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EXPONENTIAL DECAY AND BLOW-UP FOR NONLINEAR
HEAT EQUATIONS WITH VISCOELASTIC TERMS AND
ROBIN-DIRICHLET CONDITIONS

LE THI PHUONG NGOC, NGUYEN THANH LONG

ABSTRACT. In this article, we consider a system of nonlinear heat equations
with viscoelastic terms and Robin-Dirichlet conditions. First, we prove exis-
tence and uniqueness of a weak solution. Next, we prove a blow up result of
weak solutions with negative initial energy. Also, we give a sufficient condition
that guarantees the existence and exponential decay of global weak solutions.
The main tools are the Faedo-Galerkin method, a Lyapunov functional, and a
suitable energy functional.

1. INTRODUCTION

In this article, we consider the system of nonlinear heat equations containing
viscoelastic terms

- a_ 7 7t 7 t— | i ) a4 d
T G )8x)+/() it = 8) g (i, 9) ) :9) ) ds (1.1)
= fi(ul, R ,’U,N) + Fi(l‘,t),
where 0 < x < 1,t > 0,1 < ¢ < N, with N € Nand N > 2, associated with
boundary conditions

%(0,7&) — hou1(0,t) = ui(1,t) =0,
uz(0,£) = %(1,@ + hyus(1,8) = 0, (1.2)
u;(0,t) = u;(1,¢) =0, 3<i <N,
and initial conditions
ui(z,0) = u;(x), 1<i<N, (1.3)

where hg > 0, hy > 0 are real numbers and p;, gi, f;, fi, F;, 4; for all i € 1, N are
given functions satisfying conditions specified later.

System arises naturally within frameworks of mathematical models in engi-
neering and physical sciences, which have been studied by many authors and several
results concerning existence, nonexistence, regularity, exponential decay, blow-up
in finite time and asymptotic behavior have been established, see [4, [5], [6] and
references therein.
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Messaoudi [5] considered an initial boundary value problem related to equation
t
up — Au — / g(t — s)Au(z, s)ds = |u|P~?u,
0

and proved a blow-up result for certain solutions with positive initial energy, under
suitable conditions on g and p. In [6], the authors considered a quasilinear parabolic
system of the form

t
A)|ug)P2uy — Au — / g(t — s)Au(z, s)ds = 0,
0

form > 2, p > 2, A(t) a bounded and positive definite matrix, and g a continuously
differentiable decaying function, and proved that, under suitable conditions on g
and p, a general decay of the energy function for the global solution and a blow-up
result for the solution with both positive and negative initial energy.

Long, Y, and Ngoc [4] considered a nonlinear heat equation with a viscoelastic
term

= 1) + [ 000 5) o o st ) = F0) + Flz. ),
where (z,t) € (0,1) x (0,T"), with Robin boundary conditions
uz(0,t) — hou(0,1) = go(t), uz(1,t) +hiu(l,t) = gi(t),
and the initial condition
u(,0) = uo(x),

where hg > 0, hy > 0 are real numbers with hg + hy > 0, and w1, g, po, f, F, go,
g1, ug are given functions, under suitable conditions on w1, g, us2, f, F, go, 91, o,
a exponential decay of the energy function for the global solution and a blow-up
result for the solution have been established.

Motivated by the above mentioned works, we study the blow-up and exponen-
tial decay estimates for problem —. This article is organized as follows. In
Section 2, we present some preliminaries and notations. In Section 3, by applying
the Faedo-Galerkin method and the weak compact method, we establish the ex-
istence of a unique weak solution u of (L.I)-(1.3) on (0,T), for every T' > 0. In
Sections 4 and 5, problem (L.I)-(1.3) is considered with 1 (z,t) = fi;(x), for all
i € 1,N. In the case of F; = 0, for all i € 1, N, when some auxiliary conditions
are satisfied, we prove that the weak solution w blows up in finite time. In the case
of | F;(t)|| small enough, for all i € 1, N, we verify that if the initial energy is also
small enough, then the energy of the solution decays exponentially as ¢ — +oo.
For the proof of the blow up result, we divide it into two steps. First, we show
that the weak solution obtained here is not a global solution in R;. Second, we
prove that this solution blows up at finite time Ty, where [0,T..) is a maximal
interval on which the solution of — exists. For the proof of exponential
decay result, a Lyapunov functional is constructed via defining a suitable energy
functional. The results obtained here is a relative generalization of [4, [7] [§], by
improving and developing these previous works, essentially.
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2. PRELIMINARY RESULTS AND NOTATION

First, we put Q = (0,1), Qr = Q2 x (0,7), T > 0, and denote the usual function
spaces used throughout the paper by the notation

P = LP(Q), Wk,p — Wk’p(Q), HF = Wk’2, Vi e Z+7 1<p<co.

We denote the usual norm in L? by || - || and we denote || - || x for the norm in the
Banach space X. We will use the notation (-, ) for either the scalar product in L?
or the dual pairing of a continuous linear functional and an element of a function
space. We call X’ the dual space of X. We denote LP(0,7;X), 1 < p < oo,
the Banach space of measurable functions u : (0,7) — X measurable such that
||u||LP(O,T;X) < +00, with

(ST () %dt)? < 400, if 1< p < oo,
HUHLP(O,T;X) = .
esssup [u(t)l|x, if p=o0.

On H', we use the norm

lollze =/ loll® + losl|?, Vo e H.

We define
Vi={veH :v(1)=0},
Vo ={ve H':v(0) =0},
Vi=Hy ={ve H' :v(0)=v(1) =0}, i=3,N,
it is clear that Vi,...,Vy are closed subspaces of H'. Moreover, we have the

following standard lemmas concerning the imbeddings of H! into C°(Q) and of V;
into C°(Q), and the equivalence between two norms, v + v, v = ||v||g1, on V;
foralli € 1, N.

Lemma 2.1. The imbedding H' — C°(Q) is compact, and
[vllgo@y <V20ollmr, Vo€ H.

