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FREE BOUNDARY VALUE PROBLEM FOR COMPRESSIBLE
MAGNETOHYDRODYNAMIC EQUATIONS

HUIHUI KONG, RUXU LIAN

ABSTRACT. In this article we consider a free boundary value problem for
barotropic compressible magnetohydrodynamic equations with density-dependent
viscosity coefficients. Under certain assumptions imposed on the initial data,
there exists a unique global strong solution which is strictly positive after a fi-
nite time. Furthermore, the free boundaries propagate along the particle path
and the domain expands outwards at an algebraic rate.

1. INTRODUCTION

The three-dimensional barotropic compressible magnetohydrodynamic equation
with density-dependent viscosity coefficients read

pe +div(pU) =0,
(pU); + div(pU @ U) + VP(p)
=(VxH) x H+ pAU + (p+ Mp))Vdiv U, (1.1)
H; - Vx(UxH)=-Vx ¥V x H),
divH=0, (x,t)eR>x][0,T],

where p(x,t) > 0, U(x,t) and P(p) = p?(y > 1) stand for the flow density, velocity
and pressure respectively. H(x, t) is the magnetic field with x = («,y, z). The shear
viscosity coefficient p > 0 is a positive constant, and the bulk viscosity coefficient
is A(p) = p? with 8 > 0. The constant v > 0 is the resistivity coefficient which is
inversely proportional to the electrical conductivity constant.

In this article we focus on the free boundary value problem for one-dimensional
barotropic compressible Magnetohydrodynamic equations with density-dependent
viscosity coefficients. The existence, regularity and dynamical behavior of global
strong solution will be discussed. For v > 1 and § > 0, we show that the free
boundary value problem with regular initial data admits a unique global strong
solution which is strictly positive from a finite time and decays pointwise to zero
at an algebraic time-rate. also the domain expands outwards at an algebraic rate.
See Theorem .11

The rest of this article is arranged as follows. In section [2] the main results
about existence and dynamical behavior of global strong solutions for compressible
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Magnetohydrodynamic equations are stated. In section[3] a priori estimates will be
given. Then, the main results are proven in section

2. MAIN RESULTS

Consider a magnetic flow which is moving in the z-direction and uniform in
the transverse direction (y, z) under a planar magnetic field. Let p(x,t) = p(z,t),
U(x,t) = (u(z,t),0,0) and H(x,t) = (0, Ha(x,t), H3(x,t)). This means the lon-
gitudinal velocity is u(x,t) and the transverse velocity is (0,0). The longitudinal
magnetic field is 0 and the transverse magnetic field is (Ha(z,t), H3(z,t)). We
assume Ho(z,t) = H(z,t), H3(x,t) = kH(x,t) and the constant k is in [0, +00).

We investigate the existence and dynamics of of a global solution of the free
boundary value problem for the planar magnetohydrodynamic equations with density-
dependent viscosity coefficient,

pe+ (pu)e =0, € (a(t),b(t)), t >0,
(pu)e + (pu®)a + (p7)e = =(L+ K2 HH, + (20 + p”)us ),
x € (a(t),b(t)), t >0,
+ (uH), = 1/Hm7 z € (a(t),b(t)), t > 0, (2.1)
(p” — (2M+P ) 2)(a(t),t) =0, (p7 — (2p+ p”)us)(b(t),1) =0, t >0,
H(a(t),t) = (() t)=0, t>0,
(psu, H)(x,0) = (po, o, Ho), € [ao, bol,

where z = a(t) and « = b(t) are the free boundaries defined by

ia(t) = u(a(t),t), a(0)=ayop,
dt
d (2.2)
Lot = ub(0).0). b(0) = bo. t >0,
The initial data satisfies
[1nf po>p>0, po€L([ao,bo]), pox € L*([ao,bo)),
"/07 0
(g — (21 + p§)uox)(a0) =0, (pg — (21 + p§ o) (bo) = 0, (2.3)

Hy(ao) = Ho(bo) =0, wo € H*([ao,bo]), Ho € H'([ag, bo)),

where p is a positive constant.
Without loss of generality, the total initial mass can be renormalized to be one.
By the conservation of mass,

b(t) bo
/ p(z,t)dx = / po(z)dx == 1. (2.4)
a(t) ap

Then, we have the existence of a global solution and time-asymptotical behavior of
strong solution as follows.
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Theorem 2.1. Lety>1, 8> 0 and T > 0. Assume that the initial data satisfies
(2.3). Then, there exists a global strong solution (p,u, H,a,b) to (2.1) satisfying

