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POSITIVE VORTEX SOLUTIONS AND PHASE SEPARATION
FOR COUPLED SCHRODINGER SYSTEM WITH
SINGULAR POTENTIAL

JIN DENG, ALIANG XIA, JIANFU YANG

ABSTRACT. We consider the existence of rotating solitary waves (vortices) for
a coupled Schrédinger equations by finding solutions to the singular system

—Au+ Au+ % = pmud + Buwv?, =z e R?,
T

—Av 4+ v+ # = pov® + Bulv, =z e R?,
x

u,v >0, x€ R2,
where A1, A2, p1, o are positive parameters, 8 # 0. We show that this system
has a positive least energy solution for the cases when either 3 is negative or
[ is positive and small or large. Moreover, if A1 = A2, then the solution is

unique. We also study the limiting behavior of the least energy solutions in
the repulsive case for 8 — —oo, and phase separation.

1. INTRODUCTION

In this article, we consider solitary wave solutions of the time-dependent coupled
nonlinear Schrédinger equations:

.09,

_zW = Ad, —|-,u1|<I>1|2(I)1_|_ﬁ|¢)2|2q>17 xERN, t>0,
0o
_ia—tg = Ad, —|—,u2|<1>2|2(1)1 + ﬁ|(1,1|2q>2, = RN’ t>0, (1.1)

<I>j:<1>j(x,t)€(c, j:1,2,

where ¢ is the imaginary unit, 1, ue > 0 and S # 0 is a coupling constant. When
N < 3, system appears in many physical problems. Especially in nonlinear
optics, the solution ®; denotes the j-th component of the beam in Kerr-like photo-
refractive media, the positive parameter p; is for self-focusing in the j-th component
of the beam, see for instance [2]. System also arises in the Hartree-Fock theory
for a double condensate, that is, a binary mixture of Bose-Einstein condensates in
two different hyperfine states |1) and |2), see [13]. Physically, ®; values are the
corresponding condensate amplitudes, x; and 3 are the intraspecies and interspecies
scattering lengths. The sign of 8 determines whether the interactions of states |1)
and |2) are repulsive or attractive: the interaction is attractive if § > 0, and the
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interaction is repulsive if 8 < 0, where the two states are in strong competition.
If the condensates repel, the spatially separate. This phenomenon is called phase
separation and has been described in [28§].

By a solitary wave solution of system , we mean a solution of with the
form

Dy (z,t) = u(z)e™t and  By(z,t) = v(z)e2l.

Then (u,v) satisfies

—Au+ M\u = pud + pu?, zeRY,

—Av + \v = pov® + Bulv, xRV, (1.2)

u,v >0, zeRY.

When N < 3, the existence of solutions has received great interest. Particularly, it
is considered the existence of a ground state solution in [Il 6 10} 17, 21| [26], the
existence of semiclassical states or singular perturbed settings in [16] [18], [T9] 22, [24],
25], and the existence of multiple solutions in [B [12] 20} 23] 29]. When N = 4, this
problem becomes critical case, one can find related results in [9, 1] and references
therein.

However, if 1o(z) € R, the angular momentum of (t, x) = o (x)e™t, wy > 0,
is trivial, that is, M (v)) = 0, where
M) =Re [ Op(z x Vip)da. (1.3)
]RN
Therefore, a solution (u,v) with vortices should be complex valued.
In this article, we are interested in finding a standing wave solution with non-

trivial angular momentum in the dimension N = 2, that is, a solution with vortices.
Making an ansatz of the form

By (2,t) = u(z)e!Fl@FMD and  By(x,t) = v(z)elkod@)FA20)
where 0(z) € R/27Z, ko # 0, we see that system is equivalent to the system
—Au+ M+ ku| VO = + puv?,  x e RV,
2VH - Vu—uld =0, zeRY,
—Av + Av + k| V0|2 = pov® + Buv, xRN, (1.4)
2VO - Vo —vA0 =0, zeRY,
u,v>0, xeRN.

If we assume u(r) = u(|z|) and choose the angular coordinate in R? as phase
function, see [3, 4], that is,

arctan %, if z1 > 0,

0(x) = T + arctan %, ?f x1 <0, (1.5)
/2, if x; =0 and 25 > 0,
—m/2, if zy =0 and z5 < 0,

we obtain

1
A =0, VO-Vu=0, |VO?=—,
|z [?
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and the system reduces to
—Au+ Mu+ k%# = mud + Buwv?, =z e R
—Av—l—/\gv—i—k‘g# :ugv?’—i—ﬁuzv, x e R?, (1.6)
u,v >0, xeR2%

Noting that x x Vi) = 21029 — 29027 if N = 2, we may verify that

M(u(m)ei(k“0($)+’\1t)) = )qk:o/ u?dz,
]R2

M(v(m)ei(kﬂe(’”)+)‘2t)) = )\zko/ v3dz.
]RZ
We point out that (|1.2]) is a special case of system (|1.6)), that is, ko = 0. In this
article, we consider the case kg > 0. For simplicity, we always assume ky = 1 in
(1.6), and thus we study the following coupled singular Schrédinger system

