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TIME PERIODIC SOLUTIONS FOR THE NON-ISENTROPIC
COMPRESSIBLE QUANTUM HYDRODYNAMIC EQUATIONS
WITH VISCOSITY IN R?

MIN LI

Communicated by Hongjie Dong

ABSTRACT. This article concerns the existence and uniqueness of a time pe-
riodic solution for the non-isentropic quantum hydrodynamic equations with
viscosity. By applying the Leray-Schauder theory, subtle energy estimates and
a limiting method, we obtain the existence of time periodic solutions under
some smallness assumptions on the time periodic external force in R3. The
uniqueness can be proved by similar energy estimates. In particular, the quan-
tum effects and the energy equation are taken into account in this paper which
play a significant role in the uniform (in the domain R and the positive con-
stant €) estimates, especially in the selection of the norm.

1. INTRODUCTION

In this article, we consider the three-dimensional compressible quantum hydro-
dynamic equations effected by a time periodic external force, which can be used
widely in fluid models of nucleus, superconductivity, superfluidity and ultra small
electronic devices [T}, @, [16],

on .
n + div(nu) =0, (1.1a)
m[@+div(nu®u)]+diVP:diVS+nV¢+nf— w7 (1.1b)
Tm
w—3
%f/ + div(uW + uP) + div g = div(wS) + nu - Vo — —— 27 (1.1c)
Te
A =n—b(z), (1.1d)

where n, u, ¥, P = (P;;j)3x3, W denote the electron density, the electron velocity,
the electric potential, the stress tensor and the energy density respectively. m,
b(x), Tm, Te are the electron mass, the prescribed background ion density, the
momentum and the energy relaxation coefficients. Moreover, f is the given time
periodic external force with the period 7% > 0 and ¢ = —kVT — FF—"(AU+2V div u)

24m
is the dispersive heat flux, where the vorticity R in [I5] is assumed to be “small”
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i.e. R=0(h?), T and k are the temperature and the heat conductivity coefficient
respectively. To close the moment expansion at the third order, we define the above
quantities by

h*n 02 4
P’Lj TLT(;ZJ om awqaw 1ogn + O(h )7
3 1 h2n
=-nT+ = 2 Al 4
%% 5™ + 2nm\u| i ogn + O(R*),

respectively, where the quantum correction is involved and & > 0 is the Planck
constant divided by 27, much smaller than the macro quantities [9,[T4]. In addition,
we denote the viscous stress tensor S as

S = p(Vu+ (V) T) - %“(div Wi,

where p > 0. It follows from [29] 2] that the quantum stress tensor is closely related
to the quantum Bohm potential. Moreover, by direct calculation, we obtain the
following relation

Recently, a great deal of research has been devoted to many topics of the time
periodic solutions, specially on the existence, stability and convergence of solutions
for isentropic or non-isentropic models in bounded domain or in the whole space.
See [, M7, 18, 20, 27, 28] for Navier-Stokes equations. See [5 13} 25| 26] and
the references therein for other studies of the compressible Navier-Stokes-Korteweg
equations, and [3| [4) 211, 24] for the magnetohydrodynamic equations. In the direc-
tion of a bounded domain of R3, one can see [7] for the strong and weak periodic
solutions under the inhomogeneous boundary data of Dirichlet type for example.

Without the quantum effects, the above system is well known as the classical
Navier-Stokes equation and has been extensively studied by [3] [5], [1°7, 20} 24} 26] [3T].
However, the dimension of the time periodic solutions in [5l 20, 24] need to satisfy
n > 3, since the convergence of the integral with respect to the time depends closely
on the space dimension. It is worthy of noting that the whole space case in two
or three dimension seems more physically meaningful and mathematically difficult,
and thus comparatively less studies were obtained to the best of our knowledge. By
means of the spectral properties of the time-T-map in a hybrid type function space,
Tsuda [26] confined the case to n = 3 and estimated the nonlinear terms by the
contraction mapping argument. As for the isentropic Naver-Stokes equation in R?,
Jin and Yang [I7] studied the time periodic solutions by the symmetry condition
and the topological degree. In this work, with the aid of the conservation law of
mass and the fact that u is an odd function for the space variables, they obtain the
“integration” = 0 conditions, which are necessary to construct a closed solution op-
erator. Motivated by this, Cai and Tan considered the existence and uniqueness of
the time periodic strong solutions to the isentropic magnetohydrodynamic model in
the whole space [4] and the periodic domain [3]. Almost all of the above mentioned
results are the isentropic case, the full Navier-Stokes equation is more interesting
which brings new difficulty to the energy estimates.

The aim of our paper is to present the existence and uniqueness of time periodic
solutions for the three dimensional full quantum hydrodynamic equations with the
viscosity and the damping near the constant stationary solution (n,u,T) = (1,0,1).

dnm
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The main differences from the previous work [I7] are in the following sense: we need
neither the oddness assumptions for the space variable on the external force nor
the “integration equal zero” conditions here since we introduce the damping terms
and the Poisson equation, from which we can obtain the L2-norm of the variables
by using such a structure of system directly. Precisely, we utilize carefully
a function of entropy to derive the closed L? energy estimates. In addition, we
take the quantum effects into account, which needs more effort for our purpose
than those known results of classical hydrodynamic equations due to the quantum
higher order terms.

The main results of this paper are stated in Theorems and To this
end, we use the delicate energy approach and the Leray-Schauder degree theory to
obtain the existence of time periodic solutions for the approximated system in
a periodic domain QF, where we can see clearly how the quantum corrections and
the energy equation affect the energy estimates, and then by means of a limiting
process, we derive the sequence of solutions in the bounded domain with periodic
boundary converges to that in the whole space. Furthermore, we not only need to
construct suitable energy norms in coming estimates, but also to control the electric
potential due to the special structure of system . We solve the difficult by
employing the continuity equation and the curl-div decomposition of the gradient.
The Sobolev space we finally adopt is a set of H® x H* x H? defined in which
includes the quantum parameter A. On account of the third order quantum terms in
(1.2¢)), obtaining the uniform estimate requires some elaborated treatments thereof,
and thus we can not obtain the same Sobolev space for (p, u, 6).

Below we briefly review some results for the quantum fluid dynamics equations,
and we only mention some results related to our paper. The derivation of the
full compressible quantum hydrodynamic model for semiconductor devices is from
Gardner [9] by the Wigner-Boltzmann equation. Moreover, in [6], the author for-
mally derived nonlocal quantum hydrodynamic models. For recent works, Jiingel
and Milisi¢ [I6] introduced the full compressible quantum hydrodynamic model
with viscosity which is just the system . Moreover, Pu and Guo [22] studied
the global existence of smooth solutions with small initial data and established the
semiclassical limit to the classical hydrodynamic system. The global existence of
smooth solutions to the quantum hydrodynamic equations without viscosity in a
three-dimensional domain with the insulating boundary conditions was investigated
recently by [23]. The interested readers may also refer to [2| [8, @, 10} 29] for more
results. For related monograph, one can see [12].

In this article, we only put emphasis on the two quantum terms in the non-
isothermal model of quantum compressible fluids system . Letting (p,u,0) =
(n—1,u,T — 1), system transforms into

Orp + divu = —div(pu), (1.2a)
h2
(14 p)0u+ (1 + p)u — pAu — %Vdivu +Vo+Vp— EVAp — (14 p)Vo
W NpAp+Vp-Vp
12 1+4+p

=—pVO—-0Vp—(1+pu-Vu—

W (Vp-Vp)Vp
+ 2 (1tp? + (1 +p)f,

(1.2b)
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2 26 A0 K2
2 iy 2 B0 AT A
8t9+9+3d1vu 515, 18dlv u
2 h? Vp-Vdivu
- - — Z20di - = - 1.2
u- Ve 39d1vu+18 T4, (1.2¢)
2 (m T 2 i ?) g L
+3(1+p)(2\Vu+Vu \ 3(dlvu) )—i— 3 +36Alnn,
Ap =p, (1.24)

where we let m, 7,,, 7, b(x) = 1 for the sake of brevity.
The existence of the time periodic solutions in R? is stated as follows.

Theorem 1.1. Assume the time periodic function f € L?(0,T*; H3(R®)). Then
there are some sufficiently small constants A and dy, independent of €, R, such that

if
-
| 0oy <

then problem (1.2) admits a time periodic solution (p,u,0) € Xq,, where X4, is
first defined in Definition [2.9

Theorem 1.2. Under the assumption of Theorem[I.1], provided that dy sufficiently
small, there exists a unique solution (p,u,0) € Xq,.

Remark 1.3. Studies pertaining to the unbounded domain over two or three di-
mensions is also open for the case of time periodic problem of the full Naver-Stokes
equations without the damping. More precisely, the symmetry condition, which
has been applied successfully to get the closed solution space for the isentropic
compressible Navier-Stokes system in [I7], is not applicable for the reason that the
temperature is an even function of the no-conserved quantity.

