Electronic Journal of Differential Equations, Vol. 2020 (2020), No. 114, pp. 1-17.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

ASYMPTOTIC BEHAVIOR OF POSITIVE RADIAL SOLUTIONS

TO ELLIPTIC EQUATIONS APPROACHING
CRITICAL GROWTH

ROSA PARDO, ARTURO SANJUAN

ABSTRACT. We study the asymptotic behavior of radially symmetric solutions
to the subcritical semilinear elliptic problem
N+42 N
—Au=uN-2/[log(e +u)]* inQ=Bgr(0) CRY,
u >0, in Q,
u =0, on 99,

as a — 0T. Using asymptotic estimates, we prove that there exists an explic-
itly defined constant L(N, R) > 0, only depending on N and R, such that

. aua(O)Q
lim sup i)
a0 [log(e + ua(0)]' T 2
< L(N,R)

2
< 2* liminf ata(0)

a(N—4) °

20" Tlog(e + ua(0))] "~ 2

1. INTRODUCTION AND MAIN RESULTS

We consider the classical Dirichlet boundary value problem
—Au = f(u) in
u>0 in
u=0 1in 0N

(1.1)

for u € C?(€2), in which Q is an open bounded regular domain in RY, N > 2, and
f is locally-Lipschitz in [0, 00) and superlinear at infinity (i.e. liminf f(u)/u > A
as u — oo where A\; > 0 is the first eigenvalue of —A with Dirichlet boundary
conditions). We denote by 2* := 2N /(N —2) the critical Sobolev exponent. Namely,
H1(Q) is compactly embedded in LP(f2) if and only if p < 2*. The extended real
number f* := lim, ., f(u)/u? ~! discriminates the problem into three types:

critical if f* € (0,00), supercritical if f* = oo, and subcritical if f* = 0.

Pohozaev [I5] discover that for the power nonlinearity f(u) = u? with p > 2*—1,
there are no positive solutions to (1.1)) in star-shaped domains. Bahri, Coron and
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Ding show that has a solution for some classes of non star-shaped domains,
see [3, @]. The equivalence between uniform L?"(Q) a-priori bounds and uniform
L>(Q) a-priori bounds in the subcritical case is proved in [4].

Assume that the nonlinearity is a pure subcritical power f(u) = w1 e >0,
and Q = Bpr (the open ball of radius R). Atkinson and Peletier [2] studied the
asymptotic behavior as ¢ — 0T of solutions to (L.1]), and proved that

lim eu.(0)? = L(N, R),
e—0*+

and for all r #£ 0,

. oue(r) = 1 1
sy 0 )

Here L(N, R) and L(N, R) are constants only dependent on N, and R, defined by

. 4 N_2 F(N) 1
LN R) i= 55 NN = 2% ot o (1.2)
L) = D v - 2)]“25((]]5)/12/)2 - [NL(‘E\;V;))J/J L (3)

where T' denotes the Gamma function. See also [II] with similar results for least
energy solutions on general domains.
We focus our attention on problem (1.1]) with nonlinearity
ul® ""u

When a > %, there are a-priori L> bounds for classical positive solutions in
bounded, C? domains, see [5, 6], 13} [14].

In [I2], the existence of a-priori L> bounds for positive solutions is extended for
Hamiltonian elliptic systems —Au = f(v), —Av = g(u) with Dirichlet homogeneous
boundary conditions with

P ud 1 1 N -2
V) = ——————, u) = , + = ,
IO =g ‘Y meraP p3i T arl N
2
and a, 8 > ;=5 B

Also for the p-Laplacian there are a-priori bounds for C*# () positive solutions
of elliptic equations —Apu = f(u) with Dirichlet homogeneous boundary conditions
when

2% -2

(1.4)

T Np P

flw) =", P = , oa> ;

(In(e + u)]* N-—p (N —p)
see [7]. This leads to a natural question: Is this lower bound on « a technical or
an intrinsic condition?
In this article we analyze the asymptotic behavior of solutions to

—Au = u~7 [[log(e +u)]* in Q= Br(0) C RY,
u>0, inQ, (1.5)
u=0, on 9%Q,

as o — 07. Firstly, we prove that for each o € (O, %} fixed, the set of positive

solutions to (1.5 is a priori bounded. Henceforth, the bound from below on « in
[5l [6, [7, 12] are technical rather than intrinsic, at least when  is the open ball
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of radius R. Secondly, we provide estimates for the growth of u,(0) and u,(r) as
a — 0. We adapt the techniques introduced by Atkinson and Peletier for the case
of subcritical powers in [T [2].