Lemma 2.2. For alli € 1, N, the imbedding V; — C°(Q) is compact. Moreover,
we have

loloo < llollve, Vo€ Vi,
1
—||vl| g1 < vzl < N|vllg2 Yo € V.
\/Ell e < loall < [Jvllm

Let p;, @; € CO(Q x [0,T)) with p;(w,t) > s > 0 and 7;(z,t) > 7, > 0 for
all (z,t) € Q x [0,T] and for all i € 1, N. We consider the families of symmetric
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bilinear forms {a;(t; -, ) }+efo,77, {@;(t; -, ) beejo, )y {@i(t; -5 -) }eejo, ) defined by
a1 (t;u,v) = (p1(t)ug, ve) + hopi (0,t)u(0)v(0),
ay (t;u,v) = () (t)ug, va) + hopy (0,t)u(0)v(0),
(1
(1

(1)
@y (t;u,v) = (fy (t)ta; va) + hofiy (0,2)u(0)0(0),  Vu,v € Vi, t €[0,T];
az(t; u,v) = (p2(t)ue, vo) + hapz(1, t)u(l)o(l),

ay(t;u,v) = (s (), vz) + Ry (1, t)u(l)o(l), (2.1)
o (t; u,v) = (Hg(t)ta; va) + hafig (1, D)u(l)o(1),  Vu,v € Vs, t € [0,T];
ai(t;u,v) = (i () Uz, va),
a;(t;uvv) = <u§(t)uw,v$),

a;(tu,v) = (;(Hug, vg), Yu,v €V, te[0,T], i=3,N.

Then we have the following lemma, whose proof is straightforward so we omit.
Lemma 2.3. Let u;, fi; € CO(Q x [0,T)) with pi(x,t) > pi > 0 and @;(x,t) >
T > 0 for all (x,t) € Q x [0,T], 5 € 1,N; and hg >0, hy > 0. Then, the families
of symmetric bilinear forms {a;(t;-,-)}ejo, 1), {@i(t; - ) }eejo,r) defined by (2.1) are
continuous on V; x V; and coercive in V; for alli € 1, N.

Moreover, there exist ar > 0, ag > 0 such that
las(t1,0)] < arlluallvall, @it w,0)] < arllugllieel,
for all u,v € V;, t €[0,T), i € 1, N; and
ai(t;v,v) > agllvg||?,  @i(t;v,v) > agllve|?, Yo e Vi, t€[0,T],i€1,N.
We also have two important lemmas.
Lemma 2.4. Let f € C°(RYN;R), if we set
B (r) = {Sup|x|2§r |f(@)], ifr>0,
£ (01, ifr=0,
then @y € C°(Ry;Ry) is nondecreasing and
@) < Dpllaly), Vo eRY,
where |x)y = /23 + -+ 2% for allz € RV,
Proof. With r > 0, we denote
Br={z RN :|zly<r}, B,={zxecRN: |zl <rk.
Let g € CO(RY;R,), we set

Sup|,<r 9(x), if r >0,
Pq(r) = B )
g(0), ifr=0.

We claim that ¢, € CO(R4;R,). It is clear that ¢, (r) > 0 for all r € Ry and ¢,
is nondecreasing in R .

(i) We prove that ¢, is continuous from right at 0. For all ¢ > 0, by g €
C°(RY;R ), there exists 6 > 0 such that

lg(x) — g(0)] <&, Vz € Bs. (2.2)
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From (2.2), we have
g(x) < g(0) +e=py(0) +¢, Va € Bs. (2.3)
By the definition of ¢4 and ([2.3), it follows that

Pg(0) < 0g(r) < 9g(0) < pg(0) +¢, Vr€[0,0].
Therefore ¢4 is continuous from right at 0.

(ii) For all 7o > 0. We will prove that ¢, is continuous at r.

(ii-1) We prove that ¢ is continuous from left at 9. At first, we define a function
Py, With B, (1) = sup|y|, <, g(x) for all r > 0. Easily to see that B, (1) < ¢4(r) for
all > 0. We prove that ,(r) > ¢g4(r) for all 7 > 0.

Fixed r > 0, by the definition of ¢4, we can assume that

@g(r) = sup g(z) = max g(z) = g(xo),
]2 < |z|2<r
where 29 € B,. We define the sequence {z,} by z, = (1 — %)xo. We will have
{zn} C B, and 2, — z. By the definition of $, and continuity of g, we obtain

Py(r) 2 lim g(wn) = g(x0) = @4(r)-

It is clear that ©, is nondecreasing in R;. For all € > 0, by the definition of i,
there exists x¢ € By, such that

Py(ro) —e < g(wo) < B,y(r0). (2.4)
Put § =79 — |zol2 > 0, for all r € (ro — §,7¢], we have
Py(ro) —e < g(wo) < @g(lzoly) = Py(|woly) < By(r) < By(ro). (2.5)
From ([2.5)), it follows that
©g(r0) — € < pg(1) < g(ro), Vr € (rg —6,70]. (2.6)

Therefore ¢, is continuous from left at 7.

(ii-2) We prove that ¢, is continuous from right at ro. By g € CO°(RN;R,), we
have g is uniform continuous on By,,. For all € > 0, there exists § € (0, %3*) such
that

l9(2) = 9(W)| <&, Yo,y € Bapy, |z —yla < 0. (2.7)
For all v € [rg,ro + 0), by the definition of ¢4, there exists x, € By, y, ="z, € By,
such that ¢4(r) = g(z,) and

|g(xr) - g(yr)| <eé&. (28)
From , we have
©g(r0) < g(r) = g(zr) < g(yr) +€ < pg(lyrly) +€ < pg(ro) +e, (2.9)

for all » € [rg,ro + ). Therefore ¢4 is continuous from right at r¢. Finally, with
f € C°(RN;R), we have

Qr(r) = @f(r), VreRy.

The fact |f| € CO(RY;R,) leads to ®; € CO(R;;R,). For all z € RY, we have
[f(@)] < @p(lzly) = Rp(|]y).

