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CONVERGENCE OF SOLUTIONS OF FRACTIONAL
DIFFERENTIAL EQUATIONS TO POWER-TYPE FUNCTIONS

MOHAMMED DAHAN KASSIM, NASSER EDDINE TATAR

ABSTRACT. In this article we study the asymptotic behavior of solutions of
some fractional differential equations. We prove convergence to power type
functions under some assumptions on the nonlinearities. Our results extend
and generalize some existing well-known results on solutions of ordinary dif-
ferential equations. Appropriate estimations and lemmas such as a fractional
version of L’Hopital’s rule are used.

1. INTRODUCTION

We consider the initial value problems
(CD5z) (1) = f(r,2(7),C DJa(r)), 0<f<a<l, 7>0
“Dia(r)| _,=bs, =a(T)lr=o=b1, b, b €ER,

(1.1)

and
C@gx(T) = f(T,x(T),C’Dgx(T)), 0<B8<a<l, 7>0

1.2

2(T)|r=0 = b, (1-2)
where C@S‘ is the Caputo fractional derivative. The definition of the Caputo frac-
tional derivative is given in the next section. We prove that the solutions of
approach power type functions and the solutions of (1.2]) are bounded. To this
end, the fractional differential problems and (|1.2) are first transformed into
equivalent integral equations in appropriate underlying spaces. Various appropriate
estimates, comparison theorems and lemmas are used. Moreover, we prove a Ca-
puto fractional version of L’Hopital’s rule. Our arguments here are quite different
from those used so far in the literature.

The behavior of solutions of various classes of ODEs (ordinary differential equa-
tions) has been discussed in fairly a large number of papers in the literature. For
example the equation

2(7) + f(r, (7)) = 0, (1.3)
has been studied in [17, [I8] [7 30, 32} [0} 31] and other papers. The authors proved
that, under various conditions, all solutions of are asymptotic to ¢ + b as
T — 00, ¢,b € R. For the equation

2/ (1) + f(r,z(7),2' (1)) =0, (1.4)
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see, for instance [8] [10} 19, 22 23] 25], 27, 28]. It is proved that all solutions of (|1.4))

can be expressed asymptotically as ¢t + b as 7 — o0, ¢,b € R.
Medved and Pekarkovd [23], studied the one-dimensional p-Laplacian equation

(|2 [P~ 12" = f(r,z,2"), p> 1. (1.5)

They demonstrated that any solution of (|1.5)) behaves asymptotically as b+ ¢ as
T — 00 for some real numbers b, c.
In [22], the initial value problem

(D, ("YU (7)) + f(r,2,2") =0, 1<p<2

1.6
x(10) = o, a'(10) =21, T =1, (1.6)

was studied, where ®,(u) = |u[P~?u and ¥(7) is a continuous positive function. Suf-
ficient conditions under which all solutions of obey the asymptotic expansion
x(7) = b+ cr are established.

In contrast, the fractional case of equations and have been studied by

comparatively a only few researchers; see, for instance [1, 2] [3| 4} [ [6l, 111, 12} 13}, 14]
15, 20, 21, 24]. In 2009, Bileanu and Mustafa [I] studied the nonlinear fractional
differential equation

“Dox(t) = f(r,z(1)), 0<a<l, 7>0. (1.7

They showed that the solutions of (1.7]) are asymptotic to o(7%*) as 7 — oo, for
some c.

In 2012, Medved [20] studied the problem

C@g‘+1x(r) = f(r,z(1)), 0<a<l, 7>a>1
, (1.8)
z(a) = ¢, 2'(a) = co.

He demonstrated that any solution of (1.8 has the asymptotic property z(7) =
b+ cr as T — oo, for some ¢,b € R.
Also, in 2013, Medved [21] discussed the equation

D3 a(r) = f(ra(n).d/(M), O<a<l rza>1 (19

and proved that every solution of ([1.9) can be expressed asymptotically as b+ ¢7
as T — oo, for some ¢,b € R.
Brestovanskd and Medved [6] studied the problem

IN(T) + f(T,:L‘(T),I/(T)) + ZTi(T) /OT(T - S)aiilfi(svx(s)vx/(s))ds =0

z(1)=by, 2/(1)=by, 0<ay<1,i=12,...,m.