Our first main result is on the existence of solutions to , and of L™ a priori
bounds for each @ > 0 fixed. The existence of solutions is already known due
to a result of Figueiredo, Lions and Nussbaum [8, Thm. 2.8] employing different
techniques involving elliptic regularity theory and topological variational methods.

Theorem 1.1. Fiz o € (O, N 2] let f= fo be as in and assume ) = Bpg.
Then the following results hold:

(i) There exists a radially symmetric solution to (L.5), u = uq(r) > 0.
(ii) There are constants A = Ao (N, R), B = Bo(N, R) > 0 depending only on
a, N and R, such that for every u = u, > 0, radially symmetric solution

Y =)

2
AOL(Na R) < ”u(xHLOO(Q) < Boz(Na R)a fOT each o € (Oa

Nk
Our second main result is an estimate of the asymptotic behavior of u,(0) =
tual L) as a — 0F.

Theorem 1.2. Let f = f, be as in (1.4) with o € (0, ﬁ}, and Q@ = Bgr. Then,

there exists a constant L(N, R) > 0 only depending on N and R (defined by (1.2))),
such that for any us = ua(r), radially symmetric positive solution to (1.5]), we have

2
lim sup atia(0) 5 < L(N, R), (1.6)
a—0* [log(e 4+ uq(0))1 ==
2
lim inf atia(0) s 2 5 LN ). (1.7)

=0 [log(e + ua(0))]
Our third main result is an estimate of the asymptotic behavior of u,(r) as
a — 0%, when r # 0.
Theorem 1.3. Let fo(u) be as in (L4) with a € (0, %3], and Q@ = Bg. Then,
there exists a constant E(N7 R) > 0 only depending on N and R, such that for all
Ue = U (1), Tadially symmetric solution to (1.5) and for every r # 0, we have

J1-a(X50)) “a(r)}

lim nf | log(e + 114 (0)) Ja (1.8)

> LV R) (o5 — 3.
hgsolip {[log( +uq (0))] 05 uf/(g)} (1.9)
<\/27LNR(N 2 RN-2 2)

where Z(N, R) is defined by (1.3] .

In Section [2| keeping a € (0, 125] and ua(O) = d > 0 fixed, we obtain lower
and upper estimate for radial solutions u = uq(r) of . In Section (3 I 3| we prove
Theorem keeping o € (0, = 2] fixed, and allowing d to vary. In Section I we

prove Theorem letting @ — 0F. Finally, in Section [5] we prove Theorem [L.3]
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2. BASIC LEMMAS

In this Section we estimate u, () through several estimates of an auxiliary func-
tion, keeping o € (0, %] and d > 0 fixed.

From Gidas, Ni and Nirenberg [I0], it is well known that any positive solution
Ugq Of is radially symmetric and 85‘7? < 0 for 0 < r < R. The search for radial
solutions of leads to the ODE problem

u’ + Eu’ + f(u)=0 forre[0,R),

:L(?“) >0 forrel0,R), (2.1)
w(R) =0, 4/(0)=0.

where, from now on f(u) = f,(u) is defined by (1.4). Let us consider the associated
initial-value problem

N -1
u’ + Tu’ + f(u) =0, forr >0,
u(r) >0, (2.2)
u(0) =d, u'(0)=0.

The Contraction Mapping Principle with parameters is applicable to (2.2 and for

each a € (0, x%5] and d > 0 the initial-value problem (2.2) has a unique solution

u(r) = uy(r, d) depending continuously on « and d.

Since ([2.2)) is equivalent to
(rN -t u')/ +rV " f(u(r)) =0, 0<r<R,
u(r) > 0,
u(0) =d, u/'(0)=0,

integrating on [0, 7] we have
PN (r) = —/ sV f(u(s)) ds <0,
0

and the solutions are decreasing. It is clear that there exist solution to (2.1)) if there
exists some d such that u,(R,d) = 0. Set

N —2\N-2
b= (=) y®) =) (90 = palt d) = ua(rd)), (2.3)
problem (2.2)) becomes the backward problem
7 _2(N71)
y'+t7 "2 f(y(t)) =0 fort < oo,
y(t) >0, (2.4)
. _ . / _
Jim y(t) =d, - lim y'(t) = 0.

When the nonlinearity is f(s) = AsP, for some A > 0, equation (2.4]) is known as
the Emden-Fowler equation.