Obviously, ®; is nondecreasing. The proof is complete. (Il

Lemmais a slight improvement of a result used in [7, Appendix 1, pp. 2734],
with N =1 and f € C°(R;R).
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Lemma 2.5. Let x:[0,T] — Ry be a continuous function satisfying the inequality
t
z(t) < M+/ k(s)w(z(s))ds, Vte[0,T],
0

where M > 0, k : [0,T] — Ry is continuous and w : Ry — (0,+00) is continuous

and nondecreasing. Set
“od
U(u) = / Y u>o0
0 w()

() If f0+oo % = +o0, then

2(t) < \rl(\p(M) +/Otk(s)ds), vt € [0, 7).

(ii) If f0+°o A < 400, then there exists T, € (0,T] such that

w(y)
T, +oo
/ k(s)ds §/ ﬂ,
0 0 w(y)

¢
v(t) < W (w(2) +/ K(s)ds), Vie[0.T.]
0
For a proof of the above lemma, see [I].

3. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION TO ([L.1])-(1.3]

Definition 3.1. A weak solution to (l.1)-(L.3) is a function @ = (uq,...,un)
belonging to the functional space

W(T) = {i € L=(0,T; V) : 22

> € L*(0,T;H)}, (3.1)

satisfying the variational problem

(u(t), vi) + a; (t;u(t), v;) — /O gi(t — 8)a;(s;u;(s),v;)ds

(3.2)
= (fi(t(t)),vi) + (Fi(t),vi), VYv;€Vi, i€l N,
and the initial condition
where
V=Vix-xVy, H=(I*". (3.4)

We make the following assumptions:

(Al) hOahl 2 07

(A2) @; € V; for alli € 1,N;

(A3) pi € CHQ x [0,T]) such that p;(z,t) > pi > 0 for all (z,t) € Q x [0,77,
i€ 1,N;

(A4) @; € CO(Q x [0,T]) such that g (z,t) > 1, > 0 for all (z,t) € Q x 0,77,
i €1, N;

(A5) f; € CORY) for alli € 1, N;

(A6) g; € H*(0,T) for all i € 1, N;

(A7) F, € L?(Qr) fori=1,N.

Theorem 3.2. Let T > 0 and (A1)—(A7) hold.
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(i) If

+oo dy
N 2 ) = +0o0
o l4y+35l 25 (V)

then (1.1)-(1.3) has a global weak solution @ € W (T) satisfying (3.2])-(3.3)).
(i) If

+o0 dy
S < 400
0 1"‘9"’21‘:1(1)12(\/@
then (T.1)-(1.3) has a local weak solution @ € W (T.) satisfying (3.2) )-(3.3)
with a certam T, small enough.
In addition if
(A5*) For all M > 0, there exists Ly > 0 such that

‘fl(m)_fl(y)|SLM|x_y|27 vx)?JERNa ieLNa
then the solution is unique.

Proof. Tt consists of four steps. ‘
Step 1: Faedo-Galerkin approximation (introduced by Lions [3]). Let {ng )}jeN
be a denumerable base of V; for i = 1, N. We find an approximate solution of

(T.1)-(1.3) in the form

u™ () =3 " (w?, vielN, (3.5)
j=1

where the coefficient functions cgmj )

ordinary differential equations

, 1 <j<m,iel N, satisfy the system of

(@™ (1), w”) + as(t;u™ (), w’) - / gi(t = s)ai(s;u™ (s), wi”)ds
0

3.6
= (fi@™ (1), wl”) + (Fi0).wl”), j=Tm icTN, "
and the initial conditions
W™ 0) = al"™, viel N, (3.7)
with
~(Om) Z a(m] "y strongly in V; for i € 1, N. (3.8)

By the above assumptions, we can prove the existence of a solution @(™ =
(u(lm), e u%n)) for the system (3.6)-(3.8) on the interval [0,T,], for some T,, €
(0,T]. The proofs are straightforward, so we omit the details.
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Step 2: A priori estimates. Taking (w',...,w{) = @™ (),..., a7 (t)) in

LW
(3.6), and summing over ¢ from 1 to N, we obtain

N
> ™ |+Zaz u™ (1

)™ (1))
=1
N t
—Z/ gi(t—s)ﬁi(s;ugm)(s),ugm)(t))ds (3.9)
i=1"0
N
= D@ (1), ™ (1) + Z ™ (¢
i=1
First, through a direct calculation, we have
d () (1) 4, ()
—a;(t,u; "(t),u; (¢
L RIORTEI0) 510
= 2a;(t; 0™ (1), 0™ (1)) + af (15 0™ (0), 0™ (1),
t
4 / it — ) (s 0™ (), u™ (1)) ds
dt J,

™ ())ds  (3.11)

Viel,N.
Hence, (3.9) can be rewritten as

2Z||u“" 0l + dtzai u™ (t

= Dlaltsal™ ) .0+ 25 [t syl ()0l ()

), u{™ (1))

- 22 i (0)ai (£ ul™ (), u(™ (1)) (3.12)
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Next, integrating (3.12]), we obtain

St +Z/ ) ™ (5))ds
+22/ gi(t = 5)ai(s: 0™ (), u™ (s))ds
—22% / (s ul™ (), ul™ (5))ds
faz/ds/gls—mz u™ (), ™ (5))dr
+2Z / (77 (s §m><s>>ds+2; / (Fi(s), ™ (s))ds
0)+2Jk,
=

(3.13)

where N ) .
Sut) = 30(2 [ 1N a5+t 0.0 0). (319
=1

By (A1)-(A7), and using Lemmas and we estimate the terms on both
sides of (3.13) as follows. At first, we note that

N N
m m m 2
>3 aitul™ (), ™ () > a0 Y [lul (1) (3.15)
=1 =1

Now we estimate the terms Ji on the right-hand side of (3.13]) as follows. First
term, Jy:

t 2 t 2
J = ho / 4 (0.5) 1009 ds [ (1,9 (1,9 s
0

+Z / i (s)yuls (), ull (s))ds (3.16)

= Jf” + I+ I,

in which

t 2
I =ho [ 090" 0,9 ds
0
L m) 2
< ol lco@eon) / [ ()] ds (3.17)

ho, k
< CTOHMHCO(ﬁx[o,T])/O Sim(s)ds

Using the same techniques, with appropriate modifications, leads to

ha !
I < Plleomugomy | Sm(s)ds. (3.19
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Using the Cauchy—Schwarz inequality gives