(1.10)

They showed that any solution enjoys the asymptotic expansion z(7) = b+ cr as
T — 00, for some ¢, b € R.
In 2015, Medved and Pospisil [24] considered the equation

CDou(r) = f(r,2(7),°DEx(r)), 7> a. (1.11)

They proved that any solution z(7) with 0 < § < a < 1, has the asymptotic
property x(7) = c¢m? 4+ o(7%) as 7 — oo, for some ¢ € R. Also they proved that
any solution z(7) of , 0 < B <1< a < 2, has the asymptotic property
(1) = er 4+ o(7) as T — oo, for some ¢ € R. Moreover, they proved that there



EJDE-2020/111 FRACTIONAL DIFFERENTIAL EQUATIONS 3

exists a constant ¢ € R such that any global solution x(7) of the initial value
problem

C’Dgx(T) = f(T, x(7), 2’ (1),. .. 7srj("fl)(T), C@glx(r), cl C@gmx(r)),

(1.12)
T > a.x(”_l)(a) =c¢, 1=0,1,....,n—1,

has the asymptotic property x(7) = er* + o(7%) as 7 — oo, where k € max{n —
1,8n},0<p1<....<fBm<a<mn,and n, m € N.

In Sections [2| and [3] we prepare some material which will be needed later in our
proofs. Sections [4] [5] and [6] are devoted to the main results on the asymptotic be-
havior results and boundedness of solutions for non-fractional and fractional source
terms, respectively.

2. PRELIMINARIES

In this section, we introduce some basic definitions, notation, properties and lem-
mas to be used in our results. We refer the reader to citeKilbas,Podl-1999,Samko
for more details.

Definition 2.1 ([16]). We introduce the space
Cyla,b] ={h:(a,b] = R: h(r)(t —a)" € Cla,b]}, 1>n>0.

Definition 2.2 ([16]). The left-sided Riemann-Liouville fractional integral of order
a > 0 is defined by

L[ f(s)
Je = d

MO =iy | G e
provided that the right hand side exists.

Definition 2.3 ([I6]). The left-sided Riemann-Liouville fractional derivative of
order > 0,n—1 < a<n,n=—[—ql,is defined by

d
Daf(r) =D 37 f(r) = (-)"3a""f(7)

L A [T )
=—(— —d .
I'(n—«) (dT) /a (1 —s)a—n+tl 5 T>a
In particular, when o = n we have D% f = D" f, and when a = 0, D%f = f.

Definition 2.4 ([I6]). The left-sided Caputo fractional derivative of order o > 0,
n—1<a<n,n=—[—al,is defined by

CRof(r) = jg_o‘f(") (1), 7> a.

The fractional integral and fractional derivative of power functions have the same
effect as the integer-order integral and derivative. Namely,

Lemma 2.5 ([I6]). If 8 > 0 and « > 0, then

Ja(m— a)ﬁ_l - F(;(f)a) (r— a)a+[3+1, a>0,7>a,
C@g(r — a)ﬁ*1 = F(g(f)a) (r— a)ﬁfo‘fl, a>0,7>a.

If B =1, then (°D31)(1) =0, 7 > a.
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The Riemann-Liouville fractional integral (Definition satisfies the following
semigroup property.
Lemma 2.6. [16]/ Let 0 <n <1, « >0 and 8 > 0. If h € Cyla,b], then
3B3en(r) =38+ n(r), T>a.

The following result provides another composition of the fractional integration
operator J¢ with the fractional differentiation operator ©¢.

Lemma 2.7 ([16]). Let « > 0, 0 < n < 1, n = —[—a]. If h € Cyla,b] and
Ju~“h € Cpla,b], then

JDIh(r) = hir) =)

i=1

Lemma 2.8 ([16]). Let « >0, n = —[—a]. If h € C™[a,b] or h € AC™[a,b], then

(@"-i32-2h)(a)
MNa—i+1)

(T—a)*" 7>a.

n—1
h(k)
IGCDER(r) = h(r) = kfa) (r—a)*, 7>a
k=0 '

Lemma 2.9. Let 0 < < a < 1. If h € ACla,b], then
CDfh =35PCDgh.
Proof. From Definition 2.4 and Lemma [2.6] we have
CDgh =3y =357 3 = 35O D h.

(]
Lemma 2.10 ([12]). Let f € L1(0,00). Then
R SN
Tll)rr;OT—aJOHf(q— = a—!—l/ f(s)ds = (ot )of( 00), a>0.

