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GENERAL p-CURL SYSTEMS AND DUALITY MAPPINGS ON
SOBOLEV SPACES FOR MAXWELL EQUATIONS

DHRUBA R. ADHIKARI, ERIC STACHURA

ABSTRACT. We study a general p-curl system arising from a model of type-
IT superconductors. We show several trace theorems that hold on either a
Lipschitz domain with small Lipschitz constant or on a C1'! domain. Certain
duality mappings on related Sobolev spaces are computed and used to establish
surjectivity results for the p-curl system. We also solve a nonlinear boundary
value problem for a general p-curl system on a C'! domain and provide a
variational characterization of the first eigenvalue of the p-curl operator.

1. INTRODUCTION

We study the following nonlinear system related to the Maxwell system of elec-
tromagnetism in Banach spaces:

‘u\p_zu + curly(u) + divy(u) = f(z,u),

where f : @ xR? — R? is a vector-valued Carathéodory function (see Section|[7)) and
the operators curl, and div,, (see their definitions in and ) act on subspaces
of the Sobolev space WP (curl, Q) N WP (div,Q), 1 < p < 400, with Q a bounded
domain in R3. The operators curl, and div, are Banach space generalizations of the
classical curl and divergence operators which act on the Hilbert spaces H (curl, §2)
and H (div, ) [24].

The p-curl system we study arises from a model of magnetic induction in a high
temperature superconductor [9]. However, the system we study here is more general
than the one in Bean’s critical state model for type-II superconductors [32], as we
allow for vector fields with nonzero divergence.

Recently there has been growing interest in various properties of the p-curl sys-
tem; see in particular [31] and the references therein. Frequently the roughness of
the underlying domain plays a crucial role in the analysis of, for example, well-
posedness of the system. Our interest is keeping the domain as rough as possible,
i.e. Lipschitz. However, this is not always possible due to various embedding failures
and in particular, a lack of simple Poincaré inequality; see Section [4} Frequently,
the smoothness of the domain can be relaxed to Lipschitz by restricting the range
of p-values for which the corresponding results hold.
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We establish a framework suited for variational methods and calculating duality
mappings on various Sobolev spaces associated to the p-curl system; see Sections
We prove that the p-curl operator can be expressed in terms of a duality
mapping. It is worth mentioning that the geometry of Banach spaces is closely
related to analytical properties of their duality mappings.

We begin by proving a number of trace results for the Banach spaces under
consideration. In many cases, we take the domain to be Lipschitz with small Lip-
schitz constant. This is needed in order to obtain an LP-estimate for the gradient
of solutions to a certain elliptic boundary value problem.

We generalize the duality mapping procedure to general Banach spaces having
dual norm which is uniformly Frechét differentiable on the unit sphere; see Section
[l For further details on duality mappings and their applications to the solvability of
nonlinear operator equations in Banach spaces, the reader is referred to [2] [5] [8] [26]
and the references therein.

In Sectionm we consider the nonlinear p-curl system on a C'**! or convex domain.
Under a particular growth assumption (similar to one commonly employed for the
p-Laplace equation), we obtain existence of solutions to the nonlinear boundary
value problem by using the Nemytskii operator.

Section [§] details the one-dimensional version of the eigenvalue problem consid-
ered in Section [7] and we obtain a formula for the first eigenvalue of the p-curl
operator explicitly; see equation . This result closely resembles the result for
the first eigenvalue of the p-Laplace operator on WO1 P(Q). This is perhaps not
surprising due to the similarities between the p-curl and p-Laplace operator; see
in particular Theorem Such one-dimensional eigenvalue problems have been
studied by Drébek and Mandsevich in [15] and Cringanu in [I1].

We should mention that we have said “p-curl operator”, but the operator we
consider in also has a divergence term. This is due to the fact that a basic
Poincaré inequality does not hold in this setting, and so we must also consider vector
fields with well-defined divergence. Equation provides the general Friedrichs
type inequality for the LP-norm of the gradient that holds in this setting.

2. FUNCTION SPACES AND TRACE THEOREMS

In this section, we prove trace theorems with respect to the spaces WP (curl, 2)
and WP (div, Q) and obtain Green’s theorems corresponding to the trace results.
We begin with the following definition.

Definition 2.1. A bounded domain 2 C R? is called a Lipschitz domain if for each
point p € 9Q there exists an open set @ C R? such that p € O, and an orthogonal
coordinate system with coordinates £ = (&1, &2, £3) having the following property:
there exists a vector b € R? so that

O={{:-bj <& <b;, 1<j5<3}
and a Lipschitz continuous function ¢ defined on the set
O ={ eR?: —b; <& <bj, 1<j<2}
such that
QNO={:& <o), £ €0},
N0 ={:&=0(), €0}
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The domain is said to be of class C™! for an integer m > 1 if the map ¢ can be
chosen to be m-times differentiable with Lipschitz continuous partial derivatives of
order m.

We also need the notion of a Lipschitz domain with small Lipschitz constant.
We say a domain Q C R3 is a Lipschitz domain with small Lipschitz constant if it
is a Lipschitz domain as in Definition [2.1] and there exists 6 € (0, 1] such that

no_ /
oy BE) 06N,
&ne0 '#n' |§ -1 |
We work with the general spaces
WEP(curl, Q) = {u e (WF17(Q))?: V xue (WF1P(9)°}, 1<p< +oo,

with the norm

1/
||u||Wk»p(Curl,Q) = (HuHII;Vk—LP + ||V X uHII;Vk—l,p) ?

Additionally, we define
WE? (div, Q) = {u e (WF2(2))°: V.ue WF17(Q)}

with the norm

1/p
ullwes@ivi) = (1, + 1V - ullfp. )

where the last norm on the right hand side above is a scalar Sobolev norm.
As in the case of Hilbert spaces, one can prove the denseness of smooth functions

(C’(’O(ﬁ))3 in these Sobolev spaces. We further define W, (curl, Q) as the comple-
tion of (C5°(€2))* in the W2 (curl, Q) norm, and W, P (div, Q) as the completion of
(Cs°(€2))® in the W2 (div, ) norm. We also need the spaces
W, = WHP(curl, Q) N W*(div, Q),
Wy ={ueW,:v,(u) =0}
We endow these spaces with the obvious graph norm. The map ~, above is the
tangential trace map, and it is defined classically for a smooth vector function

ue (Coo(ﬁ))3 by

)

’Yt(u) =vX u’aQ7
where v denotes the outer unit normal on 0f2.