Z / (5™ (s), ul™ (5))ds

(m)
s il coo | Zuu Ids

IA

IN

1
—— max ||NH|CO(§X[0,T])/O Sim(s)ds

ag1<i<N

From ([3.16)—(3.19)), we have
¢
J1 S Cl/ Sm(s)ds
0

where

EJDE-2020/106

(3.19)

(3.20)

1
Cr = o= (Rollilleogaxiomy + Ml llonego.ry + e Ml coaxpomy ) (3:21)

1<i<N

Second term, Jo. By the Cauchy-Schwarz inequality, we obtain

N t
Jo = 22/ gi(t — S)Ei(s;ugm)(s),ul(.m) (t))ds
<2Z / 0 — ][ (s5u™ (), 0™ (1) ds

<2Z||u Dllerlol o [ 1427l
N

1 m T”giHLOOOT m
<3 [aolu o) + D ([ s)las )]

1

~

IN

1 1
5500+ Tl ma Lo~ o) [ S

Third term, J3 It is clear that

=—2Zgz / Zu(ssu™ (), ul™ (5))ds
<2aTZ|g ) ||u"” P ds <227 max |g:(0 iyl
v ag 1<i<N'"

Fourth term, J4.

N t s
J4:—2Z/ ds/ gé(s—T)Ei(T;ugm)(T),ul(.m)(s))dT
<zaT§j / ™ (s) 1 ds / lg4(s — Pl () -

— %arVT Zugznmn / ™ (s ds

7

(3.22)

(3.23)
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t
%fmwmmwl&wm

ao 1<i<N

Fifth term, Js. It is known that

2,0 = | 5 a0 < §]| W2 < Y50
™ (z, = u; (x, < u; L
’ =1 ao

By Lemma [2.4] we have

—=(m —(m 1 . R
|ﬁw>uwﬂs®ﬂw>mw@s¢m7% (). VieLN,
SO
—(m) 1 —
I£@ @) < @5 (= v5u®), VieTN;
ao
therefore,

N t
Ty =23 [ s), i () ds
N t
_(m 2 1y, 2
g}j/wmw<wM|+ﬂm (5)1 s

(3.24)
§3Z/ V/Sm(s))ds + = Z/n ™) ()] ds
1 2
< =Sm +3Z/ o2 ( \/ ' (5))ds.
Sixth term, Js. We have
1 N
- zz/ i (5))ds < =Sm(®)+ 31 E a0y (3.25)

i=1
Now we estimate the term S, (0). From the convergence in (3.8), we can deduce
the existence of a constant Cy > 0 such that
N
Sm(0) =D a; (0™, ™) < Co, VmeN. (3.26)
i=1
From (3.13)), (3.20), (3.22))-(3.26), there exist My > 0, Ny > 0 constants indepen-
dent of m such that

Sn(t) < My + Ny /tw(Sm(s))ds, vt € (0,77, (3.27)
0
with N
1
W(S) :1+S+Z¢§¢(\/—afo¢§). (3.28)

By the same convergence of f0+ W and f HerzA‘,iy = apply Lemma,

with 2(t) = S (t), M = Mp, k(s) = Np, w(S) = 1+ S+ N, 82 (-L/3),

Vao
we obtain the estimate of Sy, (t) in two cases as follows.
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Case 1. If
+oo dy
N 2 = +00
o I4y+>i, ®5 (V)
then
Sy (t) < UH(U(M7) + Nrt) 520
< U Y (U(Myp) 4+ NyT) =Cp, Vtel[0,T), meN. '
Case 2. If
+oo dy
N 3 < 400
o l4y+>is %G/
then )
Sy (t) < U™ (U (Mg) + Nt
(t) (U(Mr) + Nrt) 5.30)

< U (¥(Mr) + NrT) = Cr, ¥t € [0, T3], m €N,

where T, € (0,7] chosen such that T, Ny < f0+°° %.
This allows one to take the constant T3, =T or 1}, = T} for all m € N. In what

follows, we will write T}, for both T and T.
Step 3: Limiting process. It follows from (3.14)), (3.15)) and (3.29) (or (3.30)), that

m O . (T . T AT
™ o rav <4/ or s 14 lix@n <VOr, ¥YmeN, vieTN. (331)

Applying the Banach-Alaoglu theorem and Kakuntani theorem, the above uniform
bounds with respect to m imply that one can extract a subsequence (which we
relabel with the index m if necessary) such that

@™ — @ weak* in L=(0,T,;V), (3.32)
ou™  ou o
7 — E Weakly in L (O,T*, H) (333)

By Aubin-Lions compactness theorem and Riesz-Fisher theorem, it is straight-
forward to go on extracting, from weak convergence results (3.32)) and (3.33)), a

subsequence (which we relabel with the index m if necessary) such that
@™ — @ strongly in L? (0, Ty; H), (3.34)
@ (z,t) — @z, t) ae. (z,t) € Qr,. '

It remains to show the convergence of the nonlinear terms. Using the continuity
argument of f; for all i € 1, N and (3.34)), one deduces that

fi(@™ (z, 1) = fi(id(x,t)) ae. (z,t) € Qr, VieI,N. (3.35)
On the other hand,
1£:(@ ™) 2@,y S VT sup  |fi(z)], Vi€ TN,
2l< /ST
From [3, Lemma 1.3] we obtain
fi(@™) — fi(@) weakly in L*(Qr,), Vi € T, N. (3.36)

Combining (3.32), (3.33)), (3.36]) and (3.8)), it is enough to pass to the limit in
and to show that u satisfies and . In addition, from and
(3-33), we have @ € W(T.) and the proof of the existence of a weak solution is
complete.
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Step 4: Uniqueness of the solution. Suppose @*) and @ are two solutions of
(1.1)-(1.3) on the interval [0, Ty] such that

@ e w(T,), i=1,2. (3.37)

Then @ = @M — @3 = (uy,...,un) € W(T.) satisfies

(u}(t),vi) + a;(t;ui(t), vi) —/0 9i(t — s)a; (s;u;(s),v;)ds

= (fi(@M (1) — f;(@P(t)),v;), Y eV, i€ N,
u;(0) =0, Viel,N. (3.39)

(3.38)

Taking v; = 2u;(t) in (3.38]) and integrating with respect to ¢, and summing over ¢
from 1 to N, we obtain

N , ;N
>l +2 / o), ()

N . s
:QZ/ ds/ @i (75 ui (1), wi(s))dr (3.40)

+2Z / (TO(8)) — £,(0)(s)), us(s))ds.