Integrating 3" on (¢, +00), see (2.4)),

Vo= | T () ds (2.5)
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Integrating now y’ on (¢, +00), and from Fubini’s Theorem

=d— / s—t)s -25= T f(y(s)) ds. (2.6)

Throughout this section we keep o € (07 ﬁ] and d > 0 fixed. Define

T(d) = T,(d) :=inf{t > 0: y(t) > 0}. (2.7)
By definition T'(d) > 0, and since continuous dependence on the parameters, T'(d)
is continuous. We will prove in Lemma that T'(d) > 0, therefore we can define
R(d) := (N —2)/T(d) e Obvioubly, u = uq(r,d) is a solution to n (0, R)
if and only if for each a € (0, 2], there exists some d > 0 (dependmg on a) such
that R(d) = R, or in other words,

T(d) = (%)N_Q. (2.8)

Let
Dy :={d=dy>0:T,(d) = [(N—2)/RN2}. (2.9)
By [8, Thm 2.8], problem (2.1)) has a solution. In other words, D, # 0. Our first
aim is to prove that, for « fixed, the set D, is bounded. We denote
(N = 2)f(d)] -5
Nd '
By direct computations we can show that z satisfies the Emden-Fowler equation

A1) = 2a(t,d) = dt [tzv?z + (2.10)

R0 T o = SR R IC e B
[log(e + d)]~ o
2(t) >0 (211)
— ; — : / —
z(0) =0, tilgrnooz(t) =d, tllinooz (t)=0.

Obviously z” < 0, and integrating z” on (t,+00), then z’ > 0. Moreover, in its
integral form, (2.11)) is equivalent to

) =d- ot [0S e

The function z will be useful in estimating y. For instance we have the following
result proved in [I, Lemma 1.(iii) and Remark 1].

Lemma 2.1. Fiz o € (0,525 and d > 0. Let y = y(t,d) solve [24), and
z = z(t,d) solve (2.11)). Then
y(t,d) < z(t,d) for everyt > T(d).
Using (2.11)) it is easy to see that for ¢ > 0, the function z is increasing and

concave. Then for every ¢t > 0, z(¢t) < min{z’(0)t,d}. A direct computation using
(2.10) shows that 2/(0) = Ny M (d) where
a0y -2)

N \*% log(e +d)

Hence, we have the following consequence of Lemma,

Ny = ( (2.13)
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Lemma 2.2. Fiz o € (0, %] and d > 0. Let y = y(t,d) solve ([2.4)). Then
y(t) < min{N, M(d)t, d} for every t > T(d), (2.14)
where N1, and M(d) are defined by (2.13))

For further estimates we introduce the Pohozaev functional
1 2

H(t) := 5t(y’(t)) - %y(t)y’(t) + (%)%F(y(t)), for t > T(d), (2.15)

where F(s) = [; f(t)dt. The following lemma states some properties of H.

Lemma 2.3. Fiz o € (0, %] and d > 0. Let y = y(t,d) solve (2:4). Then
the Pohozaev functional (2.15)) satisfies H'(t) < 0 for t > T(d) and H(t) \, 0 as

t — oo. In particular H(t) > 0 fort > T(d).

Proof. Integrating F'(t) by parts,

1 ¢ 52"
Ft)=—|tf(t ds|. 2.16
0 =3[0+ o | o (2.16)
Differentiating (2.15) and using (2.4]), we have
1. 2v-1) y(t) 82*
H(t) = -2(2) 7> / ds < 0 2.17
*) 2\t 0 [log(e + s)]*t1(e + ) §<9 ( )

which proves the first claim of the lemma.

Substituting (2.16)) in (2.15]), we obtain

1 1 1,1, .~
H - - AV — (Z\N=—2 2.1
() = 346 = 50 + 5 (1) 77 [w/ ) (2.18)
y(t) 2"
. 2.1
vo | e (2.19)
By L’Hopital’s Rule and (2.4)),
. . 1| 2
Jim ty'(8) = Jim (5) 772 f(y(2)) =0, (2.20)

hence t(y')? — 0 as t — oo. Therefore, the first term in the right hand side of
tends to 0 as t — oco. Since the asymptotic behavior of y, and y" as t — oo.
The second, third and fourth terms in the right hand side of also tend to 0
as t — oo. Then H(t) — 0 as t — oo.

Since H' < 0, H(t) \, 0 as t — oo, consequently H(t) > 0 for t > T'(d). This
completes the proof. O

The above lemmas are useful for proving the positiveness of T'(d).

Lemma 2.4. Fiz o € (0, %5). Let T =T(d) be defined by [2.7). Then

T(d) >0, foreveryd>0.

Proof. Assume by contradiction that T(d) = 0. From Lemma H(0) > 0.

