Electronic Journal of Differential Equations, Vol. 2020 (2020), No. 113, pp. 1-9.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

CONTINUOUS DEPENDENCE OF RECURRENT SOLUTIONS
FOR STOCHASTIC DIFFERENTIAL EQUATIONS

HAIJING QIU, YAN WANG

ABSTRACT. Existence, uniqueness and asymptotic stability of recurrent solu-
tions have been investigated extensively for semi-linear stochastic differential
equations. In this article, we show that the unique recurrent solution depends
continuously on the coefficients of the equation in the compact-open topology
or uniform topology, which depends on how the coefficients vary with respect
to the parameter.

1. INTRODUCTION

Recurrent motions are important in dynamical systems since almost all interest-
ing and complicated dynamics happens on the recurrent set. On the other hand,
recurrence is also extensively studied for Markov processes since it is closely related
to invariant measures (or stationary distributions) of Markov processes. Because
of these facts, there are many studies on recurrent solutions for stochastic differen-
tial equations (SDEs) so far. Among others, let us mention some works which are
closely related to our work: see Khasminskii [13], Morozan [18], Da Prato and Tu-
dor [8], Chen et al [6] and Ji et al [I2] for periodic solutions for SDEs, see Halanay
[10], Da Prato and Tudor []], Arnold and Tudor [I], Bezandry and Diagana [2],
Wang and Liu [20], Liu and Wang [I7], Li et al [14] for almost periodic solutions
for SDEs, see Fu and Liu [9], Chen and Lin [7], Wang and Gao [19], Liu and Sun
[16], Chang and Tang [4] for almost automorphic solutions for SDEs, and see the
very recent work Cheban and Liu [5] (see also Liu and Liu [I5] for Lévy noise case)
for general recurrent solutions for SDEs.

When the system (or the SDE) depends on a parameter, a natural question
is: when the parameter varies, does the SDE still possess recurrent solutions and
whether the recurrent solutions vary continuously with respect to the parameter?
Answers to this question will enable us to understand deeply the robustness or
global bifurcation phenomenon of the system in consideration, which further shed
light on our insight into the real problem the system describes. Therefore, to partly
investigate this question we consider in present paper continuous dependence of
recurrent solutions (including stationary solutions as special case) on the coeffi-
cients of stochastic differential equations, in contrast to and based on existence and
uniqueness of recurrent solutions that are studied in above mentioned works.
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2. PRELIMINARIES

Let H be a real separable Hilbert space with the norm |- |, (Q,F,P) be a
probability space, and LP(P, H) be the space of H-valued random variables with
finite p-order moments (p > 1), i.e. |z, := (E|z|?)}/? = (Jq |z[PdP)Y/P < oo for
x € LP(P,H). We denote by Cy(R, LP(P, H)) the space of bounded continuous
mappings from R to LP(P, H) with the norm ||f|c = sup,g || f(t)], for f €
Cy(R, LP(P, H)).

Let us consider the stochastic differential equation

du(t) = (Az(t) + F(t,2(t))dt + G(t, z(t))dW (1), (2.1)

where F,G € C(R x H,H), W is a two-sided standard one-dimensional Brownian
motion defined on (2, F,P), and A generates a Cy-semigroup {U (¢)}+>0 on H which
is exponentially stable, i.e. there are positive constants N, v such that

U@ < Ne ™ fort > 0. (2.2)

Definition 2.1. We say that functions F' and G satisfy the condition
(C1) if there exists a number Ag > 0 such that |F(¢,0)[,|G(t,0)] < Ay for any
teR;
(C2) if there exists a number £ > 0 such that Lip(F'), Lip(G) < £, where
|F(t7l‘1) — F(t,$2)|
|21 — a2

Lip(F) := Sup{ 1 ;éacg,tER};

(C3) if F and G are continuous in ¢ uniformly w.r.t. z on each bounded subset
Q CH.