(p,u) € CO([0,T] x [a(), b(t)]),
er < p € L0, T5 H' ([a(t), b(1)))),
pe € L(0,T; L*([a(t), b(1)])),
u € L0, 75 H*([a(t), b(t)])) N L*(0,
up € L%(0, T3 L?([a(t), b(t)])) N L*(0, 15 H' ([a(
H e L%(0,T; H' ([a(t), b(1)))),
a(t), b(t) € H*([0,T)),
p7 = 2+ p")us € CO[0,T] x ([a(t), b(t)])),
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where cp > 0 is a constant depending on time.
As B > 0, the domain expands outwards in time as

D (t) := sup (b(1) — a(7))

T€10,t]
S C(1+t)7%1, l<y<2,
CA+H)Y7(1+In(1+2)" Y7, ~>2.

Furthermore,
b(t) —a(t) = C(L+ 1)L+ I(1+1)"7, 5>2,

where C' > 0 is a constant independent of time.
In particular, if 0 < 8 < 1, we have

b(t) b(t)
/ p'y(x,t)dx+/ H2(z,)dz < CA+8)", 0<B<1.
a(t)

where 0 < < min{y — 1, 8} denotes a positive constant.

Remark 2.2. If Hs(z,t) # kHs(x,t), the system becomes

pt + (pu)z =0,
(pu) + (pu®)o + (p7)a = —HaHay — H3Hsy + (201 + p°) i),
Hy + (uH3)y = vHogy,
H3i + (uH3), = vH3gy,

(2.5)

(2.6)

(2.9)

using the some method as in Theorem the well-posedness of the solutions to

the free boundary value problem with initial finite mass can also be proved.

Remark 2.3. conditions (2.6) and (2.7 imply that as time approaches infinity,

the lower bound approaches infinity.

3. A PRIORI ESTIMATES

In this section, we deduce a priori estimates for the solution (p, u, H) to the (2.1)).
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Lemma 3.1. Under the assumptions of Theorem for every strong solution
(pru, H) of (1) satisfies

b(t) 1 1 4 k2 1 t b(S)
/ (fpu2+7H2+7p7)d3:+/ / (2u + pP)u? dx ds
a(t) 2 2 v—1 0 Ja(s)

t  pb(s)
+1// H?dx ds (3.1)
0 Ja(s)

bo 1 1+ k2 1
2 2 v
= —poly + Hy + o) )dx te T].
/ao (200 2 0 7—10) ’ 0. 7]

Proof. Taking the product of (2.1)2 and (2.1)3 with v and H respectively, and
integrating on [a(t), b(t)], we have

d b(t) 1 1 k2 1 b(t)
— (zpu® + Jr7]172 + ——p")dz + / 2p + pP)uda
dt 2 2 ~—1
a(t) a(t) (3 2)
b(t) '
+v HZdx =0,
a(t)
which leads to (3.1]) after the integrating with respect to t € [0, T7. O

Lemma 3.2. Under the assumptions of Theorem [2.1], we have
er < pla,t) SO, (a,t) € [a(),b(8)] x [0,7], T >0, (3.3)

where C' is a positive constant independent of time, and crp is also a positive constant
but dependent of time.

Proof. Firstly, denote the effective viscous flux by

1+ k2
F=2u+\p))us —p7 — TH? (3.4)
Then, we can rewrite (2.1))2 as
pi = F,, (3.5)
where @ = u; + uu,. Define
x
C(z,t) = / pu(z, t)de, (3.6)
a(t)
n(x,t) = pu?(x,t) — pu?(a(t), ). (3.7)
Integrating (2.1)2 from a(t) to z, and using (3.6) and (3.7, we have
Co+n—F=—pu?(a(t),t). (3.8)
Define ,
2 A 1
0(p) = / %(S)ds =2ulnp+ B(pﬁ —1). (3.9
1
Multiplying (2.1)); by €’(p), we have
0(p)e +ub(p)x + (21 + A(p))us = 0, (3.10)