Lemma 2.11. Let 0 < o < 1 and 0 < n < 1. Assume that x € AC[0,00) and
J5 %' € C}0,00). Then
Cya
lim (1) _ 1 9055(7')_
Tooo TO r—oo I'(1 4+ «)

(2.1)

Proof. Since x € AC[0,00) C C,[0,00) and Iy~ 2’ € C}[0,00), we can use Lemma

2.7 to obtain .
/ ! j “af o—
DG (1) = 2/ (1) — M;)T Lor>o. (2.2)

Applying 3} to both sides of (2.2), using Lemma (with 8 = «) and Lemma
we obtain . )
_ Jo "z (0)
z(7) = z(0) + (ot 1)
Dividing both sides of (2.3)) by 7%, we obtain

a(r) _x(0)  Tp(0) | 1 iiapa

= —J, D5 x 0.

To T F(Oé+1) +7_ ( )a T >

Next, we take the limit as 7 — oo, we arrive at

. x(r) J(lfo‘x’(O) ] ,
lim = lim J,08 2.4
6o T I(l+a) T(l1+«) TLOOJO 62'(7), (24)

“ 4 3ste@s (1), T >0. (2.3)
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where we used Lemma [2.10] Moreover, we conclude that

5D’ (1) = 3§DIy ! (1) = Ty (7)=T5 2’ (0) = “DGa(r)-“Df2(0), T >0,
(2.5)

and (2.1) follows directly from (2.4)) and ([2.5]). O

3. SOME USEFUL INEQUALITIES
First, we define the following special classes of functions
Hy = {h € L1(0,00) : h is positive and s*h € L1(1,00), k > —1}, (3.1)
M = {F:(0,00) x Ry — R} where 0 < F(7,s) — F(r,7) < H()(s — ),
for some continuous function H on Ry, s >r >0 and 7 > 0}.

® = {p € C(0,00) : ¢ is nondecreasing and positive on (0, cc),

w 3.3
%go(w) < go(;), w>0,v> 1}. (3:3)

The proofs of the following lemmas are based on an application of the Bihari in-
equality which is a generalization of the Gronwall inequality.

Lemma 3.1 ([I2]). Let g(7) and z(7) be nonnegative continuous functions defined
fort >0, pe® andc; € R,i=1,2,3. Then

2(1) <ep et + 037'”/ g(s)p(z(s))ds, 7, ~ >0, (3.4)
0
implies
E-YE(ler] + les]) + e Tgsds, 0<r<1
o) < (E(le1]| + lez]) |T3|f0 (s)ds) (3.5)
TYE~YE(A) + |c3] fl s7g(s)ds), T>1,
where

A= o]+ les] + [eslp(E1(C)) / o(s)ds,

1
C = E(jer] + leal) + |c3|/ g(s)ds < oo,
0

and E~1 is the inverse function of

¢ ds
o) - [ S
Lemma 3.2 ([12]). Let z(7) satisfy

2(7) < e+ o7 /OT[Fl(s, 2(8) +c3) + Fa(s, 2(8) + ca) + h(s)]ds, 7>0, (3.6)

where h: CRy,Ry], F; e M, j=1,2 andy, ¢; >0,i=1,2,3,4. Then
z(t) <77f(1), T>0, (3.7)
where

f(r) = (01 + ¢ /OTEF1 (s,c3) + Fa(s,cq) + h(s)]ds) .
< exp (e /0 TN (s) + Na(s)lds), 7 >0,
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with N1 and Na are as in the definition of M corresponding to Fy and Fs, respec-
tively.

Remark 3.3. If p, ¢ > 1 and %4—% =1, then for a > 0, p(a—1)+1 > 0 <= qa > 1.

Lemma 3.4 ([13]). If v,A+ 1 > 1/r, for some r > 1, and g is a nonnegative
continuous function defined on [0,00), then

T T 1/7‘
/ (1 — )" tstg(s)ds < CTU+>\_1/T(/ g’“(s)ds) , T>0, (3.9)
0 0

where A+ )Mo —1)+1) 1 1
PA + plv—1)+
C=Kpyn_ = , —+-=1
pv=1)+1,pA T(pA+plv—1)+2) p T
Lemma 3.5 ([13]). Let h and z be nonnegative continuous functions defined on
[0,00). Let pi(z) >0 on (0,00), i = 1,2, and @;(z) are continuous nondecreasing
functions defined on [0,00). If

