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ABSTRACT. We consider the time decay rates of smooth solutions to the Cauchy
problem for the compressible Navier-Stokes system with and without a Yukawa-
type potential. We prove the existence and uniqueness of global solutions by
the standard energy method under small initial data assumptions. Further-
more, if the initial data belong to L (R3), we establish the optimal time decay
rates of the solution as well as its higher-order spatial derivatives. In particu-
lar, we obtain the optimal decay rates of the highest-order spatial derivatives
of the velocity. Finally, we derive the lower bound time decay rates for the
solution and its spacial derivatives.

1. INTRODUCTION

We consider the Cauchy problem of the compressible Navier-Stokes system with
and without the Yukawa-type potential term in the whole space R3,
pt + div(pu) = 0,
(pu)t + div(pu ® u) + VP(p) + vpVy) = pAu+ (n+ v)Vdivu,
“AYp+yp=p-1,
(p,u)|t=0 = (po,uo) — (1,0) as |z| = oo.

(1.1)

Here p = p(t,z), u = u(t,x), P = P(t,x) and ¢(t,x) represent the density, the
velocity vector field of the fluid, the pressure and the potential force exerted in the
fluid respectively, at time ¢ > 0 and position x € R3. The Lamé coefficients p and v
satisfy g > 0 and %/L+V > 0. And the constant v € R may be arbitrary and it is es-
sential on its sign. When v = 0, (|1.1)) reduces to compressible Navier-Stokes system,
which describes the motion of a barotropic viscous compressible flow. When ~ # 0,
becomes the compressible Navier-Stokes equations with a Yukawa-potential,
which is a simplified hydrodynamical model describing the nuclear matter [3} [8]. In
this paper, we consider the compressible Navier-Stokes system with and without a
Yukawa-potential. For technical consideration, we assume that the constant v > 0
and the pressure P is some smooth function depending only on p and P’(p) > 0.
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There are many important investigations on large time behavior of the solu-
tions to the compressible Navier-Stokes system in multi-dimensional space, see
[B, M0, 1T, M2 I8, 20, 21, 23], 28] 27] and references therein. Matsumura and
Nishida [20} 21] first proved the existence of the small global solutions in H3(R?) to
compressible Navier-Stokes equations, and particularly, for the initial perturbation
small in L*(R3)N H3(R3), by employing time-decay properties of the linear system,
the authors in [20] obtained the decay rate of the solution in L2-norm:

(P — 1, u)|[L2msy < C(1+ t)=3/4,

which is the same as for the heat equation with initial data in L!(R3). Later, for
small initial disturbance in H!(R?) N WH1(RY) with [ > 4, Ponce [23] gave the
optimal LP (p > 2) decay rates of the solutions and their first and second order
derivatives. For the initial perturbation in H*(R®) N LP(R?) with 1 < p < £, Duan,
Liu, Ukai and Yang [6] proved the optimal convergence rates of the solution in
Li-norm with 2 < ¢ < 6 and its first order derivative in L?-norm. For the small
data (po — 1,mg) with the momentum m = pu in H'(R®) N By 5 (R%) with [ > 4
and 0 < s < 1, Li and Zhang [I7] studied the Cauchy problem for compressible
Navier-Stokes system with v = 0 and obtained the following decay rate

1(p = 1,m)|| p2@s) < C(1+ )~ (G5,

Moreover, they established the lower bound of the time-decay rate for the global
solution. For the small initial perturbation in ||(po — 1,u0)| gt (rs) With [ > 3 and

the data bounded in H—5(R3) with s € [0, 3), instead of resorting to the decay
properties of the linear system, Guo and Wang [10] developed a general energy
method and obtained the optimal decay rates of the higher-order spatial derivatives

of solutions
IV (p = L u)|poeey S CL+H™F, 1<k<i-1.

Recently, Danchin and Xu [5] studied the LP decay rates of the global solutions in
the critical L? framework and Xin and Xu [27] improved the result by removing
some low frequencies conditions. Under the discontinuous initial data assumption,
Hu and Wu [I3] established the optimal convergence rates of the solutions with
low regularity in LP-norm with 2 < p < oo and of the first order derivative of the
velocity in L?-norm.

Compared with the compressible Navier-Stokes equations, there are few results
on the system with v # 0. For instance, Chikami [3] studied the existence and
uniqueness of the solution in the critical space, and they also developed a blow-up
criterion of the solution. In this paper, we first establish the global existence of
the smooth solutions for the system , and then we will continue to address
the optimal decay rates for the solutions. In particular, we can derive the optimal
decay rate on the highest-order derivatives of the velocity.

The system can be rewritten as

U= DU+ N,
Ult=0 = Uo,
with the solution U = (p — 1, u) and the matrix-valued differential operator D has

the form

D— 0 —div
T\-P()V-9V([1-A)"Y pA+ (p+v)Vdiv)
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Thus the solution can be expressed as
t
U(t) = Et)Uy + / E({t—7)N(U(7))dr,
0

where E(t) = ! is the solution semigroup. Due to the estimates on the semigroup
and the energy estimates on the solution to the nonlinear problem (cf. [6] [I'7, 20]),
it is difficult to show that the optimal decay rate of the high-order derivatives
of the solution since the nonlinear term involves the derivatives. To improve the
known results, motivated by [2 [], we introduce Hodge decomposition to analyze
the system (L.I). Hence the second equation of can be divided into two
systems. One is a mere heat equation on the “incompressible part”, whose decay
rate is exponential; another one is a mixed system, which seems more complicated
because of the nonlinear term. Fortunately, we find that the solution semigroup of
the mixed system also keep good properties (the detail can be seen in the proof of
Proposition . As a result, we can eventually derive the optimal decay rate of
the highest order derivatives of the velocity.

Notation. In this paper, V* with an integer £ > 0 stands for the usual any spatial
derivatives of order ¢. We use LP (R3) with 1 < p < oo to denote the usual LP spaces
with norm || -||z», and H*(R?) to denote the usual Sobolev spaces with norm || - || g .
Furthermore, we use H*(R?) to denote the homogenous Sobolev spaces with norm
|| - |l 75 defined as
[l ge =2 1A° fllL2 = (11 f] 2

with s € R and here A® is a Riesz potential operator of order s. We will employ
the notation a < b to mean that a < Cb for a universal constant C' > 0 that only
depends on the parameters coming from the problem. And C;(i = 1,2,3,4) will
also denote some positive constants depending only on the given problems.

Our main results are stated in the following theorems.

Theorem 1.1. Assume that ||(po — 1,uo)| gt with an integer I > 3 is sufficiently
small. Then there exists a unique global solution (p(t,x),u(t,z),y(t,z)) to the
initial value problem (1.1)) such that

1o = L))l + 1 () 172
+/0 IV ()2 + IV a3 + V()1 )dr (1.2)

S Moo — 1, u0) 17
If further ||(po — 1,ug)|| 1 < +o00, then for k=0,1,...,1—1,
IV (p = D) (O)lz2 + [VEo ()]l m= S (141)~GFD), (1.3)
and for k=0,1,...,1,
IV¥u(t)ze S (1+8)7GF2), (14)

Remark 1.2. The results in Theorem[I.T]indicate that the optimal time decay rates
are same for the solutions of the Navier-Stokes system and what with a Yukawa-type
potential.