Remark 2.2. It is known that W, does not compactly embed into LP. However,
we do have compact embedding of Wy into LP; see [3, Lemma 3.3], and this requires
that the domain Q have C1! regularity.

Furthermore, we need the Besov spaces B{ , on the boundary of a Lipschitz do-
main. In what follows, S denotes the Schwartz space of rapidly decreasing functions.

Additionally, for f € S, we denote by fthe Fourier transform of f. Moreover, we set
M;={6eR3: 2771 <|¢| <21} for j=1,2,... and My ={{ € R?: [¢] < 2}.

Definition 2.3. For —oo < ¢ < 00,1 < s < 00,1 < p < oo, the Besov space B{ ,
is defined by

Bl,={feS :f=> a;(x),supp(a;) C My; |lajl| < oo},
j=0



4 D. R. ADHIKARI, E. STACHURA EJDE-2020/116

where the equality of f above is in the sense of tempered distributions, and the
norm of a; is given by

o

Jasl = | P

J:0

where || - |

1= is the usual norm on the Lebesgue space.
For a complete definition of Besov spaces on domains, we refer the reader to [29].

Definition 2.4. We say a distribution u on 99 belongs to BZ (99) if the compo-
sition uwo ¢ € BY | (O’ N~ (0QN O)) for all possible O, ¢ as in Definition

We now prove trace results and Green’s theorems as their consequences.

Theorem 2.5. Suppose Q) is a Lipschitz domain with small Lipschitz constant.
The mapping v,(u) = v X u|aQ defined on (C>(Q (7))3 can be extended by continuity

to a continuous linear map ~, from WP (curl, Q) to ( Up (8(2))3. Moreover, the
following Green’s theorem holds for any u € WP (curl, Q) and ¢ € Wir' (curl, Q):

wmm@mzj

u-Vx¢dw—/qu~¢dm. (2.1)
Q Q

_1
The angle brackets above denote the duality pairing between (B;,pp(aﬂ))g and
(B, (09)".

Remark 2.6. Assume p = 2. Then W1P(curl,Q) is identified with the space
H(curl, ©?). Additionally, the Besov space becomes B; 2~ W22 which we can

identify with the dual of H ~%. Thus Theorem is consistent with the well-known
trace theorem for H(curl, Q) functions, see [24, Theorem 3.29].

Theorem 2.7. If Q is a Lipschitz domain with small Lipschitz constant, then
WoP (curl, Q) = {u € W (curl, Q) =0}
= {u € WhP(curl, Q) : / u-Vxode= / Vxu-¢de (22)
Q Q
SR
Vo e (C*@)° }.

2.1. Proof of Theorem We adapt the techniques from the proof of [28]
Lemma 6.2 |; now to the Banach space setting. Our starting point is the formula

[ vxuido= [ w9 xgdot (. ¢lan (2.3)
Q Q

which holds for any u, ¢ € (C°° (ﬁ))3 This follows directly from the divergence

theorem. By the standard density argument, (2.3) holds for ¢ € W' (curl, ).
The Cauchy-Schwarz inequality and Hoélder’s inequality then yield

[(ve(w); @)aal < [[ullwrcur.o) | Dllw o cur.)
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_ , 1
for all u € (C"’O(Q))3 and ¢ € WP (curl, Q). Let u € B;,pp(ﬁQ). Consider the

Neumann problem

Av=0 in Q,

ov

oy — M on 09, (2.4)
v e WhP(Q).

Take ¢ = Vv where v solves (2.4]). Then

||¢HW1’P’(curl,Q) = ||VUHLP/(Q)

since any gradient is in the kernel of the curl (as viewed as operators on L%).
Thus, we need to estimate the L¥ -norm of the gradient of the solution of .
This highly depends on the geometry of the domain, which is why we restrict the
domain to be Lipschitz with small Lipschitz constant. (Note that any C! domain
satisfies this assumption.) Then, by [I4, Theorem 5], we can find a constant C' > 0,
depending on the Lipschitz nature of 0f2, such that
”VUHLP’(Q) < C”NHB;;% (09)

For a general Lipschitz domain, the entire range of p’s for such an estimate to hold
is not expected; thus, if we wish to weaken the smoothness of the boundary we also
have to decrease the range of allowed p’s. This is due to restrictions on solvability
of the Neumann problem . Indeed, there is a (sharp) range of p values for
solvability together with an L? estimate for the gradient, see in particular [16], [19],
or [33].

Note also that the result in [14] does not characterize the trace estimates using
Besov spaces, but by adapting the ideas of [16] one can easily obtain the above
estimate. Indeed, this can be done by using the fact that the trace of WP(Q) is

1
the Besov space B;ypp (092), see [19]. We then have that

II'Yt(u)II(Bﬂ/p/(m))s = s [(v:(u), 9)|
oe(B,,? (09), I¢l=1
< ”u”Wl"’(Curl,Q)H¢||W1=P/(curl,ﬂ)

< CHuHWl’T’(Curl,Q) ||/’[’|| 1—
Bp.p

1
(09)

= CHUHWLP(curl,Q)a
where C' = C(#), i.e. the constant depends on the Lipschitz character of the domain.
For more on the dual of Besov spaces, see [25]. Additionally, for this characterization
of the Besov space norm on the boundary, see [21].

2.2. Proof of Theorem We need the following lemma to prove the theorem.

Lemma 2.8. Suppose that u € WP (curl, Q) is such that for each ¢ € (Coo(ﬁ))g,
it holds
/qu-qbdx—/u-de)dm:O.
Q Q

Then u € WP (curl, Q).
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Assuming Lemma [2.8| for now; it in particular implies that the set

{uEWl’p(curl,Q):/V><u~¢>dx—/u-V><¢dx:0, v € (C~(@)° )
Q

Q

is a subset of W, (curl, Q). Then we apply Theorem [2.5[to u such that ~,(u) = 0
to obtain

{ue W (curl, ) =0}

c{ue Wl’p(curLQ) : / Vxu-¢dr— / u-Vx ¢dr =0, Vp € (C°(@)" ).
Q )
Since (C§° (ﬁ))3 C {u e Whr(curl, Q) : v,(u) = 0} and the set {u € WP (curl, Q) :
~,(u) = 0} is closed due to continuity of the trace map, we conclude that

Wy (curl, ©2) C {ue w"?(curl, Q) =0}.

