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MULTIPLE POSITIVE SOLUTIONS TO THE FRACTIONAL
KIRCHHOFF PROBLEM WITH CRITICAL INDEFINITE
NONLINEARITIES

JIE YANG, HAIBO CHEN, ZHAOSHENG FENG

ABSTRACT. This article concerns the existence and multiplicity of positive
solutions to the fractional Kirchhoff equation with critical indefinite nonlin-
earities by applying the Nehari manifold approach and fibering maps.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we study the existence and multiplicity of positive solutions to the
fractional Kirchhoff type problem
_ 2 X
m( [ RS dey) -y = A gl e,
u=0, inRY\Q,
(1.1)
where Q C R” is an open bounded domain with the Lipschitz boundary 02, dimen-

sion N > 2s with s € (0,1), 2% = NQiVQS is the fractional critical Sobolev exponent

and 0 < s < 1 < ¢ < min{2, 52—} < oo. Here, M(t) = a + bt™~! with m > 1,
a,b>0, fr € LT (Q), ¢* = zf—Eq, fa=Af+—f- with A >0, and fi = max{£f,0}

and g € L*°(9). Furthermore, g satisfies the condition

(A1) g(x) = max,cq g(x) =1 in B,(0) for some p > 0.
We denote by (—A)*® the usual fractional Laplacian operator which is defined (up
to normalization factors) as follows (see for instance [18] and the references therein
for further details on the fractional Laplacian) by

u(z) —u(y)
—A)® =2P.V. ———22( 1.2
( ) U(.’L’) RN |ZE _ y|N+25 Y, ( )
where P.V. stands for the principle value.
When M(t) =1, A =1 and s = 1, equation (|1.1]) can be reduced to the semilinear

elliptic problem
—Au = f(2)|uT?+ g(@)|u* 2u, ze€Q, (1.3)
u=0, x€09IQ, ’
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where Q is a smooth bounded domain in RY (N > 3), 1 < ¢ < 2, and the weight
functions f, g are continuous and sign-changing. By using the Nehari manifold,
fibering maps and Ljusternik-Schnirelmann category, Wu [25] proved that there
existed at least three positive solutions of . Xie-Chen [26] presented a mul-
tiplicity result on the Kirchhoff-type problems in the bounded domain by using
a similar strategy. A number of works dealt with the fractional differential equa-
tions [3 [6, [7, 1T, 2I] and some recent results on problem can be seen in
[4) 51 10} [12] [13], 14 15, [16], 22] 23] 27] and the references therein.

As we know, the variational problems involving fractional and nonlocal opera-
tors are much more complicated and challenging. In the last decade, considerable
attention focused on the fractional Laplacian operator and nonlocal operator. We
refer to [I9] for the Brezis-Nirenberg type results for the following elliptic equation
involving the fractional Laplacian (—A)*(0 < s < 1) in a bounded domain,

(=A)°u = %72y, 2 €Q,
u=0, z¢cdQ,
where A > 0, s € (0,1) is fixed, 25 = 225, Q@ C R¥(N > 2s) is open, bounded and

with the Lipschitz boundary, and (—A)?® is the fractional Laplace operator. The
classical Brezis-Nirenberg result was generalized to the case of nonlocal fractional
operators through variational techniques. The existence of multiple solutions to
the fractional Laplacian equations of Kirchhoff type was considered in [I7] and two
positive solutions for proper selection of positive parameter A was obtained.

The main purpose of this article is to establish the existence and multiplicity
of positive solutions to problem with the critical growth and sign-changing
weight functions. Our results encompass and improve the corresponding results
presented in [26] for the fractional Kirchhoff type equations involving the critical
growth.

The energy functional associated with problem is

a Ju(z) — u(y)l® b |u(x) — u(y)? "
IA(U):i‘/RzN |x— |N+2s de d +2’[77,(\/]1@1\7 |$—y|N+23 d.’de)

By P

for u € H§(2). We can prove that I, € C'(H§(2),R) and a critical point of I in
HE(Q) corresponds to a weak solution of problem (1.1). We summarize our main
results as follows.

Theorem 1.1. Assume that m < 25, f+ # 0 and condition (A1) holds. Then
there exist 0 < A, < Ay and b > 0 such that
(i) for any X\ € (0,Ag), problem admits at least one positive solution uy
with In(u1) < 0, and uy is a ground state solution;
(ii) for any A € (0,A.) and b € (0,b), problem admits at least two positive
solutions w1 and us satisfying In(u1) < 0 < Ix(u2), and uy is a ground
state solution.