Set o(t) = Z 1 (JJua(t ? + fo |uix(s)||2ds). As in Step 2, we can estimate all
terms on the rlght hand side of (3.40) to obtain

olt) < Dy /0 o(s)ds, Ve [0,T), (3.41)

where D > 0. Applying Gronwall’s lemma, ) leads to o(t) = 0; i.e., ) =
@®. Theorem n is proved. O

Lemma is a powerful and efficient tool for estimate the nonlinear terms.
By Lemma we can relax assumptions for f; € CO(RY) for all i € 1, N, that
is, fi can be bounded by the polynomial of |i]y for all i € 1, N or not. It is an
improvement of the assumptions in [8], here the authors had to suppose that f is
bounded by the polynomial of |u] for the initial boundary problem for a nonlinear
heat equation u; — 2 (u(z, hug) + f(u) = fi(z,t),0 <z < 1,0 < t < T, associated
with Robin boundary conditions.

4. BLOW-UP OF SOLUTIONS

In this section we study the blow up in finite time of the solution of (|L.1])-(1.3])
corresponding to i, (z,t) = I;(z) and Fj(x,t) =0 for alli € 1, N,

Oou; 0 Ou; t 0 Ou;
5 g (0 ) ¢ [at g @G e )
= fi(uy,...,un), (x,t)€Qr, Viel, N,
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with boundary conditions

PL(0,) ~ hour(0,8) = (1,6) =0,
us(0,£) = %(u) + hyua(1,8) = 0, (42)
u;(0,t) = u;(1,6) =0, 3<i<N,
and initial conditions
u;(x,0) = 4;(x), Viel,N. (4.3)

We make the following assumptions:
(A3) pi € CH(Q x Ry) such that u;(z,t) > pu > 0, 38"; (x,t) <0 for all (x,t) €
Q x R+7i€ 1, N, .
(A4’) @; € C°(Q) such that 71,(z) > 7, >0 forallz € Q, i =1, N;
(A5") f; € CORYN) for all i € T, N. Furthermore, there exists 7 € C*(RY) such
that
(i) 82 = fiforalli€ 1,N,
(i) There exists constant dy > 2 such that d; F (@) < Ef\il u; f; (), for all

@ = (u,...,uy) € RV,
(iii) There exist constants d; > 0, p; > 2 for all i € 1, N, such that F(u@) >
dy SN gl for all @ = (ug, ..., uy) € RY;
(A6’) g; € CH(Ry;R) N LY(R,) such that 0 < g;(t) < ¢;(0) and g¢i(t) < 0 for all
t>0,ic1,N.
Example 4.1. For @ = (u1,...,uy) € RV, we define a function that satisfies

(A5).

N
Fi) = Flur,...,un) = Y oqluil? + Blug |7 .. Jun | In" (e+]i]3),
=1

where 5 > 0, k > 1 and a; > 0, p; > 2, ¢; > 2 for all i € 1, N are constants. By
direct calculations, we have

. OF
() = 5 (@)
., 1.k .
= piovi|ug|? u; + Bailur|™ .. Jun|™ u; 'In (€+|U|§)
Uq k—1 ) .
+ 2kB|uq [T ... Jun |V —In e+|ul5), Viel,N.
B| 1‘ | Nl €+|U|% ( ‘ |2)

It is obvious that (A5’) holds, since

N N N
> uifi(i) =y pioafusl™ + B i) ua|™ . Jun|™ " (e|al3)
i=1 i=1 =1

a3

e+|dl3

+ 2kBlur | .. Jun |V

N

> Zpiai|ui
i=1

> dy F (1),

I~ (e+]i)?)

N
P B0 gl fu |7 I (et f3)
=1
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with d; = min{py,...,pn, Zfil g} and

Pi di = min aq;.
1<i<N

N N
F(i) > aglu " > dy
i=1 i=1
Now, on V; x V;, we consider the following symmetric bilinear forms:
1
Ay (u,v) = / Uz (2)vg (x)dx + hou(0)v(0),
0
1
ay(u,v) = / 7 () ug (@) vz (x)dx + hofiy (0)u(0)v(0), Yu,v € Vi;
0
1
As(u,v) = / Uy (z)vg () + hyu(1)v(1),
0
1
as(u,v) = / Tio () ug () vz (x)de + hifiy(Du(l)v(1), Yu,v € Va;
0

Ai(u, U)z/o Ug (V)vg (x)dx,

1
a;(u,v) :/ i () ug () vy (x)de, Yu,v € V;, i=3,N.
0

15

It is easy to show that the forms A;(-,-), @;(+,-) are continuous on V; x V; and
coercive on V; for all ¢ € 1, N. On the other hand, the norm v — |lvy| and the

norms v — ||v|| 4, = \/Ai(v,v) and v — ||v||g, = \/a@i(v,v) are equivalent.
Lemma 4.2. There exist positive constants @i, @*, ps, p* such that:

(i) Ai(v,v) > ||ve|?, for allv € V;, i €1,N,
(Eug a;i(v,v) > @)%, for allveVy,iel N,
(iv) |a;(u,v)| < 7| A;, forallveVy, i=1

)
i)
)

1 a;

(v) a;(t; v,v)zu*HvH%i,for allveV,iel,N,
(vi) las(t;u, v)] < p*llulla, Jvlla;, for allv e Vi, i €1,
(vii) a(t,v,v) <0, for allu,v €V;, t >0,i€1,N.

