o,

te (Sk,tk+1], k=1,2,...,m.

(4.2)
By Remark (i), we have
gr(t) =g(t,z(t)) + H(t), te (sp,tr1], k=0,1,2,...,m, (4.3)

2(t) = hi(t, () + Hy, ¢ € (trysi), k=1,2,...,m.
Obviously,
w(t):hk(tvx(t))+Hka te (tkask]a k:132,"'ama

z(t) = / (s — a)ﬁ_l(g(s,:c(s)) + H(s))ds + ya, t € (a,t1],

z(t) = / (s — a)Bfl(g(s,x(s)) + H(s))ds + hi(sk, x(sk)) + Hy,

Sk

te (tg,se], k=1,2,....m
is the solution of (4.3)). For ¢t € (sg,tx+1], kK =1,2,...,m, we have
t
20)~ [ (5= 0" g(s,0())ds ~ n(on(s0)

Sk

¢
< ’/ (s —a)P~TH(s)ds| + | Hy|

< [0 tos)ds +

Sk

As mentioned above, we can obtain
|z(t) — hi(t,z(t)| < |Hil <, t€ (tr,si], k=1,2,...,m,

and

x(t) — x(a) — /:(s - a)’g_lg(s?x(s))ds‘ < ‘ /:(s —a)’"1H(s)ds
< /at(s — a)ﬁflqﬁ(s)ds, t € (a,tq].

For using a fixed point theorem of the alternative and for deriving our main
result, which is about contractions on a complete metric space, we consider the
following assumptions:

(H1) g € C(I x R,R).
(H2) There exists a positive constant L, such that
|g(t7’01) - g(ta 7}2)| S Lg‘vl - ’U2|,
for each t € I and all v1,v9 € R.
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(H3) hy € C([tk, sk] xR, R) and there are positive constants Ly, , k =1,2,...,m
such that
gk (t, v1) = g (£, v2)| < L, [v1 — va],
for each t € [tx, sk] and all v1,ve € R.
(H4) ¢ € C(I,R;) is a nondecreasing function, and there exists ¢4 > 0 such that

(/t (¢(3))1/pd8)p < cuo(t), pe(0,1), foreacht € I.

a

We use the concept of generalized Ulam-Hyers-Rassias to show stability of (|1.2)) in
the following section.

Theorem 4.4. Assume that (H1)-(H4) are satisfied and a function x € PC(I,R)
that satisfies (4.1)). Then there exists a unique solution zy of (1.2 such that

mw=/w—@“w@m@memtemhL

xo(t) = hi(t,zo(t)), t€ (tx,sk], k=1,2,...,m,

t (1.4)
zo(t) = / (s —a)P~tg(s, x0(s))ds + hi(sk, zo(s1)),

Sk

t e (Sk7tk+1]7 k=1,2,...,m,
and )

(2¢5(522) VP +1)(6(t) + ¢)
_ < p .
for all t € I provided that 0 <p < 8 <1 and
M= M, <1, (4.6)

where

1—p\1-P 5_
M, :maX{Lg%(T_Z) t£+f+Lhk ck=0,1,2,...,m}.

Proof. Consider the space of piecewise continuous functions Y = {f: I - R: f €
PC(I,R)}, and the generalized metric
d(f,h) = inf {Ay+Ag € [0,+00] : |[F())=h(D)] < (A1+A2)(6()+) ¥t € T}, (4.7)
where
Ay € {A €[0,+00]||f(t) — h(t)| < Ad(2) for all t € (s, tpq1], k=0,1,2,...,m},
Ay € {A € [0,+00]||f(t) — h(t)| < Ap for all t € (tg,si], k=1,2,...,m}.

This is a generalized metric in the sense that it can have value 4+oco. For the
necessity of introducing such a generalized metric and applications, we refer to [10].
One can easily show that (Y, d) is a complete generalized metric space.

We define an operator T : Y — Y by

Ji(s—a)?g(s,y(s))ds +ya ift € [a,t],
hi(t,y(t)) ifte (tx,sx], k=1,2,...,m,

Ji (s —a)PYg(s,y(s))ds + hy(sk, y(sk))
ifte (Sk,tk+1], k=1,2,...,m,

(Yy)(t) =

forally € Y and ¢t € [a,b]. Obviously, T is a well defined operator by (H1).
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Next, we verify that Y is strictly contractive. We considering the definition of
(Y,d), for any f,h € Y, we find a Ay, A2 € [0, 0] such that

Ald)(t), te (Sk,tk+1], k:O,l,Q,...,m,

(4.9)
Asep, te (tg,sk], k=1,2,...,m.

[f(8) = ()] < {
By the definition of T in (4.8), (H2), (H3) and (4.9)), we obtain the following three

cases:

Case 1: For t € [a,t1] we have

[(CH)E) = (Yh)(H)] =

/ (s — )P g(s, f(s))ds — / (s — )P ~g(s, h(s))ds
< / (s — a)Llg(s, £(s)) — g(s, h(s))lds
<1, / (s — a)*1[£(s) — h(s)|ds

t
< LAy / (s — a)5=1|(s)|ds
t

< LgAy (/ (s — a)[lf_;ds>1p(/at (¢)(S))1/pds)p

a

< LyA1ce0(t) (%) l_ptﬁfp

1—p\1=P 5_
ngcd,(ﬁ—_];) " A1),

Case 2: For t € (ty, si] we have

[(THE) — (Th) ()| = [he(t, £(})) — ha(t, h(2))]
< Lhk|f(t) - h(t)l < LhkAQQD'

Case 3: For t € (sg,ti4+1] we have
[(CF)(#) = (Th)(2)]
[ (= @) gt F(6)ds + B F(s1)