Theorem 1.2. Assume that m =
the following two statements hold:

(i) For b > 1/5™ and any A > 0, problem (1.1 admits at least one positive
solution.

N5 257 f+ # 0 and condition (A1) holds. Then
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(i) For b < 1/S™, there exist 0 < A, < Ag and b > 0 such that
(1) for any A € (0,Aq), problem admits at least one positive solution;
(2) for any A € (0,A,) and b € (0,b), problem admits at least two
positive solutions uy and ug satisfying Ix(u1) < 0 < Ix(uz2), and uy is

a ground state solution.

Theorem 1.3. Assume that m > 25, f— =0, and condition (A1) holds. Then
there exist b*, A* > 0 such that for any b € (0,b*) and A € (0,A*), problem (1.1

admits at least three positive solutions up, uy, uyp with
Ii(ua) < In(up) <0 < In(unp),
and uy s a ground state solution.

Note that the corresponding results in [26] are generalized to the nonlocal frac-
tional Kirchhoff problem and the existence results are extended in the sense that
the restriction on the Kirchhoff coefficient M is eliminated.

When g(z) = 1, by Theorems and we obtain the existence and multi-
plicity of positive solutions to the problem
2F -2

w(z) — u(y)]?

w, in Q,
u=0, inRV\Q,

where M (t) = a+bt™! with a,b > 0 for t > 0 and m € [1,2%/2], which generalizes
[T'7, Theorem 1.1].

In view of [2, [5], problem appears more complicated because of the lack of
compactness and the nonlocal nature of the fractional Laplacian. Theorems [[.IHI.3]
can be regarded as generalizations of [26] for fractional Laplacian operators.

The rest of this paper is organized as follows. In Section 2, we present mathe-
matical notation and technical lemmas. We prove Theorems and in Section
3, and prove Theorem in Section 4.

2. PRELIMINARY RESULTS

In this section, we introduce some notation, definitions and useful lemmas which
will be used in the proofs of main results. We define the Hilbert space H*(R™) by
HY®Y) = {u e L2®Y) : 1) ]fjﬁf}' e 12 (RN xRY) }

T =Yy 2

endowed with the norm

_ 2 1/2
. — 24 / Md d) 21
sy = ([ e+ [ D deay) L )

where the term
_ u(z) — u(y)[? 1/2
[UI}S - (/R2N ‘.I — y|N+2S dI dy)

is the so-called Gagliardo semi-norm of u. In view of (1.2]) and [I8| Proposition
3.6], we have

‘ 1 |u(z) — uy)?
A 2412 = — ) N daed
||( ) ’LL||2 Cs RZN |£U — y|N+25 T ay,
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where C, is a positive constant depending on s. We define D%2(R¥Y) as the closure

of C§°(RY) with the norm
1/2
Do = (/ (A 2udr)
RN

Then D*2(R") is continuously embedded into L% (RY). As in [7, Theorem 1.1], let
S be the best constant of the fractional Sobolev embedding D*2(RY) < L% (RY)
defined by

[[ul

‘ 2

o 0 g,

S= s,2ian . N2/27
weD2RONO} ([ [ul? dx)

(2.2)

which is well-defined and strictly positive.
We define

Eo={uc H*RY):u=0 ae inRY\Q}

_ Ju(2) — u(y)|? 1/2
[ull g, = (/RQN dedy) )

which is equivalent to (2.1)) [19, 20]. The embedding Ey — L"(2) is continuous for
any r € [1,2%] and compact whenever r € [1,2%). We recall that (Eo, || - ||g,) is a
Hilbert space with the inner product defined by

o) = [ D) =00 4,

|$ _ y|N+28

with the norm

For simplicity, we will just denote ||| g, and ||| Lr () by [|-|| and |-|,, respectively.
Throughout this paper, the letters C,C;, i = 1,2,... denote positive constants
which may vary from line to line but independent of the associated terms and
parameters.

As we see, I is of class C'! in Ey and for any v € Ey it holds

<[:\(u)7v> :M(”u”2) /RzN (u(:c) — u(y))(v(x) _ U(y)) dxdy

|z —y|V+e

- / (@) |u)f 2 uvde — / g(z)|u
Q Q
Define the Nehari manifold associated with I by
Ny ={ue Ey\ {0} : (I} (u),u) = 0}.