This article is arranged as follows. In Section [2] we introduce the approximated
system (2.1) and prove the completely continuous operator to the linear
system is well defined. Then we derive some basic lemmas which will be used
several times in the coming estimates. In Section 3] to obtain the existence of time
periodic solutions to , we give several uniform estimates of system with
respect to the domain R and the positive constant €. Moreover, with the help of
the unform estimates and the Leray-Schauder degree theory, we complete the proof
of Theorem Finally, the main theorems are proved rigorously in Sections [4] by
passing the limit of corresponding sequence of solutions in a bounded domain Q%
to the whole space R? and the similar energy estimates as Section

Throughout this article, we denote a by the multi-index, and 9% = 931052052
by the partial differential derivatives. We sometimes abuse the notation 9°*! to
take the place of 9**# |3| = 1 for some multi-index 3. Here and in the subsequent,
H? denote the usual Sobolev space with norm || f{|g= = > <, 105 fl| 22, and write
WkP(QF) as WEP to simplify the symbol, but still denote W*?(R3) by the Sobolev
norm in the whole space to avoid confusion. Moreover, we use [4, B] = AB— BA to
denote the commutator of A and B. The commutator estimate appears on Lemma,
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2. PRELIMINARIES

2.1. Regularized system. To study the time periodic solutions for the quantum
hydrodynamic system (1.2)), we introduce the following regularized problem in a
bounded domain Qf = (- R, R)® C R? with periodic boundary conditions

Op + divu — eAp = —div(pu), (2.1a)

h2
(14 p)oru+ (1 + p)u — pAu — %V divu+ VO +Vp— EVAp
—(1+p)Ve

=—pVO—0Vp—(1+p)u-Vu— ivapLVpp V2 (2.1b)
T;(V(plofg));PJr(ler)fR’
3t9+§divu—2;1i97_p+9— %divAu
:—u-VH—gedivu—i—if;W (2.1¢)
+ 3(12+p) (%|Vu +Vu'|? - %“(divu)?) + %|u|2 + %Alnu +p),

A = p, (2.1d)
where f% is a smooth time periodic function with the period 7% that satisfies
ff=f in L2(0, T H*(R?)), (2.2)
as R tends to oo.

Definition 2.1. Let X% and X be the solution spaces in the bounded domain QF
and in the whole space R? respectively
XP = {(p,u,0) p € L0, T HY(QM) 0 L2(0, T HY(QF))
u € L=(0,T*; H*(Q%)) N L*(0,T*; H>(Q%)) (2.3)
6 € L0, T H3(QF)) N L2(0, T*; H4(QR))}

and
X = {(p, u,0) p € L0, T*; H*(R®)) N L2(0, T*; H*(R®))
u € L0, 7% H*(R3)) N L?(0,T*; H*(R?)) (2.4)
0 € L0, 7% H3(R%)) N L2(0, T*; H4(R3))},

where (p, u, 8) is periodic in time with the same period as the external force f.
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Definition 2.2. We say that the solution (p, u,0) € Xq(or X2), if (p,u,0) € X (or
XT) and satisfies

o, w, O)]?

= sup (o w.0) % + (¥ p. hV 12 Ap) [0 )
te[0,T*] (2.5)

-
< d?,
with d being suitably small.

2.2. Introduction of an operator y. For any given (p,,0) € X, we consider
the linear system

Op + divu — eAp = —7 div(pa), (2.6a)

h2
Oru + u — pAu — %Vdivu—kVG—!—Vp— EVAp—Vzp

= —7pli — TpOyit — TpVO — 70V p — (1 + 7p)i - Vi (2.6b)
BT NpAG+V5-V2 B2 (Vp-Vp)Vj R
- = 1
12 1+7p TR D T
2 2k Al h? n? Ap
O+ Zdivu— ———" +60— —divAu— —
O+ gdive = s H 0 gdivAu = 5e 5
-2 R2Vj-Vdiva
=—7%-V0— Z0divii + — ———— 2.6
TV 3 1vu+18 T4 (2.6¢)
2 Mo T2 2 o T, PP VPP
— = _(Z|Va+Vva' - - i —
+3(1+7’ﬁ)(2| i+ Vi 3(W“))+3‘“| 36 U752
At = p, (2.6d)
for any 7 € [0, 1].
Provided that (p,u,0) € XF, 0 < d < 1/2, we have
(o Nl < Cl[(Vp,VO) || < Cd. (2.7)
This implies
1 301 3
- <1 < — - <1 < = 2.
s Sltmp<g, S<l+rd<g, (2.8)

which can be also applied to 1 + 75,1 + 76 when (p,0) € XE. Letting U =
(p,u,0),U = (p,u,d), system (2.6 takes the form

Uy + AU + QU = W(U) + F, (2.9)

where W (U) only depends on the known functions (5, , ), and

—eA div 0
A= V  —pA—-EVdiv+l \Y , (2.10)
0 2 div =l
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where I is the unit operator,

0 0 0
Q=[-%va o o), F=(r1+)s"0) ", (2.11)
0 —ISAdiv 0

We define the operator y for system (2.6)) in Qf as x : X2 x [0,1] — X by
((p,1,0),7) — (p,u,0). (2.12)

In what follows, we focus on the properties of the operator Y.

Lemma 2.3. For any 7 € [0,1], the operator x is well defined.

Proof. First of all, we show that U is the time periodic solution to (2.9) with the
period T*. Consider the liner system

Op +divu — eAp =0, (2.13a)
h2
atu—l—u—uAu—%Vdivu—FVG—FVp—EVAp—VdJ:O, (2.13b)
2 2k A0 h? h? Ap
0 + — di 0— ———— —divA — = 2.1
O+ gdivat§ = - gdivAut e 5 =0 (2.13¢)
A = p. (2.13d)

Multiplying (2.13b)) by u, we obtain

2

h
(Tu,u) =— Vo - u— Vp-u+ — VAp-u+ Vi -u

4

AN

= g Ry ;.
i=1

Here, we define the abbreviated operator 7T as

1d
2dt
where C), is a constant dependent on p, and the strong elliptic operator pAu +
£V divu is equivalent to V2u because of the assumption x> 0.

Now, we deal with the right-hand side of one by one. Integration by parts
and using , we have

(2.14)

(Tu,u) = 5 —llullzz + [ullZ2 + Cull VullZ:,

3 2k Af h? 2 Ap
— 2 900 +0-L 2 T divAut —
Rip==g | 006 +0— 55— qgdivaut 55777

2 2
__34d |9\27§/ |9\27,i/ |W|f}l Vo - Au
4dt QR 2 QR QR 1+Tp 12 QR
2 2
: 1
h Vp V0+h/ -
QR

1
- v V00 + =
”/QR Spr) Yo Jon 1175 2 Sy

3d , 3 ) / V0|2 hQ/ )
<-°2= _ 2 - - : )
=T 4adt QRW Q/QRW S el Tl L Au+ o[Vl

+CTIVallL= 0ll7n + CTIVAl L= (0, AV p)I22 + CR [ Vpll 2,

) - Vpb
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where § is a sufficiently small positive constant. Again integrating by parts and

using ([2.13a)), we derive

. 1d
Rio= [ pdivu== [ pop-edp)=-3 5 [ IoP-e [ 19
QR QR t Jor QR

Similarly,

h? h?
Rig=—— [ Apdivu= f/ Ap(dip — €Ap)
’ 12 Jqor

12 Jon
n% d h2e

=0 | Vel == [ (A
24 dt Jor 12 Jor

Using ([2.13d)) and the expression of divwu again, we have

R1’4 = — ’Q/Jle’U,
QR

=/, V(0 A — eA%))

— 1d 2 2
—— 5 [ v =e [ b

Putting the above estimates together, and using the bounds (2.8)), we conclude that

&t Jon (s p, 0,50, iV p)[> + 11017 + ullFr + ellpllF + A€l Ap|7-
T N (2.15)
12 Jon

< 0||VO|I72 + Cr(do + 1%)|1(8, VO, hV p) | 2.

On the other hand, multiplying (2.13b]) by —A%2Au, we obtain

n* d
Vel + GVl 12 [ V0 A
2 2 h4
=h Vp-Au—nh Vi - Au— — VAp-Au (2.16)
QR QR 12 QR

7

A

= § Rl,i7
1=5

thanks to (2.8) and the fact pAu+ p/3V div u is a strong elliptic operator. Almost
exactly as the estimate for Ry 3, 1 5 can be bounded by

h? d
Ris= —hQ/ pAdivu = _77/ \Vp|2—h26/ |Apl?. (2.17)
QR 2 dt Jor QR
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It follows from (2.13a)) and (2.13d)) that

Rig=h* | ¢Adivu
QR

=— K2 ¢(atA2¢ —eA%Y)

——h2d/ A - e [ VAP
dt QR

d
:7}7]27 27712\/ v 2.
dt/mm <[ 19

With the aid of integration by parts and (2.13al), the last term R; 7 can be estimated
by

(2.18)

h4
Ry7=-— . Ap(9:Ap — eAlAp)
Q .

: 12
R d hie

__ra Apl? — —— Apl?.
21dl Jor A 12 ), VA

Multiplying (2.16]) by 1/12 on both sides, taking d, % to be sufficiently small and
2.15

combining (2.15)), we arrive at
d
dt
+ 12(|V2ull7. + RPel| Ap[172 + B[ VAp[72 < 0.