—Au+)\1u+| ‘ = mud + puw?, z e R?,

—Av 4 Av + —= = v + fudv, x € R?, (1.7)

u,vZO, z € R%

It is well known that solutions of (1.7 are the critical points of the functional
E :H — R, where

1 2
E(u,v) = 2/]R (1Vul? + a2 +‘ : VO + Age? tom |2>dx

‘ (1.8)

- - / (,ulu4 + 2Bu?v? + M2v4)dx,
4 Jpo
where H := Hy, x H), is given in section 2. We call a solution (u,v) nontrivial
if both w # 0 and v # 0; and semi-trivial if (u,v) is a type of solution (u,0) or
(0,v). A solution (u,v) of (L.7) is a least energy solution if (u,v) is nontrivial and
E(u,v) < E(p, ) for any other nontrivial solutions (¢, ) of .

We define

M = {(u,v) e H\ {0,0} :

/ (|Vu\2 + \u? 4 E |2)da: = / (u1u4 + Bu202)daj,

R2 R2

/ (IVo]? + Aov? + 2)da: / (pov* + 5u2y2)daz},
R? |z R?

which is the Nehari manifold for system (1.7, and contains all nontrivial solution
of (1.7). We consider the minimization problem
Z= inf FE(u,v)
(u,v)eEM
02 (1.9)

= inf 1/ <|Vu|2—|—)\1u—|— 22> (lVU|2+/\2v + 2)da:
(uw)em 4 Jp2 | | | |
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Let Q(x) = Q(]z|) be the unique positive ground solution of scalar equation

—AQ+Q+|§|2:Q3, r € R2. (1.10)

The function @ is well studied, see [I5]. Our first result deals with the case A\ = Ag.
In this case, the ground state solution of (1.7 can be constructed from the solution
of the scalar equation (|1.10)), and a more explicit expression of positive ground state
solutions can be obtained as follows.

Theorem 1.1. Assume that A\ = Ay > 0.

(1) If 0 < B < min{puq, po} or B > max{ui, o}, then I is attained at
(Vkwy,, Viwy,), where k,1 > 0 satisfy
:ulk + 51 = ]-7

Bkt pyl =1, (1.11)

and
wy, (z) = VMQ(VAiz). (1.12)
That is, (vkwy,, Viwy,) is a positive least energy solution of (7).
(2) If B € [min{p1, po}, max{u1, u2}] and py # pa, then (L1.7) does not have a

nontrivial nonnegative solution.

Taking advantage of Ay = Ay, we can prove the uniqueness of positive ground
state solution of (|1.7). Precisely, we have the following result.

Theorem 1.2. Assume that A\y = Ay > 0, and let 0 < f < min{uy, p2} or g >
max{ 1, uo}. Let (u,v) be any positive least energy solution of , then (u,v) =

(Vkwy, , Viwy,), where (k1) satisfies (T.11) and wy, is given in (1.12).

Next, we consider the general case A\s > A1 > 0 and § € R which covers all
negative value, that is, the repulsive case. For the existence, we have that following
result.

Theorem 1.3. Assume that Ao > A1 > 0. Let xo be the smaller root of the equation

A 1/2 (2- A—l/z)xz — (11 + )T + 1119 = 0, (1.13)
where
A
v = ,U,1>\1/2, Vg = /Lz)\_l/Q, A= )\7? (1.14)

If —0o0 < B < X0, then (L.7) possesses a positive ground state solution.

In Theorem [I.3] the existence of positive radial ground state solution is shown
for B < xo. Indeed we can prove the existence of radial ground state solution for
B € (—o0, x1) where x1 > X0, see Proposition for the definition of xi. In next
section, we also show that xo < x1 < min{vy,va}.

Our last result concerns with the limiting behavior of positive ground state so-
lutions of as B — —oo. Denote {w > 0} := {x € R? : w(z) > 0}. Then we
have the following result.

Theorem 1.4. Assume that Ay > Ay > 0. Let B, < 0, n € N satisfy 5, — —o0
as n — oo, and let (un,v,) be the positive least energy solutions of (1.7) with
B = Bn, finding by Theorem[1.3 Then, after passing to a subsequence, we have that
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Up —> Uoo and Uy, — Voo Strongly in H, the functions u., and v, are continuous,
Uso = 0, Voo > 0, UseVUso = 0, Uuse solves the problem
u?
—Au+ \u+ W =mu® in {uss > 0},
T
and vs solves the problem

2
—Av+ Aov + ﬁ = 1pv® in {vee > 0}.
x

Furthermore, both {us > 0} and {vee > 0} are connected domains and {us, >

0} = R2\ {vs > 0}

As shown in Theorem[I.4] the components of the limiting profile tend to separate
in different regions of R?, and thus the phenomena of phase separation happens.

The paper is organized as follows. After presenting preliminary results in Section
2, we prove the existence and non-existence results in Section 3. Section 4 is devoted
to prove the uniqueness result. Finally, we prove the phenomena of phase separation
in Section 5.