Proof of Lemma[2.8 The proof is similar to the proof of [24, Lemma 3.27] with a
few adjustments, and so we shall provide a sketch of the proof with the necessary
adjustments. Since 2 is a bounded Lipschitz domain, we can find a collection of
open sets U; such that 2 C UM 2 ,U; and such that each ; := U; N Q is a bounded
and starlike Lipschitz domaln Then there is a partltlon of unity subordinate to
this open cover; that is, there exist functions {a;}7L, such that each a; € C5°(U;),
as well as 0 < aj(z) < 1 and Z _,a; = 1forall z € Q. Let u denote the extension
of u by zero outside of 2. Clearly, u € WhP(curl,R?). By the construction of aj,

we have
M
u(z) = Zajﬁ(x), x €,
=1

and u; = a;u € WhP(curl, R?). Let u;(z) := u;(z/t) for 0 < ¢ < 1. Then
U+ — u; in WHP(curl, R?) as t — 1.

Let M, = p, x v for v € (LP(R3))? denote the mollification of v for a mollifier
p.. Then M, — v in (LP(R)?)3 as € — 0, and by differentiability properties of the
convolution, we have V x M, = p_ * (V x v). Thus, p_ *0;; — Uj; as € = 0 in
WP (curl,R?). We can then find sequences {t;}, {ex}, with 0 < tx,ex < 1, such
that ¢, — 0, tx — 1 and

Pe, * Wy, — Wy  in WHP(curl, Q).
The function
al® .= Z P, * Uiy, —u in WHP(curl, Q).
j=1
Thus, we conclude that u € Wy?(curl, Q) (note that ™ e (Cg°(Q ))? for each
k). O

2.3. Traces of W'P(div,Q) functions. We can similarly analyze traces of func-
tions belonging to WP (div, Q). First, we define for a smooth vector u the normal
trace

(W) = 1|y - v,

where v is the outer unit normal vector on Of2.
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Theorem 2.9. Suppose Q is a CY' domain. The mapping v,(u) defined on

(C"’o(ﬁ))3 can be extended by continuity to a continuous linear map 7y, from WP (div, Q)

to B;;/p(afl). Moreover, the following Green’s theorem holds for any u € W1P(div, Q)
and ¢ € W' (Q):
</7n(u)7 ¢>8Q = (u7 v¢)L2 + (V - u, ¢)L2' (25)

Note that € is C1'! is needed here to obtain the estimate (2.6 below. Again, if
Q were merely Lipschitz, then further restrictions of p would need to be imposed;
see [19].

Proof. Similar to the proof of Theorem we start with the Green’s formula for
smooth functions ¢ € C*(Q)

(V,V@)p2 + (V- v,0)r2 = (¢, 1m(V))on

which by density argument can be extended to hold for ¢ € lep/(Q). By the
Cauchy-Schwarz inequality, we have

(Y (), O)| < [IVIlwro(aiv.) [Dllwror ) Yo € WHP(Q), v € (C(Q))°.
1-L
Let g € B, 7 (02). Take ¢ = u where u solves Au = 0 in (2, with boundary

condition u’ 90 =9 Such a solution exists, and one can find a constant ¢ > 0 such
that

[ullwrw @) < cllgll o (2.6)
B, I (09)

see [I9]. Then, as in the proof of Theorem we see that

_ < ;
”’Yn(V)HBp’;/P(aQ) = C”VHWLP(dIV,Q) ”g”B;;ﬁ (09) ’

and therefore the continuity is established. O

Remark 2.10. Just as in Remark when p = 2, the space WP (div, Q) is iden-
tified with the space H(div,€2). We recover the normal trace result [24, Theorem
3.24] in this case as well.

Later on, we will need the space
Wy :={u€ Wy :vy,(u) =0}.
Similar to Theorem it is straightforward to see that the following result holds.
Theorem 2.11. If Q is a Lipschitz domain with small Lipschitz constant, then
Wy P(div, Q) = {u € WHP(div, Q) : v, (u) = 0} . (2.7)
Thus, we see that

W8 = WP (curl, Q) N WP (div, Q). (2.8)
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3. DUALITY MAPPING ON W'?(curl, Q)

Let X be a real Banach space and X* its dual. Let (-,-) denote the duality

pairing. Given an operator T : X — 2%, define the range of T' by

R(T) = UxE'D(T)Tw7
where as usual D(T') := {x € X : Tx # 0} is the effective domain of T. The graph
of T is the set G(T) := {(z,y) € X x X* : y € Tz, x € D(T)}. The operator T is
said to be monotone if

(2] — a3, 01 —22) > 0 (3.1)
for all (x1,27), (x2,23) € G(T). The operator T is strictly monotone if it is mono-
tone and the equality in (3.1]) implies 21 = x».

We say that a continuous function ¢ : Ry — Ry is a normalization function if
it is strictly increasing, ¢(0) = 0, and ¢(t) — oo as t — co. The duality mapping
corresponding to ¢ is the set valued mapping Jy : X — 2X" defined by

Jor = {a” € X7 : (2%, 2) = o([[=]))[[=]], [l7]| = ¢(llz])}, =€ X.
We note that D(Jg) = X by the Hahn-Banach theorem. Some main properties of
Jy are collected in the following theorem (cf. [20]).
Theorem 3.1. If ¢ is as above, then
(1) forallz € X, Jyx is a bounded, closed, and convex subset of X*;
(2) Jy4 is monotone, i.e.
(] — a5, 21 — m2) > (¢([lz1]]) — @(l|z2l)) (w1 ]l = llz2l]) = 0
for all (x1,27), (x2,25) € G(Jy); and
(3) for every x € X, there holds Jyx = OY(x), where

e
b(x) = ¢(t) dt (3.2)

0
and 0y : X — 2X7 is the subdifferential of ¢ defined by

Op(x) ={x" € X*:4p(y) —P(x) = (z",y —x) Vy € X}.