/ |(p,w, 8, V0, N u, iV p, 2 Ap)[* + e pllzp + 10117 + [|ullz
on (2.19)

Therefore, p = u = 0 = 0. From system (2.9)), we derive
1T 2 = 1Sa(&)Uoll2 < C||Uo||p2e™ =5,
where Sp(t) = e “A+Q) is the solution operator to system (2.9) and C. g is a

constant dependent on €, R. Thanks to Duhamel’s principle and the time periodic
property of (p, @, 0, f%), we derive solutions to system (2.9) can be estimated as

U@z
= [ ISut = )W @) + F(s)ads
= [ W@ ) + F)ds

t—iT™ (220)
/ o= Conlt=I W (U (5)) + F(s)| L2ds
(z+1)T*

) 1/2 t+T _ 1/2
([ et aa) ([T o) + e as)
t

< Ce,R sup IW (U () + F (1) 2

thg

i=0

IN
Ie
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Since f® and (g, @, 6) are periodic in time with period 7%, we obtain

t+T* B
Ut +T%) :/ Sn(t+ T — 8)(W(T(s)) + F(s))ds

—00

- /t+T Su(t— (s =T)W(U(s = T*)) + F(s = T*))ds ~ (2:21)

— 00

:/ Sn(t— YW (T () + F(s'))ds' = U(#).

— 00

Therefore, by and (2:21)), we have that U(t) =€ L>(0,T*; L?(Qg)) is the de-
sired periodic solution of system with the time period T*. Moreover, following
the energy estimates similar but much easier to those in Section Bl we derive, for
any (p,4,0) € XE, 7 € [0,1], there exists a time periodic solution (p,u,0) € XF.
In fact, we do not need the uniform (in €, R) estimates here.

Finally, we will prove the uniqueness of the time periodic solutions to system
. Assume that for some U € X f, T € [0, 1], there exists two different solutions
U, and U, to system . Then we can deduce U; — Us is the solution to the
homogeneous system 0;(Uy — Uz) + (A + Q)(Uy — Uz) = 0. Recalling and
integrating the resultant inequality from 0 to 7™, we obtain U; = Us. Therefore, it

follows from ([2.12)) that
X((7,,0),0) =0,
which implies we need only to consider the condition 7 € (0,1] in the following

section. This completes the proof. O

Lemma 2.4. Assume that d is suitably small, then the operator x is compact and
continuous.

A proof of the above can be found in [3| Lemmas 2.4 and 2.5].

2.3. Basic lemmas. The following lemmas will be used later.

Lemma 2.5. Let o be any multi-index with |a| =k, k> 1 and p € (1,00). Then

10%(f9)llLr < ClIfll Lo lgllyirepz + Cllf lyiress 9l ot
110%, flgllie < CIV Fll Lo lgllyin-102 + Cllf lyiers gl Lot

where f,g € S, the Schwartz class, W is the homogeneous Sobolev space, and
p2,p3 € (1,00) such that 1% = p% + p% = 1% + 1%'

Lemma 2.6. Let p,q,r be integers with p,q,r € [1,00], and 0 < a,m <1. Then
IV flle < CIV'AIIG IV FIIL (2.22)
for some generic constant ¢ € [0, 1], where
1

g—gz(g—*)ﬁ(g—*)(l—c)?

when ¢ =1, it holds | — a # 3/q.
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3. EXISTENCE OF TIME PERIODIC SOLUTION IN A BOUNDED DOMAIN

This section is devoted to the proof of the existence of time periodic solutions
to system (2.1)) in the bounded domain Q# by combining the topological degree
theory with the delicate energy estimates. The main theorem is stated as follows.

Theorem 3.1. Let the time periodic force f& € L2(0,T*; H?). If there exist some
sufficiently small constants X\ and do such that C\*> + Cd§ < d?/2, where C is the
generic positive constant, and

.
L/ 12 R £ Bt < A,
0

then(pft, ult, 01) € Xcﬁ 1s the strong time periodic solution of the approrimate sys-
tem (2.1)) in the bounded domain QF with periodic boundary.

To do this, we introduce the nonlinear approximated equations
Op + divu — eAp = —7 div(pu), (3.1a)
(1+7p)0wu+ (1 + mp)u — pAu — %V divu+ (14 7p)VO

h2
+(1+70)Vp— EVAp - (1+71p) Ve

3.1b
=-—1(1+7 )u_vu_ﬁﬁVpAp—&-Vp-VQp & [Vol*Vp ( )
- P 12 1+7p 12 (1+7p)2
+r(l+ ) f",
2 2k A6 h? R Ap
24 2K LTI N U
8t9—|—9+3( + 70) divu 3Tt 18d1v u 361575
h*7r Vp - Vdivu
S— DTV VAU 3.1
Tu - Vo + 18 119 (3.1¢)
27 (1 T 2 iy )?) 4 A BT VP
+3(1+Tp)(2|Vu+Vu | 3 (div u) )+T 3 36 (0t )
Ap=p, (3.14)

where 7 € (0, 1]. Provided 7 = 1, we naturally derive the existence of time periodic

solutions to system (2.1).
Letting (p,u,0) € X1, we will utilize the Kronecker’s existence theorem (see [30,

Theorem 11.1.6]) to show that the approximated system (2.1) admits a solution
(p,u,0) € XE, which is equivalent to prove

x(U,1)=U, U= (p,u,0) c X}

To this end, we need to choose dy > 0, such that, for any 7 € (0, 1],

(1 = x(-,7)) (8B4, (0)) # 0, (3-2)

where By, (0) is a ball of radius doy centered at the origin in X%,

Next, our plan is to derive inequality and some suitable energy estimates
by the deep analysis for the special structure of the approximated system . For
this, we first give the basic L? estimate.
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3.1. Basic entropy estimate. Motivated by [I9], we give the zero order estimates
for the approximated system (3.1)) with the aid of the transform

s =(1+70)/(1+7p)*3 -1, (3.3)
and we define the energy function E by
3(14+7s 5T 1+7p
E(p,U,S) :(72)«1 +7‘p)5/3 — 1= 7) + (7)|u|2
3(1 2 ’
+spy SAHTR)S

4

Lemma 3.2. There exists a constant 0 < py < 1/2, such that E is positive definite,
and satisfies E = p* + |ul? + 62.

The above lemma can be proved by modifying [19, Lemma 2.5]. Under this
notation (p,u, s), system (3.1]) transforms into

Op + divu — eAp = —7 div(pu), (3.5a)

1
(1+7p)0u+ (1 + 7p)u — pAu — %V divu + ;V((l +7p)°3(1 + 7s))

— —VAp—-(1+71p)V¥

12 ( ) (3.5b)
S )U_VU_&VPAHV,O-VQP W1 (Vp-Vp)Vp
AR 12 1+7p 12 (1+7p)2

+r(1+7p)f",

8t$ -+

s 2 (14+71s)p 2k . Vs 2(1+718)Vp
+ = — —div ( )
(1+71p)2/3 31 +71p)2/3 3 1+7p 3(1+7p)2
10 ( Vs 201+ Ts)Vp) R divAu

(

0 "\t B3+rpp )T BUt )

2
~2¢(1+78)Ap  B° Ap (3.5¢)
3 147p 36 (14 7p)5/3

Rt Vp-Vdivu 7 u|? *r |Vpl?

= 7y -Vs+ —— z _Lr
T Vet 18 (14 7p)5/3 + 3(1+71p)2/3 36 (1+7p)8/3

© T2 2o
(2|Vu+Vu | 3 (divw) ),

Ay = p. (3.5d)

n 27
3(1+ 7p)5/3

Lemma 3.3. Let (p,u,0) € B4, (0) be a solution to system (3.1). Then there
exists a sufficiently small positive constant dy, independent €, R, such that

d
@H(p,u,ﬂ, Vo, Vb, bV )2 + lullzs + 11003 + ol + ellpllFn
+ €| Apl|F2 + h?||Apl72 + hPel| Apll7a

< Crdy||(u, Vu, VO, Vp, hAp)||32 + Ch*||Aul2s + OT|| 532

(3.6)

Proof. Recalling the definition of E(p,u,s) in (3.4), we have

d 3
— E(p,u,s) :/ (14 7mp)uu + — (1+7p)((1+ )% -1+ 75) 8
dt Jor QR 21 Jor
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ul? 5 37
+/ (Tu+—(1+73)((1+7p)2/3—1)+S+*82)Pt-
or \ 2 27 4

Integrating by parts, using (3.5a)) and doing careful computations, we have

l 7p)5/3 TS)) - U
| (@)

L Geer) (r =1) s T (14 7o)

+g/m(1+rp)((1+7p)2/3 —L1+7s)(u-Vs) =0,

and
Juf?
-7 (Q+4+71p)u-Vu-u+r ——pt
QR ar 2
r

. T
= 7/ div (1 + 7p)u)ul* + f/ pilul?
2 QR 2 QR

Y
2 Jor

TE
e (RRY:
QR
< O7llullz | (Vu, Vp)l[72
Combining the above estimates with Young’s inequality and Lemma [2.6] we deduce
that

d
— E
dt QR (p?uﬂs)
K2 K2 (A+7p)¥2—1+75)Ap
<T [ vap. 1 Vw4
<13 Jo. VAP u+/QR( +Tp)VY - ut o - ETREE

JrE/ (1+Ts)((1+7p)2/371+75)Ap
T JoRr

R (VpAp+Vp-V20 _(Vp: Vp)Vp) _
QR

12 1+7p (1+7p)?
il 1/3 2/3 _ NN .
+ (1+7p)"2 (A +7p) 1+ 7s) div Au Vs-Vp
127 QR QR

4K 2 3 o€
=2 [ ps= IVl — i = 310l = Slsl: - 519
— pllFul — Vsl - Ll divel s + ol 2

+ C7 (I, p, 8)l L + 11(p, 8, Vo) 110 ) | (w, Vi, Vs, V) |72
+ C7||fB|2. + Ce|Vs||2. + ChY|V div 2.