It is well-known that the Nehari manifold is closely related to the behavior of the
fibering map ¢, : t € RT — I (tu) |2, [§]. Thus, we have

2 2yvdz.

(1) = atl|ull® + bt ul™ — tqil/ Ia(z)|ul?dr — tQ:fl/ g(x)|u|? d,
o (t) = allul|® + (2m — 1)bt2m—2||u|g|22m .
— (¢ — 1)tq—2 /Q fA(a?)|u|qu _ (2: _ 1)t2:_2/Qg(x)|u 2 .
Then u € Ny if and only if ¢!,(1) = 0. Moreover, for u € Ny we have
S0 = a2 = ul? + bzm = el = (2 =) [ gl (23
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or
P (1) = a(2 = 27)[|ull® + b(2m — 25)[Ju]*™ = (¢ — 27) /Q @) |ulfde.  (2.4)

We split N, into three parts:
Ny = {u € Ny|¢/(1) > 0},
Ny ={u€ Ny|¢,(1) <0},
NY = {u € Ny|¢)/(1) =0},

and define

H = {ue EO|/ A@)ultdz > 0}, H- = {uc Eo\/ F(@)|ul%dz < 0},

G+—{ueE0|/ (@)ufZdz > 0}, G——{ueE0|/ (@)]ufZ dz < 0}

In view of m < 25 and following [17, Lemma 3.2], we can derive the following
lemma 1mmed1ately

Lemma 2.1. If u is a minimizer of I on Ny such that u ¢ NY, then I} (u) =0 in
E;t.

Lemma 2.2. For any A > 0, the functional Iy is coercive and bounded below on
Ny.

Proof. For u € Ny, from (2.2) and Hélder’s inequality, we have

I () = Ty(u) — o= (T4 (), u)

2
(Ao %)auunz (g — )P = (5= ) [ el
30

1
> 2 - - —=4/2||,119.
> (5= 57)ellull = ( 2*) S Ju
Recalling that 1 < ¢ < 2, we obtain that I is coercive and bounded below on
Ni. O
Let

2% —q

a(2 —q), 2= a(2; — )Sz* 2
A\ = z S 2.5
e [2*fq] (2t —q) (25)

Lemma 2.3. There exists A\; > 0 such that Ny =) for A\ € (0, \1).

Proof. By contradiction assume that for some A € (0, A1), there is a function u €

NY. Then from (2.3) and (2.4), we have

a(2 — g)[[ul® +b(2m — g)Jul*™ - (27 - Q)/Qg(l’) “dr=0,  (26)
a(2 = 2)[[ul® + b(2m — 20) [ull*™ - (¢ - 20) /Q fa(@)lul?dz = 0. (2.7)
It follows from (A1), (2-6) and (2.2) that
2% — * 2% — :
lull? < = fulzi < e =5~ (2.8

Ta-q) T al2-q)
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Similarly, from ([2.2) and Holder’s inequality, we can deduce that

Jul? < _q 3 [ filulvas <
Combining ([2.8) and . 2.9)) yields

¢ ST ull? (2.9)

2
(2s 2)

i « * . —q/2 _1
[CL(2 q) S%] 2:%2 S ||U|| S [(25 Q)A|f+|q S ] 2iq
25 —q a(2; —2)
Therefore,
2% —gq
2 — —2)§2%-2
2s_q ( s_q)|f+‘q
This is a contradiction. O
We define
)\17 m < %,
Ao = . N2 (2.10)

2—q
(tpsm) 7M1, m= g5, b<1/8™
The lemma below shows that the component sets N} v and Ny are nonempty.

Lemma 2.4. Assume m < =52 2 . Then the following two statements are true.
(i) For anyu € GtNHT and X € (0, \2), there exist 0 < tT =11 (u) < tmax <
t= =t~ (u) such that ttu € N, tu € Ny and
I

Attu) = inf Iy(tu), In(t"u)= sup Ij(tu).
0<t<t—

1>tmax

(i) For anyu € Gt NMH™ and X > 0, there exists a unique t~ =t~ (u) > tmax
such that t”u € Ny and

I (t7u) = sup I (tu).
>0

Proof. Fix u € Ep \ {0} and define 1, (¢) : Rt — R by

Dult) = at Tl el - 5 [ g@uPide )
Q

We remark that tu € N, if and only if ¢y (t) = [ falul?de.
(i) Let w € G* N H*. From (2.11)), it is easy to check that