It is worth noting that the optimal time decay rates of the highest-order spa-
tial derivatives of the velocity are obtained. By comparison, the optimal time
decay rates of the compressible Navier-Stokes equations and Navier-Stokes-Poisson
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equations, see [6l [7, [10] [I5] 16, 26] and the references therein for instance, can be
obtained but except the highest-order one. This is because of the decomposition
on the system.

To obtain the optimal time decay rates of the higher-order derivatives of the
solution, we can represent the spatial derivatives of the solutions to the equation
Ui = BU + G with the initial data Uli—o = Uy which follows from the Duhamel
principle as (cf. [25])

t/2 t
VAU = VES(8)U, + / VES(t— 1)G(r)dr + [ VTS(t— 1) VETG(r)dr, (15)
0 t/2

where S(t) := !B is the solution semigroup and 0 < r < k.

Note that the decay rates for the solutions and their derivatives above are op-
timal. Indeed, we shall establish the lower bound of the time decay rates for the
global solution.

Theorem 1.3. Besides the assumptions of Theorem (1.1, assume that the Fourier
transform (Flpo — 1], F[mo]) with mo = pouo satisfies |F[po — 1](§)| > co Ko, and
Fimol(€) = 0 for 0 < €| < 1 with a positive constant ¢y and Ko = ||(po —
Lug)|pinme- Then, the global solution (p,u,v) given by Theorem satisfies
fort >ty with tg > 0 a sufficiently large time such that for k=0,...,1—1,

c1Ko(1+ 1)~ 38 < min {|[V*(p — 1)(0) || 2, [VFu(t) || g2, [ VE9 ()] 2 }

. (1.6)
<C(1+t)" G+,

and
e Ko(1+)~GF2) < | Viu(t)||2 < C(1+ 1)~ (G+2), (1.7)

where ¢1 18 a positive constant independent of time.

Remark 1.4. Compared to the lower bound of the time-decay rate for the solu-
tion obtained in [I7], we can also get the lower-time-decay-rate for the high-order
derivatives of the solution as well as the highest-order derivatives of the velocity.

The rest of this article is organized as follows. In Section 2, we reformulate the
problem and state the equivalent theorem and propositions. In Section 3, we use the
decomposition of the momentum to analyze the linearized system and establish the
linear L? decay estimates. In Section 4, we prove the global existence Proposition
[2:2] In Section 5, we prove the optimal time decay rates Proposition 2.3] and the
lower time decay rates Proposition [2.5] respectively.

2. REFORMULATED SYSTEM

Denoting ¢ = p — 1, then we rewrite (1.1]) in a perturbation form as

ot +divu = Ny,
ug+ P'()Veo+9Vp — pAu — (p+v)Vdive = Ny, (2.1)

(Qv u)|t:0 = (QO,UO) = (pO - 17“0)7
where the nonlinear terms are

Ny = —div(ou), (2.2)
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Ny = —u-Vu— (P/(p)

—P'(1))Vo— K oAu — MQV div u. (2.3)
P p
For any T > 0, we define the solution space by
X(0,7) = {(0,u,v) : 0 € CO(0, 75 H'(R?)) N (0, T3 H' ' (R2)),

u e C%0,T; H(R?)) nCY(0,T; H 72 (R?)),
Y e C°0,T; HH3(R?)) n (0, T; HHH(R?)), (2.4)
Vo e L2(0,T; H=Y(R?)), Vu € L*(0,T; H(R?)),
Vo € L2(0,T; Hl“(R3))},

and the solution norm by

@) = sup {Ilo,u) (O3 + 14131
0<t<T

r (2.5)
+ / (IVo®) 3 + [ Vu(t) e + V90 )t .

We now state a local existence theorem for the system (2.1), which can be es-
tablished by a standard contraction mapping argument; we may refer to [15].

Proposition 2.1 (local existence). Let (09,v0) € H'(R®) for an integer | > 3 and
inf {00+ 1} > 0. (2.6)
z€R3

Then there exists a positive constant Ty depending on x(0) such that the problem

(2.1) has a unique solution (o,u,v) € X(0,Ty) satisfying

i < . .
s STo{g(t,x) +1} >0 and x(To) < 2x(0) (2.7)

It is easy to check that the global existence part of Theorem [T.]is equivalent to
the following proposition.

Proposition 2.2 (Global existence). Assume ||(go,uo)l||; with an integer I > 3 is
sufficiently small. Then there exists a unique global solution (p(t, z), u(t, x), ¥ (¢, z))
to the initial value problem (2.1)) such that

I, W) Oz + WO 7es

t
+/O (IVe(m) s + IVu() I + IV () [Fen)dr < Cli(eo, uo)lI7-

To obtain the lower time decay rate for the system (|1.1]), we consider the following
linearized system, which is equivalent to (1.1)):

ot +divm =0,
my + P'(1)Vo+ 4V — pAm — (u+v)Vdivm = N, (2.9)

(0, m)|t=0 = (00,m0) = (po — 1, pouo),
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where

N =: div F = div ((—P(l +0)+ P(1) + P'(1)0) I3
m&m
1+o

- uV(%) — (p+v)div (1‘9?@)]3)'

For simplicity, we will also use the system (2.9) to analyze the upper decay rate
for the solutions in the following proposition.

+9VY ® Vi — (12 + VY I - (2.10)

Proposition 2.3 (Optimal time-decay-rate). Under the assumptions in Proposi-
tz’on and that ||(0o, uo)||Lr < 400, for k=0,...,1 — 1, we have

IV*e®llze + IV ()l < (L+ 67 GFE, (211)
19" e(t) 12 + V"0 (0) 12 < (1 4+1)~ G, (2.12)
and for k=0,...,l, we have
[V¥m(t)lze < (141~ GF2), (213)
Remark 2.4. Regarding Proposition [2.3] we have the following observations.

® [0, uo)[[L+ < +00 and [|po]| Lo < 400 imply [[mol[Lr < 400 (cf. [A]).
e By (2.11)) and (2.13]), we can check that under the assumptions of Proposi-

tion (1.4) holds for k =0,...,1I.

Proposition 2.5 (lower-time decay rate). Assume that the conditions in Proposi-

tions[2.9 and [2.3 hold, |F[00](£)| > coKo, and Flmo](§) =0 for 0 < || < 1. Then
fort >ty with ty > 0 a sufficiently large time and for k = 0,...,1 — 1, the global
solution (p, m, ) given by Proposition satisfies
e2Ko(146)" G+ < min {|[ V¥ (. m) ()| 2, [0 (D)2} < O+~ GFD, (2.14)
c2Ko(1+ 1)~ (48) < | Whm(t)[| 2 < 01+ 1) (+4), (2.15)
where co is a positive constant independent of time.

By using the estimates on the upper decay rates of the solution, we can conclude

from (2.14)—(2.15)) that (1.7) holds for k=0, ...,1.