IN

: 4k 4k 2
Sohei-g [ V592 [ ps= TITIR - Jul: - 2l
i=1 Qr or

3 5€e W,
- §H5||2L2 - §||VP||2L2 — ullVullzz — k|| Vs|72 — 5 divul|7.
+ Crdo||(u, Vu, Vs, Vp)||22 4 8||ul|2s + OT|| f 7|22 + Ce||Vs]|22



14 M. LI EJDE-2020/103

+ CR*||V divul?., (3.7)

where § is a sufficiently small positive constant.
Estimates for the right-hand side of (3.7]). For the first term Rg 1, by the equation
(3.5a) and integration by parts, we obtain

h? Ap(Oip — eAp+ Tu - Vp)

Roy =—
21712 Jon 1+7p
S Y N YL
24dt Jogr 14+7p 12 Jor1+7p 24 Jor (1+71p)?

T Apu - Vp
12 Jor 147p
nd Vo> h%e |Apl*  RPT Vp ' VuVp

T~ 24dt Jor 1+ Tp EQR1+Tp ﬁQR 1+7p

h2r U
—_— di 2 ~ ||AV ho,
e e\ R N PR A P
hd Vp|? h? Ap|?
< | p| _ e | p| + 5||h61/2ApH%2
24 dt QR 1+Tp 12 QR 1 +Tp

+ Crdo||(hVu, BV p) |22,

where ¢ is a sufficiently small positive constant. For the second term Rj o, by (3.5a)),
(3.5d) and integration by parts, we obtain

Ry =— /QR Ydiv ((1+ 7p)u)

= V(O A — eA?1))

QR

_ 1d 2 2
——53 | e =e [ b

For the third term R 3, by integration by parts again, we obtain

52
Fos == o QRV(

(14 7p)%/3 - 1+Ts) -
(14 7p)?/3

7:L2
< = 35 IVollie + Crll (o, 9)ll~ [ VolZ2 + CR (V5. V)7
Similarly,
2€
Rya < =5 [Volzz + Crll(p. 9)ll~[|(Vs, Vo)llzz + Cell (Vs, Vp) 22

For the fifth term Rj 5, from integration by parts and Hélder’s inequality, we have

h2r VpA h2r h2r V|2V
Ros=— — Pop T )|Vp|2+— &f;.
12 QR ].+Tp 24 QR ].+Tp 12 QR (1 +7—p)
2 div(V Vp) — 1V(|Vp|? 2
__ T iv(Vp® Vp) = 5V(| p)_u+hr/ div(
12 QR 1+Tp 24 QR
Pt [ (Vp-Vp)Vp
12 Jor (I+7p)

div (

2
HTP)WPI
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R2r T u
=Ty T (1

<CT([Vpllz= + IVolI L) BV 122,

) Pt [ (Vp-Vp)Vp
12 Jor (14 71p)?

where we have used the vector analysis formulation

. . 1
div ff = div(f® f) = 5V = (Vx f) < f, (3.8)
for any vector function f. Again, by integration by parts, we obtain

K2 Vp((1+ )23 — 1+ 7s)Au

Rog = — —
0 36 Jor (1+7p)2/3
hQ
- — (1+ Tp)l/SV((l +7p)¥% -1+ 75)Au
127 QR
<Ch*||AuZ: +6[[(Vp, Vs)ll72 + CTll(s, p)l[< Vol 22
Therefore,
d h* d Vpl2 1d 5 Te 9
E o 2 v+ Sy
d Jon PO T 50 s T o o VO VAL

h? 3
+ 35 IVAllZ: + ellpllZe + lullze + plVulze + Slslze + £l Vs]Z2

2
+ 2ole + 2191 + Edivuls + 21802, 69)
< —4{ [ VsV~ 2/QR sp+ CTllf R 22 + Ce|| Vs2
+0[l(u, Vo, Vs, he' 2 Ap) |72 + CB?(|(Vp, Vs) |72 + Ch*|| Aull72
+ C7dy || (u, Vu, Vs, Vp)||22,

where § is a sufficiently small positive constant. Here, we have used the the Riesz

—

operator R;, (R;f) = %fthat

IV2fllzz2 = [VAT'VAS| 2 = [RiR;Afllz2 < CAfllz2, (3.10)

where R;R; is bounded from L? to LP with 1 < p < 0.
On the other hand, we observe that

d

dt Jor

3 3
= / (Vp +—(1+ Tp)Qu) Vpi+— [ (1+7p)>Vp-u
QR 4p 4p Jor
3T

+5- | (+7p)u-Vpp
2[,L QR

_ 3 2 1. .
—/QR (Ap—|— @(1+7p) dlvu)((1+T,0)d1vu—eAp+Tu~Vp)

1 2 3 2
<§|VP\ +@(1+TP) Vp U)

3
+ — 1+7p)Vp-
4p /QR( p) pre

3 d 3 3
<= 1 24 2 di 2——/v-v
8Mdt/m( + 7)ol +4u” ivul[7 I fon VP Ve
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5 h? 3 3¢
- @vaﬂiz —elAplg — @HAPHQH - @Hp\lia - @HVPH%Q
+ O 2| (2 Ap, div ) |22 + 61| (Vp, /2 Ap) |22 + Ol £ 72
+C7(I(w, p, Vo, V)l + Vol L)l (0, Vi, Vs, Vu, hAp) 12, (3.11)

where we have used

3
Ap(l+T1p)divu + — (14 7p)Vp(uAu + RS div u)
QR 4# QR 3

= Ap(l—i—Tp)divu—/ Ap(l—i—Tp)divu—T/ div u|Vp|?
QR QR QR
< Crlldivul = [|VplZ-,

3

- = 1 2y -
m QR( +7p)°Vp-u

3
(L4 7p)div ((1 + 7p)u)p + Sl Vp(l+ 1p)up

_4/,L QR 4/*L QR

3 3T
= —— 1+7 —eAp)p+ — Vo(l+ 71
/R( p)(Orp — eAp)p = /R o( p)up

3 d 3T 3e
_ - 1 2 _ 2_7/ 1 v 2
S di QR( +7p)]pl +8H/9Rpt\p\ I QR( +7p)|Vpl
3Te€

A Jon

3 d

3e
< - — 1 2 _ & 1 v 2 C
=T 8udt /QR( +rollel” - /QR( +70)|[Vpl* + Crllpll 2 lloll s Il o

+Crllpll=IVollze + CTI Vol allull s lpll o
3 d

3€
<S-—o—/ el (| 2 4 5el|Ap||22 + Crdol|pl|4
= T Spdi /< Frolel g, /< +70)|Vl? + 8el| Apl[32 + Crdollpl3

37
pVoP+ - [ Vol g

3

= 1 °Vp-V
m QR( +7p)"Vp-Vip

3T
- 1 ZpAy) — — 1 Vp-V
” QR( + 7p) " pAy 2u/QR( +71p)pVp - Vi

3T
(1 roPlo = 5- [ (Ve
K Jor

Au Jon
3
< —galellie + CTIVelLellplos[Vplee + Crlipli ol

3
< —@leliz +CTIV2 |2 ol [Vl Lz + Crllplles [l 2

3
< —@leliz +Crdolpllp

and
hQ

- 1 Ap -
16, QR( +7p)VAp-Vp



EJDE-2020/103 TIME PERIODIC SOLUTIONS

L L Ly LTI

= T 160 Jon e TV A
h2

< T QR(l +7p)|Ap|* + CT||Vp|| || (Vp, AAp)| 72
h2

<——— | (1+71p)|Ap]> + Crdo | (Vp, RAP) |72,
16M QR

thanks to (3.1af), (3.1d)), (3.10)), integration by parts and Lemma
Multiplying (3.

we have
d K2 d Vo2 1d ,
E o= vy, -2
dt Jor (p,, )+24dt qr (1+7p)2  2dt QRWM
d ), 3 3
em [ (G0 + (40P Vo - ut (1 mo)lof)

1
gt g)llpllp +llullze + pllVulge + (5

h h2 7 3m
+ || VslZ: + < IIAPHLz T ™ HAPIIL2 tEE e Vol

3
4k bm
+ellpllFz + mel| Apl|7: + (g + E)IIWH% + %HVPHZL?
4k 3m
— 4+ — VsV 2
(3+4u) s-Vp+ /mps

< Crdol|(u, p, Vu, Vs, Vo, RAp) |12 + CI| fF||22 + OB | AulZo.
Moreover, we assume that
211(3 — 4a) . 2u  4p® 16kp
T em< - ,
9a m<mi{gam = g Ty )
where 0 < p < 1/2, 0 < a < 3/4, then we obtain

1 3
E(p,u,3) +m / (31961 + (1 +70)°p-u)
QR QR 2 4ILL
1 7 m
> g(llplliz + §||8H%z + [lullZ>) + ZIIVPH%z,

3m 2 9 3. 2 /
—+ = = 2
(g 3ol + 3lisllis +2 | ps
3m  4a—3 3
> (T + S5 el + (5 — 20) sl

and

wo 3m . 4k 3m
k|| V5|32 + (g - E)H divul7. + (5 + 7) Vs -Vp

3 4u
4k  bm
== Vpl?
+(9+4u)/g |Vl

9K
> 27||V slze + 5 1VollZe.