_ . _ . / . /
'(/)u(()) - 07 tli>Holo wu(t> - OO,tl_l)I(I)l+ '(/J (t) >0 and tli>rgo wu(t) <0.

u

Define 9/ (t) = t1=9h,,(t), where

ha(t) = a(2 = g)l|ul]? + (2m — )bt 2 ul*™ — (25 — q)t* > /Q 9(x)

Then, there exists a unique ¢y > 0 such that h/,(t9) = 0, where

.
2 da.

t ( (2m — q)(2m — 2)b||u]*™ ) 7
0= - .
(2 = 9)(2: = 2) [ 9(2)|ul*
From m < % it follows that lim;_,o+ hy () > 0 and lim; o hy(t) = —oco. This
implies that there is a unique tyax > to such that hy(tmax) = 0. Hence, 9/, (t) >
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0 for t € (0,tmax), ¥5,(t) < 0 for t € (tmax,o0) and ¥y, (tmax) = 0. Moreover,
wu (tmax) = mMaX¢>o wu (t) > max¢>o wu(t)a where

Yu(t) = at* |ul|* - tQ:fq/Qg(INUIQ;dx-
From ([2.2) it follows that

* 2
27 q

) 2¥ 3
2dx

s

a(2: - 2) ( 2 - q)allu
25 —q \(2t—q) [ 9(2)|u
(2 —2) /(2 — )aSF \ &%
2§—q( 2i—q ) '

e
max ¢y (t) = [|ull

> [lufe?

For w € H™T, it holds

$u(0) =0 < / Sa(z)|ultde < )‘/ Frlultde < M| filqS792||ul|.
Q Q
So, if

2% —q
a(2; — 2)87% ((2 - q)a) s
(25 — O f+g- 2 —q ’
there exist unique t* =t (u) < tiax and t~ =t~ (u) > tmax such that

Yu(tT) = / A@ulfde =, (t7), P, (t) >0, ¥ (t7) <0,
Q

which implies tTu, t~u € Ny. According to ¢!/(1) = t9714! (t), we can deduce that
ttu e N and t7u € Ny . Since ¢/, () = t77 ' (Yu(t) — [y, fr(2)|u|?dz), it is clear
that ¢!, (t) < 0 for t € [0,tT) and ¢} (t) > 0 for t € (t*,¢7). This indicates that
I)\(t+u) = infOStSt* IA(t’U,)

Similarly, from ¢ (t) > 0 for t € (t*,¢7) and ¢/,(¢t) < 0 for t € (t7,00), we can
obtain I(t7u) = sup;>, . Ix(tu).

(ii) The proof is essentially the same as that in Part (i), so we omit it. O

A< A\ =

As in Lemma we can deduce the following two lemmas.

Lemma 2.5. Assume that m = N]j2s and b > 1/S™. Then for anyw € HT, there
exists a unique 0 <t < tymax such that tTu € Ny and I\(tTu) = infy>o Iy (tu).
Lemma 2.6. Assume that m = ﬁ and b < 1/8™. Then the following two
statements are true.
(i) For anyu € H' and X € (0, \2), there exist 0 < tT = t1(u) < tyax <t~ =
t=(u) such that t™u € Ny, t"u € Ny and
I\(tTu) = inf I©\(tu), I\(t"u)= sup I(tu).
0<t<t~ t>tmax
(ii) For any w € H™ and XA > 0, there exists a unique t~ =t~ (u) > tmax such
that t™u € Ny and

I (t7u) = sup I (tu).
>0

Lemma 2.7. Assume X € (0,\1). Then for any u € Ny and v € Ny, there exist
By > By > 0 such that ||v|| > By > Bx > |Ju]|.
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Proof. Let u € N;‘ C Ny. In view of (2.2) and (2.4), it follows from Holder’s
inequality that

a2 = 2ulf < 2 —a) [ Ploulide < (25— )As T2,

g llull?.

Then P .
(28 = OAS™2|filg\ 77
Jul < ( T )7 =B
Similarly, if v € Ny C Ny, from (2.3) and (A1) we have
a2 — q)[lo]® < (2% — g) / o)l

Hence, we have

Pde < (20— q)STH o)

*

2

2—q)S? \ ==

ol > (LBD5ZN == g,
2s_q

By a direct calculation, we can verify that By > By for A € (0, A1), where A; is

given in (12.5)). O
Corollary 2.8 ([1I]). For any A € (0,A1), Ny is a closed set in Ey topology.