Further, recall that a functional f : X — R is called Gateaux differentiable at
x € X if there exists f/(x) € X* such that

. f(x""th)_f(x) /
tig JEEM IO 13

for all h € X. Additionally, we need the following definition.

Definition 3.2. A real Banach space X is said to be

(1) uniformly convex if for each € € (0,2], there exists 6 = §(e) > 0 such that
if [|z]| = llyll = 1 and [lz — y[| > €, then ||z +y[| < 2(1 —0);

(2) locally uniformly convex if for ||z|| = ||z,|| = 1 and |z, +z| — 2 as n — oo,
then z,, — x strongly in X; and
(3) strictly convex if for every z,y € X with |z|| = |jy]| = 1, = # y and

A € (0,1), there holds ||Az 4+ (1 — Ny|| < 1.

Remark 3.3. It is well-known that if X is reflexive with both X and X* locally
uniformly convex, the duality mapping Jy is a single-valued homeomorphism of
X onto X*. For these and further properties of duality mappings, the reader is
referred to [8] [10].
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Example 3.4. For X = Wol’p(Q) with 1 < p < oo, and ¢(t) = P71, it is shown
in [I3] by applying the Poincaré inequality that J, in this context is precisely the
negative of the p-Laplacian A,:

T s WoP(Q) = WP (@),

Js(u) = —Apu = —div (|[VuP72Vu), ue Wy (Q).

When X = WHP(Q), it is shown in [T1] that

Js: WHP(Q) — (WP ()",

Jou = —Apu+ [ulP?u, uwe WP(Q).
Throughout this section, unless otherwise noted, we assume that p > 2 and

that Q is a bounded Lipschitz domain. We next compute the duality mapping on
WLP(curl, Q) with respect to its norm given by

Hu||€V1«P(curl,Q) = Hu”II)ﬂ’ + HV X uHZI),P

and corresponding to the normalization function ¢(¢) = t?~1. Recall now that if
a convex functional f : WiP(curl,) — R is Gateaux differentiable at u, then
df(u) = f'(u), where 9f is the subdifferential of f. By Theorem (3.1} part (3), we
know that Jg = 0v, where

b(u) = }9 (lall2, + 1 % w2, == 1 (u) + 6o ).

It is well-known that the functional F : (L?(Q))* — R given by u — p~Hulf, is
Gateaux differentiable and

3
(Fw) ) =Y /Q P ~2vshs dz W, b€ (LP(Q)° (3.3)

Thus, it remains to compute the Gateaux derivative of 1. Now, we write o = FG,
where F is the functional above and G : WP (curl, Q) — (LP(Q))® is defined by
G(v) = |V x v|. We need to check differentiability of the functional G. But, the
derivative is easily computed to be

y _ Vxu-Vxv
G'(u)-v= W
We obtain
@' (w),v) = (Y1 (u),v) + (¥5(u), v) = ([u’"?u + curly(u), v), (3.4)

where we define curl, : WP (curl, Q) — (WP (curl, Q))>k by
(curly(u),v) = / |V xuP 2V xu-Vxvdz Yu,veW(curl,Q).
Q

In view of Theorem we see that curl, : Wy (curl, Q) — (W (curl, Q))* is
given by
curl,(u) := V x (|V x u/P"2V x u) Vu,v € Wy?(curl, Q). (3.5)

Thus, we have shown the following result.
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Theorem 3.5. The duality mapping J, : WP (curl, Q) — (Wl’p(curl,Q))* corre-
sponding to the normalization function ¢(t) = tP~1 is given by

Jyu = [ulP~?u + curl,(u)

for each u € WHP(curl, Q). In particular, it is coercive and a strictly monotone
homeomorphism.

As a result of the surjectivity of the duality mapping, we obtain the following
results.

Corollary 3.6. For each f € (WP (curl, Q))*, the equation [u|P~2u+-curl,(u) = f
has a unique solution in W1P(curl, ).

Theorem 3.7. The operator V, x u := |[ufP~2u + curl,(u) satisfies the (Sy)-
condition; i.e., if u, — ug weakly in WHP(curl, ) and

lim sup(—V,, x u,,u, —ug) <0,
n—oo

then u,, — ug strongly in W1P(curl, Q).

This follows immediately from the previous results coupled with [13, Prop. 2].
Our next goal is to show that the functional i(u) = I%(||u||’£p + IV xulf,) is

continuously Fréchet differentiable on W (curl, Q). To do so, we need the following
lemma from [I7].

Lemma 3.8. Ifp > 2, then for all x,y,z € R™, there exists a constant C; > 0
such that
_ - -2
127722 = |y|P~2y| < Cilz =yl (2] + [y)P

Using the above lemma we prove the next theorem.

Theorem 3.9. The functional (u) = % (lullf, + IV xulf,) is continuously Fré-
chet differentiable on WP (curl, Q).

Proof. Let u,v,w € WP(curl,Q). Then we have from our previous calculations
that

(@' (w) = ¢’ (v), w)]

= [(lu[""?u — |v[P?v, w) + (curl,(u) — curl,(v), )|
= ‘/ (JufP~?u—|v[P~?v) - wdz
Q

(3.6)
+/ (IVxuff?V xu—|Vx v’V xv) -V x de’
)
< HufP~?u = [vP2v gy [wlize + [[[V > ufP 72V x u
— [V x VP2V x| [V % Wl o,

where we have used the Holder’s inequality. We start by estimating the L¥' -norm
of the first term on the right hand side of (3.6]). Using Hélder’s inequality coupled
with Lemma [3.8] we obtain

_ _ / _ _ p’
I [upP~2u — v 2y, = /Q [uf~2u — jvfp=2v]” de

<C [ =l (ful+ [v) " da
Q
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’ —2)p’
< Cflfu = vl lloa | (ful + )P ey

— Clla— v||P-T (p—2)p'
= Clla = vz [l + vz =

which implies
Il 0 = vVl < Olfu = vilzo | [ul + v 1. (3.7)
In a similar fashion, we can find a constant C’ > 0 such that
[V x ufP™2V x u— |V x v[P72V x v,
<OV x (a=v)|leo | [V x| + |V x v] |12