3m. . . 3
3 4—)||d1vu||L2 + 3

1) by a positive constant m, and taking ¢ and e sufficiently small,

(&2
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Combining the above estimates, we obtain

d
25,0, V0, W) T2 + llullfys + sl + lelEs + ellplf + h2ell Al
+el|ApllZ: + B Ap]E

< Crdo||(Vu, Vs, Vi, hAp) |72 + OB Aul|Z> + C7 | f 7|7

Equivalently, we have

%Il(p,uﬁ,vm Vi, i) 2a + Nl + 1017 + llollzn + el + Rl Ap]Z:
+ellApllZ + 1 Apll
< Crdo||(Vu, VO, Vp, hAp) |72 + CRY | Aul|Zz + O7 [ £ 7|72,

thanks to Lemma and . The proof is complete. (I

It is worth mentioning that the derivative of the velocity u on the right of (3.6))
is higher than that on the left which leads the following estimate.

Lemma 3.4. Under the assumptions in Lemma we arrive at

d

ST,V p, T2 Ap) 3 + B | Al + el (130, T2V Ap) s

< 6||(u, €2V p, VO, hAW) |25 + OTd2||(Vui, VO, Vo, hAp, B2Ap) |12 (312)
+C7[| F7)17 2

Proof. Multiplying (3.1b)) by 1/(1 + 7p), we obtain
U . Au  pVdivu v 1+T€Vp—h—2 VAp
14+7p 1+7p 3 147p 1+7p 121+ 7p
W21 NpAp+Vp-V?p W1 |[Vp|*Vp iR
12 (1+7p)? 12 (14 7p)3 ’
Taking inner product of (3.13)) with —Ah?Awu, we obtain
wa
2 dt

— V¢

(3.13)

=—T1u-Vu—

IVul7z + R Cull Aul 72

VA [ L
12 Jor 1+ 7p or 1+7p
W [ (VpAp+Vp- Vi |[VpPVp 2
- QR( T+ 7p)° (1+rp)3) u+ QRV u o (3.14)

i . _ . 2
7Mh7/ Vpdivu(Au — V divu) +E/ div u|Vul?
3 QR (1+Tp)2 2 Jor
uAu

+ BT O’ Oul O u? + h? / —_— Th2/ A,
QR 1+7p OF

Vp~Au+h2/ pdivu
QR

where we have used the estimate
uh? V divuAu
3 or 1+4+7p
uh? divuAdivu  ph?t VpdivulAu
3 Jor  1+7p 3 Jar (1+7p)?
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_ LhQ |V div ul? B wh2t VodivuV divu N uh?t VpdivulAu
3 Jor 147p 3 Jar (A +7p)? 3 Jor (14+7p)2 "~

? V- Au = —h? YA divu
QR QR

(3.15)
= —h? AYdivu = —hz/ pdivu,
QR QR
and
7'52/ u - VulAu
QR
=—7h* | Opu'0!Opu’ — R*1 / u' Q! Opui? (3.16)
QR QR

2 i i AT . 2
= h*T o' Oiu? Opu? + —— div u|Vul=.
QR 2 Jor

We proceed to estimate the terms on the right-hand side of (3.14]). For the first
term, by integration by parts, (3.1al), Lemmas and we have
I VAp-Au
12 Jor 147p
B n* ApAdivu n Rt ( 1
12 Jor 14Tp 12 Jqr 1+7p
R4 Ap(D:Ap — eA2%p + Tu - VAp)

) - Aulp

12 Jor (L+7p)?
i Ap([A,u] - Vo + [A, pldivu ht 1
Wi (A, 4] [2 ] ) 7/ ( ).AUAP
12 Jor (1+7p) 12 Jor  \1+7p
fiﬁi |Ap|2 h4/ ( 1 )2|A ‘27& ‘VAPF
24dt Jor (L+7p)2 ' 24 Jor \1+7p 12 Jor (1+7p)2

hter Vp - VApA Rir . u
p pgp e div (72)|Ap|2
6 Jor (1+7p) 12 Jor (1+7p)
B htr AplA,u]-Vp kit Ap[A, pldivu

12 Jor (14792 12 Jou  (1+7p)?
Kt 1

+ 5 QRV(HTp) - Aulp
n* d |Ap|? 3 hte |VAp|?

< = - J Il B
- 24 dt QR (1 + Tp)2 12 QR (1 + Tp)2
+0|(€Y2V p, hAu, 22N Ap) || % + CTd2|| B2 Ap)| L2

By integration by parts and (3.10]), we have

ZHQ/QvaGi:z) .Au—h2/QRpV(ii:i) Vdivau

1
—h2/ JTevp-Vdivu
QR TP
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L Rd [ (+70)Vel hze/ (1 +76)|Ap|?
=72 dt Jgr (Lt 7p)2 ar (L+7p)2
T 8l1(e/2Vp, V8, he /2 Ap) 3 + CrB||(V6, hVp) 12 + CRY | AulZa,  (3.17)

where ¢ is a sufficiently small positive constant. Here, we have used the following
estimates, for any 1 < p < oo,

ol < Cll(divu, eAp)|[re + CllullL=IVpllLe, (3.18)
and
10411 2» <C||(0, A, divu, B2 Ap, h? div Au)||1» + C7||ul| L || (1, VO)|| v
+ C1||Vpl| L= | (Vp, B2V div w) | p» + CT|| V| Lo || VUl £
<C||(6, A0, div u, h? Ap, h* div Au)| 1
+CTH Vu, Vo)l gz || (u, Vu, Vp, VO, AV divu) || e,

thanks to and (3.1c). By Holder’s and Young’s inequality, the other terms
on the rlght hand side of (3.14)) can be bounded by

S\l (u, VO |22 + ChY||Aul|22 + CTd2||(Vu, Vi, B2 Ap) || L2

(3.19)

Putting the above estimates together, and taking d, i sufficiently small, we complete
the proof. 0O

3.2. First, second and third order estimates for (p,u,6).

Lemma 3.5. Under the same assumptions in Lemma[3.3, it holds that

@ll(vm Vu, VO, hAp)|[3 + [[Vullzs + V0|7 + el Vollis + en®[[ Al
< Crd3||(p, 0, Vu, VO, k2 Ap, B2 Au) || s + C7do || (p, 0, Vu, VO)|| % (3-20)
+ CT(IV 3 + 6|hAU| s + CRH|Aul s + CR?|[hVp| 375

Proof. Next we define o by any multi-index with |a| = k, £ = 1,2,3, and write
(0%p, 0%u, 0%0) = (pa,Ua, ba) for simplicity.
Applying the operator 9% to (3.1al) and (3.1c)), we derive

Otpa + (1 +7p)divuy — €Apy = —Tu - Vo + g1, (3.21a)
2 2k A0,  h?
0o + 00 + —(1+70) divue — — 272 7 div Aug
3 3147p 18
12 A (3.21b)
p
= 0o + —0"
T Va5 (1+7’p)+g2’

where
g1 = —7[0% pldivu — 7[0% u] - Vp,
20 L g~ 27067, 0] di 0%, u] - V6
3 Tr7p 37 , ivu — 7|0% u
W1 . (Vp-Vdivu 27 4 1
w0 (T, ) 3

g2 =
(3.22)

M T2
1+Tp(2|Vu+Vu |

Wt |Vp|? )

_ 2 i) (T 12 —
5 (dive) )) + (3'“‘ 36 (14 7p)2
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Multiplying system (3.21) by ii:i Pas 3 }I:g 0., integrating over the periodic do-
main QF, we obtain

L Qartlal 34 [ 0l

2
3 di T+rp @ ddt 1370 110 Vo)L

+€||Vpa||%2+/ (1+79)divuapa+/ (14 7p) div uaf
QR QR

=3 [ (T + 3 [ o (e
7 o T = [ T Vet 32
2
Lo 5 [ T 51 L e ()
2
1 f V(i) At = [ 9 (55) - Vot

h2 (1 F70) Vo - Aty 5
12 1+76 - ZR?’”'