Moreover, from F(s) = fos f(t)dt < 522* )

and Lemmas [2.2| and we have

N

1 * 1 *
tf(%)F(y(t)) < 27t7(N72)y(t)2 < 2—*(]\/1M(d))2 t%2 50 ast— 0T,

This and (2-15) imply that H(0) = —1y(0)y’(0) = 0, contradicting Lemma O
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We now look for a lower estimate for y. Let

T(d) = Ta(d) = k)g(ej;)““ (2.21)
then, for every ¢ > 0,
z(sf(d)) =c.d, with ¢ := = jﬁ] g (2.22)
Observe that J
%8 —N; ase—0, and T(d)= M)’ (2.23)

see (2.13]). Next, we state a lower bound of y.

Lemma 2.5. Let y = y(t,d) solve (2.4), and z = z(t,d) solve (2.11)). For every
e > 0, there exists dyg = do(g) and some c’&d > 0 for d > dy, such that

3 ~
y(t) > [1- a(§)acg’d]z(t) for every t > eT'(d).
Proof. Fix any € > 0, and any d > 0. Take t > ef(d). Since (z > y and f ), from
2.12), using the Mean Value Theorem with 6 € (z,d), with 8 > 2 > c.d, using
2.12), and d < z/c., we deduce that

2(N—1)

y(®) >d—/too(s—t)s_ Y f(2) ds

_2(N=1) ox g 1 . 1 s
== [ mn I ek

> _20N-1) ey d—z
=z — —t N—2 - d
: “/t e S o RN I s

z— ad /Oo(s—t s iR 2 1 g
= ogle + cd  (ed 1 o) J,
Q e 2N-1) o«
> et ), o0 e
__aflogle +d)°
cellog(e + c.d)]ot+!
(1—cc) [log(e+d)” }
2 log(e+ ccd)]jett ]
Consequently, for all € > 0, and d > 0 fixed,

(d-2)

Zz[l—oz

[e%
y(t) > [1 _ L4 ;gca) [lo[ng(j ;:;’))]]QH ] 2(t), forany t>eT(d).  (2.24)
Let us keep ¢ > 0 fixed and allow d to be large. Since % —lasd— oo,
there exists dy = dp(e) such that % < 3/2, for all d > dp, in fact we can
define .
do = do(e) == et
where ¢ is defined by . Now, taking )
;o 1—c 1

(2.25)

Ced = 2 log(e+ c.d)’



8 [R. PARDO, A. SANJUAN EJDE-2020/114

the proof is complete. ([

Lemma 2.6. Let y = y,(t,d) solve (2.4), and z = z,(t,d) solve (2.11)). For every
e > 0, there exists di = dy (), such that for all d > d;

y(t) > ~y(a)z(t)  for every t > eT(d). (2.26)
where
N -2 1 2
v(a) := 1 o> 2 for all o € (0, m] (2.27)
N72
In particular, for every € € (0, (ﬁ) ),
1
( ) 5 for all d > dy.
Proof. For € > 0 fixed, let us define
1 4 3.,1—c
di =di(e) == — =) : 2.28
1= di(e) CEQXP[N72(2) z 1 (2.28)
where ¢, is given by (2.22)). Hence,
3\a N -2 1
1—@(5) c'E,dZI— azg, for all d > dy, andae((),m],
which, combined with Lemma proves ([2.26]).
In particular, for € € (0,&g), and d > dy(g),
1 ~ 1 ed 1 ed
((C:T(d)) 5 ((C:T(d)) = 5 N—-2 N 5 N—Q Z 5 N—2 ﬁ N2’
[ +e } [T + 50 ] 2
choosing ¢ := (%)¥ we obtain
=y L
which compltes the proof. ([

3. FURTHER ESTIMATES AND PROOF OF THEOREM [ 1]

In this Section we estimate u = u,,(r, d) through several estimates of the auxiliary
function y = ya(t,d) and in particular of T' = T,(d), keeping a € (0, ] fixed
and allowing d to vary. As an immediate consequence of Lemmas 2.5}2.6] we have
the following lemma.

Lemma 3.1. Let T(d) be defined by [@2.21). Then
T(d) = o(T(d)) asd— . (3.1)

Proof. Lemma [2.6] state in particular that for any ¢ > 0 small enough, there exists
dy = dy(e), such that for all d > dy,

y(sf(d)) > —ed > 0.