Combining estimates (3.7) and (3.8) allows us to conclude that there exists some
constant C' (after renaming) such that

(3.8)

(' (1) =4 (v), w)| < Cllu—v]lwireuro)[Wllwir e,

for all u, v, w € WhP(curl, Q), which establishes the desired result since a functional
is continuously Fréchet differentiable if and only if it is continuously Gateaux dif-
ferentiable. O

4. DUALITY MAPPINGS ON Wy: PART I

We would like to compute J, for W, (curl, Q) with ¢(t) = t*~1. In the case
of the standard Sobolev spaces W, (), a key result that was used in [T, 3] to
compute the duality mapping was the Poincaré inequality

lullze < CL0)|Vulle ¥ ue WP Q).
It was shown in [3] that for u € Wy *(curl, Q) on a C! domain,
lullzr < C(IV xufzr + IV -ulze + [{w- v, Daal) .

Thus, we can generally estimate the LP-norm of a function u not only in terms of
its curl, but also its divergence and a certain boundary trace. So, an equivalent
norm on Wy *(curl, ) is given by

w = [V X We + |V W|e + [{w-v, sl

In any case, one must have a well-defined divergence, and hence if we are interested
in computing a duality mapping on a “trace-zero” space, it must be Wy

If we assume that Q has a C'! boundary, then Wy in the case when p = 2
can be identified with the Sobolev space (H'(€2))? with equivalent norms; see [12]
Theorem 3, p. 209]. This relies on the vector having zero tangential trace (a similar
analysis works if the normal trace vanishes).

We want to extend this result for more general p. For this we use Peetre’s lemma
from [27].

Lemma 4.1. Let Ey, Eq, E5 be three Banach spaces, and let A1 : Eg — Eq, Ao :
Ey — E5 be continuous linear maps, such that

(1) Ay is compact and

(2) there exists C > 0 such that

o]z, < C([Arv]le, + |A20][E,) Vo € Eo. (4.1)
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Then ker(As) has finite dimension and Im(Ay) is closed, and there exists Co > 0
such that

weﬁg(Al)Hv—kaEof ollA1v]| g, (4.2)

Now we show the equivalence of Wy with the space
Wi = {uec WhHP(Q) : v,(u) = 0},
where the norm here is [[ullwy , = [[ullw1.r)-
Theorem 4.2. Let Q be a CY' domain. Then the spaces Wy and W0 can be
identified and have equivalent norms.
Proof. We will apply Lemma [4.1] with Ey = Wy, E1 = (LP(Q))® x LP(Q) x
(LP(Q))?, and B, = B;}z{,p/ (092). The operators we take are given by
Ai(v)=(Vxv,V-v,v), Ayv)=0.
We need to prove an estimate of the form , which boils down to an LP-estimate

for Vu. It is precisely here that we require the domain to be C*'. Given v € Ej,
by [3, Theorem 3.1], we can find C' > 0 such that

IVliLe < C UL + IV x VI, + V- vIlz), (4.3)

By using (4.3)), we have
Vg = IVI7e + IVVIT. < CUVIL + IV xvI[E + IV - vIT.) = Cllviiwy-

Thus, since ker(A;) = {0}, (4.2) implies the equivalence of the norms || - |y, , and
I lwy - O

Remark 4.3. Let us briefly discuss the assumptions needed in Theorem We
have used the LP-estimate from [3], which actually gives

Vvl <C IV -v|zr + |V X V|zr + [{v-v,1)s0]). (4.4)
This coupled with the following estimate

1
| - (Te(B)) (v - v)*do| < C/BQ v[*do < SIIVVIiae) + Cliviiz o)

yields . Above, B denotes the curvature tensor of 92 and T'r denotes the trace.
It is unclear if these estimates would hold if the domain were merely Lipschitz. Our
thought is likely it is not possible, since to get solvability in W1», the domain should
be at least C*1. In [I8], particularly Lemma 3.1.1.2, the domain is Lipschitz with
the additional assumption that it is piecewise C. Thus, the Banach space Ey we
have taken is somewhat arbitrary due to As = 0. However, if we were to use the
estimate , then the boundary term would have to be incorporated into As on
E5, and in order for this to be compact, one would need compact embedding of
certain Besov spaces.

Finally, instead of C'**!, one could take the domain to be convex. The idea here
is that one can approximate a convex domain by an increasing sequence of convex,
C1! open sets [18, Lemma 3.2.1.1].

Now that we have the equivalence of norms, we can appeal to the known result
[T1] for the duality mapping on W1P(Q). First, we need the following theorem.

Theorem 4.4. Let Q be a C%' domain. Then the space (W, | - ||wiw) is uni-
formly convex, reflexive, and separable.
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For completeness, we prove the Theorem for 1 < p < oo.

Proof. 1t is well-known that if X is uniformly convex, then it is reflexive. To show
uniform convexity, first let p > 2.

Take u,v € Wy with ||ul|lwir = ||V|lwrr =1, and |Ju—v||y1.r > € € (0,2]. For
z,w € R™ we know that (see [I])

P <

|z—i—w|p |z

—w
5 |

. (1217 + ).

N |

Then we have
” u —|— v

||W11j

u+vy u—vp Vu+Vv,, Vu—-Vv
/Q<| e |>dw+/9<| o [ s
< 1/ (|u|p+|v|p)dx+3/ (IVul” + [Vv]P) da
2 Ja 2 Ja

1
=5 (allwre + [lvilwr) =1,

N |

and hence
u +v €
15, < 1= (5)" (4.5)

When 1 < p < 2, then it is also known [1] that for z,w € R™,

|z+w’p'+|ﬂ|fﬂl < [%(‘Z|p+|w|p)]ﬁ_

2
Take u, v as above. First, notice that || - |[?, = ||| - [ ||Lp 1. We then have that
u+v
| [ R [
u+v Vu+Vv
(AL g DA AL | S A AT
u+v u—v 1
_H| |p Lp 1+||| p ip—l
Vu—i—Vv _ Vu+ Vv _
o[ 1+|l|7|p o
u+v u-— Vu+Vv Vu Vv
<5+ 5+ "+ 7,
1

<3 (IIUH + HVUIl’ip +IvIZ. + HVVHZ)
gy =,
2
where in the first inequality we have used that 0 < p — 1 < 1. Therefore, since

|lu — v|lwir > €, again we obtain that

1, <1 () (4.6)

and uniform convexity is proved. Finally, for separability, we require p < oo, since
then LP is separable. Then it’s easy to construct an isometry from WP onto a
subspace of LP, so separability follows immediately. [
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Theorem 4.5. Let Q be a CY! domain and p > 2. Then the duality mapping
Js : W, |- lwiw) = (Wh, |l - llwie)” corresponding to the normalization func-
tion ¢(t) = tP~1 is given by

Jyu=—Ayu+ [uff*u
for each u € Wy. Above, A, denotes the p-Laplace operator on (W, || - lw1.»).