2. PRELIMINARY RESULTS

In this section, we show some preliminary results for future reference. Let

H:={ueH}R?: /

- mzdm < oo}

where H}(R?) = {u € H'(R?) : u(z) = u(|z|)}. We denote by H) the Hilbert
spaces H endowed with the norm defined by

u2
ul% = /]R2 (\VU|2 + Au® + W)dm for all u € Hj,

which is induced by the inner product

(u, vy == / (Vqu+ Auv + W)dx for all u,v € Hy.
R2

Apparently, H) — H}!(R?), and by well known compact embedding of H}(R?), one
has H) —< L*(R?) is compact. The following proposition shows that minimizers
of Z defined by (|1.9)) are solutions of (|1.7]).

Proposition 2.1. If 7 is attained by a couple (u,v) € M, then (u,v) is a solution
of (1.7)) provided —co < < \/uipiz2-

Proof. We need to show that any minimizer (u, v) of Z satisfies dE(u,v) = E'(u,v) =
0.

We write M = M; N My, where M, is the set of pairs (u,v) € H such that
uZz0,vZ0, fi(u,v) =0, for i = 1,2, where

fl(uﬂ)) ::/ (|Vu\2 +>\1’LL + — | |2 / 1u4 +ﬁu2f02)d.’f,
R2 R2

folu,v) = /W (IV0]? + Agv? +— /}R2 pov* + Buv?)dz.



6 J. DENG, A. XIA, J. YANG EJDE-2020/108

For each (p,9) € H,
(B (u,v), (0, )
uyp

= /R’z (Vchp—!—)qugO—F W)dz+/ﬂ§2 (VvV?/H—)mﬂJH— v )dz

[f?
= [ e+ Bt +v) + )
1
<f{ (’u’a U)a 5(907 ¢)>
= / (Vchp + Aup + Lﬂ)dm - / (2puPe + Buv(uy + vyp))dz,
R2 |x| R2
1
<fé(ua U)a 5(()07 d))>
— / (VUVi/) + Avt) + U—l/;)dx — / (2#21}31/) + Buv(uy) + vg@))dx.
R2 |(E| R2

We can verify that f!(u,v) # 0 for (u,v) € M, since u # 0 and v # 0 in M.
Let (u,v) € M be a minimizer for F restricted on M, there are two Lagrange
multipliers L1, Lo € R such that

E/(ua ’U) + Llf{(UH U) + L2fé(ua 1)) =0.
Taking into account f;(u,v) = 0, from
<E/('U,, U) + Llf{(uv U) + L2f2/(u7 ”U), (ua O)> = 07 (21)
we deduce that
Ly / u1u4dx + Lo fuvidr = 0. (2.2)
R2 R2
Similarly, from

<E/(u7 U) + Llf{ (’U,,’U) + L2f2/(u?v)7 (’U,, 0)> =0,

we obtain
Ly Buvidr + L2/ povtdr = 0. (2.3)
R2 R2
Using that fi(u,v) = fa(u,v) =0, if 8 <0,
B Jgz prutde [, futvida
A - det (f]Rz ﬂuQOdq; fRz M2U4d{1} (2.4)

is diagonally dominant, see [I8, Lemma 2.1]. By the Holder inequality, A is pos-
itively definite if 52 < pype. Hence, the only solution of system (2.2)-(2.3) is
Ly = Ly = 0, which implies E'(u,v) = 0 by (2.1)). O

The existence and properties of semi-trivial solutions of (|1.7) are well-studied.
Let us recall some facts. Consider the minimization problems
[l

Sy = —
Ml T e H\ {0} (S ,uu4dx)1/2

(2.5)

and

(1 1 .
T =gt Gl - [ taa}.

where No ={u € H:u#0, [[ul} = [z pu'da}.
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Proposition 2.2. The function
wy, = p AN Q (\f/\x)

is a minimizer for T ,, and it is the unique positive solution of the equation

—Aw 4+ Aw + — = pw® in R

w
j?

In addition,

1
T)\’p‘ = ZS; S)\,M = M_1/2>\1/2SI,1‘

o

The assertion of the above proposition follows by scaling arguments for @) since
Q(x) is the unique positive ground state solution of equation .
In the following, we set wy(z) = wy 1(x) = ﬁQ(ﬁxL Ty =Ty and Sy = Sx1.
We introduce a function h : R™ — R defined by
A = 2 EIAME
Jp2 Q*(z)dz

Proposition 2.3. For every A > 1, we have

1< h(\) < AV2 (2.7)

(2.6)

Proof. Since Q(x) is radial and strictly decreasing in |x|, we have
Q(z) > Q(VAzx) for A>1and z € R?.
Using this fact and a scaling argument, readily follows. O
Next, we find a bound for Z.

Lemma 2.4. Let h(\) be defined in (2.6) with A = \/Aa/A\1 for Ao > Ay > 0. If
k,l > 0 satisfy the linear system

2.8
Bh(A)k + o\l = A. (28)
Then
(a) (VEkwy,, Viwy,) € M;
(b) there exists a po > 0 such that
1
0<pp<I< Z()\lk—&-)\gl) S3. (2.9)

Proof. To prove that (Vkwy,, Viwy,) € M, it is suffices to show that (u,v) =
(VEkwy,, Viwy,) satisfies

[ul3, :/ (v + pu*v®) dz and |[|v|3, :/ (p2v* + Buv?) dz.  (2.10)
R? R?