(1) S Ky + Kz(/ h(s)¢1 (2(5)) 8 (2(s))ds) 7, q>1, 7 >0, (3.10)
0
where K; € Ry, 1 =1,2, then
T 1/
z(1) < [E_l(E(Zq_lKl)—FQq_lKg/ hq(s)ds)} q, T>0,
0

where E~1 is the inverse of

3 ds
) = /5 iy &7 020

4. SOURCE WITHOUT FRACTIONAL DERIVATIVES

We consider the asymptotic behavior of solutions of the equation

(“DF2) (1) = f(r, (7)), 0<a<l,7>0, (4.1)
subject to
Z‘(O) = bla C©g$(7)|r:0 - b2; (42)
in the space
L 0,00) = {2 € AC[0,00), (°D§ ) € C1_a]0,00)}. (4.3)

We assume the following conditions:
(C1) f(r,z) € C[[0,00) x R,R] is such that f(-,z(:)) € C1_4[0,00) for any

x € ACI0, ).
(C2) There are continuous functions P, ¢ : [0,00) — [0, 00) such that
[f(r,2(7))] < e(lz(n)))P(T), 720, (4.4)
where -
/ sYP(s)ds < oo, (4.5)
1
and ¢ € P.

Theorem 4.1. Suppose f satisfies (C1), (C2) and x € AC|0,0) is a solution of
(4.1)-(-2). Then
(7)

lim —=

=a€R, as7T— 0.
T—oo T
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Proof. Integrating both sides of (4.1)), we find

CO8a(r) = by + / F(s,2(s))ds = by + TLF(r, (7). (4.6)
0
Applying 3§ to both sides of (4.6), and using Lemmas and we arrive at
by T
_ a _ e >0. (4
o(r) = b+ ™ T, -9 s, rz00 @)

By using (4.4]) we obtain

j2(r)] < [ba] + F(Lbﬂ 57 F(al+ 57 /OTP(S)@(|x(s)|)ds, r>0. (48)

Applying Lemmam 3.1 to (4.8]) we obtain
b
lz(7)| < {E ( (|b1|+l"(|of}-‘1))+1‘a+1) fo dS) 0<rt<1

*E-1(E(A) r(a+1> [7 s*P(s)ds), T>1,
where
=l e+ e B ) [ Plojas
MNa+1) TD(a+1) 0
K = E(|b1] + ] )+ ! /1 P(s)ds < co.
MNa+1)" T(a+1) Jy
From and the continuity of P on R, we see that
()| < {CO S (19)

with

1 ba !
C,=E" (E(|b1| + I‘(ot—il)) + F(al—i— 0 /0 P(s)ds) < 00,

1 1 o0
Co=EFE""(EA)+ ———— “P(s)d .
2 ( ( )+F(o¢+1)/1 sYP(s) s)<oo
Next, it is clear that

/|fsa: )lds < / P(s)p(fo(s))ds

< [ Pellas)ds + / " P(s)p(la(s))ds (4.10)

< [ P(s)e(|z(s)])ds + /T SaP(S)gO(M)d& 7> 0.
0 1

By (4.9) and (4.10), we have
lim f(s,z(s))ds < oo. (4.11)

T—r 00 0

On the other hand, integrating (4.1) yields

(1) =0ba+ /OT f(s,z(s))ds, 7>0. (4.12)
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From (4.11)) and (4.12), we conclude

lim “D5z(t) =¢, c€R.

T—00
Further, by Lemma [2.11] we can write
Cya
lim z(7) = lim M =a,
00 TX r—oo ['(a+ 1)
for some real number a. O

Example 4.2. All solutions of
(CD5z) (1) =eT2"(1), 0<a,r<1,7>0. (4.13)

o(r) _

satisfy lim, oo a, as T — 00, for some real number a.

To prove this claim, let o(7) = 7" and P(7) = e~ 7. Then
/ s“P(s)ds < / sYe Pds=T(a+1) < cc.
1 0

Obviously ¢ is a nondecreasing and positive function with

up(v) = uw” < (vu)" = p(ou), uw =1, v>0,

/°° ds /OO ds
= — =
o ©(s) o "

Then ¢ € ®. All the conditions of Theorem [f.1]are satisfied, therefore every solution
x of (4.13)) has satisfy lim,_, % =a,,a€R, as T — 00.

and

5. EQUATIONS WITH FRACTIONAL SOURCE TERMS

We study problem (I.1)) in the space C’lafa [0,00) defined in (4.3) with the fol-
lowing assumptions:

(C3) f(r,v,w) :[0,00) xR? — Ris so that f(-,v(:),w(:)) € C1_4[0,0) for every
v,w € ACI0, 00).
(C4)

|f(ryu(r), 0(r)] < Fi(r, [u(r)]) + Ea(r, 7P lo(r)]), 72>0, (5.1)
where F; € M, i=1,2.