3. PROOF OF THEOREMS [L.1] AND [[.2]

In this section, we discuss the existence and multiplicity of solutions to problem

([T1) when m < &5-. From Lemmas and if m < 72 or m = e,
and b < 1/S™ holds for any A € (0, A1), then Ny = N;¥ U N, . Now, we study the
infimum of I on the N/\i by defining cf = ianic In(u) and A3 = ;.

Lemma 3.1. Assume that m < ﬁ orm = ﬁ, and b < 1/8™. Then
(i) for any X € (0,\1), we have ¢ = infueN:r In(u) < 0;
(ii) for any X € (0,A3), we have ¢, > o> 0. In particular, if X € (0, 1), then

cf = uienj\fu I (u).

Proof. (i) For u € Ny, it follows from (2.4) that
2

| pards = (3
By (3.1), we obtain

et < () — (T} (u), u)

= (5= g)ellP + (g — )Wl = (5 = 52) | @i
(D)o Rttt (2 ) (-

S

=2 2% —2m
s Jallul® + (S Jellul (3.1)

S

(ii) For u € N, , applying Lemma 2.7 and A € (0, A3), we deduce

B = (5= g0 Jalll? + (5 = 3o ol = (3= ) [ p@lulvas
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as fa(2 —q) 22\ 375 1 1 _
> q| 22 (=7 4) 572 (2 - L q—a/2
2 lul [N(2§—q52> A(q 2§)|f+q5 }
* . q
L @ lfslelul®
23452
>a > 0.

O

Lemma 3.2. For each u € N/\i and A € (0,\1), there is a number € and a
differentiable function ¢ : B(0,¢) C E — R such that ((0) = 1, the function
C(v)(u—v) € N, and
(¢'(0),v)
 2a{u,v) + 2mb|lul[*" Y (u,v) — g [o, falulPuvds — 2% [ glul* Puvde
(2 = q)allull® + (2m — @)bllul*™ — (21 — q) [, glul* d= ’

where

) = [ U0 o)

|z —y| N2
forv e B(0) ={v € Ey: ||v| <€}

The proof of the above lemma is similar to that of [I1, Lemma 3.4], we omit it
here.

Lemma 3.3. Assume that A € (0,\1). Then there exists a minimizing sequence
{ur} C Ny such that

In(ug) = cx  and ||I§\(uk)||EO_1 =0 ask— o0 (3.2)
with ¢y = infyen, Ix(u).
Proof. It follows form Lemma and the Ekeland’s variational principle [9] that
there exists a minimizing sequence {uy} C N such that

1
ex < In(ug) <ex+ % (3.3)

1
pllu—ull, e Ny (3.4)

From and Lemma we have supy, ||ug|| < oo. Now, we claim that ||I§\(uk)\|E51 —
0as k — oco. From Lemma we know the differentiable functions ¢, : B, (0) — R

for some € > 0 such that (;(v)(ur —v) € Ny for v € B, (0). For a fixed k, we take

0 < ¢ < ¢ and define v, = pu/||u|| with u € Ep,u # 0 and w, = (i (v,)(ur — v,).
Then it is easy to see that w, € Ny. By (3.4), we can deduce that

I)\(uk) < I)\(U) +

1
In(we) = In(ur) = = llwe — wll,
which implies
1
(I (un) wo = un) + or ([lwg = urll) = = llwe — ui]]-
Therefore,

—(I\(ur), vo) + (Ck(v) = 1) (I (uk), up — vg) > *%Ilwg — gl + ox (flwe — usl]) -
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Then (I} (w,), ux — v,) = 0 yields

<I)\(uk) || H> (gk(vg) - 1)<I$\(uk) - I;\(wg),Uk - UQ>

1
> =4 lwe = ukll + or(flwe — wil)-
That is,

1 HW uk||+ Ok(Hw.Qiuk’”)
> ]{? o

(Cr(ve) = 1)
0

(I} (ug), ) <

el .