3. SPECTRAL ANALYSIS AND LINEAR L? ESTIMATES
In this section, we focus on the decay rate of the solution to the linear system
ot +divm =0,
my + (P'(1)V +79V(1 = A)™") o — pAm — (p+ v)Vdivm = 0, (3.1)
(0,m)|t=0 = (00,m0) = (po — 1, pouo).

Motivated by [2], we decompose the momentum m to analyze the above system
(3.1) similarly as Hodge decomposition of the vector field, the system can be
transformed into two systems. One is a mere heat equation on the “incompressible
part”, and another one has distinct eigenvalues. Let n = A~'divm and M =
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A~ tcurlm (with curl 2 = (9,23 — 02,22, 0y 2t — 04,23, 00, 22 — 01, 21)1), then we
can rewrite (2.9) as follows

0t +An =0,
ne — AP'(1) +~9(1 = A) "o — 2u+v)An =0, -
M, — pAM = 0, (3:2)

(2,1, M)|i=0 = (20,10, Mo) = (g0, A~" divmg, A~" curlmy).
Indeed, as the definition of n and M, and relation
m=—A"'Vn— A"t curl M (3.3)

involve pseudo-differential operators of degree zero, the estimates in the space
H'(R3) for the original function m can be derived from n and M.

Now, we study the time decay rates of the solutions for the system . It
follows immediately that the convergence rate of M is exponential in any norm.
Hence, it suffices to consider the system

ot = —An,
ng=A(P' (1) +v(1-A)"") o+ (2u+v)An, (3.4)
(0,m)]t=0 = (00, M0)-

In terms of the semigroup theory, by denoting V' = (g,n)!, we may express (3.4)
as,

Vo= B, 3.5
Vo =W (8:5)
with
B_ 0 —A
T\A(P()+9(1 =AY 2u+r)A
Applying the Fourier transform to the system , we have
Vi = A6V,
= AQ) (3.6)
V=0 = W,
where V(t,€) = FV(t,z), £ = (£&1,&,&)! and A(€) is defined by
A = | e (3.7)
(PO + ) 16 —ur P :

The eigenvalues of the matrix A(£) are computed from the determinant

det(A(€) = M) = X+ (2 + V)P + (P/(1) + © +7|§|2)|g\2 —0, (38

which implies the eigenvalues of the matrix A can be expressed as

Mg = —(n+3) 16 + ¢ (n 3)El = (PO + )l (39)

The semigroup S(t) = e*4 can be decomposed into
&) = AP (&) + P_(8), (3.10)

where the projector Py (§) is

A© ~ sl

Pi(§) = IV (3.11)
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To estimate the semigroup e‘4 in L? frame, we analyze the asymptotical expan-
sions of Ay, Py and e'4®) for both lower and higher frequencies. From [21], we
have the following lemma by careful computation.

Lemma 3.1. (a) For |§| < 1, the spectral has the Taylor series expansion
V .
A = —(p+ )l + Ogl") £i((P'(1) +7)'%¢] + O(l*))- (3.12)

(b) For |£] > 1, the spectral has the Laurent ezpansion
P'(1)

r ==l o), -
A=~ V)l + 2L+ 0l )

By (3.10)—(3.11)) and Lemma we obtain the following estimates for the so-
lution V'(¢,£) to the system (3.6]).

Lemma 3.2. (a) For |£| < 1, we have

2, [ S e DI (15| + [7o), (3.14)

(b) For |&| > 1, we have
1 S e R (1o] + 1€ 7o) (3.15)
7l S e e R g | + (e Gt DI 4 g =21 [ (3.16)

for some positive constant R.

Proof. By the formula (3.10)—(3.11]), we can calculate the semigroup S as follows.

= (Sij(t’g))gxg (317)
7 g1( A4, A-) —|§|92()\+,)\—)
= (|5(P'<1> + )92 A0) 1A AD) - <2u+u)5|292(x+,x>) ’
where At Ayt At _ At
A = B ) =

From the expansions (3.12) and (3.13)) of Ay, we can estimate g;(A4,A\_) (i =
1,2) as follows

gl<)‘+’)‘*)
—(utL)E? +5)1¢? :
e ((P/<1)+(5>172)|f|+0(|s|3> sin (P -+l

+O(&[%))t) + cos (((P'(1) +)"/2/¢| + 0<|5|3>)t)),

= if €] < 1,

(3.18)

_Pl -2
O(l)e(—(2u+u)\E|2+O(1))t+((2M+V)‘§‘2+0(1))e( Ty TOUEI TNt

(2u+v) €2 +0(1) ’

if ¢ > 1,
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and

sin (((P’(l)+’y)1/2|€|+0(\§\3))t)

e—(M'i‘%)|'€|27 |§‘ < 1,

g2(A,A) = (P’ (1)+7)/21€[+0([€1%) (3.19)
e(—5;5}3+O(|&\*2>)t_e(—<2u+u>|s\2+0<1>)t
CTEIGEET eIy k>
Hence we conclude that
—EBIEPt g
e 2 <1
l91(A+, A-)[ S { Rt ’ ’ (3.20)
e, 1€l >1
for a positive constant R, and
20w S ‘€|7167(#+%)\E\ t ¢l < 1, 3.2)
20 A .
€721, €1 > 1.

Moreover, by delicate calculations, we have the estimate
91 (A, M) = 2+ V)€ g2 (Mg, Ao)]

e_(/""%)|’5|2t7 |§| <1, (3.22)
~ e—(u+%)|f|2t+ |§|—26—Rt, €] > 1.

Now we represent the solution of (3.6]) as
V(t,€) = eV, (3.23)

Therefore, by plugging (3.20)—(3.22)) into the expression (3.17)) of S(t), we obtain
B1) @I0). 0

As in [21], we obtain the decay rates for the solution (g,n, M) of the linear
system ([3.2)) as follows.

Proposition 3.3. Assume that (09, mo) € H'NL'. Let n = A~'divm and M =
A~Ycurlm. Then the solution (o,n, M) of the linear system (3.2)) satisfies

(a)
lolZ2 S (1+)7%21(00, m0) |21 + €% (00, m0) |22, (3.24)
and for 1 <k <1,
_(3
IV 0)122 S (14 6) G| (09,m0) 124 525)
+ 2R (VR ool + 194 ml ). |
(b) For k=0,1,

IVERI22 < (146G (00, m0) 122 + e 25| (00, n0) |22, (3.26)

and for 2 <k <I,
IV 12 S (16~ F (00, no) I3+~ (95 goll3 + I V*2noll32 ), (3.27)

and for 0 < k <1,

IVEMI[22 S 1+ )G Mo 2. (3.28)

~
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Proof. We only prove (3.27). By Lemma Plancherel theorem and Hausdorff-
Young’s inequality, from ((3.14) and (3.16|) we have that for each 2 < k <[ and for
some 1 > 0,

k ko~
IVEnlZ: = ll1g* a7

< / €2 CrIERt (52 4 [Rg|2)de + / ¢ [Prem rIERt 7 12 g
[€l<n [€£1>n

T / e[ o]+ € ol
Iz 2 (3.29)
< (l@ol2~ + [7o]2) / ¢PRemrrnlePt g

[€]<oo
2R / (e o+ ol
2N

S A+0)7E (00, m0) 1 + €72 (IVF 0ol 72 + V5 noll72) -
O
Finally, to obtain the lower decay rates for the solution, we also need the following
decay rates for the solution (g,n, M) of the linear system ([3.2)).