which together with (3.9) gives

1+,
0(p)e +ub(p)e + F +p" + —5—H* =0. (3.11)
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Using that
n— uCﬁ: = _pu2(a(t)a t)7 (312)

we obtain
14+ k2

(C+0(p))e +u(C +0(p))a+p7 + H? = 0. (3.13)
Define the particle path X(£;z,t) through the point (z,t) € [a(t),b(t)] as

d - - -
—=X(t;x,t) = u(X(t; x,t),t

EX(F,0) = u(X (0,0, -

X(F bl = .
which together with gives
d - . - o 1K .
EE(C +0(p))(X(t;2,t),t) + p7 (X(t; @, t),t) + TH (X(t;,t),t) = 0. (3.15)
Integrating over [0,t], we have
plz,t) 1

oy 5 @) = (X)) + () — (X0, 0)
11 k2

t t
+ / pV(z,8)ds + / H?(z,s)ds = 0,
0 2 Jo

where Xo = X (#;2,t)|;_¢ € [ao, bo]. Using (3.1)) and Hélder’s inequality, we have

2u1n
(3.16)

x

¢, t)] = | pudm}:]/ Jv/pudal
a(t) a(t)

<( / ::) pdx)l/z( / ::) puzdx)l/Z <c,

where C' is a positive constants independent of time. Then, if p > 1, we obtain

(3.17)

sup ||pllz (jaq)pe)) < C- (3.18)
te[0,T]
If p <1, then
1 14+ k2 [
utn < Cp o+ o [ HIGds < O, (3.19)
0
from which, we obtain the positive lower bound of the density
p(x,t) > cr. (3.20)
O

Remark 3.3. From (3.1)) and (3.3)), we obtain that

b(t) —a(t) = by — ap + / (b'(s) — a'(s))ds
0 . U (3.21)
<by—ap+C(1+ t)l/Q(/O () +a'(s))ds)

and

/ (b'(5)* +d(s)*)ds = / (u(b(s), s)* +u(a(s), s)*)ds
0 0 (322)

t
< 2/ ull2ed < Cr,
0
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where C7 is the positive constant depending on time.

Lemma 3.4. Under the assumptions of Theorem[2-1], we have

b(t) b(s)
H%dx +/ H? drds < Cp, te][0,T)], (3.23)
a(t) a(s)

where C'p is a positive constant depending on time.

Proof. Multiplying (2.1)3 by H,, and integrating on (a(t), b(t)), we obtain

5% H2dx+1/ " Hixdx

1 b(t) b(t) b(t)
/ up H2dx + / g HHypdx + 2 / wH, H,dx
a(t) a(t) a(t)

IN

0 b(®) b(t)
— H? dx+ Cp H2dx / u?dx
2 Jaqw a(t) a(t)
b(1) b(t)
+C(||HH%M/ wldz + |~ Hgda:) (3.24)
a(t) a(t)

y b b(t) b(t)
< 7/ H2 dz + O Hgdz(l +/ ugdx)
2 Jag a(t) (®)

b(t) b(t)
+C H2dac/ u?dx
a(t) a(t)

L b b(t)
< 7/ Hig:d:v—i—C'T(l—i-/ uidm)(l—i—
2 Jae) a(t)

b(t)
szx) ,
a(t)

which together with Gronwall’s inequality gives (3.23)). O

Lemma 3.5. Under the assumptions of Theorem[2.1], we have

b(t) t prb(s)
/ Fldx +/ / pu?drds < Crp, tel0,T), (3.25)
a(t) (s)

where C'p is a positive constant depending on time.

Proof. After a straight calculation, we deduce that

_(Fap+Bem Fip+ 3852

*( 2% + pB ) ( 2% + pP Tt (3.26)
1+ p : A+ p z

_ F P 1 H? 2

t(72u+pﬁ) +Dt(72M+pB) +§Dt(72u+pﬁ)
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where D, f = f; + uf,. Multiplying (3.26) by F', we have
1 d /b(t) F2 /b(t) )
—— ——dx + pudx
2dt Jawy 20+ pP a(t)

bt
:%/ Frug(p(o—y — — 1 Yaz

) 2u+pP’  2u+pP
b(t) o 7y
PP
+ Fu — dx
/a(t) = (0l 20+ pP ) 2+ ,05)