DN =

Therefore, from definition of T'(d), for any & > 0, and d > dy(¢), T(d) < £T(d). O
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Now, we introduce the Hardy asymptotic notation. For f,g : R — R, we say
that

f(d) < g(d) as d — dy, with 0 < dp < 0o, if limsup |F()
d—do 19(d)|

< +00

In a similar way we use the notation f(d) 2 g(d) as d — do, if limsup,_, 4, ;?((Z;\ <

+00. Finally we will use the notation
f(d) =06(g(d)) asd— dg, with 0 < dy < o0,
to denote f < g and g < f as d — dg. The following lemma relate to estimations
of y(t) and y/(¢) for specific values of t when d is large.
Lemma 3.2. Let y = y(t,d) solve 2.4). Let T =T(d), T = T(d) and M = M(d)
be defined by (2.7), (2.21) and (2.13)) respectively. Then, the following holds:
(i) y(2T) = o(d), as d — .
(ii) There exists a constant Cn o depending only on N and «, explicitly defined
by , such that
y(T(d)) > Cn.ad, asd— co.
(iii) 3’ (2T) = ©(M(d)), as d — oo.
(iv) y(t,d) = @(M(d) (t— T(d))) , as d — oo, uniformly for every t € [2T, f]

Proof. (i) Using (2.14)) with ¢t = 27'(d), (2.21)-(2.23)) and (3.1)), we obtain

y@r) _ T
"T

—0 asd— +oo.

g =
(ii) Taking € = 1 in Lemma [2.6] and from (2.22)), we can write

y(@(@) > (1-

ONa = (1 - N4_ 20‘) (Q(NN— 1)) - (3:2)

(iii) Using that " < 0, Lemma [2.1} (2.10), and Lemma we deduce
y(21) —y(T) _ =(27)
T - T
2d
e+

Niz)d

72 [log(e + d)]* "=
<

- 2d<N — 2) d?

< 2N, M (d).

On the other hand, using again y” < 0, (i), (ii), and Lemma [3.1] we obtain
T(d)) — y(2T od — y(2T o
J(2T) > y(T(d) —y(@2T) | Cnod—y(2T) | ONa =€

T(d) — 2T T(d) — 2T 1+e
(iv) Since y” < 0, y(T) = 0, and Lemma[2.2] it follows that

ylt.d) _ y7)
t—T(d) = T(d)

2a>z(1~“(d)) > Cn,ad,

where

Yy (2T) <

(
N

M(d) > 5O o M(d).

S M(d)
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uniformly with respect to t € [27,7]. On the other hand, using v’ < 0, (ii),

Lemma and

T
t=T(d) ~T-T" T(d)
uniformly with respect to ¢ € [2T, f] This completes the proof. O

To prove the lower and upper bounds in Theorem we need the following two
lemmas.

Lemma 3.3. Let T =T(d) be defined by (2.7). Then
N — 2) e d?
2 [log(e + d)]

0<7() < (

a(N a(N-2) *

and in particular
T(d) <d*> asd— 0.

Proof. Since (2.6)), Lemma and f is increasing, it follows that
° _2(v-1) fld) 1,2
0=y zd- 1@ [ (s T Dz,
T N—2

then (3.3)) holds. We complete the proof by letting d — 0. ([

T

Lemma 3.4. Let T = T(d) be defined by (2.7) and keep o € ( 5] fized. Then

d) Z @’ as d — oo
loge + )24 |

Proof. From Lemmas [2.3] and [B.1] it is clear that

T T
Hmn>H@m_mﬂ:L(4wm@>/ (—H'(s)) ds.

T T/2
By L’Hopital’s Rule, it is easy to prove that for m > 1 and 5 > 0,

m 1 m

" s 1 e T
lim fO [log(eJrs)} _ lim -];) [log( e+ts721]5(s+e) = (34)

b
log(t+e)B

t—o0 —_— m t—o00

log(tJre)
Therefore,

3

F(t) =0(tf(t), ast— co. (3.5)

We notice that
M(d)(s — T(d)) = ©(d) uniformly for s € [T/2,T], (3.6)
see and Lemma Now using and part (iv) of Lemmawe deduce

the following:

T 2%
_2(N71) S
Henz [ [log(e’ﬁ;(smw ds (by B3) and ()

T/2
7 2
_2(N-1) (M(d)(s - T)) .

z §T TN=2 ds (by Lemma [3.2] (iv

/m floale + M(d)(s — Tyart = (Y B2 (iv)

1 aN—a—1 T 2UN—1 .
> logle+ ) [ =1 s (using @)

T2
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1 aN—-a—-1 __ y
> [log(e + ;i)j (T)™2 (by Lemma[3.1)

= [log(e + d)] 7

71'
Note that M —1<0. Using Lemma (iii) and (iv), we have

H(2T) < Ty (2T)? + (2T)~ %= P (y(21))  (by @19))
2 1 y(2T)%
ST(M(d)” + 775 Toale + @I (by Lemma [3.2] (iii) and (3.5))
M(d)? T
[log(e + M (d)T)]>

< T(M(d)® +

(by Lemma (iv))
(3.7)
Denoting S(d) := T'(d) (M(d))2, we can write

BH(2T) < S(d) + S(d) ™= [log(e + S(d) /M(d))]~®
From Lemma we know that S(d) = ([log(e + d)] = ), and from Lemma

that

a(N *2) —1

S(d) Z [log(e + d)] as d — oo.