Proposition 3.4. Assume that oy € H'NH~* and mo € L% N H=5. Letn =
A=tdivm and M = A~tcurlm. Then the solution (o,n, M) of the linear system

(13.2) satisfies

(a)
oz < (148> (00,n0) 1. + e > [l(e0: 10) 172, (3.30)
IVoll72 < (14600, no) %, + e > (IVaol72 + nollz2) - (3:31)
(b) For k=0,1,
IVFnlZ2 < (146" % F9l(00, no)l%—. + e > (00, m0) 172, (3.32)
IV*M][72 < (1+8) 5+ Mo 13, (3.33)

See [I] for a proof of this proposition, or use an argument similar to the one in
Proposition |3.3

4. ENERGY ESTIMATES

To prove Proposition by the standard continuity argument, it suffices to
derive the following a priori energy estimates.

Proposition 4.1 (a priori estimate). Let (0o, uo) € H'(R3) with an integer | > 3.
Suppose that (2.1)) has a solution (o, u,v) € X(0,T), where T is a positive constant.
Then there exists a small constant § > 0, independent of T', such that if

sup {[[(e,w)(®)ll gt + 0@ |3p+2} <6, (4.1)
0<t<T
then for any t € [0,T],
t
(0 w) ()17 + 19 () [ 742 +/0 (Ve 7 + IVu()F + V() [ Feea)dr

< (0, uo) 13-
(4.2)



EJDE-2020/102 TRAVELING WAVES FOR A CHEMOTAXIS MODEL 11

First from (2.1)3, we can easily deduce the following lemma and we omit the
proof.

Lemma 4.2. Under the assumption of Proposition[{.1}, for k =0,...,l, it holds
V5| 2 = | VR0l L2 (4.3)
Next we derive an energy estimates for (o, u).

Lemma 4.3. Under the assumption of Proposition[].1] there exists a positive con-
stant C1, such that

d, P
dt 2

1 Y M
o7 + §IIUII%2 + §II¢II?{1 + —(Vo,u)}

ac,
pP' (1)
16C,

o wy
+ S IIVu®lz + IVe®IZ: + - IVl
2 4C4

< O||Viu(t)|3.

Proof. From (4.1) and the Sobolev inequality, we obtain upper and lower bounds

<p<

N | W

. (4.5)

N | =

Multiplying (2.1); and(2.1]) with P’(1)p and u respectively, and then integrating
the resulting equalities over R?, one has

1 .
le®1Ze + S llullz=} + vV u) + pllVullZe + (1 + )l div ul|Z:
= (N1, P'(1)0) + (N2, u).

(4.6)

The terms in (4.6) can be estimated as follows. By using (2.1))1, (2.1)3, and inte-
gration by parts, we have

<’Yvwv u> = <’Y¢a - le ’LL>
= (7, ¢ + div(ou))
= (v, (=AY +9P)i) + (v, 0divu+ Vo - u)

o2 ' (4.7)
> 22 llEn = Clleles (leluol divullzs + Vel fulle)

v d
> §%II¢H§11 —C5 (|IVoll32 + [ Vul32)

where the a priori assumption (4.1), Hoélder’s inequality, Cauchy’s inequality and
the Sobolev embedding theorem are used. In addition, by (4.5)), we have

(N1, 0) = (= div(ou), 0) < CO (||Voll72 + [[Vul?e) (4.8)
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<N27u>

Pl
= (—u- Vau,u) + { — ( p(P) — P'(1))Vo,u) + <yV(§) - Vu,u)
K oy .. pwt+voo .
+(=oVu,Vu) + ((p+v)V(=) divu,u) + (——odivu,divu
(0,90 + (o V() div ) + (L S
< C(Jlullas [ Vullzllulze + llol ool Vol 2 lul oo

+ lullz=lVel 2| Vull L2 + HQ||L°°||VU||2L2)
< (| VellE> + [IVullZ2)-

Plugging (4.7)—(4.9) into (4.6) and using Cauchy’s inequality and the smallness of
§, we can deduce that

d (P'(1) 1 v 3u .
A e + SlulE + FI I |+ “FIVulide + 1+ )l divuls

< CH||Vol2..

(4.10)
Next we shall deal with the L?-norm of V. By taking (V([2.1),, u)+(([2-1).,, Vo),

we have

4 (Vo.u) + PV e(t) 32 + (90, Vo)

(4.11)
= (V(—divu+ N1),u) + (pAu+ (u + v)Vdivu + Na, Vo).
By using 3, we obtain the following estimates:
(YW, Vo) = (7, V(=AY +4)) = 4][VYl[ip, (4.12)

(V(=divu + Nyp),u) = (divu + div(eu), div u)
< divull7e + (e, w)ll= IV (e, w)ll 22 Vul| 2 (4.13)
< C||VulZ. + Co||Vol 2.,
and

(uAu~+ (u+v)Vdivu + Noy, Vo)

P'(1

< PWyp2 1+ CIv2ule + Clle.u) | (Ve V. V2u) [ 2 Vel (414
P(1

< P02 1 0 (19ul3a + I9l32) + 05 (IVel 3 + [Vul%).

Thus plugging (4.12)—(4.14])) into (4.11)) yields

d P(1)
%<VQ7 u) + —

where C is some positive number. Then the estimate (4.4]) follows by taking the
addition of (4.10) and wu/(4C4) times (4.15)) and using the smallness of 4. O

IVe®Z: + VYl < CLlIVulZs + ClIV ullfz,  (4.15)
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Lemma 4.4. Under the assumption of Proposition there exist two positive
constants Cy and C3 such that

d P (1) cic1 oo Ligi-1, 12 b -1 l 2
IV el + SV e + 21 (9, V')

H 1, ol-1 Hiot 2 pP'(1) 2 4.16
i (Ve VT f 4 BV () + B el (4.16)

Ky 1112
— ||V <0.
+ 10, V[ <
Proof. By taking derivatives with k =1 — 1 or [, we obtain

1d .
5 POV ol + IVl + WV )3 + (a4 0) V¥ dival3,

= (P'(1)V*N1, V¥ 0) + (VF Ny, VFu).

By using (2.1)1, (2.1)3, and Lemmas[4.2] [6.1} Lemma[6.4] we can estimate the terms
in (4.17) as follows.