Apparently,

2
Vw2, = ml(/ QPR+ QP+ L) = kn [ Qe
R2 R2

|z[?

Substitution x by \/LA?’ one can see that

i [ V) 'de 5 [ (Vi (i, s
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Y /R QN e+ BRX A, / (Q(V/M2)2(Q(V/ o)) d

R2

— kA /R Q*(z)da + BkiXs /]R Q*(2) (Q(\/fz))zdx

=k Gk 5hON) [ @),

So the first equality in (2.10) holds if 1k + Sh(A)l = 1. Similarly, we can prove
that the second equality in (2.10) also satisfied if Sh(A)k + pal = A.

Since (Vkwy,, Viwy,) € M, by Proposition
T < EWVkwy,, Viwy,)

k l
= Elwn, I, + S 3,
= kT, + T}, (2_11)
koo 1o
= ZSAI —+ ZS)\Q
1
= 7 (B +1%) ST
On the other hand, if (u,v) € M, we have
lullX, +11vl%, = pallulzs + p2llolzs + 28]uoll7..
By Sobolev inequality H < H}(R?) < L*(R?) and Hélder inequality, we have
lull3, + 1013, < colllully, + I0l%, + 2l 1v]3,),
where ¢o = ¢o(p1, 2, 5) is a positive constant. Therefore, for (u,v) € M,
1
4607
which implies Z > po > 0 for some pg. Item (b) follows from (2.11f) and (2.12)). O
Now, we solve (12.8]). It follows from (2.8)) that

1
E(u,v) = Z(lull}, +IIVlI3,) = (2.12)

(apish — BH2O) = A — AR(V)B. (2.13)
Hence, is solvable for k > 0 and [ > 0 if either
papie) — B2h3(A) >0 and  Bh(\) < min{ug, A}, (2.14)
or
prpe) — B2h2(N\) <0 and  Bh(N\) > max{ug, ui\}. (2.15)
By Proposition we know that is satisfied if
— iz < B < A"Y2min{pug, pA} = min{vy, v}, (2.16)
where v; and vy are defined in . Similarly, is satisfied if
B > max{pz, A} = A\L/2 max{vy, va}. (2.17)
Hence,

Ay — Bh(N)) and 1 — piA — Bh(X)
pipie A — B2h2(X) pipe A — B2h2(X)
if either or holds. Define
a(\) = g(\)(2—g(\) where g(\) = A"2p(N). (2.19)

(2.18)
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By Proposition 2.3
A2 <gN) <1 and ATYV22 ATV <a(M) <1 for A>1. (2.20)
We consider now the minimization problem Z.

Proposition 2.5. Suppose that A = Xa/X\; > 1. Let x1 be the smaller root of the
quadratic equation
a(N)a? — (v1 + )z +vivp = 0.

Assume that

—oo< B < x1- (2.21)
Let {(un,vn)} C M be a sequence such that E(un,v,) = L asn — co. Then there
exists a constant ¢y > 0 such that ||uy||pe > ¢o and ||vy||pe > ¢o for all n € N.
Remark 2.6. Recall the constant y( defined in Theorem and , we see
from that xo < x1 < min{vy, v2} .

Proof of Proposition[2.5 Let {(uy, vn,)} C M be a minimizing sequence for Z, that
is,

1 1
Bl ) = 1 (lunll, +oul3) = § [ st + 28002 + pavide 7.

as n — oo. It follows that {(uy,,v,)} is bounded in H. We recall that u,, # 0 and
vp, Z 0, then we define that

1/2 1/2
Zigp = (/ ufl dz) , Zon = (/ vﬁ da:) .
R2 R2

By the Sobolev and Hélder inequalities, the definition of Sy and Proposition [2.2]
we have

)\}/25121,71 < Hun”il = / paus + 5uividw < ,Ulzin + B 21 n2om, (2.22)
RZ

A2 81220 < oall3, = / povt + Budvide < poz3, + Bt zipzen,  (2:23)
]R2

where 87 = max{8,0}.
If 8 <0, the conclusion follows from (2.22))-(2.23)). Therefore, we assume that
8> 0. By [£22)-23), we have

51 (/\1/22'1,71 + )\é/zzgm) < / Ut 4+ 2Buv? + ppvidr = 4T + 0, (1), (2.24)
R2

where 0,(1) = 0 as n — oo.

Let z; , = )\1_1/2517122-’” for i = 1,2. By (2.9), (2.22) and (2.23]), we obtain the

following inequalities
Zin + M2, < k4 A+ 0,(1),
1Z1n + Bzan 2> 1, (2.25)
BLn + pi2Fan > A2,
where \ = \/)\2/7/\1, k,l are given in Lemma

To prove that the two sequences {1}, {Z2,n} stay uniformly away zero, we
need to show that each two of the following lines

L= {(z1, 22) €R?: 21 + A%z = k + N},
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12 - {(Zl’ Z2) € R2 : ,UlZl +52’2 = 1}7
ls = {(217 29) € R?: Bzy + poze = )\1/2}

meet, and their crossing points have strictly positive coordinates. This can be
achieved if the following set of conditions are met:

BAYE < pa, B < mAV?, (
(k4 M) > 1, (
pa(k -+ M) > A, (2.28
Bk + M) < A2, (
By Remark B < x1 < min{vy, v»}, then holds. Next, we deduce from

[2-14) and (Z18) that

(A1 = BR(N))*
k+A)—1=
(ks +20) pipa\ — B2R2(N)

this implies (2.27) holds. Similarly, (2.28]) holds. Finally, (2.29) is equivalent to

1/2 2
{Qho\))\ /)\ —h (A)]ﬂz B ()\71/2,“2 +/\1/2u1)5+#1ﬂ2 >0,

>0, (2.30)

that is,

G(A)BQ — (1/1 + 1/2),6 + e > 0.
Therefore, by the definition of y1, one sees that — are satisfied if 0 <
B < x1- This completes the proof. O

3. PROOF OF THEOREMS [L.1] AND [[.3]

In this section we assume A\ = Ay > 0.

Proof of Theorem[I 1. If A = \y/\; =1, then becomes
Zin + Zam < k+140,(1),
P1Z1n + BZ2n > 1, (3.1)
BZ1n + p2Zan > 1.

If either 0 < 8 < min{u1, 2}, or > max{ui, us} holds, equation (1.11)) has a
solution (k,[) satisfying k > 0 and ! > 0. We set w1, = Z1,, —k and wa,, = 22, — 1.

By and , we deduce that
Wi n + Wan < 0p(1),
H1w1,, + Pwa, > 0, (3.2)
Bw1,n + pHowsz n > 0.

Therefore, w; , — 0 and wy,, = 0 as n — +o0, that is, Z; , = k and 23, — [ as
n — —+o0o0.
Noting Z; , = )\;1/25171%” for i = 1,2 and passing to the limit in (2.24]) with
A1 = A9, we obtain
1
> Z/\1(k +1)5%.

On the other hand, by Lemma [2.4] we have

I < E(Vkwy,, Viwy,) = i)\l (k+1)S2. (3.3)
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This implies
1
I =EWkuwy,, Viwy,) = kD S2 (3.4)

which proves part (1) in Theorem For part (2), multiplying the u-equation in
(1.7) by v, and the v-equation by u, subtracting and integrating over R?, we obtain

/R unl(yn — B + (8~ p2)old = 0.

Thus, (1.7)) does not have nontrivial nonnegative solutions if

B € [min{pu, po}, max{py, p2}] and g # po.
That is, (2) in Theorem holds. This completes the proof. O

Proof of Theorem[1.3 Let {(un,v,)} C M be a minimizing sequence for Z. Since
{(tn,vy)} is bounded in H, we may assume that

(tns 0m) = (w,0) i H,
(tn,vn) = (u,v) in  L*R?) x L*(R?),
with (u,v) € H. The weak continuity of norms yields
lull3, + 0l%, < liminf (3, + loal,) = 4Z. (3.5)
By Proposition and Remark both {||un||zs} and {||lvn||re} are bounded

away from zero, so the limit (u,v) is nontrivial. Moreover,

/ put + 26uv? + povidr = lim ulufb + 2Buivfl + /.Lg’U;td.’L’ (3.6)
R2 R2

n—-+oo

=4 lim FE(uy, v,) =4Z. (3.7

n—-+oo

Since (u, v) is nontrivial and the matrix A in (2.4) is positively definite, there exists
a unique couple (i1, t2) satisfying

(/R2 putde )t + (/Rz it s = Jul,

( 5 Buvdz )t + (/R pvtdz )t = |o]3,.

We claim that ¢; > 0 and t2 > 0. If 8 < 0, the claim is obvious. Now we deal
with the case 8 > 0. Let us prove that ¢t; > 0. The case t; > 0 can be proved in
the same way. We deduce from (3.8]) that

{(/}R2 u1u4dx> (/R2 u2v4d:z:> — ( - ﬂu2v2dz)2}t1
=, ([ pvtae) - o3, ([ puleta).

Since the matrix A in (2.4) is diagonally dominate, in order to prove t; > 0, it is
sufficient to show that

i, [ peote) > ol ([ uietas). (3.10)

By the Holder inequality and the definition of Sy, in (2.5]), we have
1/2 1/2
Buv?dr < B(/ u4dm> (/ v4dx) (3.11)
R2 R2 R2

(3.8)

(3.9)
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and )
\ ||U||>\1
o (Jee u4dac)1/2
Therefore, (3.10]) follows once we prove
1/2
uz(/ v4dx) > S£||u||§2. (3.12)
R2 A

Now we show Since (un,vn) — (uw,v) in H and (up,v,) — (u,v) in
L4(R?) x L4(R2) we have
2 S 2 4 2.2
Jul, < timinf un |, = int [ e+ oo o
(3.13)
z/ put + putv?de.
R2
Similarly,
v]l3, g/ pov? + Buvida. (3.14)
R2
We deduce from (3.11)) that