Hence % e m. Moreover, since log (e+ m) = O(log(e + d)) as

d — oo, we have

S(d) y1 - o S(d) 7=
[log (e + W)] < [log(e +d)] 7, and lToa(e + S(d) /M) = o(1).

Consequently H(2T) < S(d) and

d2
[log(e + d)] S

T(d) >

O

Proof of Theorem[I1] (i) Fix o € (0, %%5]. From Lemmas and3.4 and the
continuity of T'(d), there exists a d = do € (0,00) such that T(dy) = [(IN —
2)/R]N=2. The corresponding solutions of the IVP (2.2)) is a radial solution of the
BVP (2.1).
()leae(O,N 5
solutions to, denoted by u,,, such that d,, := u,(0) = |Jun]lcc = 0 as n — 0.

. Assume on the contrary that there exists a sequence of

By Lemma T, == T(d,) — 0 as d, — 0%. But u,, = ug,, is a solution to
([2.1), and therefore y,, := ya.n is a solution to with T(d,) = [(N —2)/R]N~2
constant, contradicting that T'(d,,) — 0 as d,, — 07. Therefore, there is a constant
A > 0 such that A < ||ul|co-

On the other hand, assume on the contrary that there exists a sequence of
solutions to (2.1, denoted by u,, such that d,, := u(0) = ||Jup|lec — 00 as n — oo.
By Lemma T(dn) — o0 as d, — oo. But reasoning as before, T'(d,) =
[(N —2)/R]"=2, a constant value, contradicting that 7'(d,) — oo as d,, — 0.
Therefore, there exists a constant B > 0 such that ||u|lcc < B. This completes the
proof. O
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4. PROOF OF THEOREM

In this Section, we consider only values of d = d,, € D,, where D, is defined by
(2.9), and allow « to vary. As a consequence T' = T,,(d) is fixed and defined by

N — 2\N-2 2
T =To(d) = (T) . Vd=d, € Dy, Ya e (om}
and u(r, d) is a solution of for d € D,,.
Lemma 4.1. Let D, be defined by (2.9)). Then

lim inf D, = +o0.
a—0t

Proof. Assume by contradiction that there is a sequence «;, N\, 0 and some My > 0
such that inf D, < My. Then, there is a subsequence d,, € D,,, such that d,, < My
for every n. Hence, there is an €9 > 0 depending only on My, such that

d? N — 2)N72

forte + = = R

Then, firstly from ([2.24)), and secondly from d,, < My, there is an ay > 0 such that
for every a,, € (0, ayp),

0T (dy) = €0

=T, for every n.

1—c [log(e+dy)]*
c2, [log(e + ceodp]ontt

0=y(T,dy) > [1—% }Z(T7dn) >0,

which is a contradiction. O

To obtain new estimates, we will use the incomplete beta function defined as
B(z,a,b) = / Y14t badt, a,b>0.
In [2| Lemma A2] a slightly variant of the following relation is proved

© aN-1
/ sT N2 27(s,d)ds
t

N r—2* al
= Ny d" ¥ [log(e + do)] 23((

(4.1)

Nitywss 1w N
f ) N2_2 ) 2 )
with r > % We denote
T(v' (T 2 0o _ Ya (t) 2%
I(a) == T(ya(T))” :/ t—iﬂﬁ_z”(/ — ds)dt. (4.2)
a T 0 [log(e + s)]*T! (e + )
This equality is a consequence of (2.17)) and (2.15]).