(YVEVY, VFu) = (yVHy, VF (= divaw))
= (vVke, V¥ (0, + div(ou)))

= (YVF, VE(=AY +),) + (v, VF div(ou))

v d
= 221940 — (9, VHow))

(4.18)

By

[V, VI eu) | S IVl (V' Yellzs llullze + llell 2o lIV' Hull o)
< Mo w) e [V ]| 2211V (0, w) | 2 (4.19)
<8IV (o, u)ll7e,
and

[V, V(o) S IV 9llzz (lellza [V ullze + 1V ol 22 ull )

(4.20)
So(IV el + 19" ull3 ),
we can conclude that for k=1 —1,1,
v d
(YWY, Vi) > §%HV’“¢II%1 = O (IV'ollZe + IV ullZ) - (4.21)
Similarly we have
(VENL, VFo) = (VH(=Vo-u — odivu), VFo)
. |V’€Q|2 k k
= /R3(d1vu) 5 dz — ([V*,u] - Vp,V*p) (4.22)

+ V¥ (ediva)llz2 [V el 22,
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where the commutator [V*, f]g is defined in (6.6). This together with

-1 2
/ (div u)udx — (V'L u] - Vp, V1))
s 2
+IVT ediva) |2 V' ol e

S (I (e w)ll o V' (o )l ps + lloll sl V' ul £2) V'~ ol e
5 5||VZ(Q7U)||%27

and

2
[ vl L e — (94, V. 5) + [V (o v 2 el
R3
< (||w||Lw||vlgHLz + IVellus 9"l o + ol IV ullz2) [ 9ol
S 5(IV"ell3e + 9"+ a2

implies that for k =1— 1,1,
(VN1 VR0) S (9 0l3: + 9 ul32 ).
Furthermore, we have from (2.3)) that for k =1 —1,

<vl71N2’ vl71u>

Pp) ., -1
e (1))vg),vl u)

+ <Vl*1(ﬁgVu),Vlu> +(vi! (V(%g) . Vu),Vl’1u>

= (VI (= - V), ) + (9 (=

<Vl 1( p gdlvu) vi-t divu>+<Vl_1(V(MTTVg) divu),vl_1u>

< (e wllas V' (0, )22 + 9"
= P'(1),u) 151V (0, w0) /2 ) 19"l o

-1/0
+ (=19 ullzs + 197 () e IVl ) 19l

()
( P

0
+ (IVellzs V' ull= + ||vl(;)||m|w||m)||v1 V| o
< 5(IV el + 19ul2:) + 5 (19 (-2 — P () 1

0
197 (2) a2 19"l

5(IV'ell3 + IV ul3),

(4.23)

(4.24)

(4.25)

(4.26)



EJDE-2020/102 TRAVELING WAVES FOR A CHEMOTAXIS MODEL 15

where is used, and for k =1,
(V! Ny, Viu)
/
= (Vi(~u-Vu), V'u) + (V7! ((Pp(p) — P'(1))Vo), V' divu)
+ <Vl_1 (%QAU)7VZ divu> + <Vl_1('uTTVQV div u),Vl div u>

< (Jull a1Vl + 9 ull o [ V] oz ) IVl o

/ (4.27)
(P
+ (leliI9'elze + 197 (Z = /) e Vs
~1/0
+ ol IV ull g2 + ||V 1(;)llLGllVQUHLS) IV | 2
S e w)llms (Vie, VT u) || 2]Vl 1o
SO (IV'oll7e + IV ull72) -
Therefore, from (4.26) and (4.27) we conclude that for k =1 — 1,1,
(VEN2, VFEu) S 6 (V0 oll72 + [VFHull72) - (4.28)
Hence plugging (4.21)), (4.25) and (4.28]) into (4.17)) yields that for k =1 — 1,1,
S PV el + V¥ a3 +AIVH ) + 2 a2
2 dt 1 (4.29)
< C§|Viol3..

Here the smallness of § is used again.
Now we turn to estimate the L?-norm of V'p. By taking the derivative, we have

d _
%WZ& V) + PV (0122 + (7Y, Vo)

= (Vi(=divu+ Ny), V7)) + (VI (pAu + (p+ v)Vdivae + Ny) , Vi),
By using 3 and Lemmas we obtain the following estimates.
(V' Vie) = (YV'9, V(= Ay + ) =9IV, (4.31)
(VH(=divu + Ny), V7 lu)
= (V7Y (divu + div(eu)), V7L divu)
<V divulZe + [0, w) = IV (o, W)l 22|V ul| 2
< CV'ulfz + C8[[ V' oll2,

and as in the proof of and ,
(V7Y (uAu+ (p + v)Vdivu + Ny) , Vi)
< PWyoigpz, + opvruz,
+Cll(e, wllas | (Ve Viu, V) || 12|V ol 12
< 3Pé(1)

(4.30)

(4.32)

(4.33)

IV'ellz> + ClIV ullFn.
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Thus plugging (4.31)—(4.33)) into (4.30) yields
P(1)
2

d -1
dt<v 0, VT ) +

where we take Cy > 11/(44/P'(1)).
Therefore, (4.16) can be deduced by adding (4.29) and p/(4C5) times (4.34),

and using the smallness of §. O

IV @172 + V' %lFn < Cal V'ullp, (4.34)

Now we are in a position to prove Proposition [4.1]

Proof of Proposition[{.1 Choosing a sufficiently small positive number 7; and then

taking n; times (4.4) plus (4.16]), we obtain
d ymP'(1) m 7717 pm
T2 13+ Bl + B ol + 52 (Ve
Pl( ) vl 1 Vl 1 vl 1 V
+ ——IV" ol + || ullf + 5 ||( ¥, V)3
(4.35)

(V'o. V' tu) } + | Tu <>||%2+%;”||v9<t>n%z
pP'(1)

16C5

JFE

77 /W
: [V o(t <>||Lz+ HV Pl

I
IIWJHHl 2Ol +
< 0.

By integrating (4.35)) with respect to ¢, and using Cauchy’s inequality, the smallness

P : 0 .
of § and 7y, the fact that Cy > WeTok and Sobolev interpolation inequality, we
can finally deduce the a priori estimate (4.2)). O

5. DECAY ESTIMATES

In this section, we shall prove Proposition and Proposition which imply

the optimal decay rate for the solution. To this end, we define
Hi) = sip S (L0 o m) (7] (51)
0S7<t gcp<i—1

For technical considerations, we do not intend to estimate the optimal time de-
cay rates of the highest-order derivatives of the density and the velocity at first.
However, we will show that by energy estimates, |V!(0,u)| 72 can be controlled by
(V' =to, Vi) || e

First we shall introduce the following useful inequality.