Lemma 5.1. Suppose that [ satisfies (C3), (4) and x € AC[0,00) is a solution of
(1.1). Then

max {|z(7)], 7|°Dgx()|} < |bu| + 2(7), T >0, (5.2)
where
z(1) = Cot® 4+ CgTa/ [F1(s,|z(s)]) + Fa(s, 75|C©§x(s)|)]ds, >0,
0

1 1
(a+1)’F(a—B+1)}7

(5.3)
Cy = |b2|03.

Cs :max{F
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Proof. Applying 3§ to (LI, we obtain
COgx(T) = by + I f (1, 2(7), S D (7))
=by + /T f(s,x(s),cggm(s))ds, 7> 0.
0
Next, we apply J§ to both sides of , using Lemmas and we find

o(7) = b + gy + B (mal), O0fa(r)

(5.4)

bt T T (7 9 (). ODa(s)ds.
for 7 > 0. Thus, from (5.5) and (5.1) we have
|ba] o T /T O3
<
@I < b+ 5™ Fa D J, £ (s,2(s), “Dga(s))|ds oo

<lbul+ Car s+ Car® [ (Filo.o(9)) + Fafs, DGl ) s,
for 7 > 0. By Lemma [2.9] we see that
Coya(r) =35 (CDg (). (5.7)
Let us insert the expression into , using Lemmas and we have
CDPu(r) =307 (b2 +30f (s, z(s), C@gx(s))> (1)

b o
Sty T, C05)
_ b e
RS
by | 9 (), O0 s, >0
F(a - B + 1) 0 ’ ’ (U ’

Then from this and (5.1)) we obtain the bound
°|“Dg(7)
< Calbalr® + Car® [ |f(s.2(5), “Df als))lds 58)
0
< Cot® + 6’370‘/ (Fl(s, |z(s)]) + Fa(s, sﬁ\ciDgac(s)D)ds7 7> 0.
0

Relation (5.2)) follows directly from ([5.3)), (5.6) and (5.8). O
Theorem 5.2. Suppose that f satisfies (C3)-(C4) and

/ SN (s)ds < oo, / Fis, [br])ds < o0, i = 1,2. (5.9)
0 0

Then, every solution x(7) of problem (1.1)) has the following property
im 27

T—o0 T

=a, aclR
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Proof. By using Lemma [5.1] we have
Fi(r, |z(7)]) < Fi(r, b1 + 2(7)), 7>0, (5.10)
Fy(r, 7'[3|C’D§x(7)|) < Fy(r,2(1) + |b1]), 7>0. (5.11)
Taking into account (5.3), (5.10) and (5.11]) we arrive at
2(r) < Cyr® + ogTa/ [Fu(s, [b1] + 2(s)) + Fa(s, 2(7) + [u])]ds, 7> 0.
0
Then, by Lemma [3.2] we find that
z(r)<C7t*, 7>0 (5.12)

where

C = (02 +Cg /OOO[Fl(Sy |b1|) —|—F2<S, ‘b1|>]d8)

x exp(C3 /OOO sY[N1(s) + Na(s)]ds) < oo.

It follows from Lemma and (5.12)) that
lz(T)| < |ba| + O, TP|9Dx(r)| < |bu| + CT, T >0. (5.13)
Again by hypothesis (5.1) we have

[ #(s0().C0Gus))ds] < [ 1£(s.2(5),“Dn())lds
0 0
= / [Fi (s, [a(s)]) + Fa(s, s%|“DFa(s)])]ds,
0
for 7 > 0. From this inequality and , we obtain
[ (5.0l O0Ga(s)ds
0

< / [Fy (s, [br] + C'5™) + Fa(s, |ba] + Cs™)|ds
0

= [ {RG b+ s = Bl + Fils )
0

+ Fy(s, |bi| + C5%) — Fy(s, [b1]) + Fa(s, |b1|)}ds, 7> 0.