Lemma 4.2. Let y = y4(t,d) solve (2.4), and let D, and I, be defined by (2.9)
and (4.2) respectively. Then

(i)

d? )
limsup su % (T < N°T.
a—>o+pdae7lga [[log(e+da)]aN (va (D)) } < Ny

(i) 2
im i i da ’ 2 9
> 5 ]
lggglf danelfDa [[log(e + dg)]*(N=2) T(ya(T)) } > NiT (4.3)
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(iii)

1 N T(¥)?
limsup sup | ———=I(a)| < N1 — —2. 4.4
a—0+ do €D, |:[10g(e+da)]a% ( )] ! 2 F(N) ( )
(iv)
o |_av-2) N -2 TI(§)?
> . .
liminf inf {[log(e”a” o (O‘)} =N T (45)
Proof. (i) From (2.5)), Lemma and (4.1) with ¢ =T and r = 2* — 1, we have
, © av-1)
(1) = [ (o) i
T
g/ N f(2a(t)) dt
T
< / AN 0 Lt
’ (4.6)
N ﬁ[log(e+da)]“%3(<TN1)ﬁ ) E) ’
— do T "
N [log(e + da)]"%
<N,————B(0,1
>~ 1 2 da (Oa ) 2)
log(e + da)]*®
=N;
do
Hence
limsup sup [d—a y! (T)} <M (4.7
a0t daeD, L[log(e + dy)]*% -7

which proves part (i).

(ii) Fix an arbitrary € > 0. From (2.5), Lemma [3.1} Lemma[2.6 and (4.1), there
2.28)

exists a d; only depending on ¢ (see ), such that for every d, > dy

’  _aw-y ya(S)Q*il
vy, (T >/ §T N ———~ (s
o> | og(e + ya ()"

(@) ! /OO —2N-D 2* -1
log(e - da)]® J. 5 Za($) ds (4.8)

T

N (@)1 [loge+do)]*= 2 N
hd B( N N72,1,—).
19 Tlog(e + do)]° o (V1) 2
The inequality d, > d; for a small enough, holds thanks to Lemma Hence
. da N *® 2 N
dauellf% |:[ a(N—2) y;(T):| Z Nl ?V(a)2 lB((gNl) N2, 17 ?)a (49)

log(e + d.)]*™

for an arbitrary ¢ > 0 fixed. Because y(a) — 1 as o — 0T, see (2.27), and
by continuity of the incomplete beta function with respect to its first argument,

B((aNl)ﬁ 1 ﬂ) — B(O,l N) as € — 0. Therefore,

s 4y 9 s 9
d
liminf inf [ I, (T)]le. (4.10)
a=0+ da€Da Lllog(e + do)]| "7 2

part (ii) has been proved.
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(iii) Since the integrand in ([4.2)) is increasing, by Lemma [2.1]and ([4.1]), we have

o0 2(N—1) Ya (t) 32*
I = tT N2 ds) dt
@= ([ meromers®
o 2% +1
S/ = Yal) . dt
T [log(e + ya (t)]FL (e + ya(t))
< /00 t*Q(zlvv:zl)ya(t)Z* dt (4.11)
T
</ 8= () dt

= Ni'y flog(e + o)) ¥ B((F21)

Hence

) I(a)
limsup sup ———
a—0+ d.eD, [log(e + dg)]*

This proves part (iii).

(iv) Fix an arbitrary e > 0 and § € (0,1). From (4.2)), Lemma[3.1] (3.4), Lemma

and (4.1)), there exists a dy only depending on ¢ (see (2.28))), such that for every
da > dla

o aN-1 Ya(?) 2
I = t7 N2 ds | dt
(a) /T (/0 [log(e + s)|*T1(e + s) S)

Y R
= S
~JeT 0 [log(e + s)]oT1(e + s)

o _2(N-1) o
- 1—5/ TV ya(t)” (4.13)
— 20 Jor [log(e + ya(t)]ott

(1~ 8)y(e)? /°° wrn o
t =2 2z, (1 dt
Z Plogler et gl 0

v
%

~—

[V

~—

N (1 —=6)y(a)* N2\ _ > N N
— N Lez) 13( N,)~—2 77>_
15 o [log(e + do]* 2 (eNy) R
Since y(a) = 1 as o — 0T, see ([2.27)), it follows that

N -2

_ a(N—=2)
2

inf [[log(e—&-da)]l Ny (1 —5)3((51\71)”2*2’%,%)»

I } >

do€Dq ()] 2

for an arbitrary € > 0 fixed. Again, by the continuity of the incomplete beta
2

function with respect to its first argument, B((eN1)¥=2,1,%) — B(0,1,%) as

e — 0, and

e _aN-2) N —2 N N
1;n_1)})rifd:£fpa log(e + da)]' ™ 2 I(a)} > N1(1—68)B(0, Ex 5)
N -2 L(3)
=7 Ml=9) I(N) "

for § € (0,1) arbitrary, this completes the proof of (iv) and of the Lemma. a
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Proof of Theorem[1.3 Recall that u,(0) = d,. Using (4.2), Lemma (i) and
(4.5), and from definition of T', see (2.8]), we have