Lemma 5.1 ([0, [7]). Assume r4 > 1, ro € [0,71], then we have

t
/ (I+t—7)"""(14+7)""2dr < C(ri,r2)(1 +t)7". (5.2)
0
Lemma 5.2. Under the assumption of Proposition[2.3, it holds that
19 ez < (1467 {l(oo, uo) I3 + H (). (5.3)
Proof. We define
P'(1) i1 g2 -1 -1
L{t) = ——= IV~ ellzn + IIV ullipn + 5 H (V'79, V') (170 (5.0

+ E<vl 0, Vi 1u).
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Since by Cy > pu/(4P'(1)) from (4.5)), it is easy to verify that

L(t) = IV e, w7 = V'™ (o, m)lf3- (5.5)
Then by taking (4.16)) plus C3||V!=*(0,u) |2, with some large number C3 > 0, one
arrive at

d _
SL(E) + CAL (1) < GV o, w2 (5.6)
for some constant Cy > 0. Hence by Gronwall’s inequality, the definition (5.1)) of

H(t) and Lemmal5.1] we have that

¢
L(t) < eiC“L(O) + C’/ 6704(t77)||Vl71(g, u)(7)||2 2d7
0

t
< e GilL(0) + C / =Gt (1 4 )=+ (1) dr (5.7)
0
< @+ GL0) + Hp),
where the monotonicity of H(t) is used. Combining ([5.7) with (5.5) yields
IV (0. m)[72 = [V (e, w32 S L(t) S (1 +4)"UT2{L(0) + H(t)},
which completes the proof of Lemma [5.2] O

Next we estimate the decay rate of the solution (g, m).
Lemma 5.3. Under the assumption of Proposition it holds that
le.mllzs < 1+ 07 (oo mo)llinrs +6v/HD) (5.8)
Proof. By (3.24), (3.26), (3.28)) and the Duhamel principle, we have
(e, 2, M| 2
= [|(@,7, M|
< (@ + 07 (lI(eo, m0, Mo)|x + (0, m0) ) (5.9)

t
—|—/ (I+t— 7')_3/4 (|| (A_1 div N, A1 curlN) o 4 [|[A? divN||L2) dr.
0

We define
Fi=(=P(1+0)+P(1)+ P (1)0)Is + vV ® Vi

B 1 2 2 B m e m (5.10)
3 (W2 + Vo) — ==,
_om
Fy = T o (5.11)

Then from the definition (2.10]) of N, we have that |F| < |Fy| + |V Fz|. Moreover,
Fy and F5 can be treated as the product of smooth functions depending on g, ¥,
V1 and/or m. Therefore, we can estimate the terms in ((5.9)) in the following:

| (A~ div N, A" ewl N) |0 S [VE| 11
SIVEL: + V2 e
< (e Vo, b, Vb, m)| 2[|(Vo, Vb, Vm)|| i
SO+ )7 H(),

(5.12)
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where (5.1)) and Lemma [6.2] are used, and similarly,

IA=Y div N[ 2 ~ || div F|| 2
SIVE Lz + [V2E | 2

5.13
< (o, Vo, Vo, m) 1= | (Yo, Vi, Vi) g (5.13)
<61 +0)74H().
Plugging (5.12))(5.13) into (5.9) yields
(. m)llze < 1@, 7, M) 2
< (1+ 07 (II(00, n0» Mo) 1 + [1(20, m0)l|2)
' -3/4 ~5/4 (5.14)
+/(1+t77') o(l+T) VH(t)dr
0
< (14673 (00, mo) sz +6VHD))
O

Now we estimate the decay of |V!=1(g,m)| 2.

Lemma 5.4. Under the assumption of Proposition it holds
IVt o, m)lze S 0+ H7FD (0, mo)ll s +3VH®D) . (5:15)

Proof. By using the Duhamel principal (1.5)) with £k =1 —1 and r = 1, we deduce
from Proposition that

IV ollze S (148G (|| (00,m0) |t + || (005 n0) || i)

t/2
+/ (14t — 1)~ G A~ div N (7)1 dr

0

t ) (5.16)
+/ (14t —7) >4 VI2A div N(7) || padr

t/2

t
+/ e B V2 A~ div N (7)|| L2 dr.

0

By Lemmaa and we have
IV Z2AT v N S IV Rl + [V B[
< e, Vo, m) || L2 |V (0, 40, m) | (5.17)
S 81+ (oo, wo)lln + VATD)
and
IV 2A v N g2 S VR + [V |2
< (e, Vb, m) | o [V (0, 90, m) || 1 (5.18)
<61+ 07ED (Yo, uo)llp + V)
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Then, by substituting the estimates (5.12)), (5.17) and (5.18) into (5.16)), we obtain
IV~ ol| 2

(1,1
S @ +1)7ET2]| (09, m0) | L1mri—

t/2 L
+/ (14t —7)"GHD§(1 4 )5/ JHBdr
0

t 5.19
+ [ =0 (o)l + V@) e O
t/2
t
+ [ M504 1) (o, uo) s+ VED) dr
0
< (1467 E (00, m0) |2 + 63/ H(D))
Similarly as in (5.16]), we have the estimate
IV e S (48752 (100, m0) s + [l (00: m0) -1
t/2
+/ (1+t—7)"GH2)|| A~ div N(7)|| padr
0
¢ (5.20)
+ / (14t —7)7 4|V 2A Y div N (1) g2 dr
t/2
t
- / e RT3 A~ div N (7)|| 2 dr.
0
Here we only estimate the last term in ([5.20) as follows.
|VI3A~ div N[ 2
SIVIT2R + [V Bl e
< ey, Vo, m) || 151V =2 (0, 4, Vb, m) | s
_ — 0
+IVIZP(P'(1+ o) = P'(D) el Vellzs + [[ (e, m) [l < | V! l(m,m)llm
S e m) = IV (o,m) | 2 + IV 2 oll 22|V ol s
1 =2
S (Ie.mllzz + ol =" el Soisy IV~ (0, m) 22
[ 21-5
<5144 GT)/H().
(5.21)
Hence plugging (5.12)), (5.17)) and ([5.21]) into (5.20) leads to
IV 0z S (4 0~FD (0o, mo)ll e + 0VHD) . (5:22)
Similarly we have
IV M2 S (1)~ G2 (Il(go,mo>||mm + WH(t)) - (5.23)
This combining with (5.19) and (5.22)) yields (5.8). O

By the definition (5.1]) of H () and using the smallness of §, we have from Lemmas
and Sobolev interpolation inequality that

H(t) < CKg. (5.24)
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Moreover, by (5.24) and Lemma [5.2] we can obtain
IV (o, m)llze S (1+1)~Gta), (5.25)

Finally, we only need to obtain the optimal estimate on the highest-order deriva-
tives of m to complete the proof of Proposition

Lemma 5.5. Under the assumption of Proposition[2.3, it holds
IV ml|e < C(1 + 1)~ (GF32), (5.26)

Proof. By using the Duhamel principal (1.5) with k¥ = [ and r = 2, we deduce from
Proposition [3.3] that

IV %) 22 S (1 +6)~F+2) {)|(00,10) || 1 + | (00, 70) || 1}
t/2
+/ (1+t—7)" G+ | A~ div N(r)| 2 dr
Tioieay 1 g (5.27)
+ (I4+t—7)"%||V72A" " div N(7)|| L2 dT
t2

+/ e B | V2 A div N (7)|| 2 dr.