1/2 1/2
o, < [ mvtdesp( [ wtar) ([ van)
R2 R2 R2

Hence, we see that (3.12]) holds if

1/2 1/2
b ((/ v4da:> + ﬁ(/ u4da:) ) (3.16)
Sx R2 K2 N\ JRr2
By Proposition Sy, = /\}/231, equation ([3.16]) can be written as

lim B(%zl ntZan) <1 (3.17)

n—-+oo
We claim that is valid. Indeed, by the first inequality in and (| -7
as well as we see that
ﬁ 8 /2, 8
< < —F
ng{l[-looﬁ( 21n+22 n) _ngr—lr-loo A1/2 (Zln+)\ ) A1/2 (k+)\l)

Similarly, by (3.13)) and the second mequality in (2.26) we can prove that to > 0.
Since t; > 0 and to > 0, we know from that (vIiu, /f2v) € M. So

< E(\Fu Vi) = (151||16||A1 +2]0]%,) - (3.18)
Equations (3.5) and (3.18) yield
||U||A1 +olR, < tallulX, + tallvll3, (3.19)

Substituting into , we obtain
t1<\|u||?\1 — /W(ulu4 +6u2v2)daz) +t2(|\v||§2 — /]Rz(ugv4 +,8u2v2)dx> >0
By — and t1,t9 > 0, we have
Julf, = [ Gt + Bu?)de =

o1, = [ (st + Bute?)ae =0,
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which means (u,v) € M. Thus, by (3.5)-(3.7), we know (u,v) is a minimizer of Z.
Furthermore, by Remark

B < xo < min{vy, 10} < \/uipe,
Proposition [2.1| then implies that (u,v) is a nontrivial solution of (1.7]). O

4. PROOF OF THEOREM [[.2]

In this section, we prove the uniqueness of solution for problem (|1.7)) inspired by
[91.

Proof of Theorem[I.4. There are two cases to be considered, the first one is 1 > 0,
2 > 0 and 0 < B < min{uq, po}, another one is py > 0, ug > 0 and 8 >
max{ji, p2}.

In the first case: p1 >0, p2 > 0 and 0 < 8 < min{u;, po}, suppose (ug, vg) is a
positive least energy solution of (1.7). By Theorem (Vkwy,, Viwy,) is a least
energy solution, we claim that

/ uy dr = k:2/ wy, de, (4.1)
R2 R2

/ vy dr = l2/ wy, dz, (4.2)
R2 R2

Bugvs dx = kl/ wﬁl dz. (4.3)
R2 R2

To prove the claim, we perturb the parameter p. In fact, there exists a § > 0, such
that 0 < 8 < min{u, pa} for any p € (u1 — 9, 1 + 6). We can show as the proof
of Theorem [I.1] that Z is attained if we replace y; by u. Since E, M and Z are all
depend on x, we denote them by E,,, M,, and Z(x). Hence, we infer from
and that
B p2 — 28 2
Z(p) A(jup1n — 52))\1517

and so Z'(uy) := %I(lmu:m exists. Define
2

ft, s, p) = tu/ updx + s/ Buividr — / (|Vu0\2 + Aud + &)dx,
R? R2 R2 |z|?

2
g(t,s, 1) = s/ ,ugvé‘dx+t/ Budvide 7/ (\Vv0|2 + v + U—%)dx.
R2 R2 R? ||
Then f(la ]-7/1'1) = g(la ]-7/1'1) =0 and
of of
E(la 17;“'1) =M /RQ uédm, g(l’laﬂl) = B/R? ugvgdma

dg dg
) =8 [ e, L0 = [ .

Set
B = (%2(1717“1) 6‘]8”(1’1”“1)) .
E(l’lvﬂl) Fg(lalaﬂl)
Then det(B) > 0. By the implicit function theorem, we know functions ¢(x) and
s(u) are well defined and belongs to the class C! on (u; — 61, u1 + 61) for some

Q)



14 J. DENG, A. XIA, J. YANG EJDE-2020/108

01 < §. Moreover, t(u1) = s(u1) = 1, so we can assume that t(u) > 0 and s(pu) > 0
for all p € (1 — 61, p1 + 1) by choosing a small §; > 0. We also know

@), s(p), 1) = g(t(p), s(p), ) = 0. (4.4)
It can be verified that

1 1
1) = ——/ uédw/ povgdr, 8 (u1) = édx Bugvgda.
B RZ RQ B

R2
By Taylor expansion, we see that

t(p) =14+t (1) (p — p1) + O((u — p1)?),
s(u) = 14" (1) (1 — 1) + O((p — p1)?).

. (Vt(1)uo, v/s(p)ve) € M,,. We find that
< B, (Vilwuo. \/s(mvo)
2

_tw 2 2 (N)/ 2 2, Yo
= T/]R2 (|Vu0| + Mg + z |2)d T+ - |, (|va\ + Aovg + |x‘2>dx

— I(Hl) + i@ . (H — ,Ul) =+ O((:u‘ - /Ll)Q)v

where

0= t'(m)/ (|Vu0|2—|—)\1u(2) 2)dw
R2 ]
5/%)/ (|w0|2+,\2v§ " |2)d:r
=—= ugdx/ pavgda / (prug + Budvd)dax

R2

1

+ = [ wujdz 6u0v(2)dx/ (p2vy + Budvd)dx
B R2 R2 R2

= —/ ugdz.
R2
It follows that
I(p)—1 )
() = L) 24t O(p—p1), asp / p.