Estimates for the right-hand side of (3 - It follows from (3.18]) and - ) that
Ry1 + Ran <C|[(9:p, 0:0)l L=1l(p, 0)l| 775
<Oe||Vpl|Fa + 8| VO[3 + OBt | Aullfs + C7l|(p, 0) | 3y
+O7(|(Vu, Vp, VO, hAp) || 2| (p, ) [ 775
+ O7)|(Vu, Vp, VO, hV div )| 32| (p, 0) || 3=
<Oe||Vpll s + 8] VOl[3s + Ch* | Aull3s + Crdo || (p, ) 7-
By integration by parts and Holder’s inequality, we have

T . /(14 70)u 5 3T / . (I +Tp)u 9
R R34 == d (7) o — d (7 0o
33+ R34 2/QR Y\, |pal” + T A s 7 >| |

< OT(1 A+ [lufl =) (Y, Vo, V) [ o= [| (0, ) [
< Crdo|(p, 0) 13-
For the fifth term, by Lemma we have

Rs 5 <C7(|[(Vp, Vu)llL=|(divu, Vo)l a2 + 1(Vo, V)| 2 l(div u, Vp)l| L) [l pll a2

<Crdg||p| ms-
By Lemmas 2.5 and [2.6] we have
1
[ ||Hk < Or(1+ Vol ), (3.24)

where k& = 2.3, and H is the homogeneous Sobolev spaces. For the sixth term,

using (3.24) and Lemma again, we have
1
Ry <Cr|1V (5

Tp) a2 A0] 210 s + CTII(VO, V)| g2 [[(div u, VO)|| g2 (|0]| =

+ O (Vo poe |2V diva]| s + |[EV pl| s | AV div ]| o< ) || 125
+Cr(IVollm + Vol i) IRV div ul| Lo [|6]| 2
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+ 07| (u, V)| L= |V, V2u) | 2210 115 + OBV pl [ [16]] s
<CTd2||(0, V0, Au)|| g5
For the seventh term, with the aid of integration by parts and , we have
2 2
for =7 [, ()7 (75500 31 L Tag? ™ (155
<OT[(Vp,VO) || (L + Vol F2) 1RV pll 113 10| 15 + 61|V O||37a + CR2(|RV pl [
<O|IVO| % + CR2(|hV p||3s + Crdg |10 s,

where § is a sufficiently small positive constant. Due to Holder’s and Young’s
inequalities, the other terms on the right-hand side of can be bounded by
Sl|Adu3gs + RV + ChY| Aul + C7d3 6] 15

Adding the above estimates, and taking 9, i, € sufficiently small, we have

d .
NV, VO[5 + IVOIITs + €l VllZs + /QR(l +70) div o po

+ /QR(I + 7p) div u b, (3.25)
< ol|nAulllys + CH|Aulll + CRIAV pllds + O (p. 0, V0, KA s

+ Crdo||(p, 0, V)75
On the other hand, applying the operator div to , we have

. dive  4pAdivu 1470 R A%p
d - — Af Ap— —
% 1vu—|—1+7_p 3 14+7p +1—|—7’p P 1214+ 7p
— Ay +Tu-Vdivu
1 I 1470
= Au+ =VAdi - .
v<1+7p)(“ ut gVAdive) v(1+m> Ve (3.26)
h? h2t VpAp+Vp-V2p
— -VAp — : — —di
+12V<1+7p) VAp—1Vu:Vu 12 le( (1179
[Vpl*Vp R
(1+Tp)3)+TVp u—+ 7div f*.
Applying the operator Vx to (3.13), we have
A
OV xut LI BEVXU L 9v
1+7p 3 147p
1 1 ) 1470
—V(1+7p>(MAu+§VAd1vu)—V(1+Tp)-Vp .
h? 1 . '
+ﬁv<m>-VAp—T(VX’LLle@L—VXerU)
h*r VpAp+Vp-Vp  |Vp[*Vp R
_§Vx( (157 —(1+Tp)3)+TVp~u+TVXf ,
where we have used the vector analysis formula
Vx(f-Vf)=Vx(Vx[f®[f), (3.28)
Vx(fxg)=fdivg—gdivf+(g-V)f—(f V)g, (3:29)

for any vector functions f, g.
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Applying the operator 9~ to systems (3.26) and (3.27), and multiplying the
result by (1 + 7p)(V X uq_1,divu,_1), integrating over the periodic domain Q%
we have

1d
2dt

71/ 3| div a1 |2
2 Jar

—i-T/ (I+71pu-Vdivug—1 divug—1 — z/ Op|V X u,l,1|2
on 2 Jor

||(1 + Tp)(v X U, leU)H%{fz + H(V X Uvdivu)H%ﬁ

—|—T/ I+ 71p)u-VV X ug—1V X Ug_1 +/ (1+70)divus—1Apa-1
QF QR

(3.30)
+ / (]. + ’Tp) div ’U/OéflAeafl — / (]. + Tp)A'LZJa,1 div Uq—1
QR

QR

K2 9
SET A%po_1 divug_1
QR

_ /R(1 +70)0% (VX 1, divtg_1)
Q

+/ (1+7p)g4(V X tug-1,divVue—1) = R3 11 + R3 12,
QR
where
g3 =27Vp-u—7V xudivu+7V X u-Vu—7Vu: Vu
1 0
+ T ) Vp
1+7p

+2v( )(uAu—i—%VAdivu)—QV(

1
1+7p

h2

—V(
+ 6 1+7p

2 A v .
_%VX (Vp p+Vp-Vip (Vp Vp)Vp)

) R . ¢R
) VAp+ 7V x f*+rdiv f (3.31)

(1+7p)? (1+7p)?

R*r .. (VpAp+Vp-V3p (Vp-Vp)Vp
- v ( )

(L+7p)? (L+7p)

and

47 a—1 1 . a—1
A
[0, 1 JAdivu + pld

h2[ w1 1
12 "147p

1470 -1 1
Ap —7[0” Af — [0*
8= 0 plAg - o,

1
"1+71p

Estimate for the left-hand side of (3.30]). By integration by parts and (3.1a)), we
obtain

g4 = JAV x u

"14+71p

+ 1A%p — 1[0 u]Vdivu — 7[0°7 1 u]VV x u

(3.32)

_ [8a—1

Jdivu

)

1+7p

_ [8a—1

IV x u.

7'/ (l—i—Tp)u-Vdivua,ldivua,l—z/ Oip| div g1
on 2 Jor
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= —E/ Ap|divug_1]?
2 Jor
> —e*|[Vpllis — C7[|Vul .
Similarly,
— Z/ Oip|V X U 1| + T/ (1+7p)u-VV X uq-1V X Ug_1
2 QR QR
> —€*||Vpll3s — C7||Vul .

Integrating by parts, we have

/ (]. +T9)Apa,1 diV'LLOé,1 +/ (]. +’7’p) diVUaflAgafl
Qr QR

= -7 VO -Vpo_1divug_1 — / (14+70)Vpa—1-Vdivug_1
QR QR

—/ (1+Tp)Vdivua,1 -VGa,l — T Vp-VGa,l divua,l
QR QR

> —/ (14 70)po divug — / (1 4+ 7p) divuaba — C1do||(VO,V, V) 3.
QR QR

For the last but one term on the left-hand side of (3.30)), by integration by parts,
(3.1a)), (3.1d), Lemmas and we arrive at

—/ (1+7p)Atq—1 divug—1

QR

= —/ (1 +7p)pa—1divus—1
QR

= / Pa1(0tpa1 — €Apa_1 +Tu-Vpa_1+ 1[0, pldivu + 1[0, u]Vp)
QR

1d 9 9 T/ ) 9
-2 . Vparil2 = = | divulpa_
570 |l e [ 9paal =3 [ divulpl

+T/ Pa_110°"1, p] divquT/ Pa_1[0"1 u]l-Vp
QR QR

1d
> o [ e e [ 190 = On(Tu I o, T
2dt Jor QR
1d
> 55 [ tbanaP e [ 1Vpanal? = Crdol o, V)
th QRr QRr

For the last term on the left-hand side of (3.30)), by (3.1a) and Lemma again,

we have

h2
— 7/ A2pa,1 diV'LLOé,1
12 Jor

h2
= — VApg_1-Vdivug_1
12 Jor

2
- / Apa(Bipa — eApe + 70 div(pu)
QR

n% d 5 h%e Rt
- " — Apo|? — — Apg div upg,
24dt/QR|Vp| ST T /QR Poc CVHP
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Rt h2T

- di o2 = — Apa[0%,di
51 o v ulVpal” = 73 /QR pal0”, divulp
h2

+o T Voo - [0°V,u] - Vp
12 Jor

R d h2e .

> Vpal® + = . [Apal* = CTR? || Apa 2 IV div ul| s || pllw=.e

= 24dt Jor 12 /g
+IVullzsllplize) = CTR[Vpal L2 (IVull o [V pll 2 + [[Vull 72l Vol o)
— CTR(|Ap ]| 31V pll a2 + 1V ol Fa) |Vl s
h* d ,  hZe
> 2 _ -
Z 50t Jou VPl T T
Estimates for the right-hand side of (3.30]). For the first term Rj 11, we consider

here only the most difficult one, the other terms can be treated similarly. By the
curl-div decomposition of the gradient, we have

NBpal? = OVl

IVullgs = IV < ull g + || diva] g, (3.33)

where k = 0,1,2,3. Invoking (3.10), (3:24), (3.33), Lemmas[2.5| and [2.6] we obtain,
for a = 2,3,

Rt act 1 (VpAp+Vp-V2p (Vp-Vp)Vp\
_ E/QR(l—&—Tp)a le( EETE — FETE )dlvua,l
s o2 (VPAp+Vp-V3p (Vp-Vp)Vpy .
=13 QR(I + 7p)0% = div ( A5 70) R TEAE ) div ug
h*r? a2 1 (VPAp+Vp-V2p (Vp-Vp)Vpy
+ 12 Jon Vpd div ( EETE — EETE ) div g _1

< Cr(IVpllpes [hApl| 2 + [BApl| L= (W pll 122 + IVl o (1 + Vol F2))
+IVollg= (1 + Vol F2) [Vl s

< Cr(IVolla= 11V pll s + IV pll3 10V pll s + [V ol g2 + 1V pll 32 ) IVl 1o

< CTd3||Vu| gs.