Proposition 2.2 ([5, Proposition 4.4]). Consider the equation (2.1). Suppose that
the functions F and G satisfy conditions (C1) and (C2). For p > 2, denote

cp = {p(p;l)(ppl)p_gr/z_

If

2(p—1)\pr-1 — 2\P/2-17 2
0, == 2P INPLP [(L )) +o () ]2 <,
vp vp vp
then admits a unique bounded solution in Cyp(R, LP(P, H)).

Remark 2.3. Note that the contraction constant 8, is continuous in p when p > 2.
Furthermore, ¢, = 1 when p = 2 in Proposition 2.2} so we have

. ON2L2 N2 L2
lim 6, = — + .
po2+ v v
Proposition 2.4 (|5 Theorem 4.6, Corollary 4.7]). Consider the equation ({2.1)).

Suppose that the functions F and G satisfy the conditions (C1) and (C2). Then the
following statements hold:
(1) If L < Vo then (2.1) has a unique solution £ € C(R, B[0,r]), where
po NAV2ZHy (2.3)
v—NLV2+V )
B[0,7] := {x € L*(P,H) : ||z|l2 < r}. (2.4)
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(2) If L < W and additionally F,G satisfy (C3), then the solution & has
the same recurrence property in distribution as the coefficients (F,G) with
respect to t; that is, if (F,G) are jointly periodic, quasi-periodic, almost
periodic, almost automorphic, Poisson stable etc in t, then the distribution
t — u(t) of &(+) is periodic, quasi-periodic, almost periodic, almost auto-
morphic, Poisson stable etc.

By simple change of notation in the proof, we have the following result.

Proposition 2.5 ([II, Theorem 3.2 on page 7]). Let A be a closed subset of a
complete metric space (X,d) and Y a metric space. If for each fized x € A the
mapping y — Tyx is continuous and T, : A — A is a family of uniform contraction
on A, i.e. there exists a constant 6 € [0,1) such that

d(Tyx, Tyz) < 0d(z,z) forallye) and z,T € A.

Then the unique fized point g(y) of T, is continuous iny € Y.

3. MAIN RESULTS
Theorem 3.1. Consider the equation and the family of stochastic differential
equations
dx(t) = (Azx(t) + Fx(t, z(t)))dt + Ga(t, z(t))dW (1), (3.1)
where A € A, with A being a metric space. Assume that the conditions of Proposition

hold with (F,G) replaced by (Fx,G)), and that the constants Ay, L remain the
same for all X € A. Then the following statements hold for the unique L*-bounded

(also recurrent) solution £y of (3.1)):
(1) Fiz Ao € A. If for any R > 0,

sup |Fa(t,x) — F(t,z)| =0 and sup |Ga(t,z) — G(t,x)] =0
teR,|z|<R teR,|z|<R

as X — Ao, then £\ converges to the unique bounded solution & of (2.1)) in

the norm || - |leo @as A = Ao.
(2) If the convergence of coefficients happens in the BUC space, i.e. for any
R>0
sup  |Fx(t,z) — F(t,x)] — 0, sup  |Ga(t,z) — G(t,x)] =0
[tI<R,|z|<R [t|I<R,|z|<R

as A — Ao, then &, converges to & in L?-norm uniformly on any compact
interval as A — Ag.

Proof. Since A is a metric space, we only need to prove the results for sequences.
Let A\, — Ag as n — oo. Consider the sequence of equations

dz(t) = (Az(t) + F, (¢, z(t)))dt + G (¢, z(¢))dW (t), (3.2)
with F, := F\, — F and G, := G, — G as n — oo.
(i) Let the operator ® : Cy(R, L3(P, H)) — Cy(R, L?(PP, H)) given by

t t

(P)(t) := / Ut —1)F(r,¢(1))dr + / Ut —7)G(7,¢(1))dW (1)

— 00 — 00
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be the contraction mapping which produces the bounded (recurrent) solution for
(2.1)); see the proof of [5 Theorem 4.6] for details. On the other hand, note that
lim,_,o+ 0, < 1 (see Remark [2.3)) if and only if

NV2(1+v)’

which is satisfied by our assumption on L. So it follows from Proposition that
(2.1) admits a unique LP-bounded solution for some p > 2. This LP-bounded
solution is exactly the unique L2-bounded solution ¢ of .