—(1+K2) /b(t) PHUL +ulla) g,
a(t) 2u + pP

1+ k2 /b“) ) 1, 1
+ FH*u,(p — dx
2 Jaw ( ) 2u+p")

= Il +IQ+I3+I4
Using (3.1)), (3.3) and (3.23), we deduce that

L < Or||FlZslluellze < Crl|Fl7 [l e

! 2 2
—_— U s
/72/1‘5‘[)’8”L2” 9E||L2

122 + CrlluallZ:,

1 .
< Crl| el 2l Fl 2l 22 < 5llvpilze + Crll

F
I < Op||F|| 12 |tal 2 < Ol —————
2 < OrllFllalluals < Crll g

13 S OTHFHt”Ll + CT”F’UJHxHLl
< Crl|F||i2 + Crl|Hil32 + Cr||F||72 + CrlluH, |7

F
=[I72 + CrllHezz + Cr(|[ullze + llue|72) [ He |72

V2u+p

F
|22 + Crll ol + Cr a2,

Vo2p+p

Iy < Cr||F|| 2 |lugll> < Cr|

< Cr|
< Cr|

|22 + Crlua 3.

_F
V2pu+p
Substituting (3.28)-(3.31) into (3.27)), we have

1 d b(t) F2 b(t)
—— ——dr + / putde
2dt Jowy 20+ p° a(t)

1 2 2 2
14+ ||ug + Cr||H s
o+ of ﬂHL?)( || ||L2) T|| t||L2

which together with Gronwall’s inequality gives ([3.25]).

< Cr(l+|

Lemma 3.6. Under the assumptions of Theorem [2.1], we have

T
/O [t (| 2o (facey ey 4t < Crs

where Cp is a positive constant depending on time.

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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Proof. From and (3.23)), we have

[t || e
(&) Y 1 + k2 2 0% 2
< Cll@p A+ P )ue = p7 = ——H¥ |1 + Cllp ||z + Ol H7| 2
14+ k2 1/2
< Cll@u+ s - p7 = —5—H?|15
1 —|— k; 1/2
B
< ||(2p+ PP ue — p7 = ——H?), ||, +Cr (3.34)
< Cr([IV2p + pPuallre + 1)1/2(||\//3UtHL2 + [lug |l L= | vpull 12)'? + Or
1/2
< Cr(IV2u+ pPugllze + 1) ypu t||1/2
+ (1204 pusl|zz + 1) sl 2 +
< §||Ux|\L°° + CrllV2p1 + pPug 2 + CrllVpuel 12 + Cr.
Then, it holds that
luslZoe < OrllV2p + pPug|tz + Crllv/pusl e + Cr, (3.35)
which implies (3.33) after the integration with respect to ¢ . O
Lemma 3.7. Under the assumptions of Theorem we have
b(t)
| paszcrn, (3.36)
a(t)
where Cp is a positive constant depending on time.
Proof. Differentiating (2.1)); with respect to x, we have
Ptz + Prztt + 20Uz + pUze = 0. (3.37)

Multiplying (3.37)) by ps, it holds

1d [P0 3 @ b(t)
de = 77/ piuzdac — / PPz Uz dT
2dt 2 Ja) a(t) (3.38)

< Clluallz<llpalzz + Clipllz< llpzllz2llttaz 2.

Using (3.34) and that

[taa 22

< C(llpuelle + lowuz] 2 + 1107z llL2 + 1(H)al 22 + [1(07) 2t £2)

< Clllvpullz + lluzll o + 10 )allz2 + 1(H?)z |22 + el ool (p7)al22)
< Or(L+ [Ivpuel 2 + 1(0")all 2 + (L + [V/puel 2211 (07)all 22)

(3.39)
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we obtain
d rb@ )
dt a(t)

< Cr(1+ [IVpuellz2)pallZ> + Cr (1 +lvpuillzz +11(07)zll 2

+ (14 /A=) (07 22

< Cr(L+ [Vpudll3e)lpellie + Crll(e)alz + 10072 ]32)
+Cr(1+ [Vpul32)

< Cr(+ vpudla)llpalliz + Cr(+ [ Vpul32).

which together with Gronwall’s inequality gives (3.36]).