For a = 1, we have

RoT VpAp+Vp-Vp (Vp-Vp)Vp >

-1z /. di - divu < Ord2|| V| 2.
12 /QR ( (1+7p)2 (1+7p)? ) ivu < Crdg|[Vul| 2
Therefore,

Ry 1 <OT||Vullg2 | VullZp2 + CTl|Vul 2| (V0, V) |72

1 2
T, N B280) s + [Vl )

+ 0| Vul|%s + CTIIVFE|% + Ord2 ||Vl g
<8\ Vullfs + CTIV 30 + Crd((VO, Vu, B2 Ap) | s + Vol 12)-

For the second term Rj 12, with the aid of Holder inequality, Lemmas [2.5) and [2.6]
we have

+ O Vull w29

1 1

R3 12 <CT||V \Y ||V \Y
sz SCTIVull (IV e IVull + 1V

[z [Vl L)
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1 1
+OrITul (19 g o Vs + 19 15l 9 20)
1 1

+ TVl (IV Iz [17*Apll s + IV 222112 A%l o)

1+7p 1+7p
+ C7([Vul g2 [|(Vp, VO, Vu) || L= [|(Vp, VO, Vu) | g2
+ O Vull 2 [|(Vp, VO, V) | 52 || (Vu, V2, V20) | 1o
<CTd2||Vul| gs.

Putting these above estimates together, and recalling 1 < |a| < 3, we complete the
proof of Lemma [3.5] by the curl-div decomposition of the gradient. O

To close the uniform bound of solutions to system (3.1]) with respect to ¢, R, we
must deal with the term ||Au|| g3, which is caused by the quantum effect terms in

the energy equation (|3.21b)).

3.3. Higher order estimates for (p,u,6).

Lemma 3.6. Under the assumptions in Lemma we have

d

T 10V kN p, 12 Ap) e + B2 V2ul s + eh? | AplGga + Hel|V Ap|a

< Crd|(p, u, 0,0, Vu, iV p, B*Ap) | s + Chl|(p, hdivw)||%s (3.34)
+ CR2||V0|%s + 0€||Vpl|%s + CT||AV £722.

Proof. Applying the operator 9 to (3.13)), multiplying the result by —hA%Au,, we
obtain

h2 d 2 2 2
jaﬂvua“m + A CpullVua |l
1476
:Thz/ u-VuaAuaJth/ T VpaoAua—hQ/ Viby - Ay,
QR or 1+7p QR

4 Apg - A
- E VApa fo hQ/ 95Au0z
].2 QR 1 + TP QR

+ h47/ a(VPAp+ Vp-V?p  |[Vp]’Vp )Au
12 Jor (1+7p)? (1+7p)3 “ (3.35)
2 « u 2 a R
Aug — A
+ R /QRG (1+Tp) U — TH QRaf Ug
ph?r Vpdivue(Au, — Vdivu,) 9
-3 L+ ) +h VO, - Aug
QR 14 QR
9
£ ZRZI,Z';
i=1
where
1470
s = — [0, u] - Vu + [0°, l(pAu + 2v divu) + %, — v
1+7p 3 1+7p
2 . (3.36)
- ﬁ[ ) 1+ Tp] Ap
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Estimates for the right-hand side of (3.35). For the first three terms Ry 1 ~ Ry 3,
by a similar manner to the estimates (]75.15 , (3.16]) and (3.17)), we obtain

Ry =- hr Bkui(?iui@kug - hQT/ uiaikugakug
QR QR
2 i, g j h2T
=—h°T Opu' 0wl Opu?, + ——
QR QR
2
<C[[Vul p=|[aAVul[3s,

divu|Vue|?

K2 d 1+ 76 1+ 76
Rip<- L% 7va27h2/ — T | Apal?
42> 2dt/QR(1+rp)2| pal € Jor T 7p)2 1200l

+0)[(eVp, he* 2 Ap)||4s 4+ CTd3 | (p, 0, Vu, iV p, iV W) || grs + ChY|| Aul|%s,

where § is a sufficiently small positive constant, and
Rys = h2/ po divug < Chll(p, hdivu)||3s.
QR

For the fourth term, by the equation (3.1a)), we can infer that

4 ; 4
Ris :E Apa A divug E ( )AuaApa
12 Jqor 1+7p 12 Jqor 1+7p
B h;l Apa (0t Aps — eAApy + Tu - VAp,)
12 Jor (14 7p)?
R Apa([0%A ] - Vp £ [0%A, p] div u)
12 QR (1 + Tp)2
h4
+E QRV<1+T/J)AUQAP&
n* d |Apa|? Rt 1
- — — _\=Far T — ) |Apa 2
24 dt Jor (1+7p)2 o /QR at((1+7p)2)| pel
_ & |VApa|2 hier V,O i VApaApa
12 Jor (1+7p)? 6 Jor (1+7p)3
RAr u htr Apu[0°Au]l - Vp
v d s A o 2 o a I
T Jon 1V((1—|—7‘p)2>| ral =g | T )
4 o : 4
T Apa0*A, pldive  R* ( 1 )AuaApa
12 Jor (14 7p)? 12 Jor  \1+7p
4 A 2 4 A 2
< _ Ei | pa| _ E |v poc| —l—(SH(Gl/QVp, h2€1/2VAp)||%13

- 24 dt QR (]. —+ Tp)Q ].2 QR (]. =+ Tp)2
+ CTd0||h2Ap||§[3 + CTd%H(Vu, hAu, hQAp)||H3 + Ch4||Au||§{3,

thanks to Lemmas and [2.6] Holder’s and Young’s inequalities. Invoking the
definition of g5, (3.24]), Lemma and Sobolev embedding, we arrive at

Ry <CR?| g5 2| Aul| g

<CrY||Aul|Fs + Cllgs||Z2
1
1+7p

<O 8ulla + CIV (7= ) Bz llulls + CTIVule | Vul o
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1+ 76
Jr

+ IV (5 ) W IVl + OV (12 ) sVl

1+7

+ OV (1 s 192 8l
<O Bl + Cral(p, 0 1) e

For the sixth term R4 ¢, using lemma and (3.24)) again, we have

\Y%
L s W2 Ap][ )

<CrIIR2 AUl s o [|[B2Ap|| 2 + ||H—t—
Ry <CT||h*Aul|gs([|[Vpl|Le< |2 Apl| s + || 1+ 77)

<Cd3||(hV p, B* Ap) || s + CB* (| Aul|F2.

By Holder’s and Young’s inequalities, the other terms on the right-hand side of
(3.35) can be bounded by

9
ZRM <8R?(|Aull3s + CR* (V0| + Cdgll(p, u, Vu, VO, BN p, B> Ap) || 1
=7
+ C7||hV f B2,

Hence, choosing sufficiently small positive comstants 6, 4, we complete the proof.
O

3.4. Estimates for Vp.

Lemma 3.7. Under the conditions in lemmal[3.3, for any positive constant m < 1,
we have

w0 T b8 o + G, [ 5007

< Om2(| 2V pl|2s + (Y0, Vu)|32) + CTIIV FR(2: + Crl|wR|L, 337
+Crdo(|hV pll3ps + 1(V0, Vu, Vp)[32),
and
5 d .
m?2|[(hp, ¥ p, B2 Ap) |2, + m2h2 / Pud*Vp
i -
(3.38)

< Cm?||(V0, Vu, hAu, he' 2 Ap)||4s + CT||V £ 112
+ Crdo||(Vp, Vu, iV p, 12 Ap)|[3s-
Proof. Applying the operator 9% to (3.13)), then taking inner product with §%Vp,

we can obtain (3.37)). The process is similar but much easier than the proof of the

estimate ([3.38]). More precisely, applying the operator 8 to (3.13]), multiplying the
resultant equation by h203Vp, and using integration by parts, Sobolev embedding,
Young’s inequality and Hélder’s inequality, we obtain

[(hp, IV p, B> Ap)||%5
< —h2/ P*ud*Vp+ C||(VO, hAW)| 3 + 8| (hV p, B2 Ap) || 35
QR

+Crdo||(Vp, Vu, iV p, 12 Apl[3gs + CT(|V 73,
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where § is a sufficiently small positive constant. By integration by parts again, we
have

— K2 83ut83v,0

QR
= 7521 63u83Vp — K2 / 8 div u83pt
dt Jor QR
= —52% Pud3Vp + h? 02 div ud? (1 +7p)divu — eAp+Tu - Vp)
QR QR

d
< —hQ% / Pud®Vp + C|| divu||%s + C||he'/2Ap||%s + Crdo||(Vu, AV p)||%s).
QR
Therefore, multiplying a suitably small positive constant m?2, we derive (3.38). O

3.5. Proof of Theorem In what follows, we will use the above uniform (in
€, R) estimates to show the condition of the Leray-Schauder degree theory
is satisfied. Then, we establish the existence of time periodic solutions to the
approximated system in the bounded domain Qf by the topological degree
theory. It is worth noting that the uniform (in €, R) bounds of solutions to system
(3.1) are needed especially for the proof of Theorem [1.1

Proof. Adding Lemmas [3.3}{3.7] up, and integrating the resultant inequality from 0
to T, we obtain, for some suitably small positive constant m,

.
/ (H(p,u,e)nzs +11(V0, Vu, hAw)||%s + ||(BV p, h2Ap)||§I3)dt
0

.
e [ o Vo g 12V A By

0

.
s&/HW%wwmﬁ
0 (3.39)

I 1/2
+C¢d§(/ (0,8, u, Vau, V8, iV, hAu,thp)Hi,gdt)
0
o
+CTd0/ (p, 0, u, Vu, VO, iV p, BAu, 2 Ap) || %2 dt
0
-
<Cr [ NGV e+ Crd,
0

thanks to the choice of some suitably small positive constants m,d, s such that
those terms without 7 ahead disappear. It follows from the above inequality (3.39)
that there exists some time ¢y € (0,7*) such that

T H(p7 U, 9)(t0)”§13 + T H(th7 hVu, hQAp) (tO) H?LId

r (3.40)
<7 [ 1T £ ude + O
0
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Combining the results (3.6)), (3.12)), (3.20) with (3.34)), we derive

d
72 (1Co, 0, )35 + 1(hV p, AV, 12 Ap) 1375

< O\ fR 3 + OTR?||IV f7 ) 2 (3.41)
+ Crdo(||(p, u,0) |35 + |(Vu, VO, AN p, hAu, > Ap)||7;s)
+ Crd3(||(p, 0, w)|| s + [|(VO, Vu, AV p, RN, B2 Ap) || ).