+ (I\(uk) = I\ (wo), uk — vp)-

Since [|lw, — ukll < plCk(ve)| + [k (ve) — sl and limy o SECD= < ¢ (0)]),
taking the limit ¢ — 0% in (3.5)), we obtain

<If\(uk)»ﬂ> E< + 111 (0)]])

for some C' > 0 independent of .
It suffices to show that ||(;(0)| is bounded. Assume by contradiction that
(¢’(0),v) = oo. It follows from Lemma [3.2| and Holder’s inequality that

01— Cllv|l
(€e(0),v) = (2 — q)al|ux|[? + (2m — q)bluk|[*™ — (25 — q) [, 9(x)

for some C' > 0, which implies that there exists a subsequence {uy} such that

(2 = q)allug|* + (2m — @)bllux|*™ — (27 — q) /Qg(x)lw\z:dw =or(1). (36

Q

Analogously, we can obtain
a(2 — 25)|Juk]|* + b(2m — 27) ux|*™ — (¢ — 22)/ (@) ug|'dz = o (1), (3.7)
Q

From (3.6) and (3.7)), as in the proof of Lemma [2.3] we can see that A > A1, which

is impossible. O
We define
= N(aS)zﬂ DA\7-q, (3.8)
where
p_ 2-9 4 ( 20 —q )z,q
22 (25 —2)8 '
Lemma 3.4. Assume that m < 325 Then I satisfies the (PS) condition at the

level ¢y < ¢}, where ¢} is given in (3.8).

Proof. Let {u,} be a (PS)., sequence satisfying (3.2)). It follows from Lemma
that {u,} is bounded in Ey. Hence, we may assume that, up to a subsequence,
there exists u € Fy such that

Up — U, a.e.in £,
U, — u, weakly in Fy, (3.9)
Up, — u, strongly in L"(Q2), 1 <r < 2.
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Meanwhile, there exists h € L?(Q) such that |u,(z)| < h(z) a.e. in Q. Note that
lim,, . |Jun|| = B and M is continuous. We derive that M (||u,||?) — M(3?) as

n — 0o. Set v, = u, —u. We can assume that lim, _, ||v,|| = d1 > 0. Otherwise,
the conclusion follows. From [I, Lemma 2.7], (3.9) and condition (A1), we have

1 = llun = ull + JJull® + 04 (1),

. . . (3.10)
9(@)|un|*de = [ g(@)|un —u[>de+ [ g(@)|ul*dx + on(1),
Q Q Q
as n — 00. By (3.9)-(3.10]), we obtain
on(1) = (I§(un), un)
=M n 2 n 2 _/ ad —/ Q:d
(unl )l = [ r@ladvde = [ gl

- / o) v [* d,
Q
and
on(1) = (T} (tn ), u) = M (|Ju]|?) [lu]® — /Q f(@)ultdz — /Q 9(@)lu
As a consequence of (3.11)) and (3.12)), we obtain
M () [fon]® ~ / o(@)lon

%de. (3.12)

2dr = 0, (1).

2 dx = d>. We derive

Let limy oo [ 9()|vn

(a+bB*m=1)d2 = d, (3.13)
which implies dy > 0. Moreover, from the definition of S in (2.2]), we have
42 > Sd2/% . (3.14)
Combining (3.13)) and (3.14), we obtain
A2 >a % S (3.15)

It follows from Hoélder’s inequality that

¢y = lim (Ik(un) - 2%<I;\(un)’un>)

n—oo
S

, 1 1 , 1 1 o /11 .
Jim {(5 = g7 Jalnl® + (5, = 57 )bl ‘(q‘zg)/gf““n' e}

1 1 1 1 1 1 _
> (5ot + (5 = g )oll® = (G = g Ml 572l
Setting
1 1 1 1
F\(t) = (7 — 7) t2 — (* — *)A *S—q/th’
\ (1) 2 2 a g 2 | f+lqg

we deduce that Fy(t) attains its minimum as

. 22— QO frle) T
min () = - 227q . ((

q

2% — q 2—q _2
s = —D\7
5) 7

2 -2)
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where

_2
p_ 20 9]y ( 25— ¢ )r
2q2* (2: —2)5
By applying (3.15)), we obtain
s N 2 «
ey > i (aS)? — DA%-1 = ¢},
which yields a contradiction with the hypothesis ¢y < c3. |
We define

2—gq

2

Ag = (%(aS)%/D)
and Ag = min{\1, A2, A3, A4}, where Aj, As and A3 are given in (2.5, (2.10) and
Lemma [3.1} respectively.