Using ((5.17) and ( -7 we have

HVH/V div Nl 1 S [l(e,m)l|2 IV~ o, m) i S KG(1+4)042), (5.28)
IV'=2A7  div N2 S (oo m) 2|V (0om) |l n S KG(L+1)"0F2). (5.29)
Plugging (5.12)), (5.28) and (5.29) into (5.27), one arrives at

(=)

IV'n]| L2
3 l t/2 3 1
§K0(1+t)_(1+§)+/ (14t —7)"GT2)§(1 +7)"54/H(t)dr
0
t
+K§/ (L4t—7) F(147)ar (5.30)
t/2

t
+K§/ eiR(t*T)(lJr’r)*(H%)dT
0

< (Ko + K3)(1+1)"(+32),
Similarly we deduce the same decay rate on V!M and obtain ([5.26)). O

By combining the definition of H(t), the inequality , and Lemma we
complete the proof of Proposition

Now we estimate the lower boundedness of the decay rate for the solution to
complete the proof of Proposition First from (3.18) and (3.19), for [¢| < 1 we
have

g1\, ) > cos (((P’(1) + )2+ O(lgl?)) ) et el

5.31
— C¢le $)lel? ¢ (531

and

g2(A, A2) ~ Clel ™ sin (VP + 18] + O(Ig) ) ) eIl (5.32)
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Hence by using the Duhamel principal (1.5) and the condition that m(£) = 0
for 0 < [£] < 1, we deduce from ((3.30) with s = 2 that

lell22 = 132 > / (s AP doPde
[€]<n

-C /t ((1 +t—7) 2 AT*AT div N (1) 32 (5.33)
0

+ e 2Rt | A1 div N(r) H%?)dT'

In the spirit of [I7], the first term in the right hand side of (5.33) can be estimated

as

/ (g A0 e
[€l<n

Z/ cos2 (( /P’(l)—|-’y|§\+O(|f|3))t)6_(2”+V)‘5‘2t|§0|2d§
[§l<n

e €2~ Crtlelt 5, 12ag
[El<n

> [ ot (VP HAle]) £) e e o
[€l<n
ye) / (1€28)* e Gl 5o 2d¢ — © / €2~ Gt 5, 12a¢
[El<n [¢l<n
> Cc2K2t3/2 / cos? (x/P’(l) + w\/i) e @utn)r* 2 gy
r<nvt

— C(1+6)"""oll7
> Cc2K2t73/2 - CK2(1 +1t)7°/2,

(5.34)

where |gg| > ¢ Ko and t > tg for some sufficiently large to > 0.
Furthermore, by using the estimates in (5.17)), we have

IAT?A~ div N7 S AT FIZ2 + (| Fell7e
SIFGess + 1 Fall}» (5.35)
Slem)in S A +16)73,

where (6.10) is used, and obviously
A~ div N|3. < C(1+1)73. (5.36)

Plugging (5.34)—(5.36)) into (5.33|), and taking ¢y large enough, one arrives at

loll7= > CegKat=3/2. (5.37)
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As in (5.33), from (L.5) and (3.32) we have

InllZ> = [IR]1Z:

! b 2 o
> /LVQ7I€K})(1)*_1<+|£2)92(A+»A)||Qo|d§
t
- C/ ((1 +t—7)72|AT2A div N2, (5.38)
0

e 2R A div N3 ) dr
> CEK2732 —C(1+1)72,
which gives
[n]|2. > CEK2t—3/2 (5.39)

with ¢ > tg. Moreover, by using the condition m(¢) = 0 for 0 < |¢] < 1 again we
have that

IMI[Z2 = | M]3

g/ e~ et T 2e
[€12n
t
+C/ (1+t—71)2|A2A  curl N||22d7 (5.40)
0

</ 6_(2“+”)n2t|]\70|2d§+0(1—|—t)_2
[€1=n

<C(+1)72,
Thus we conclude that for ¢ > ¢,
Iml32 > lInll7- — M]3, > CEgt=3/2. (5.41)
Next we shall estimate the lower boundedness on the first derivatives of the

solution. As in (5.33)), we have from (1.5)) and (3.31) that

|vm§z/; 91O AP IEP B0
<n

t
fc/ (L4t —7)2 (JAT°A div N |72 + [A™ div N[72) dT - (5.42)
0

> CKAH52 —Cc(1+1)73
> K2
with some sufficiently large positive constant ¢y. Similarly, we have
|Vm||2, > CK2t=5/2. (5.43)

Moreover, by the Sobolev interpolation inequality, we can deduce that for 2 < k <
-1,

3(k

—1)
|| VR ||l (5.44)

L 1/k _
IVollze < llell 5 1Vl 4" S (1 +1)
which implies that for 2 < k <1 -1,

3(k—1)

||kaHLZ >(1+¢t) = ”VQHIZZ > JE P

[NIE

). (5.45)
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Similarly, for 2 < k <[, we have
IViml|ge > ¢~ (3+5), (5.46)
which complets the proof of Proposition [2.5
6. APPENDIX: ANALYTIC TOOLS

We will extensively use the Sobolev interpolation of the Gagliardo-Nirenberg
inequality.

Lemma 6.1. Let 0 <1i,5 <k, then we have

IV fllee S IV Fllza IV * FIIE - (6.1)
where a satisfies
i1 j 1 ko1

Especially, when p =q =1r = 2, we have
IV Fllee S IV Al VR Fll = - (6.3)
The above lemma is a special case of [22] theorem on p. 125]. To estimate the
commutator and the product of two functions, we shall recall the following estimate.

Lemma 6.2 ([2,[14]). For k > 0, we have
W k k k
[A*(gh)l|Leo S Nlgllzes [A®R] Lr2 + |A"g]l Les [[R]| Lrs, (6.4)
where po, p2,p3 € (1,00) and
1 1 1 1 1
— =+ —=—+ —.
Po P1 P2 P3 D4
(i)
IV (gm)ller < Igllz=lIV*hllzz + [V g L2 1 2] 22, (6.5)
Thus we can easily deduce from Lemma the following commutator estimate,
or one can refer to [19, pp. 98, Lemma 3.4].

Lemma 6.3 ([19]). Let f and g be smooth functions belonging to H* N L> for any
integer k > 1 and define the commutator

[VE, flg=V*(fg) = [V*g. (6.6)
Then we have

V", Alallze S IVFlL= IV gl + IV fllellglzee. (6.7)

Next, to estimate the L2-norm of the spatial derivatives of some smooth function
F(f), we shall recall the following estimate.

Lemma 6.4 ([1L2]). Let F(f) be a smooth function of f with bounded derivatives
of any order and f belong to H* for any integer k > 3, then we have

IV (F ()l 2

30— 1)

(i) - G130 Ok 14+ 2 k (6.8)
< s O e (171" IVl + 1942
S j=2




24 Q. CHEN, G. C. WU, Y. H. ZHANG, L. ZOU EJDE-2020/102

Moreover, if f has lower and upper bounds, and || f||x <1, we have

IV*(EDzz S NIVEFl e (6.9)

Lemma 6.5 ([9,24]). Let 0 <5 <3,1<p<g<oo, ;+5§ =1, then
AT fllze S fllze- (6.10)
In particular, for —1 < s < 3/2, we have
242s 3—2s

AT fllez S WAL IV (6.11)
Proof. (6.10)) can be seen in [24] p. 119, Theorem 1], and [0, P. 10, Remark 1.2.2].
(6.11)) can be proved using (6.10]) and (6.1]). |

Acknowledgments. Qing Chen was supported by Natural Science Foundation of
Fujian Province (No. 2018J01430). Guochun Wu was supported by National Natu-
ral Science Foundation of China (No. 11701193, 11671086), by the Natural Science
Foundation of Fujian Province (No. 2018J05005, 2017J01562), by the Program for
Innovative Research Team in Science and Technology in Fujian Province Univer-
sity Quanzhou High-Level Talents Support Plan (No. 2017ZT012). Yinghui Zhang
was supported by the Guangxi Natural Science Foundation (No. 2019JJG110003,
2019AC20214), and by the National Natural Science Foundation of China (No.
11771150, 11571280, 11301172 and 11226170.)