)
—+O0(p—m), asp\p,

p—p 4
that is, B'(y1) < 2. Therefore,
S} 1
() = T° 1 /]R2 updz. (4.5)

On the other hand, by Theorem (VEwy,, Viwy,) is also a positive least
energy solution of (1.7)). Hence,

k2
() = -7 w} dz. (4.6)

]RQ
Consequently, (4.1)) is true.



EJDE-2020/108 SCHRODINGER SYSTEM WITH SINGULAR POTENTIAL 15

Similarly, using Z'(us2) and Z'(8) respectively, we can prove that

/ védx:lg/ wildm / Bu%vgdx:kl/ wildx.
R2 R2 R2 R2
l k
Buvidr = 7/ updr = 7/ vide.
R2 k R2 l R2

Let (@,0) = (ﬁuo, \%UO)' Since (ug, v9) € M, by (L.11), we can verify that
112
/ |Va| 4+ M\ @ + de = / atde,
R2

/ |Vo| + Aod? +| E dxf/ vtda.
RQ

Noting @, v € Ny, by Proposition 2.2} we have

Therefore,

/ V| + M\ a? —|—| |dgc>)\S17 / |Vo| + Aod? —|—| ‘dx>)\151
Therefore,
1 2
= f/\1(k‘—|—l)51
1

:4/ (|Vuo|+)\1u0—|-| |2+|Vvo|+/\2v0 z |2)dx

k l
> Z)q(kJrl)Sl.

This implies

~2
~ ~ u
V| + A a® + de = M52 =5,
R2

~2
- . v
|VU| + )\2'[)2 + de
RQ

By (4.7)), we know @ and ¥ are positive ground state solutions of

=MS2=285,,.

—Aw—&—)\lw—ki =w?® in R%
||

The uniqueness of positive ground solution of (1.10]) implies

i(x) = 5(2) = VMQ(VAiz) = wy, («)
namely,
(uo, vo) = (Vkii, VIt) = (Vkwx, Viwy,).

Finally, the case u1 > 0, o > 0 and S > max{u1, uz} can be treated in the same
way since det(B) < 0, the implicit function theorem can also be used. [
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5. PROOF OF THEOREM [L.4]

This section is devoted to prove Theorem [1.4l To highlight the dependence on
B, we write Eg, Mg instead of E, M. Let

Is:= inf  Eg(u,v).
0= L 5(u,v)

The energy functional ® of the problem

1 1
— Aw + ()\1 + —)w+ + ()\2 + —)w_ = (wh)? + pp(w™)® in R (5.1)

PR FE
where wt := max{w, 0} and w~ := min{w, 0}, is given by
1 2 1 +12 I Y
B(w) = §/R2 [|Vw| + ()\1 +W)(w )2 4+ (/\2+ |x|2)(w ) }dm

~ 3 L @) + o) .

and we define the corresponding Nehari manifold A/ by
N:={weH:w#0, d(w)w=0}
= {w €eH :w#0,

/RQ [\le2 + (A1 + ﬁ)(ww + (A2 + W)(w’)r"}dx

- / [+ (o) ).

Sign-changing solutions of (5.1)) belong to the set

E={weH:wmeN,w €N}
Observe that, if u,v € H\{0}, u > 0, v > 0, there exist unique numbers s, ¢ € (0, 00)
such that su € AN and —tv € N, that is,

- Jgz [Vul> + Au? + %dm o Jaz [VU[2 + Ag0® + %dm

fRz /L1U4d17 fRQ }LQ’U4dl‘

(5.2)

If, moreover, supp(u) Nsupp(v) = 0, then su — tv € £. Hence, & # . We define
Too = inf ®(w).
we€
Then Z, is finite.

Proposition 5.1. For 8, — —oo, let (uy,v,) € Mg, satisfy u, >0, v, > 0 and
Eg, (un,v,) = Ig,. Then, after passing to a subsequence, we have u, — Uss and
Up — Uso strongly in H, and (us, Vo) satisfies

() Uso, Voo EN, Uoo =0, Voo > 0, UsoVoo = 0. Then, too — Voo € E.

(b) limy 400 Zs, = P(Uoo — Voo) = Zoo-

(€) Uso — Voo SOlves problem (5.1)).
Proof. If w € £, we have wrw™ = 0, and then (w™, w™) € Mg,

®(w) = Eg(w",w")
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for every 8 < 0. Therefore, Zg < I, for every 8 < 0. This implies, in particular,
that .

Z(Hunﬂil + vnllz,) = Es, (un,vn) < I, for allm € N.
So, after passing to a subsequence, there exist uso, Voo € H such that

(Un, Vn) = (Uoo, Vo) weakly in H,
(tn,vn) = (Uso, Vo) strongly in L*(R?) x L*(R?),
(tn, V) = (Yoo, Voo) ae. in R? x R2.

Hence, us > 0 and v > 0. Since (uy,v,) € Mg, , we see that

0< —2,6’n/ u2vidr < ,ul/ up dx —|—,u2/ vidr < Cp.
R? R2 R2

Using Fatou’s lemma, we obtain

C 1
/ u v dr <liminf | w?v2dr < =2 lim =0.
R2

n—-+oo R2 2 n—-+oo (—ﬁn)
Hence, tso¥s = 0 a.e. in R2.