Proof. Letting Jy : (W, || - [[w1e) = (Wn, || - [lwre)™, with ¢(t) = P71, we know
that

lwer
Jotw) =oe(fal) =o( [ e de) = 1) + @a(u),
0
where ) )
Py (u) = EIIUHZ& and  ®5(u) = EHVUH%Q

and O denotes the subdifferential. We calculate ®4(u). Simple computations using
(3.3) imply that

3

(®h(w),v) =Y (|Vu;[P>Vuy, Vuy).

j=1
Thus, we conclude that

3
(@ (), v) = > ({u;[P~2uj,v5) + (VP> Vuy, Voy))
j=1
3
= Z [/ luj [P~ 2u v, do +/ |Vu;|P~2Vu, - Vo, dx]
= e Q
(]
We now make precise the way the p-Laplacian A, acts on (Wn, | - [lwi»). If
u € Wy and

V- (VP2 Vay) € (L7(@)°, j=1,2,3,
then the traces v, (u) and v, (|Vu;[P~?Vu;) make sense. Setting
(IVuP2Vu) i= (1 (|Vur P72V ), 1 ([Vua P~ Vus), v (| Vs [P Vug))
Theorem then implies that
(1 (IVulP~*Vu), ¢)

3
=D [/ (V- [V P72 Vuy) 5 d$+/ Vu; [P~V - Vo, dw}
= te Q
for all u, ¢ € Wy. If each |Vu,;|P~2Vu; € ker(yy,), j = 1,2, 3, then
3 3

Z/ — (V- |Vu,|P~2Vu;) ¢; dz = Z/ |Vu;[P~2Vu; - Vo dv V¢ € Wy.

j=1"¢ j=1"¢
Note that the integral on the right-hand side above exists for all u, ¢ € Wy. Thus,
we denote

Apu:=V- (|VuP7Vu), ueWy.

This should be understood componentwise, so that
(Apu); =V - (|Vu,[P7?Vy),  j=1,2,3.
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Remark 4.6. Suppose u(zi,2,73) = (u(x1,72,23) 0 0)!. Then the previous
calculations for the derivative of ®(u) reduce to

(@' (u),v) :/ |u|p’2uvdm+/ |Vu|lP~2Vu - Vodr  Yu,v € WHP(Q).
Q Q

Thus, the p-Laplacian A,, in this case becomes the usual p-Laplacian on the space
WLP(Q) because the space Wi reduces to the (scalar) space W1P(Q). The duality
mapping from Theorem then agrees with that in [IT, Theorem 3.1].

In the next section, we consider duality mappings on Wy endowed with its graph
norm.

5. DUALITY MAPPINGS ON Wy: PART 2

In this section we can take  to be a bounded C''! domain; the reason for this
is to ensure the definition (5.2]) below makes sense. We have

lalliy, = llullz, + IV xullZ, + [V - ullZ,
To compute the duality mapping on Wy, define ¢ : Wy — R by
1
P(u) = - (IallZe + IV xallf, + V- ullf,) = v1(a) + d2(u) + ¢s(u).

By Theorem part (3), we know that Jy = 0¢(x). We have previously computed
i (u) and 5(u). Thus, it remains to compute the Gateaux derivative of ¢3. We

can write 13 = FH, where H(v) = |V - v| and F(v) = p~!{|v|},, to obtain
V-u)(V-v)
H'(u).v= Y WEVY)
Thus, we get

(@' (), v) = (W1 (0),v) + (P5(u), v) + (Y5(u),v)
= ([uP~?u + curl,(u) + div,(u),v),
where we have defined
div, : Wg — (W]%)* , divy(u) := =V(|V-uf~2V - u), (5.2)
in the sense that div,, acts, in view of Theorems [2.9) and 2.1} by

(divp(u /|V uf~2 (V-u)(V-v)de VYu,veWy.

Hence we have shown the following theorem.

Theorem 5.1. Let Q be a bounded C*' domain. Then, the duality mapping Jy :
ws — (WR,)* corresponding to the normalization function ¢(t) = tP~1 is given by
Jyu = [uP~?u + curly(u) + div,(u)

for each u € W%. In particular, it is coercive and a strictly monotone homeomor-
phism.

As a result of the surjectivity of the duality mapping, we obtain the following
result.

Corollary 5.2. For eachf € (W]%)*, the equation [u|P~*u+curl,(u)+div,(u) = f
has a unique solution in W .
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6. GENERALIZATIONS

This method appears to be generalizable as follows. Let now X be an arbitrary
Banach space with norm ||-|| x, such that there exists a € [1,00) and a C! functional
F' so that

lull = /Q F(u())dz. (6.1)

We require that (X, ||-||x) be uniformly convex, which is equivalent to the following
which we further assume that

the norm on X is uniformly Fréchet differentiable on {z € X : ||z||x = 1}. (6.2)

Recall that the norm on a Banach space is said to be uniformly Fréchet differentiable
on the unit sphere if
. x4+ hy| — ||z
HB‘H Z;LH ] L)
exists uniformly in  and y on the unit sphere in X. Above f,(y) denotes a support
functional; see [23] for more details. As before, we let ¢(u) = a™!|lu|%. Then our
previous calculations show that

(Jo(u), v) = (¥'(u),v) = /Q F'(u(z))v(z) de. (6.3)

This formula agrees with the well-known derivative of the L” norm by taking a = p
and F(u) = |ul? in X = LP(Q), as well as the result from [I3] by taking a = p,
F(u) = |Vul? and X = Wy*(Q).
Theorem 6.1. Let (X, | -|lx) be a uniformly convex Banach space such that (6.1)
and (6.2) hold. Then the duality mapping corresponding to the normalization func-
tion ¢(t) = t2~1 is the single-valued function

Jo (X1 llx) = (X1 llx)”
satisfying (6.3)).