REFERENCES

[1] Q. Chen; Optimal time decay rates for the compressible Navier-Stokes system, preprint.

[2] Q. Chen, Z. Tan; Time decay of solutions to the compressible euler equations with damping,
Kinetic and Related Models, 7(4) (2014), 605-619.

[3] N. Chikami; The blow-up criterion for the compressible Navier-Stokes system with a Yukawa-
potential in the critical Besov space, Differ. Integral Equ., 27 (2014), 801-820.

[4] R. Danchin; Global existence in critical spaces for compressible Navier-Stokes equations,
Invent. math., 141 (2000), 579-614.

[5] R. Danchin, J. Xu; Optimal time-decay estimates for the compressible Navier-Stokes equa-
tions in the critical LP framework, Arch. Rational Mech. Anal., 224 (2017), 53-90.

[6] R.J. Duan, H. X. Liu, S. Ukai, T. Yang; Optimal LP-L9 convergence rate for the compressible
Navier-Stokes equations with potential force, J. Differential Equations, 238 (2007), 220-233.

[7] R. J. Duan, S. Ukai, T. Yang, H. J. Zhao; Optimal convergence rate for the compressible
Navier-Stokes equations with potential force, Math. Mod. Meth. Appl. Sci., 17 (2007), 737—
758.

[8] B. Ducomet; Simplified models of quantum fluids in nuclear physics, Proceedings of Partial
Differential Equations and Applications (Olomouc, 1999), Math. Bohem., 126(2) (2001), 323—
336.

[9] L. Grafakos; Modern fourier analysis, Springer, 2009.

[10] Y. Guo, Y. J. Wang; Decay of dissipative equations and megative Sobolev spaces, Comm.
PDE, 37 (2012), 2165-2208.

[11] D. Hoff, K. Zumbrun; Multi-dimensional diffusion waves for the Navier-Stokes equations of
compressible flow, Indiana U. Math. J., 44 (1995), 603-676.

[12] D. Hoff, K. Zumbrun; Pointwise decay estimates for multidimensional Navier-Stokes diffu-
sion waves, Z. Angew. Math. Phys., 48 (1997), 597-614.

[13] X. P. Hu, G. C. Wu; Optimal rates of decay for solutions to the isentropic compressible
Navier-Stokes equations with discontinuous initial data, J. Differential Equations, 269 (2020),
8132-8172.

[14] N. Ju; Ewistence and uniqueness of the solution to the dissipative 2D quasi-geostrophic equa-
tions in the Sobolev space, Comm. Math. Phys., 251 (2) (2004), 365-376.

[15] S. Kawashima; System of a Hyperbolic-Parabolic Composite Type, with Applications to the
Equations of Magnetohydrodynamics, thesis, Kyoto University, Kyoto, 1983.



EJDE-2020/102 TRAVELING WAVES FOR A CHEMOTAXIS MODEL 25

[16] H. Li, A. Matsumura, G. Zhang; Optimal decay rate of the compressible Navier-Stokes-
Poisson system in R3, Arch. Ration. Mech. Anal., 196 (2010) 681-713.

[17] H. L. Li, T. Zhang; Large time behavior of isentropic compressible Navier-Stokes system in
R3, Math. Meth. Appl. Sci. 34 (2011), 670-682.

[18] T. P. Liu, W. K. Wang; The pointwise estimates of diffusion waves for the Navier-Stokes
equations in odd multi-dimensions, Comm. Math. Phys., 196 (1998), 145-173.

[19] A. J. Majda, A. L. Bertozzi; Vorticity and incompressible flow, Cambridge University Press,
Cambridge, 2002.

[20] A. Matsumura, T. Nishida; The nitial value problem for the equations of motion of com-
pressible viscous and heat-conductive fluids, Proc. Japan Acad. Ser. A, 55 (1979), 337-342.

[21] A. Matsumura, T. Nishida; The initial value problem for the equations of motion of viscous
and heat-conductive gases, J Math Kyoto Univ, 20 (1980), 67-104.

[22] L. Nirenberg; On elliptic partial differential equations, Ann. Scuola Norm. Sup. Pisa, 13
(1959), 115-162.

[23] G. Ponce; Global existence of small solution to a class of nonlinear evolution equations,
Nonlinear Anal., 9 (1985), 339-418.

[24] E. M. Stein; Singular Integrals and Differentiability Properties of Functions, Princeton, NJ:
Princeton University Press, 1970.

[25] S. Ukai, T. Yang; The Boltzmann equation in the space L% N LEO : global and time-periodic
solutions, Anal. Appl., 4 (2006), 263-310.

[26] Y. Wang; Decay of the Navier-Stokes-Poisson equations, J. Differential Equations, 253(2012)
273-297.

[27] Z. P. Xin, J. Xu; Optimal decay for the compressible Navier-Stokes equations without addi-
tional smallness assumptions, https://arxiv.org/abs/1812.11714.

[28] Y. Zheng; Global smooth solutions to the adiabatic gas dynamics system with dissipation
terms, Chinese Ann. Math. Ser. A, 17 (1996), 155-162.

QING CHEN
SCHOOL OF APPLIED MATHEMATICS, XIAMEN UNIVERSITY OF TECHNOLOGY, XIAMEN, FUJIAN
361024, CHINA

Email address: chenging@xmut.edu.cn

GuocHUN WU
FuJiAN PROVINCE UNIVERSITY KEY LABORATORY OF COMPUTATIONAL SCIENCE, SCHOOL OF MATH-
EMATICAL SCIENCES, HUAQIAO UNIVERSITY, QUANZHOU 362021, CHINA

Email address: guochunwu@126.com

YINGHUI ZHANG (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICS AND STATISTICS, GUANGXI NORMAL UNIVERSITY, GUILIN, GUANGXI
541004, CHINA

Email address: yinghuizhang@mailbox.gxnu.edu.cn

LAN Zou
FuJiAN PROVINCE UNIVERSITY KEY LABORATORY OF COMPUTATIONAL SCIENCE, SCHOOL OF MATH-
EMATICAL SCIENCES, HUAQIAO UNIVERSITY, QUANZHOU 362021, CHINA

Email address: zlyoung@163.com



	1. Introduction
	Notation

	2. Reformulated system
	3. Spectral analysis and linear L2 estimates
	4. Energy estimates
	5. Decay estimates
	6. Appendix: Analytic tools
	Acknowledgments

	References