Lemma 3.8. Under the assumptions of Theorem [2.1], we have

b(t) ¢ pb(s)
/ putdz —|—/ / (2u+ pPY(w)2 dxds < Cp, te[0,T],
a(t) 0 Ja(s)

where Cp is a positive constant depending on time.
Proof. Differentiating with respect to ¢, we have

Pl + prtt = Fyy.
Multiplying by u, we have

La o o(0) -
o U d:z:+/ (2u+ pP)(4)zdx
a(t) a(t)

b(t) b(t)
— (pui)(a(t).)~ [ puiliads—5 [ pr(iade
a(t) a(t)
b(t) b(t)
+ / (2u + pP)u2 (i) pd + / (20 + P Yty (1) pdi
a(t) a(t)

b(t) b(t)

+ / 07 o () pd + HH (i) dx
a(t) a(t)

=S+ o+ Js+ g+ J5 + Jg + Jr.

Using (). §3). (529, @39 and B30, we have

b(t) 1 rb®
Ji+ Jp < CT/ putdx + 7/ (2 + pP)(0)2dz,
a(t) 8 Ja(r)
b(t) b(t)
Js = 5/ PP prung (0) pdz + B/ PP pu (1) pda
a(t) a(t)
b(t)

b(t) o ,
<Crlluslie ([ oo [ utdr)a g [ ut p@ide
a(t) a(t) a(t)

, 1 b N
< Crlulfi+ 5 [ w2
a(t

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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, b(t) 1 o)
&éGﬂwhg/ @m+f/ (2 + p?)(@)2da
a(t) 8 a(t)

1 '
< Crllwlfi + 5 [ om0z
a(t

b(t) 1 o
Js < C’T/ u?, dx + f/ (2u + p°) (1) dx
a(t) 8 Ja)

b(t) o)
<Cr+ CT/ pudx + 7/ (2p + pP) (1) d,
a(t) 8 Ja(r)

b(t) b(t)
Jo = —7/ P ppu(i) de — 7/ P pug (i) pd
a(t) a(t)

<o O L0 ) 1o -
a(t) a(t) 8 Ja

1 b
<Crig [ o)
a(t)

b(t) 1 b
J; < Cr Hidx + f/ (2 + pP)(0)% da.
a(t) 8 Ja()

Then

d [ o)
— ptlde + = / (2 + pP) ()2 dx
dt Jag) 4 Jaw)
b(t)
g@+@/
a(t)
b(t) b(t)
<Cr+Cr / pti2dx + Cr Hgmdx
a(t) a(t)

pitdr + Cr|ug |30 + Cr / puidz + Cr

b(t) b(t)

+ Cr / qugdx + Cr H2uidz
a(t) a(t)

b(t) b(t) b(t

)
<Cr+Cr / pidz + Cr H? dx + Crl|ul| HZdx

a(t) a(t) a(t)
b(t)
FCrlHE [ o
a(t)
b(t) b(t)
<Cr+Cr / pﬂZdZ‘ +Cr Hzlda:
a(t) a(t)

b(t) b(t) b(t)
+ C(/ u?dx + / uidm) H%dx
a(t) a(t) a(t)
b() b(t) b(t)
+C< H%dx + Hgdx) / u?da
a(t) a(t) a(t)
b(t) b(t)
<Cr+Cr / pti2dx + Cr szdl‘
a(t) a(t)

b(t) b(t)

alt) a(t)

EJDE-2020/11

(3.46)

(3.47)

(3.48)

(3.49)

Hidx



EJDE—2020/11 COMPRESSIBLE MAGNETOHYDRODYNAMIC EQUATIONS 11
b(t) b(t)

+Cr (1 + / uidx) (1 + Hgdx),

a(t) a(t)

which together with (3.23)), (3.25), (3.33]), (3.35) and Gronwall’s inequality gives
(13.41)). |

4. PROOF OF THE MAIN RESULTS

Proof of Theorem[2.1 The existence of a global strong solution to is estab-
lished in terms of the short time existence carried out as in [6], the uniform a-priori
estimates and the analysis of regularities which indeed follow from Lemmas|3.1

Next, we will give the large time behaviors of the strong solution to the free
boundary value problem as follows. Firstly, we prove . Define the follow-
ing energy functional

b(t) 9 b(t)
L(¥) ::/ (x — (1 +t)u)’pde + ——(1 + t)2/ pldx
alt) v—1 alt) (4.1)