Similarly we denote the contraction mapping for the equation by ®,,. Then
for given ¢ € C,(R, LP(P, H)) C Cp(R, L*(P, H)) and t € R we have

E|®,,(6)(t) — ®(¢)(t)|?
= E‘ /_ U(t — 1) Fo(r, ¢(7))dT + /_ Ut —7)Gp(7, ¢(1))dW (1)

L<

- [ va-nresr - [ v -naeemnav|
<28 [ Ul IFu(r00) - Flr,o(r)or|
’2

+2) / U(t —7)[Gu(r, 6(7)) — G(7, 6(7))|dW (7)

(3.3)
< oN? / " vtmgy / " B B (7, 6(7)) — F(r, 6(r))|dr
t
+oN? / e~ UDE|G, (r, 6(r)) — G(r, ¢(r)) *dr
2
< 2 S BIF (7.6() ~ Flr,6(r)
T7€ER
N2 2
+— sup E|G (7, ¢(7)) — G(7, 6(7))|*.
T€R
That is,
9 N2 9
[80(68) = ©(8)1% <=5 supEIFu(7, 6(7)) — F(r, 6(7))|
TER
’ (3.4)

N D EIGa(r, 6(r) — G, 6P

V reRr

For the above fixed ¢ € Cy(R, LP(P, H)), the family {|¢(7)|? : 7 € R} is uniformly
integrable (see e.g. [3, page 31] for details), and hence by conditions (C1) and (C2)
the family

{IFn(r,¢(7)) = F(r,6(n)|* : n €N, 7 € R}
is uniformly integrable. So it follows that for any € > 0, there exists R > 0 such
that

e%“PEN]EHFn(T, ¢(1)) = F(1,9(0) PL 5, (r.6(r))— F(ro(r)) 22 R) < €5



EJDE-2020/113 CONTINUOUS DEPENDENCE OF RECURRENT SOLUTIONS FOR SDES 5

where Z4 means the indicator function of the set A. On the other hand, by as-
sumption we have

lim sup |Fp(r,2) — F(r,2)| = 0.
n—oo TER,|z|<R

So we have
lim sup E|F, (7, (1)) — F(1,¢(7))]* = 0.

n—0 rcR

Similarly,
lim sup E|G, (7, (1)) — G(1,¢(1))|> = 0.
n—=00 rcR
Therefore, it follows from (3.4]) that ®,,(¢) — ®(¢) in the norm || - ||o as n — co.
Applying Proposition by setting X = Cy(R, L3(P, H)), A = Cy(R, L (P, H))
and ) = A, we obtain the desired result.
(ii) Let now &k > 0,1 > L > 0, t € [-L, L], and f be a bounded nonnegative
function. Then we have

t -1 t
/ e k=) £(7)dr = / e R £(7)dr + / e k=) £(1)dr

o —co -l
o~ k(t+D) 1 — o—k(t+0)
< sup f(t) + sup f(t) ————
teR lt|<l k
Consequently,
t kL ,—kl 1 — e—kLo—kl
max/ e k=) f(7)dr < i sup f(t) + e e sup f(t). (3.5)
[tI<L ) o k teR k [t|<1

For given ¢ € C'(R, B[0,7]) and t € R (recalling that B0, r] is defined in (2.4))),
by (3.3) we have

E|®,, (¢)(t) — ®()(t)]?
<[ IR 7, 9(0)) ~ PO, 0

v —o0

(3.6)

t
+2N? / e 2VETE|G, (1, ¢(7)) — G(7, ¢(7))|2dr.