Lemma 4.3. Fori € 1,N, on V;, the norms v — ||v
[[v

@ = Va;(v,v) are equivalent and

VElla; < vl < vElolla, Yo eV
Now we define the modified energy functional related to (4.1)-(4.3)),

N

B0 = § Sllarwu0)+as(t0)us0) - k) - [ Fite

where

t

gxw)®) = [ att =) — w50 = [ alds

|A;(u,v)| < (14 max{hg, b1 })|uz|||vzll, for all u,v € V;, i =1, N,

4; = VAi(v,v) and v —

v, (4.4)

(4.5)
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for all ¢ € 1, N. By multiplying (4.1) by u}(¢), and integrating over {2, and summing
over i from 1 to N, we obtain

N

B/(1) = S I+ 0t 65 (6, us(0)) ~ 5 0u(0) sl + 5 g ) (9] < 0, (46)
i=1

for any regular solution. The same result can be established for weak solutions and
for almost every ¢, by a denseness argument.

Theorem 4.4. Let assumptions (A1), (A3")—(A6’), (A5*) hold. If

Hox 1
ma ol < 5 (1 =)

1<i<N ? dy — 1)2
then for all (41, ...,an) € V such that E(0) <0, we have:
(i) If p1 = --- = pn, then the weak solution u of (4.1)-(4.3) blows up in finite
time.

(i) If there exist i, j = 1,N, i # j such that p;, # p; and ZZI\LI ||7.~L1||2 >

4PN with p = miny<ij<n p;, then the weak solution u of (&.1))-(@.3)
blows up in finite time.

Proof. Tt consists of two steps.
Stepl. First, we prove that

Problem (4.1))-(4.3)) has no global weak solution. (4.7
Indeed, by contradiction we assume that
TEW(R,) = {7 € L (Ry:V) N OBy H) : OF € L (Rys H)),
is a global weak solution of (4.1)-(4.3). We define
H(t) = —E(t), t>0. (4.8)
Then it follows from (4.6) that #'(¢) > 0 for all ¢ > 0. This implies that
H(t) > H(0) = —E(0) >0, Vt>0. (4.9)
Set
| N
2
Li(t) = 5 D @) (4.10)
i=1
By taking the time derivative of (4.10) and using (4.1)), we obtain
N t
L4(t) =D (Ful@(®)) wi(t)) — asltult), wilt)) + /0 9i(t — s)ai(ui(s), ui(t))ds).
i=1
Hence
N
1) = Y (i), uat)) — alt i), ws(®) + Y du(0) Jua(®)]12,
i=1 1=1

N (4.11)

_ Z/O gt — )\ (ui(s) — i (t), ua(0))ds.

i=1
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By using the Schwarz inequality and Young inequality, for all §; > 0, we obtain

Z/ gilt
Sg ——gi()[ui(B)[I3, +

From and , we obtain
1 N
/ F(t(z,t))dx > %Z[(gi wow) () + ai(tui(t), wi(t) = ga() ui(B)]13,). - (4.13)

‘az uz( ) - uz(t)7ul(t))|ds
(4.12)

(91 * ;) (t)]-

Since p(z) = %—( -G 1)2) is continuous and nondecreasing on (2,d;), it follows
that
_ P (g1 _
0=0(2) < max lgill 1,y < 3 (1 0 1)2) = ¢(d1).
Then there exists a unique constant p € (2, dy) such that
wax [lgill s = ¢ (B)- (4.14)
Set 61 =p and 62 = d—l From (4.11)-(4.14) we deduce that
N N
L1(t) > (1 - d2) Z (fi((t)), ui(t)) + 02 Z<fi(ﬁ(t))vui(t)>
i=1 i=1
N 1 XN 5
. 1
=Y aitui(t), wi(t) + (1 - 55) Y a®llw@)z, - 5 D (g xwi)(t)
i=1 i=1

i=1
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i=1
5 N
1
> (1= 200 S (o)
i=1
5 N
1 i —
>(1- a)dIZ‘luz P QZHUZ
=1
We consider the following cases:
(i) If py = --- = pny = p, then from the inequality (Zi\;1 y) @< Nt Zf\il ye,
forall « > 1, y1,..., yny > 0, we obtain
>9Z||u 0P > N ZH(ZHUZ )l )
(4.15)
NH
> (1) = 0.5 (1),
= (\/ﬁ)p 1 ( ) 14~1 ( )
A direct integration of (4.15)) yields
p_ 2
£t > vt € [0,T,),

(p—2)01 (T — 1)’
with T, = ﬁﬁi’%(o). Therefore, lim, ;.- £1(t) = +0o. This is a contradic-

tion with @ € C([0,T.]; H). Thus, (4.7)) holds.
(ii) If there exist ¢,j € 1, N, i # j such that p; # p;. We put p = mini<;<n pi,
using the inequality aP <zxPi 4+ 1, for all x > 0,7 € 1, N, we obtain

) > 92 Jlus(0) [ =6( Z lus ()" —
NO e

N“*Znu@ IME = N] = 5 (80 = (V2ND).

From £} (t) > 0, for all t > 0, we have £1(t) > £1(0) = %Zi\il || s]|?, for all ¢ > 0.
It follows from >N, [[@]|* > 4FY/PN, that $£82/%(¢) > 1£2/%(0) > (V2N)P, for
all t > 0. Therefore, from (4.16]) we deduce that

(4.16)

/ No p/2 1 P/2(y P
£40) > A (GO0 + 380 - (VIR -
> N0 rEuy =005, v > 0.

2(v/2N)p
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A direct integration of (4.17) gives

p_ 2
£y >

(p—2)05(Tx — 1)’

vt € [0,Ty),

[S/S]

. 2 1—

Therefore lim,_, - £1(t) = +o00. This is a contradiction with @ € C([0,T.]; H).
Thus, (4.7) holds.
Step 2. Next, we put

Too = sup{T > 0: (4.1)-(4.3) has a unique solution @ € W (T)}.
By , we have T, < +00. We now prove that
lim ||, (t)]] = +o0. (4.18)
t—Tx

oo

Indeed, assume that (4.18]) is not true, then there exists a constant M > 0 and a
sequence {t,,} with {t,,} C (0,T), tm — Too such that

@ (t)||* < M, ¥m €N.