7. ON THE PROBLEM .Z,(u) = f(z,u)

In this section we assume that € has a C''! boundary or is convex, so that
Wy — LP compactly. We first define a vector valued variant of Carathéodory
functions.

Definition 7.1. A vector-valued function f : Q x R? — R3 is called Carathéodory
provided

(i) for each s € R, the function z ~— f(z, s) is measurable in Q; and
(i) for a.e. x € Q, the function s +— f(z,s) is continuous in R3.

For a vector-valued Carathéodory function f, for each measurable vector-valued
function u = (uq, us,us), the function
(Neu)(z) = £(z, u(z))
is measurable. The operator Nr from the set of measurable functions to itself is
called the Nemytskii operator. We will consider what conditions on f are required
in order to obtain existence of a u € W, of the nonlinear boundary value problem
lulP~?u + curl,(u) + divy(u) = f(z,u) in Q,

v,(u) =0 on IN. (71)
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Note that since we are seeking u € Wy we also have 7, (u) = 0 on 9.

Remark 7.2. Consider the diagram

*

WP (ewl, ) <8 (L)) & (LQ’(Q))S' A (Wol’p(curl, Q))

If WP (curl, Q) < (L9(€2))* compactly, then we would be able to conclude that Ng
is a compact operator. Given the results in [22, [6] [7], it is unlikely to expect any
compactness without imposing a divergence condition as well. For this reason we
seek solutions of in Wy.

Note that (7.1) is understood in the sense of (WI(\)[)*:
(Ju[P~?u + curl,(u) + div,(u), v) = (Ne(u),v) Vv € Wy. (7.2)
The following result will be useful to establish the compactness of Ng, see [30,

Theorem 19.1].
Proposition 7.3. Let f : Q x R? — R3 be Carathéodory such that

3
| fi(x, w1, ug, uz)| < C’Z lug|” + bi(z), ze€Q, i=1,2,3,
k=1
wherer > 07 f(fE, u(:c)) = (fl(x7 U(ZL')), fQ(SC, u(l’)), fg(l‘, U(I))) withu = (u17 U2, U3>,
and each b; € L1(Q), 1 < q < co. Then Ng( (Lq’”(Q))g) < (LY(Q)* continuously
and maps bounded sets into bounded sets.

, 3
Note that if r = g—1 and b € (Lq (Q)) , then from Proposition we have

Ne( (L9())? ) — (L‘I/(Q))3 and N ( (L9())? ) — (Ll(Q))3 continuously. Thus,
we will assume that the right hand side f in (|7.1)) is Carathéodory as well as satisfies
the growth condition

3
fi(mur,ug,us)] < C Y fuplP ™+ bi(x), 2€Q,i=1,2,3 (7.3)
k=1
for some C' > 0, with b; € L¥' (). Thus, by considering
Id N / 3 Id* *
wh S @)t S (@) S ()"
under the previous assumptions we have that Ng is compact.
For u € WY, let ¢(u) = %(Hu”’;ﬂ + IV xu|f, + |V ulf,) as in Section
Then, using the method of proof from Theorem it can be shown that v is
continuously Fréchet differentiable on W§.
Next we are interested in seeing when the Nemytskii operator N¢ can be written
as the gradient of some functional. From [30, Theorem 21.1], we know that if for
some real-valued F'(x,u1,us, us),
0

a—F(x,ul,UQ,u;),), F(z,0,0,0)=0, i=1,2,3 (7.4)
u;

with each f; satisfying (7.3), then the functional ® : W% — R given by

d(u) = /QF(%u(x))dx (7.5)

fi(l',ul,UQ,Ug) =

satisfies V® = Ng.
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Thus, the functional .Z : W5 — R given by
1
F(u) =¢(u) - (u) = > (halZe + IV <l + V- ull7,) — /Q F(z,u)dx

is continuously differentiable on W and
F'(u) = Z,(u) — Ni(u),
where we have defined
Zp(u) = [u|P~2u + curl,(u) + div,(u). (7.6)

Thus, problem is reduced to finding critical points of .# on W. Note that
since Wy < (LP(Q))?, it holds that .Z is weakly lower semicontinuous, i.c. when-
ever u; — u strongly in Wiy, it holds that liminf,_,. % (u;) > .Z (u).

It is enough now to prove that % is coercive. One way to show this is via the
method of Anane and Gossez for the p-Laplace operator [4]. To this end, we proceed
to understand the first eigenvalue of .%,. We see that the equation .Z,(u) = 0 arises
as the Euler-Lagrange equation for the integral

I(u) = / ([u? + |V x uP + |V -u[P)dz, 1<p< oo (7.7)
Q
Consider now the Rayleigh quotient

ol Y a7 ul?) do
Jo lulP dz '

R(u) (7.8)

The minimization of this quotient in W, leads to a nonlinear eigenvalue problem.
The corresponding Euler-Lagrange equation is

Zp(u) — Au[f~?u = 0. (7.9)
This is obtained by minimizing the functional I(u) subject to the constraint G(u) =

Jo lulP dz = 1.

Definition 7.4. A function u € W% N (C’(ﬁ))3 will be called a p-eigenfunction if
there exists A € R so that

/|u|p*2u~vd;ﬂ+/|V><u|p*2V><u~V><de
Q Q

+/ |V-uP2V-uV - vdz (7.10)
Q

:)\/ luP~2u-vdz
Q

for all v € W The associated A will be called a p-eigenvalue.