As the functions F;, i = 1,2 are in M, we obtain

} Tf(s,r(s),%ﬂx(s))dsy
/0 O (5.14)

T

< C’/OT s¥[N1(s) + Ng(s)]ds +/0 [F1(s, |b1]) + Fa(s, |b1])]ds < oo,

where we have used (5.9)). Then
lim f(s,2(s), “D5x(s))ds < oo.
T Jo
By (5.4) we conclude that there is b € R such that lim, o, “D§x(7) = b. Further,
by Lemma [2.11] we deduce that
a(r) _ . “Dfa(r)

A e = TlarDn @
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and the proof is now complete. ([

6. BOUNDEDNESS

We consider the fractional differential problem in the space
C[0,00) = {z € AC[0,00) : “Dfz € C[0,00)} . (6.1)

We assume the following conditions:
(C5) f:]0,00) x R? — R is so that f(-,v(-),w(-)) € C[0,00) for every v, w in
C0, 00).
(Co)
|f (7, u,0)| < 7V A(T)er (Ju(T)g(lo(T)]),  7>0, (6.2)

where h, ¢1, @2 : Ry — R, are continuous functions with ¢;, ¢ = 1,2, are

nondecreasing functions and h € L, (0, co) for some g > %_5, v = % — .

Lemma 6.1. : Suppose that f satisfies (C5), (C6) and v € AC0,00) is a solution
of (1.2). Then

max {|z(7)],|“Dga(1)|} < 2(1), T >70 >0, (6.3)
where
T 1/q
(1) = |b] +K1(/0 hq(s)ap‘f(\x(s)\)«p%(l%gw(s)l)ds) , T>0, (6.4)
and
1/p 1/p

1+p(a—1),py 1+p(a—B—1),py
K =
1 HlaX{ F(OZ) I} F(a 7ﬁ)TOB }?
T nr 1 1
Ko, TEED@) 11
T T(a+B+1)" p g

Proof. Applying 7§ to (1.2) and taking into account Lemma we have

() =b+ ﬁ /OT(T —5)27 L f(s,2(s), C@gx(s))ds, 7> 0. (6.5)
Using the inequality , we obtain
DI < B+ s [ (=B (el (69

for 7 > 0. It follows from the assumptions 8 < a, ¢ > a—iﬁ and v = % — « that
pla—1)+1>pla—p—-1)+1 >Oandpv—kl:p(%—a)—i-l:p(l—a) > 0.
Then, we apply Lemma to obtain

1 by — T 1/q
o)) < b1+ 7y Koy ([ W) 1(6) (7 DGn(0) s

< 1o+ ([ MDD oNds) L >0
(6.7)
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Also, by Lemma [2.9] we conclude that

©Dlalr) =35 %alr) = s [ (7 ODa(syds
. (6.9)
—71 =) P (s, s, T
g | 9 (). O a(o)ds, >0
In view of , we have
1

D ()| < F(a_ﬁ)/o (1= 5)* P h(s)pn (|2(5) ) (19D x(5) ) ds,

for 7 > 0. Again, from Lemma [3:4] we find
|°Dp(7)|
< S ret ([ o)) e DGa(s)as)
- I'(a-p) 0 ! ? 0
Kl/p - 1/q (69)
< —plozfml) ey —p / h1(s)o? (|z(s))d(|ICDP(s)|)ds
S ) ( ; (s)ei(lz(s)Des(I”Dga(s)) )
< Kl(/ h(s)l (Jz(s))p2(19Dpx(s))ds) /9, 7> 70 > 0.
0
Therefore ([6.3]) follows from (6.4)), (6.7]) and . O

Theorem 6.2. Assume that f satisfies (C5), (C6). Then, any solution x of (1.2)
satisfies

lo(r)| < O, |“Dga(r)| < C,

for some positive constant C, 7 > 0, provided that

o0 ds B 0
o, Pl pI(si) o0 0>

Proof. In view of Lemma [6.1] we have

pr(lz(m))) € p1(2(r),  2(1°Dgx(T)]) < wal2(r)), T >0. (6.10)
From this inequality and 7 we obtain
A0 <+ 5 ([ WEREEEeN) L T )

Therefore, Lemma [3.5] implies
T 1/q
(1) < [E*l(E(QQ*lKl) +2<HK2/ hq(s)ds)] < 0,
0
because h € L,(0,00). This completes the proof. O

Example 6.3. Consider the problem

DG a(r) = w12 (a(m)) P (0 Pa(r)) P (cos(CD/°a)) >0,
z(0)=b, ¢>3, A>0.
(6.12)
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Let ¢1(7) = 73/, @o(1) = 7Y% and h(1) = e >, v = 1/q¢ — 2/3. Then h €
L4(0,00) and

/oo ds _/°° ds _/°O ds e
& pl(st)pd(st/n) Je ST g s

Then, by Theorem m we deduce that any solution x of ([6.12)) satisfies

lo(r)| < €, |“Dga(r)| < C,

fora =2/3, 8 =1/3, and 7 > 0.
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