On the other hand, by Proposition 2.5 we know . # 0 and vs # 0. Then,

we may show as . ) that there exists s,t € (0,00) such that suse,tve € N and
SlUso — tUs € €. By the fact that

E(u,v) = max{E(su,tv) : s > 0, t > 0}
if (u,v) € M, seeing (d) of Proposition 2.1 in [I1], we deduce that

T < %/Rz {|Vsuoo|2 + |Vtve|* + ()\1 + z |2)(8uoo) ()\2 + z P)(tvoo)ﬂdx

a i /RQ (11 (st100)* + p2(tvse) ‘]da

<l 2 2 1 2
21@&5/&{2 [1V50a]? + [Vt +</\1+| |2)(8un) </\2+| |2)(mn) [z
Lo 4 4
- dm Rz[m(sun) + p2(tvn)”ldz
1 . 9 9 1 1 9
51121J1££/Rz [1V50a]? + [Vt +</\1+| |2)(sun) </\2+| |2)(mn) [z
1
_Engrfoo [,ul(sun)4—|—,u2(tvn)4]dx—|— hm ( Bn)/ (sup)?(tvy)?da
< <
lnlg}rr;ong (sun,tvn) hQE;fEB (Un, vp)
— liminfZs, < limsupZs, < Zoo,
iy i, < limoupZs,
It follows that
. w22
and that
1 1
. 2 2 2
ngrfoo - [|Vsun| + | Vi, | + ()\1+| P)(sun) ()\2+| P)(tvn) ]da:

/R[wsuooﬁﬂvmm\ +</\1+|1|2)(5u00) (A2+|1‘2)(tvm)2}dm
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Since (Styp, tv,) = (SUoo, ts ) Weakly in H, we conclude that (un,v,) = (Uoo, Voo)
strongly in H. As a result,

Zoo = lim Eg (un,vy,)

n—+00
_ %/R (190 ? + [Vosc 2 + (A + #) () + (X2 + ﬁ)w“ﬂdx

N i ,/]R2 (11 (“00)4 + ﬂ2(U00)4}d$

= P(Uoo — Voo)-

The fact (uy,,v,) € Mg, yields us, voo € N. This completes the proof of (a) and
(b).

We have shown that us, — vso is a minimizer for ® on £. By the Sobolev
compact embedding, we know ® satisfies the Palais-Smale condition on N. The
same argument of the proof of Lemma 2.6 in [§] leads to the conclusion that tee — Vo
is a critical point of ®. This proves (c). O

Proof of Theorem[I.4. Let 8, — —oo. Correspondingly, we have (uy,v,) € Mg,
satisfying w,, > 0 and v, > 0 and Eg, (un,v,) = Zg,. By Proposition after
passing to a subsequence, we have that (t,,v,) — (Ueo, Voo ) strongly in H, us, > 0,
Voo = 0, and us, — Vs 1S a nontrivial solution to the problem .

Observing that

—Au, < mud,  —Av, < pgvd  in R

by a Brézis-Kato argument we can verify that the uniform boundedness of (u,, v,,)
in HY(R?) x H*(R?) implies the uniform boundedness of (u,,v,) in L®(R?) x
L (R?), see [7]. By the interior W??2-regularity, see Theorem 1 in p.329 of [14],
we obtain that (u,,v,) € W2 (R?) x W22(R?). Tt follows from the LP-regularity
, see Theorem B.2 in [27], and the fact that (u,,v,) is bounded in € L*°(R?) x
L>=(R?) that (u,,v,) € W2P(R?) x W2P(R?) for all p > 2. Thanks to the Sobolev
embedding theorem, we have (uy,,v,) € C1(R?) x C}(R?). It follows from Arsela-
Ascoli theorem that (u,,v,) — (Uso,Voo) strongly in Cloc(R?) x Cloc(R?) as n —
+00 With (Use, Vao) € C(R?) x C(R?). Now, for z,y € R?, we can see from the fact

that Ve, is bounded in L>(R?) that

oo () — Uoo (Y)| < |tioo () — wn ()| + |un () — un(y)| + |un(y) — uso(y)]
< |Vl Lo 2y |2 — y| + on(1)
< Mz —y| + on(1).

Lettin n — 400, we obtain that u., is locally Lipschitz in R2. Similarly, ve, is
locally Lipschitz in R2. Therefore, uss — ¥so is locally Lipschitz in R2.

AS Uso = (Uoo —Voo) T and Voo = (Uso — Vo), these functions are continuous and
the sets {us > 0} and {vs > 0} are both open. Since us, — Voo iS a minimizer of
® in N, these sets are connected. Moreover, we have {us > 0} U {vy > 0} = R?
because, otherwise, us, — vo, wWould vanish in an open set, contradicting with the
unique continuation principle. Obviously, u., solves the problem

2
—Au+ Mu+ |u? = mu® in {us >0},
x
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and vy solves the problem

2
—Av+ v + # = upv® in {vs > 0}.
x

This completes the proof. ([l
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