Applying (3.5) to with k = v and 2v, f(7) = E|F,(7,¢(7)) — F(7,$(7))|* and
f(1) =E|G.(1,¢(1)) — G(7, ¢(7))|? respectively, we obtain

max E|B,,(6)(t) — () (t)]?

|t <L
2N2 N?
< eEDqup B2 (1) + — D sup EJ2 (¢
Rz te]Ilg ®) v teﬂg ®) (3.7)
2 2 2
+ ﬁg[l - e_”(L'H)] sup EI2(t) + ﬂ[l — 6_2V(L+l)] sup EJ2(t),
v lt]<t v [t<t

where In(t) = IFn(t7 o(t)) — F(t, ¢(t))| and J,,(t) == |Gy (t, ¢(t)) - G(t> ¢(t))‘
By conditions (C1) and (C2), we have

max { supEI}(t),sup EIZ(t)} < 4(Ap + Lr)>.
teR teR
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Let now {l,,} be a sequence of positive numbers such that l,, = 400 as n — oo.
Then by (3.7) we have

max E[®,,(¢)(t) — ®(4)(t) ‘2

[t|I<L

(2./\/2 N2

< + =)t a(Ag + Lr)? (3.8)

V2

2 2 2
+ ( '/\g + AL) max{ sup EIZ(t), sup EJ,ZL(t)}
v v [t|<tn |t|<ln
Since F,, — F and G,, — G in the BUC space, by [5, Remarks 2.2 and 2.30],

passing to limit in (3.8]) as n — oo, for L > 0 we obtain

li E[®,(¢)(t) — 2(o)(H)]* =

i, max B|$n (@)(t) — 2(9) ()] =0
by the uniform integrability of the families {I2(¢) : n € N,t € R} and {J2(t): n €
N,t € R}.

Finally, applying Propositionwith X =C(R,L*P,H)), A= CR, LP(P, H)),

both endowed with the Bebutov metric (see the metric d in [5, §2.1] for details),
and ) = A, we obtain the desired result. The proof is complete. O

Remark 3.2. To simplify the notation and highlight the idea, we consider only
the most simple noise: one-dimensional Brownian motion. Indeed, the main results
of this paper still hold for more general noise case, i.e. when the noise W in
is replaced by a @-Wiener process, which brings no essential but just notational
difference; see e.g. [15] [16] [20] for details.

As a simple but important case, we have the following result on the contin-
uous dependence of recurrent solutions for asymptotically autonomous stochastic
systems.

Corollary 3.3. Consider the equation and the family of stochastic differential
equations . Assume that the coefficients F,G of are independent of t
and that the conditions of Theorem hold. Then the unique L?-bounded (also
recurrent) solution of converges to the unique stationary solution of as
A — Ao, and the mode of convergence is the same as their coefficients.

A much simpler case is the continuous dependence of stationary distributions.

Corollary 3.4. Consider the family of stochastic differential equations and
its limit equation . Assume that the coefficients Fx,Gx of (3.1) and F,G of
are independent of t and that the conditions of Theorem hold. Then the
unique stationary solution (hence stationary distribution) of (3.1) converges to that

of (2.1) as A — Ao.

4. APPLICATIONS
In this section we illustrate our results with two examples.

Example 4.1. Consider the stochastic differential equation
Asint Y 1 14+ A
dy = (—dy+ Jat+ (Su+ Jaw
Y Y 3+ cosV3ty?+1 Y 2+ cost + cos V2t
=: (Ay + fa(t,y))dt + gx(t,y)dW,