Proposition 3.5. Assume that m < =5, or m = NJXQS and b < 1/S™. Then for

A € (0,Ag), I has a minimizer uy in NA, which is a positive solution to problem
[L3) with Iy(u1) = ¢ and |lui]] — 0 as A — 0.

Proof. For A € (0,Ap), combining the definition of ¢} and Lemma gives
¢y <0<ch.
In view of the Ekeland’s variational principle [9], there exists a (PS)C;r sequence

{un} C N; satisfying . It follows from Lemma that there exists u; € Ny
such that
I&(ul)zo, IA(ul)ch <0,

We now show that u; € N+ Consider the case m < NN2 , while the case
m= v-5; 2 and b < 1/S™ follows similarly. Suppose by contradiction that u; € Ny
Combining this with -, we have u; € GT. On the other hand, from u; € N,\
and Ty (uy) = c}f < 0, we can see that u; € HT. Hence, from Lemma we can
infer that there exist ¢~ (u1) > ¢*(u1) > 0 such that t-u; € N, and ttu; € Ny
This implies t~ = 1 and ¢+ < 1. Therefore, there exists £ € (t7,¢7) such that

I)\(t+’u,1> = Oini<n ])\(t’u,1> < I)\(f’u,l) < I)\(t_ul) = I)\(ul) = 017
<t<t-
which yields a contradiction. This implies uq € N;r.

Furthermore, we show that w; is positive. Note that I(u) # I\(|u|) and [Ju| #
[llul]] in Ey. We consider the positive part of problem (1.1)) by defining

a b m 1 1
It ) = Gl + gl =< [ fu@ltide = 5 [ @

Then there exists a critical point u; € N;' for [:\*'. That is, for any v € Ey it holds

() [ ()= O)ele) 0l

|(E _ y‘N+25

= [ @ tode = [ gl vda,
Q

Taking v = u; = min{uy,0} as a test function in and applying the inequality
(ua () = wr () (uy () = uy (y) = —ui (@)ug (y) — uy (@)uf (y) = [u3 (@) = g ()]
< —fuy (=) —ur (W)

+2:dz

(3.16)
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we obtain
- —()]2
blluT 2(m—1) / |U1 (l') — U (y)| dr dy = 1
((L+ ||U1 H ) RN |1‘—y|N+28 T ay O( )7
which implies ||uj || = 0, i.e. u1 > 0 in RY. Moreover, by the strong maximum

principle [3], we know that u; is positive.

Then, we prove that u; is a local minimizer of I in Ey. From Lemmas and
we have 7 (u1) = 1 < tiax(u1). From continuity of u +— tyax(u), for the fixed
e > 0, there exists d; = d1(€) > 0 such that tmax(ur —u) > 1+ € for all |Ju|| < 4.
Meanwhile, by Lemma we can see that for a given d, > 0, there exists a C!
map ¢ : Bs,(0) — RT such that ((u)(u1 —u) € Ny and ¢(0) = 1. Hence, taking
into account 0 < § = min{dy,d2} and the uniqueness of zeros of fibering map, we
have t7(u; —u) = ((u) < 14+ € < tmax(u1 —u) for all ||Ju|| < . By tmax(u1 —u) > 1,
we obtain Iy (u1) < Iyt (u; — u)(u1 — u)) < In(uy — u), which implies that u is
a local minimizer of I in Ej.

By Lemma we obtain that u; is a positive solution to problem . By

Lemma we arrive at the desired result. O
In [19], it is shown that the infimum in (2.2)) is attained by
((N—25)/2
Ue( €e>0, (3.17)

) = (& + |z2)N—25)/2

— 2 *
R2N

|z — y|N+2s =

which satisfies

We define
Uen(x) = n(x)uc(x), (3.18)
where 7(x) € C5°(B,(0)) satisfies 0 <7 < 1in B,(0), n =1 in B,/3(0) and n =0
in RV \ B,(0), for some p > 0 sufficiently small as given in condition (A1). From
[19], we have

[l te,y ||2 < §N/(2s) 4 o (eN_2s) and ey

It follows from and - that

/ ‘ |qd o 1 J eq(N72s)/2d
Ue, T S (/ — 5.5 AT +/ —_— Jj)
B B.(0) €1V =29)/2 B, (0)\B.(0) |71V =2

P
P
_(N=25)g  a(N=2s) “1—g(N—
_ (N R / FPN-1-q(N QS)dr)
€

_ (N—2s)q 2s)q (N—2s)
=)

zO(e )—|—O(eq
(

2oV Lo(N). (3.19)

q(N 2s)

Ofe )

where 1 < ¢ < N/(N — 2s), and wy denotes the unit sphere in R .
In view of condition (A1) and the definition of 7, we have the following lemma.