After a direct calculation, we have

2(3 — ) b(t) b(t)
L'(t) = 7(1“)/ pdz + (1+k?)(1+1¢) H%dx
v-1 a(t) a(t)
b(t)
(2u + pPYupdr — 2(1 + )2 / 2p+ pP)uidz

a(t)

b(t)
+2(1+1) /
a(t)
b(t)
—20(1 + k) (1 +t)? H2dx (4.2)
a(t)

IN

9(3 — b(t) b(t)
M(1+t)/ pldx + (14 k) (1 +1) H2dx
-1 a(t) a(t)

b(t)
+ (1 +t)/ 2p+ p%)dz,
a(t)

where C' is a positive constant independent of time.
If v > 3, we deduce from (4.2)) that

1

L'(t) < mL(t) + C(b(t) — a(t)), (4.3)
which leads to t
L(t) < C(1+ D)1 +/ wdﬂ' )
0 T
Thus, we have
v K —a(T
/C:t) pldz < C(1+)~1{1 +/O %dﬂ», V>3 45)

Similarly, from (4.2)), we have

_ b(t)
L) < 2(2717)0 +1) /a(t) e + f%)t +C((t) — a(t))
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<{1j2+0<<> a(t)), 2<~ <3,
T\ B-HEL L Cbt) —a(t), 1<y<2,

which together with Gronwall’s inequality yields
b(t) L t
a(t) (1+1)
{ (L1 + fy PHetar), 2<y <3
c@+ )

1- V{1+f“;({+ 5Ddr}, 1<y<2

Note that
bo b(t) Y1 b(t) 1/
1= / podx = / pdx < (b(t) —a(t)) > (/ p”dx) , (4.7
ao a(t) a(t)
which, combined with (£.5) and (4.6)), implies
t —
(b(t) — a(t)) {1 +/ Li +i(7)d7} >O1+1), v>2
Lo (48)
(b(t)—a(t))7*1{1+/ (r) —alr )d }>Ccl+0)h 1<y<2

o (1+7)3~
From (4.8)), we can obtain

C+8)7(1+m(1+8)77, y>2,
Dy (t) := sup (b(1) —a(r)) > o (4.9)
T€[0,1] C(l+t) l<y<2
Next, we prove (2.7)). Using a similar argument as to (4.2)), we obtain

L'(t) < ﬁ(1 + t)/ pYdr + (1+k?)(1+1) / H%dx
- a(t)

b(t) b(t)
+/ pPdx + 4p(1 +t)/ Ugpdx
a(t) a(t)

2(3 — b(t) b(t) -
<2829, t)/ prdz + (1+ k) (1 + 1) H2da (4.10)
v-1 a(t) a(t)

A4 1) 5 (alt) ~ b(0) +

< L)
_1+t

which implies
L(t) < C(1+t)(b(t)—a(t)+1+In(1+t)) < C(1+t)(b(t)—a(t))(1+1In(1+t)). (4.11)

Thus, we have

+4p(1 +t)%(a(t) —b(t))+C, ify>2andp >1,

(®)
/j pldr < C(1+1)7Hb(t) —a(t))(1+In(1 +1), ~>2, (4.12)
a(t)

which, combined with (4.7)), leads to
b(t) —a(t) > C(1+ )71 +In(1 4+ 1))~V ~v>2. (4.13)
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Finally, to prove (2.8]), we define the Lagrange coordinates transformation
e~ | L0 7=t (4.14)
a(t

Since the conservation of total mass holds, the boundaries x = a(t) and = = b(t)
are transformed into £ = 0 and £ = 1 respectively. The domain [a(t),b(t)] is
transformed into [0,1]. The FBVP ([2.1)) is reformed into

pr+ pPug =0, €€(0,1), 7>0,
ur + (p7)e = —(1+ k*)HHe + (p(2p + p)ug)e, €€ (0,1), >0,
H, + pHue = vp(pHe)e, §€(0,1), 7>0,
(07" = pu+ p)ue)(0,7) = 0, (07 = p2u+ p”)ue)(1,7) =0, >0,
H(0,7)=H(1,7)=0, 72>0,
(po, w0, Ho) = (po, uo, Ho)(§), & €[0,1],

(4.15)

where the initial data satisfies

[ionlf]Po >p>0, po€H(0,1]), wuo€ H*([0,1]), Hoe< H'([0,1]),
: (4.16)
(P3 = po(20 + p0)u0x)(0) = 0, (p3 — po(2u + pg)uox)(1) = 0,

and the consistencies between initial data and boundary conditions hold.