. auy(0)?
lim sup ( @ IGEE) )
a0 \[log(e + ta(0)) 1+ 0F 2

. ad?
= limsup sup ( 0‘1 Q(NH))

a—0t da€Da “[log(e +dy)] T 2

d2 Ty, (T)? [log(e + do)] 1+

<limsup sup (—>F—*—-—)limsup sup

a—0+ do€Dq ([log(e + da)]aN) a—0+ do€Dq ( I(a) )

2 I'(N)
< —N; 2 ——2_T
=N T(N/2)2

4 s T(N) 1

= N(N—W=-2/2_-\V" _ - _ 71N R

and (1.6 has been proved.
Now we prove (L.7). Using (4.2), Lemma[4.2] (4.3) and (4.4) we have

2
t i ( [log(e ﬁﬁ?é?;]awm)
2
= tmint int (o )
= it ot (g o) e g, ()
S
= %[N(N —2)= F(FJEIJ/\;))? R;d = 2—1*L(N, R).

Assertion (|1.7]) has been proved. This completes the proof of Theorem O

5. PROOF OF THEOREM [L3l
Theorem [[.3] will be a consequence of Lemma [£:2] and the following lemma.

Lemma 5.1. Let y = y,(t,d) solve (2.4), and let D, be defined by (2.9)). Then,
the following estimates hold

(i) For everyt>T,

da
limsup su —— v ()| < N (t-=T). 5.1
a~>0+p daega [[log(e +dg)]*% ol )} i ) (5-1)
(i) ;
. . . (o3 > _ . .
13%5%J@W+%W%”%M—N” T (5:2)

Proof. (i) Using the concavity of y, we deduce v/, (t) < y/,(T) for every t > T. Now,
integrating (4.6)) we obtain (5.1)).
(ii) Fix an arbitrary € > 0. Let us take t € (T,eT). Since concavity of y, from

(2.5), Lemma and (4.1]), there exists a d; only depending on €, see (2.28)), such
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that for every d, > dj,
Ya(t) > v (eT(d))

o _ 2% —1
- / e 110 ds
T [log(e + ya(s)]*

(@) ! /OO —AN-D 2° -1
Tog(e 1 d)e Jp © - ele) T ds

T

N -1 ), dy)]e> 2 N
VA (C) [log(e + du)]* B((ng)m,177).
2 [log(e + do )] dq 2
Then
d N x 2 N
inf &b ()] > N1 —y()* T'B((Nyg)v-=2,1, — ).
da€Dq [[log(e + da)]% } 2 ( 2 )
Since v(a) = 1 as a — 0T, for every t > T,

dg N N

liminf inf [ e y;(t)] > Nl—B((Nla) "1, —),

a—0% da€Da Llog(e 4 dy)] "2 2 2

for an arbitrary € > 0 fixed. By continuity of the incomplete beta function with

respect to its first argument, B((eNl)ﬁ, 1, %) — B(0,1,%) as e — 0, and

N N
liminf inf { do y;(t)} > N =B(0,1,~) = Ny.
a=0% da€Da Lllog(e + dy)] " 2 2 2
This completes the proof. (Il

Proof of Theorem[1.3. (i) First we prove (1.8). From (5.2)), (2.3), (2.8) and (2.13)

we can write

d N—2 1 1
liminf inf o o) = INOV =217 (5 — =5 )-
a0t daeD, [[log(e+da)]aN2_2u O] 2 VOV =21 (55 ~ v

From ((1.6) we deduce that

1 N+2
e .. |logle4dy))ztTea 1
1 f inf > .
a0t daeD. Jada =\ Z(N, R)
Multiplying both inequalities, we deduce that
. . 1, N=6 Ug(T) ~ 1 1
tininf inf) {[log(e +do)] 2 02| 2 LN R) (155 — s

(ii) Next we prove (1.9). From (5.1)), (2.3), (2.8)) and (2.13)), we can write

da N—2 1 1
limsup sup |——————us(r)| < [N(N-2)]"2 (= — v |-
0t daeszx {[log(e +dy )] ( )} N ) <7“N_2 RN—Z)

From (1.7) we deduce

, log(e + do)]* T 1 2+
PSR T VA IR
Multiplying both inequalities we deduce
limsup sup [ ! — ua(r)}
a0t da€D, Lllog(e +do)]* 3 Ve
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<VFLWNV.R) (35 ~ v )-

FN—2  RN-2
This completes the proof. ([
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