Integrating (3.41) from ¢g to t (to <t < T*), then (3.40) guarantees the inequality

1(p, 0, uw) ()35 + [ (BV p, NV u, B Ap) (t) |3
< ||(p, 0,u)(to)l|3s5 + ||(AV p, iV u, B2 Ap) (to) || 35

-
+CT/ I(f5, hV f1)|[32dt + Cd (3.42)
0

i
< CT/ [(F7 RV ) ||32dt + Crdy.
0

For the reason that (p,u, ) is periodic in T*, we have

(0, 0,u)(0) |35 + [|(AV p, ANV u, K> Ap)(0)|3;5
= 1(p, 0, w)(T*) |3 + ||(BV p, BV, B2 Ap) (T™)|[37

. (3.43)
< OT/ |(F7, mV £7)||22dt + Crd3.
0
Therefore,
s[élg | (1o, 0, w)(®) |75 + |(BV p, AV u, B2 Ap) ()]s
te|0,T*
- (3.44)
< CT/ |(f2, BV f2))2,2dt + Crd3.
0
Combining ({3.39)) with (3.44)), and recalling the definition (2.5)), we obtain
-
w0+ [ 6. V0. 1. 12V 8p) i
0 (3.45)

T* 9
<Cr / I(F BV ) [2pedt + Crd3 < %
0

in which we have used the assumption that dy and fOT* |(f5, hV f7)||2,.dt are
sufﬁcien’gly small such that CA\? + Cdj < d3/2. This prove (3.2). Recalling
x((p,@,8),0) =0 in the proof of Lemma we have

deg(I = x(+ 1), B4, (0),0) = deg(I — X(-,0), B4, (0),0) = deg(1, By, (0),0) = 1,

where we have used the normality and invariance of compact homotopy properties
of Leray-Schauder degree deg(I — x(-,7), B4,(0),0). Hence, system (2.1) admits a
time periodic solution (p,u, ) € Xfl:f). ]
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4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem In the following, we will prove the existence of time
periodic solution in R? by a limiting process. Before starting the technical part of
the proof, we list an available Lemma [4.1| which has been proved in [II].

Lemma 4.1. Let {f;}{°, be a sequence of functions defined on a set Y. If there
exists an exhausting sequence of subsets of Y satisfying U2, Y; =Y, and for i >
1, {fi}¥s2, is a uniformly convergent subsequence of {fli_l}i’il in Y; in which we
assume f2 = fi(l = 1,2,3,---,), then we can obtain a subsequence {fi} of {fi}
such that {fi} converges uniformly in'Y.

In the following, we let Y = R? and Y; = QF.
Lemma 4.2. Assume g € L>=(0,T*,H?), d;g € L*(0,T*,L?), we can derive g

in Cé’%((O,T*) x Q). where g € C%’%((O,T*) x Q) means for any function
g € L>=((0,T%) x QF), it holds

|g(m,t) - g(y7 S)|
Sup 172 s =
(@ 0)£(s) [T — y[M2 + [t — s

Proof. By the condition g(t) € H? and Sobolev embedding, we have g(t) € C'/2,
for any t € (0,7%*). In the following, we assume 0 < t; < t5 < T*. Without loss of
generality, we denote B, by a ball centered at z € Qf with radius r = |ty — ¢]°.
Using the fact d,g € L(0,T*, L?), we obtain

to
/ 9, 1) — gla, to)|de < / [ dgd|de

r Br,« t1
t2 1/2 t2 1/2
g(/ / |8tg|2dt) (/ / 12dt) i 4D
ty B, t1 B,

<Oty — %,
which implies there exists a point € B,., such that
l9(F,t1) = 9@, t2)| < Clty — o] 2~ %,
Hence, we deduce that for any x € QF,
lg(z,t1) — g(z, t2)| <lg(z,t1) — g(Z,t1)| + |9(Z, t1) — 9(Z, t2)| + |9(Z; t2) — g(, t2)]
<20t — to|F + Clty — to] 2~

an

Then we can choose @ = %+ such that % -5

1
1
lg(z,t1) — g(a,t2)] < Clty — to]5.
Therefore, we prove that, for any z,y € Qf and t,s € (0,7%),
l9(x,t) = g(y, )| < Oft = s|% + Cla — y['/2.
This completes the proof of Lemma O

= 5. That is to say,

Proof of Theorem[I.1. To avoid any confusion, for any fixed R, we denote the solu-
tions to the approximated system (2.1]) by (p, uf><, §7¢). Using Lemma [4.2 and
the result (3.45)), we deduce

[(p™e, uf™e, 07| < Cdo.

053 ((0,7°)xQR)
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Then there exists a subsequence {(pZ-€ uftc §F:€)1%0 | guch that

(pfe ufte By — (pB u®,0%) uniformly in QF as n — oo,

(ple ulte 0%y — (pB u®,0%)  strongly in L*(0,T*; L?(QF),

where (p%,uf?, 07) ¢ Xﬁ).

Letting € — 0 (n — 00), we can conclude that the limit function (p%,uf, %)
X dlf) . This completes the proof of the time periodic solutions to system in the
periodic domain QF.

In what follows, we choose a subsequence Ry such that Ry — oo (k — 00). Let
(pF,uk 6%) be the convergent function sequence in Q% and (pf+!, uf+!, 9’”‘1) be
convergent function sequence in Qf*+1 which is also the subsequence of (p&, uk, 6%).
Repeating the process and using the diagonal argument, one can show that there
exists a Cantor diagonal subsequence (pI', ul,07) such that (o, u}, 92) (p,u,8)
as n — oo in the whole space R? based on Lemma and the bound (3.45) (uniform
in R). Hence, we extend the time periodic classical solution (p, u, ) to system

to the whole space R?. Then the proof is complete. [

4.2. Proof of Theorem Assume that (p1,u1,61) and (p2, ug, 02) are the pe-
riodic solutions from Theorem Let g=p1 —pa, v=1ui —uUs, 9 =0, — 0,0 =
11 — 1. Then system ((1.2)) can be rewritten as

0yq + dive = —gdivuy — podive —v - Vp; —us - Vg, (4.2a)
1+ 6 h? VAq
Ov + + VO + Vg- —
T 1+ po 12 95 + 1
_H3Av+Vdivv_v¢
3 p2+1
h qVAm 1+6; 1+ 6,
—_— _ qYEAL VY —ue - Vo — _
2(p1+1)(p2+1) vt TR (1+pl 1+pz) o
V2 2 Vp2
Ap1 +V _—
12 ( +p1 (L4 p2)? )( & o)+ 12 (14 p)?
~ pg(3Av + Vdivo) _hj |V p2|?
3 (pr+1D(p2+1)  12(1+ p2)?
h Vpi|? Vpo|? —
+7<| pi . V2| 3) o1+ (p2 — p1)us 7
12\(1+p1)? (14 p2) (14 p1)(1+ p2)
2 2k AP h? B Agq
89+ 9+ = dive — — ——— — "~ div Av — —
W A T T B T 3611
2 2
:fv~V6’17u2'V19—719divu1—§02divv
K2 2 Af
W~ Vi V div +7( Ver Vo )Vdivulf—H#
18 py + 1 18'p1+1 pp+1 3(pr+1(p2+1)
2 - ~ R (p2 — p1)Ap
+ S (Rlur, p1) = Rlus, p2)) + o P2 PRSP
5 (R(u1, p1) = R(uz, p2)) + 55 (AT

A¢ =g, (4.2b)
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where
R, p) = L1Vu+ Vu'|? — 22 (divu)? R |Vp|?
p+1 24 (1+ p)?
Note that the energy estimates share similar arguments as those of the proof for the
existence of time periodic solutions, provided that we assume ff = 0 and dy > 0
is sufficiently small. Hence, we derive

1
+Eﬂuﬁ-

”
[ (1000120 + 170, 90,090,150, R 8q) )t <0, (43
0

which implies that (p1,u1,601) = (p2,us2,82), then the proof of uniqueness is thus
complete.
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