Following the argument as above, for each m € N, there exists a unique weak
solution

o
e € {6 € Lty tin + 1, V) N C [ty ti +n); H) 6—7: € L3 (ty,tm +n; H)}
of (4.1)-(4.3) with the initial data
Uy (tm) = U(tm),
with n > 0 independent of m € N. By t,, — T, we can get t,, +n > T, for
m € N sufficiently large. It is clear that the function

U’(t) — {ﬂ(t), Ogtgtm;

@u(t), tm <t <ty +mn,

is a weak solution of (4.1)-(4.3)) on [0, t,,+7], tm~+n > Teo, we obtain a contradiction
to the maximality of Tw,. Thus, (4.18]) holds. Theorem is proved . O

5. EXPONENTIAL DECAY OF SOLUTIONS

In this section, we study the global solution of —, corresponding to
7i;(z,t) = @;(z) as in Section 4. We shall make suitable and necessary assumptions,
for which the solution obtained here decays exponentially, these assumptions are
as follows.

(A5”) fi € CO(RY) for all 4 € 1, N. Furthermore, there exists F € C1(RV;R)
such that
(i) 8 = fiforallie 1N,
(ii) There exists a nondecreasing function G : R; — R, such that

lim G(z) =0, F(@)<G(|d)|dl3, VieRY,
z—0t

(iii) There exists a constant da > 2 such that doF (@) > Zf\il u; f; (@), for
all 7 € RY;
(A6”) g; € CY(Ry, R )N LY(R,) such that
(i) 0 < gi(t) <gi(0), gi(t) <Oforallt>0,i€1,N,
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(i) L=p«— 7 12525\]”91‘”L1(R+) >0,

(iii) There exist constants & > 0 for all 4 € 1, N such that
gi(t) < —&gi(t), Vt>0, i€l N;

(A7T") F; € L?(R,; L?) and there exist constants C; > 0, v; > 0 for all i € 1, N
such that

Example 5.1. We note that the function F given in Example also satisfies
(A5”). Indeed, we have

Bt Blag Y It e+ [a3) < Gy a3, Vi e RY,

N
Fi) <Y aglit
i=1

where G(z) = vazl P2 4 B totan=2pF (e 4 22) 5 0 as z — 04. From
Example we have

N N
Do wifi@) = picilui
i=1 i=1

+ 2kBlua|* .. Jun |

P B ) | un] Y I (e d3)
i=1
a3

2 1P (e |2
S el

N N
<Y pie|ui + 5(2%’ + 2k> Jur |- Jun |7 I (e+[]3)
i=1 i=1
< do F (i),
where dy = max{p1,...,pn,2k + Zf\il gi} > 2. Hence, (A5”) holds.

Now, for § > 0 to be chosen later, we define

N
L(t) = E(t) + g Z lus())I° = E(t) + 6L1(t), (5.1)
where
1 !
Bt) =35 D ((gi % wa) (®) + it ua(t), wi(t) — G (1)l (2)]|2,) — /o F(u(z,t))de.
i=1

With p € (2,ds), we can rewrite the energy functional E(¢) as follows

B() = (5 = ) D (g u() + asltss(t),ua®) = G Olus)3 ]+ 100
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Lemma 5.2. Assume that (Al), (A3), (A4’), (A5”)—(A7”) hold. Then

1 1
E'(t) < 1—* ZII ;i ( —§Z£¢(gi*ui)(t)+EZIIFi(t)Hz, (5.2)
=1 i=1

for alle; > 0.

Proof. Multiplying i'" equation in (T.1]) by u}, and integrating over 2, and summing
over i from 1 to N; we obtain

N 1 N
B = =S o) + 2 Za (t(0)0s) = 5 3 O ()2
=1 =1 (53)
1 N
32 (i) +Z

for any regular solution u. We can extend . ) to weak solutions by using denseness
arguments.
On the other hand, we have

N o N , 1 X
> (Fit), uj(t)) < 52 [[uz ()" + EZHE(U ?
i=1 i=1 i=1

1 N
* u;)(t) < 9 Zfl(gz *u;)(t), (5.4)

N —
Mz

N
Il
—

N
Z (t; i (t), ug(t)) <O0.

From (5.3) and (5.4), we obtain . Lemmais proved. O

Lemma 5.3. Assume that (A1), (A3’), (A4’), (A5”)—(A7”) hold. Suppose I(0) > 0
and

l\D\H

N
R, = ngip;ﬂ/(E(O) + ;; ||F,»H%2(R+;L2)) is small enough (5.5)
such that
= L—pG(R.) > & d; P (5.6)
Then I(t) > 0 for allt > 0.
Proof. By the continuity of I(¢) and I(0) > 0, there exists 77 > 0 such that
I(t)=I(u(t)) >0, Vte]l0,T1]. (5.7)

This gives

> 1 1 N ~ 2
E(t) > 5 5 ) D (@it (), wi(t) — gs () s ()12,

=1

2 (5= ) (e =" il 2 ) 3 a0,
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N
=S i, weelo )

2
Hence
2p
Z la@3, < =5z B0, vt e DT, (5.8)
From (5.2) with ¢; = 1 and ., we obtain
N %
()34 < ———F
1=1
(5.9)

N
2p 1 9 9
< —(FE(0) 4+ = E F; . ) = Rz,
== 2)L( (0) 9 £ I HLZ(R+,L2) *

for all t € [0,T1]; so

N N
iz, t)]2 = $ Y luiz, ) < JZ [ iz (£) \IZ lui(®)%, < R

i=1

By (A5”), we have

/]-' (2,1) dx</ Glli(x, 1))z, t)2de < G(R an 3. (5.10)

Consequently
N
I(a(t)) = Z [(gi % wi) () + ai(tui(t), wi(t)) — Gi(®)|lui()1Z,] - / F iz, t))
2;1 N
> (gixu)(t) + (L = pG(R.)) Y us(b)[1%,
i=1 i=1

((gi % ui) () + mul|us (1)%,) > 0, VE €0, T1].

Il
.MZ

Il
i

7

Now, we set Too = sup{T > 0:I(t) > 0, Vt € [0,T]}. If T, < +00, then by the
continuity of I(t), we have I(Tw) > 0.