Now, notice that if u is a solution to (7.9)), then A = R(u) as expected. Thus,
we see that A > 0. The smallest eigenvalue of ([7.9) is
A1 =A1(2)
| . (711)
::mf{/ (P + |V x uf? + |V - uP)de:ue WS, [ulz = 1.
Q

We assume that

the infimum in (|7.11)) is attained when u is a multiple of some u; > 0. (7.12)
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Assume, further, that there exists a function a(z) € L*°(Q) with a(z) < A\ on a
set of positive measure, such that

F
limn sup 25 (&%)

L < a(x) < Ay uniformly in Q. (7.13)
|s]|—+oco

Under these two assumptions, the following theorem holds.

Theorem 7.5. Let f : Q x R — R3 be Carathéodory and satisfy as well
as (7.4). Suppose there exists a function a(z) € L*(Q) with a(z) < A1 on a set
of positive measure such that holds. Finally, assume the infimum condition
holds. Then F is coercive, and so has solutions in W.

Our next goal is to show that the infimum in is attained by ug which
is a weak solution of the Euler-Lagrange equation (7.9). Since Wy < (LP(Q))?
is compact and Wy is reflexive, this is enough to guarantee the existence of a
minimizer of . Indeed, let m > 0 denote the infimum, and suppose {u,} is a
minimizing sequence of A1, so that

/ (nl? + [V X Wl + |V - up?) dz — A, [[unfls = 1.
Q

Then clearly {u,} is bounded in W, and since WY is reflexive, there exists a
subsequence u,, converging weakly to some ug in Wy. Since W% — (L? (Q))? is
compact, it follows that ||u,, — up|/zr — 0, and so ||ug|/z» = 1. Thus, we have by
lower semicontinuity of the LP-norm that

m g/ ([u? + |V x ul? + |V - u[?) dz
Q

< liminf/ (Jup, P+ |V X up, [P + |V - up, |P) dz
Q

k—o0

:’[’)’L7

and so ug € WY is a minimizer. As such it satisfies (7.10]) with A = A;.
With this in hand, inspired by the proof of [I3] Theorem 13], we turn to the
proof of Theorem [7.5]

Proof of Theorem[7.5, Define N : W3 — R by
N) = ¥y = [ @@l d.
Q

From (7.11)) and the assumption (7.13)), we have that N(v) > 0 for all v € W},
Suppose now that there exists a sequence {v,} € W5 such that [Vallwe =1
and N(v,) — 0. Since WY is reflexive, we can find a subsequence of {v,} (still
denoted {v,}) and some vo € W such that v,, — vo weakly in WY and v,, — vo
strongly in LP ().
Now, it is clear that the functional v — [, a(x)|v(z)|? dz is weakly continuous
on W, which implies that

0 < [Ivollfyo —/ a(z)|vo(x)|Pde < liminf N(v,) =0,
N O n—oo
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and so |[vo|[}0 = [ a(@)|vo(z)[Pdz. Since N(v,) — 1 — [, a(x)|[vo(z)[P dz, we
N
have

Wolfyg = [ at@lvaa)pds =1
Q
so that vg # 0. Again by (7.11) and (7.13) we see that

AlvollZy < lIvolliye < Mllvollzs (7.14)
since HVOH];VR, = Jo o(z)|vo(x)[P dz. Thus
p
Il
[[voll7

By (7.12), we have that v¢ is a multiple of u; > 0. Hence |vo(z)| > 0 a.e. in €.
Let @ := { € Q: a(z) < A1}, which we have assumed to have positive measure.
This means that

[ @M@l do < xilvol;,
Q

by splitting Q into 27 and 2\ ;. This directly contradicts ((7.14]).
Thus, we conclude that there must exist some € > 0 such that

N(v) > e forall ve Wy with HVH€V}’V =1 (7.15)
This implies
||VH€VI% - /Q a(x)|vo(x)Pdx > EHVHIIjV}’V for all v € WY. (7.16)
Take €1 < Aje. From (7.13) and (|7.3)), we can find a constant k such that
F(z,5) < %\s\p—l—k—l—c(:ﬁ), reQ, scR3 (7.17)

for some function c(x) € L'(2). Then (7.16) together with (7.17) imply that

Ne—
F(v) > g”v”fyo — ko —> 00, ko a constant,
p N

as ”V”};V]?, — 0. O

Remark 7.6. The condition used in Theorem could be removed if we
had a Harnack inequality for non-negative p-eigenfunctions. We have not yet pur-
sued this direction, but believe it would be of independent interest. Moreover, the
conservative condition is not required in one dimension, as one can simply
take

F(z,u) = /Ou f(z,s) ds.

8. THE ONE-DIMENSIONAL CASE

In the one-dimensional case, we can find the first eigenvalue explicitly. To this
end, let u(z1,22,23) = (u(z1) 0 0)* only depend on x1. Then the curl of such u
vanishes and the divergence of u becomes v/ where ’ = 4. Indeed, the eigenvalue

dxl :
problem in one dimension becomes

(lu'|P~2') = (1 = N)|ulP~2u (8.1)
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subject to a Neumann boundary condition (due to the definition of Wy). For
simplicity we take the domain Q = (0,1). Such problems have been studied in [15]
for the p-Laplacian, but a similar analysis carries over here as well. Indeed, the
eigenvalue problem is the same as the eigenvalue problem for the p-Laplacian
with A — 1 as an eigenvalue instead.

Thus, letting @3 = A — 1, in [I5, Theorem 3.2] implies that

_ ( 4m )Pp -1
=Gt
Hence the first eigenvalue of (8.1)) in one dimension is
dm pp—1
A = (7) 1, 8.2
G e T 52

and more generally, we have A, (p) = nPA;(p). Thus, since Ay > 0 (for p > 1), we
also conclude that each A, > 0 as well (again for p > 1).

Conclusion. We have proved a number of trace results for Banach spaces related
to the p-curl operator. These were used in turn to calculate duality mappings on
various Sobolev spaces related to the p-curl system. We have solved a nonlinear
p-curl system in a C*! or convex domain by proving that weak solutions are critical
points of a coercive and lower semicontinuous functional. We also have a variational
characterization of the first eigenvalue of the p-curl operator, and in one dimension,
we have obtained an explicit expression for the first eigenvalue. It was necessary to
assume positivity of the first eigenfunction of the p-curl operator in order to prove
coercivity of the associated functional. It is expected that this can be removed by
proving a Harnack inequality for the p-curl operator, which we leave to future work.
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