—/ (s — a)P~Lg(s, h(s))ds —hk(sk,h(sk))‘

<

/ (s — a)PYg(s, f(s))ds — / (s — a)PLg(s, h(s))ds
+ sk, f(sk)) = Pa(sk, h(si))|

1—p\1-P 5_
S Lyeo(5=0) A0 + i, Aop

< (Lges (;%i) Triper Ln, ) (41 + A2)(6(8) + 0).
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In this case we have
[(CA)(E) = (Th)(1)] < M(Ar + A2)(d(t) + ), te€L
Then d(Y f,Th) < M(A; + Ay). Therefore,
d(Yf,Th) < Md(f,h),

for any f,h € Y, and because of (4.6)), we verify the strictly continuous property.
Let us take fy € Y. By the piecewise continuous property of fy and Y fy, there
exists a constant 0 < F} < oo such that

A0 ~ o0 = | [ (6~ )P g(5,fofs))ds + v~ 1ot
< Fio(t) < Fi(6() +9), 1€ [a,t].
Then there exists a constant 0 < F5 < oo such that
(X o)) — Fol®)] = [at, fot)) — folB)] < Fap < Fa(o(t) + ),

for t € (tg,sk] and k = 1,2,...,m. Also there exists a constant 0 < F3 < oo such
that

t
CCFa)0) = Fo®)] = | [ (s =) g(s. obds + hulsn, folow) — folt)|
Sk
§F3(¢(t)+g0), te (Sk,tk+1], k=1,2,...,m.
because g, hy, fo < oo are bounded on I and ¢(-) + ¢ > 0. So (4.7)) implies that

d(Y fo, fo) < oo.

Using the Banach fixed point theorem, we obtain a continuous function zy : I — R
such that Y™(fo) = zo in (Y,d) as n — oo and Yag — x¢, and for every ¢t € I, x¢
satisfies .

Next, we verify that {f € Y|d(fo,f) < oo} =Y. For any f € Y, because fy,
f are bounded on I and minser(4(¢) + ¢) > 0, there is a constant 0 < Ay < oo
such that |fo(¢) — f(t)] < Af(o(t) + ), for any t € I. So we have d(fo, f) < oo for
any f € Y; that is, {f € Y|d(fo, f) < oo} =Y. Therefore, we know that zq is the
unique continuous function and it has the property . From and (H4), we
have

1—py1-
d(z,Tz) < 2c¢<ﬁ) "pp-r +1,

In summary, we have

d(x,x0) <

—p\1=py g
d(Ty,y) _ 2cs(575) 0TI+

1-M = 1-M ’
so (4.5) holds for t € I. The proof is complete. O

5. EXAMPLES

To illustrate our results we present the following examples.
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Example 5.1. Consider the conformable linear non-instantaneous impulsive dif-
ferential equations

(t) () te(skvthrl]ak:031727"‘7m
y(th) =vy(ty) on (tk, sk, k=1,2,...,m,
() = vy(ts), L€ (trse) k=1,2,....m (5-1)

y(sp) =ylsy), k=12....m

Lot o = s = 1 and Gesm0® (om0 1 for £ = 0,1,2,3,...,m. Then = 1.
Note that

n(a,t) n(a,t)
- n(a,t tpr1—a)bP sp—a)P
n(a,t) +1 Zk(:o)((k+5 L CLy
n(a,t)
(s L O L (@1 ((tr1—a)? _ (s5-)?
( i )+ ( : -3 )
n(a, ) L,
n(a,t)—1 ((tk+1—ﬂ)ﬁ . (skfa)ﬂ) -
k=0 3 3
because n(a,t) > 1. Then
n(a, t)
p_hoc —a)B t a)P 1a5 sp—a)B :1
t— ((t ) (n(a) ))++Z ((tk+5 ) _(kﬁ))

Next, A\ =v+Inv. By Theorem 3.4L we know that if v < —Inw, (5.1) is asymptot-
ically stable. Also if v > —Inv, (5.1)) is unstable.

Example 5.2. Consider

y(t
ORy(t) = gt (01U (23]

t
y(t) = g™, e (1,2,

and
10 + 4t2 + 10et ' —

t
| (t) — 6e—”ﬂ<t>| <1, te(1,2].

| D% (t) — el, te0,1]u(2,3],

Let I =10,3],8=1/2,p=1/3 andofto =59 < 1=t <2=s5; <9=3. Denote
g(t,y(t)) = % with L, = o, for t € (0,1] U (2,3] and Ay (£, y(t)) = Le ™)
with th = & for t € (1,2]. Putting ¢(t) = €', ¢ = 1 and ¢, = 1, we have

([ (et ﬁ <e'. Let My = {54%/331/6 4 1} = 0.4846, so M = 0.4846 < 1. By
4.4

Theorem there exists a unlque solution ¢ : [0,3] — R such that
Jo 572 el ds + yo, te[o,1],

zo(t) = § Le=mo®), t e (1,2],

€l 371/2%% + 267”0(2) te(2,3],

and
2% 423 x 31/6 4+ 1

t41) ~14.1047(ef + 1
170.5 (e + ) (e + )7

() = zo(t)] <
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for all ¢ € [0, 3].

Conclusion. This article gives elementary results for linear and nonlinear non-
instantaneous conformable impulsive differential equations keeping the lower limit
at a fixed point a. Representation of solutions and asymptotical stability for linear
problems are established. The generalized Ulam-Hyers-Rassias stability for nonlin-
ear problems are also derived. In a forthcoming paper, we can extend the current
results to higher dimension case based on Remark[2:4] Note there is no nonconstant
periodic solution for . We can consider replacing a by s, i.e., in each
impulse starting at impulsive time. Then when impulses and nonlinear terms are
periodic, existence of periodic solutions will be possible by following the idea in
[11].
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