In the case I(Ts,) > 0, by the same arguments as above, we can deduce that
there exists T'o, > T such that I(t) > 0, for all ¢ € [0,7"s]. We obtain a
contradiction to the definition of T,.

In the case I(Ts) = 0, it follows that

N
0=1(To) = > ((gi % i) (Too) + e us(To) 13, ) = 0.
i=1
Therefore
From the fact that (T — s) > 0, for all s € [0, Tw], we have

(oxw)(T) = [ (T s =0
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it follows that [Ju;(s)|| < [Jui(s)|lz, =0, a.e. s € [0, To]. By u; € C([0, Two]; L?), we
deduce that u;(s) = 0, for all s € [0,Tw], i.e. u;(0) = 0. This leads to I(0) = 0. We
get in contradiction with 7(0) > 0. Consequently, T\, = 400, i.e. I(t) > 0, for all
t > 0. This completes the proof. [

Lemma 5.4. Let I(0) > 0 and (5.5)), (5.6 hold. Set
N
=Y ( gi* i) (t) + [luq(t )Ilii) +I(1). (5.11)
=1
Then there exist positive constants 31, B2 such that
BiE1(t) < L(t) < BaEi(t), VE>0. (5.12)

Proof. Tt is not difficult to see that

N
Ao i )
L) = (3 - , ; gixui) () + ai(t;ui(t), ui(t) — Gi(8)[[wi(t)[12,)
IO OL1(t)
p
p—2 ol I(t)
2 5= S (g xu) (@) + Lua()?,) + — 2 BB,
i1
where $; = min{ p2p2, (o~ 2)L 1} Similarly,
N N
p—2 . It) 6
£0) < 222 3 (o u) )+ w7 fs0I3) + 12 + 33 )1
i=1 1=1
N N
p—2 (p— 5 1) _
= i:Zl(gi *u; ) (t) + ( t3 Z flwi(t) 7 < B2E(t),
where 8 = max{ p2p2,(p Du” 4 8 5 1}. The proof is complete. O

Lemma 5.5. Suppose I(0) > 0 (5.5), (5.6) hold. Then

ﬁl < ]- d2 al (¢ 53d2]t ]_ N F " 9
0= (55 +5) L tor w0 - 210+ 53 IRE)
d £9Y\ o ,
- (5 -1-3) Laolo, (5.13)

N
(1 —e3)don,  ,do « €2 2
eyt (2 - 2 O
[ ) (p =] ;:1 [Jui ()14,

for alles >0, g3 € (0,1).
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Proof. Multiplying the " equation in (1.1)) by u/, and integrating over (2, and
summing over ¢ from 1 to N, we obtain

N N N
= ailtus(t),wi() + D GOllwi@)lIZ, + Y (fild(t)), ui(t))
i=1 i=1 i=1

N v (5.14)
+ 3 (), w0 + Z/O gi(t — )5 (us(s) — us(t), us (£))ds.

For all €5 > 0, we have

[ it = 9mitus() — ui(t), ws0)ds < 2o (012, + 5 (g u)0). (5.15)
0 2
N N
> (). u ZHF OF + 23 @l (16)
i=1 =1
For each €3 € (0,1), we have
N
(i) s (0)

N
= 2[5 (g ) () + ats(0),0i(0) — GO OIZ,) — 10)]

d
= 23 [(g % u)(®) + a(ts eslt). (1)) = (D) us (1) (5.17)
i=1
E3a2 (1 — Eg)dg
— I(t) - ———=1
) (t) ) (t)
dy &
< ;Z [(gi % ui) (t) + @it s (t), wi(t)) — §a(t) i (t)I3,]
i=1
€3da (1 — e3)dan, o 2
B el AN Sl Vil Al ;
» (t) ) ; (i (£)[[
Since %2 — 1> 0, we have
ds al
(; —1) D ai(tui(t),ui(t) < (= = 1)p Z [AGI (5.18)
i=1
From 7, we obtain . The proof is complete. (I

Theorem 5.6. Assume (Al), (A3%), (A4’), (A5”)—(AT”) hold, and (@1,...,UN) €

V. If 1(0) > 0 and the initial energy E(0) satisfies (5.5) and (5.6), Then there
exist positive constants C, v such that

E(t) < Cexp(—nt), Vt>0. (5.19)



EJDE-2020/106 NONLINEAR HEAT EQUATIONS 25

Proof. From (5.1)), (5.2)) and (5.13)) it follows that

, al 1 2dy
L <-0-3) lez —*Z[&—fs(g*?)](gi*“i)(t)
i=1
N
- ) g U (B 2] Y ), 620

2

d
*53*1**2 Ollus @13, + o(t),

for all 4, e1, €2 > 0 and €3 € (0,1), where

1 1
p(t) = 5 o7 Z 1F3 ()] (5.21)
As 7, > %= “-Pp”, we can choose £2 > 0 and &3 € (0,1) such that
dg(l— do €2 da
=2 = (B )= 2 >0, _f_ 2., 5.22
o1 ——a)nep (p I 5 o= 5 (5.22)

We continue by choosing § and £; > 0 such that

1 1 2ds

€1 _ 4 . Y )
1—5>0, 03—2[115%1511]\751 5(€2+ » )] > 0. (5.23)
From ([5.21)), we have
tff E())? < Coexp(—2y0t), ¥Vt >0, 5.24
) = 5(= E2;n < G exp(~2701) (521)
where Cy = %(% + %) ming<;<ny C’f, Yo = Maxi<;<nN Y. Lhen, we deduce from
(5.20]) -(5.24]), that there exists . > 0 such that
N
£/(6) < =72 | 30 (g1 w)(®) + i (1) |3,)+1(8)] + Co exp(—20t)
i=1 (5.25)
< fkﬁ(t) + Cp exp(—270t),
B2
where v, = min{ 220 551 03}, 0 < 4 < min 270} By integrating , we
deduce
1 1 Co
Er(t) < —L(t) < — (5(0) + ) exp(—t) = Cexp(—yt), Vit > 0.
1 631 27—
This implies (5.19)), and completes the proof. a
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