From (4.15), we find that

d I
e ; u(&,7)dé =0, (4.17)

and without loss of generality, we can renormalize fol uo(€)d€ to be zero, then we
denote

! /Eldg—i- ! /1 g1chd§ (4.18)

w=u-— - - . .

14+7Jy p 1+7J)o Jo p
Applying (4.17)), we obtain
1 1 1
We=ug — ———— = (~) ——" 4.19
=ve =15, ~ ().~ a5 (4.19)
w

- = U, 4.2

w +1+T U ( O)
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Then, the system (4.15]) becomes

pr+p w£+1+7_ =0,
B
wr o (07 = (L R HHe + (p(2p1+ 0w + 15 )e.
1
H; + pH(we + m) = vp(pHe)e,
(07 = p(2p + p) (we + m))(oﬁ) =0, (4.21)
1
N 5 1 _
(p" = p(2u+ p”)(we + i+ )p))(LT) 0,
H(0,7) = H(1, )_0 relo,T],
Ho,wo) = (po, Ho, o — —d L acae)
(pO, Oawo) (p07 0, Uo 0 +/ / C 5

Multiplying (4.21)2 by w and (4.21)3 by *» integrating the result equations over
(0,1), after a straightforward calculation, we have

1d 2 1+k2 o,
2dr v 7/ 1+T/wd€

1
+/0 p(2u+ pw d§+u1+k2/ H§d§+ HkQ / 7dg (4.22)

1 1
=- Pwed Twedé.
1+T/()pws€+/0pw5€
For 0 < 8 < 1, from (4.19) it holds

1 1
o, = | G

) ’ ) ) (4.23)
SO A1 d +7/ A1,
<ﬂ—1><1+7>/o WA e )y P
and
1
/ prweds = / T
- _ - 7*1
- O( D 3
which together with ) leads to
1d 1 d [t 1+kd ['H?
- 7—1 - -
57 d§+ o d¢ + /
1 d / 51 1 /1 2
R dé + — | wide
1-8)(1
1-B)+7)dr I+7 (125)

+

1 1 1
1+T/ p”’1d§+/ p(2u+pﬁ)w§d£+1/(1+k2)/ pHZdE
0

L LR H2 1 bosy
1—|—T/ )2/ prde=0.
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Multiplying (4.25) by (1 + 7)7 for some 0 < ) < 1 to be determined later, we have

1 2 2 —1
[ Qs DRI (D
dT 0 2 -1 2 P 1-— /3

1 1
1_Q 1 n—1 24 7_71_771 v—1 714
S= et [utdes (e ryt [ ptae

v—1

1 1
+(1+7)”/ p(2M+Pﬁ)w§d€+V(1““2)(1”)”/ PHedE
0 0

1 1 H2 _ 1
+ (1 +EHA =)+ 7)1t / —d¢+ u(1 + T)"—2/ pP=lde = 0.
2 o P 1-p 0
(4.26)
If 0 < n < min{y — 1, 8}, from(4.26)), we obtain
1 1 H2
/ pY e +/ 7d§ <C@+7)"" (4.27)
0 0
For =1 and 0 < n < min{y — 1,1}, from (4.22)) it holds
d [fQ+n)T 5 (47)" oy 1+ E)(+7)" B
%/0<2w+7—1p + 2 7>d5
1
. g)(1+r)n*1/ w2de
0
y—1-—n n—1 17_1 n ! 2 4
+ ﬁ(l +7) pTdE+ (1+7) p(2p + p)wedg (4.28)
- 0 0
+r(L+E) (1 + 7)"/ pHEAS + S (14 K*)(1 = m)(1+7)"" / e
0 0
d 1 1
= —((1 + 7')77—1/ lnpdf) +(1 -1+ 7')"_2/ In pdé + (14 7)772.
dT 0 0
Integrating (4.28) over [0, 7] and using
1 1
[ o < [ pte<c. (4.29)
0 0
we have
1 1 H2
/ pY e +/ ng <Cl+71)"" (4.30)
0 0
Thus, the proof of Theorem is complete. O
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