(4.1)
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where A € [0,1] is a parameter and W is a one-dimensional two-sided Brownian
motion. Clearly A generates an exponentially stable semigroup on R with N' =1
and v = 4. Note that for each A, f) is quasi-periodic in ¢ and g, is Levitan
almost periodic in ¢, uniformly with respect to y on any bounded subset of R, so
I, g are jointly Levitan almost periodic. The Lipschitz constants of fy, g\ satisfy
max{Lip(fy), Lip(gx)} < 1/2 for all A € [0, 1], so the conditions of Proposition
are met. Hence admits a unique L2-bounded mild solution &y and this unique
L?-bounded solution is Levitan almost periodic in distribution.
For fixed Ao € [0, 1], we note that for any R > 0,

lim  sup [fa(t,y) — fan(t,y)| =0,
A= A0 teR,[y|<R

lim  sup [ga(t,y) — gx, (¢, y)] = o0,
A= 0 teR,|y|<R

lim — sup  [ga(t,y) = gx, (£, 9)| = 0.

AT A0 [t <R, [y|<R
Therefore, by Theorem [3.1] the unique Levitan almost periodic solution £, converges
to &y, in the norm || - ||2 uniformly on any compact interval but cannot be uniformly
on R.

If f) remains unchanged but gx(t,y) = 3y + (1 + A)(2 + cost + cos v2t), then
f and g, are quasi-periodic. So it follows from Proposition again that
admits a unique L2-bounded mild solution &, which is quasi-periodic in distribution.
Furthermore, by Theorem the unique quasi-periodic solution &) converges to
&), in the norm || - ||z uniformly on R, because in this case we have

lim  sup |ga(t,y) — gx,(t,y)| = 0.
A= A0 teR,|y|<R

Example 4.2. Consider the following stochastic heat equation on the interval [0,1]
with Dirichlet boundary condition,

ou  d*u , _ . ow

o e +usint + (1 — \)(2 — sint — sin V/3t) + AE
_. Qu ow (4.2)
=: 67£2+f)\(tau)+)\ﬁv

u(t,0) =wu(t,1) =0, ¢t>0.

Here W is a one-dimensional two-sided Brownian motion and A € [0, 1] is a parame-
ter. Let A be the Laplace operator, then A : D(A) = H?(0,1)NH(0,1) — L?(0,1).
Denote H := L?(0,1) and the norm on H by |- |. Then the above equation can be
written as the evolution equation

dY (t) = (AY (t) + Fx(t,Y(1)))dt + A\dW (t) (4.3)
on the Hilbert space H with
Y(t):=u(t,:), FEx(t,Y(t)):= falt,ult,-)).

Note that, operator A has eigenvalues {—n?72}2%, and generates a Cy-semigroup

{U(t)}i>0 on H satisfying [|U(¢)|| < et fort >0, ie. N =1and v = 72
Note that Lip(F) < 1 for all A € [0,1], so the conditions of Proposition hold.
Thus , hence , admits a unique L2-bounded mild solution &, which is
quasi-periodic in distribution.
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Note that as A — 0, for any R > 0 we have

lim sup |F\(t,Y)— Fo(t,Y)| =0,
A=04eR |V I<R
so it follows from Theorem that £, — & in the norm || - ||z uniformly on R,
with & being the deterministic quasi-periodic solution for the equation (4.2)) with
parameter A = 0. Similarly, as A — 1, we have &, — &; uniformly on R, with &
being the periodic solution of the equation (4.2) with parameter A = 1.
If
1—A
2 —sint — sin /3t

fia(t,u) = usint +

in (4.2), then for any R > 0 we have

lim sup |F\(t,Y)—Fo(t,Y) =00, lim sup |F\(t,Y)— Fy(t,Y)| =0.
A0ter,|YI<R A0 <R |Y|<R

So it follows from Theorem that £x — & in the norm || - ||2 uniformly on any
compact interval but cannot be uniformly on R, with &, being the deterministic
Levitan almost periodic solution for the equation with parameter A = 0.
Similarly, as A — 1, we have £, — £; uniformly on any compact interval but
cannot be uniformly on R, with &; being the periodic solution of the equation
with parameter A = 1.
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