Lemma 3.6 ([IT}, 19]). For small e > 0, the following statements are true.
1) pr(O) |u57n‘qu = O (Eq(N72s)/2);
(i) Jp (0) 2l > Cea;
(iii) fBP(Q)g(l‘) 2:dx:5% +O<6N)_
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We consider the following two sets

A :{ueE\{O};”iqu(ﬁ

Ay ={ue E\{0}: ﬁt*(ﬁ) <1},

) > 1} u {0},

where ¢~ is given in Lemma It follows from [25] that ¢~ (u) is continuous for
u € Ep\{0} and Ny = {u € Ep\{0} : HTll‘t’ (%l) = 1} splits Ep into two connected
parts A; and As. It follows from Lemmas and that for any u € N;r and
A € (0,\2), we have 1 < tiax(u) <t~ (u). Then Ny C A;. Particularly, uf € A;.

Lemma 3.7. Assume that m < N]st orm = ﬁ and b < 1/S™. Then for any

€ > 0, there exists t1 > 0 such that uy + tiuc, € As.

Proof. We just prove the case of m = NJLS and b < 1/8™, since the case of

m < ﬁ can be processed in a similar manner.
We claim that there exists a constant ¢ > 0 such that 0 < ¢~ (%) < é
€n
for m = &5 and b < 1/S™. Otherwise, there is a sequence {t,} C R* such that
ty, — oo and ¢~ <%> — 00 as n — 0o. Let v, = u:ﬁﬁ% From ([3.19)),

Hul +tnue,7] ”
we deduce that

/ glvn
B,(0)

P

.
2sdx

T 08100+t
[[ur + e |

fB,,(o) 9l q|* da
[[tte,nl?

>1/8™—b+0(N) >0

o

% da — b||vy,

for 0 < € < €; with some €¢; > 0, as n — oo. Thus, I (¢t~ (v,)v,) = —00 as n — 00
for m = N]j2s and € € (0,¢€1), which contradicts Lemma According to [25]
Lemma 3.6], we obtain uq + t1ue,, € Ao immediately. O

Lemma 3.8. Assume that m < 5= or m = 325 and b < 1/S™. Then there

ezist Ay € (0,Ao] and b > 0 such that for any X € (0,A.) and b € (0,b) it holds

sup I (u1 + tue ) < cj,
>0

where ¢} is given in .
Proof. For any «, 8 > 0 and m > 1, we recall the inequality
(a+B)" < o™+ Cp(a™ + ™) + ma™ 1B,
where C,,, > 0 is a constant depending on m. It follows from Young’s inequality

that

b m
sl + e
b 2m 2(m—1) (u1(z) — u1(y)) (uen(z) — uey(y)) 3.20
< %”Ul” + | | t/ |z — y[V+2s (8.20)

+ bCom Jun [*™ + DDt e ™,
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where D,,, > 0. Since u; is a critical point of Iy, we obtain
(I3 (u1), tue ) = 0. (3.21)
In view of the inequality
(@4 B)P —aP = g7 —paP~ ' > CafP™, «,5>0, p>2,
it follows from the definition of 7, (3.20), and condition (A1) that
Iy(u1 + tue )

|2m

a 9 b
= §||U1 + tuey|I” + %”Ul + tuey
1

1 .
- f/ Falur + tue | %de — 5/ gluy + tue % dx
4 JB,(0) s J B,(0)
a
< Iy(ur) + §Hwe,n||2 + 0C g [P + b Dy ||t ™
1 tue n
oL A e s =l 2
4 JB,(0) 0
1 . N .
- o g[|u1 + tu€7n|2s — |ug % - 25t e p|us 2 l]dx
23 JB,(0)
a m m
<oy + §Htue,nll2 + 0C[ur [P + DDy ||t n||P™ + C|f— |oo [ttt |2
1 X .
- gltue.q 2%de — C’/ \u1||tu€7n|2571dx.
23 JB,(0) B,(0)

‘We now consider

a
In(tuen) = 5lltucyll* +bCm ual|*™ + 5Dy tue.

1 .
[ dtude-c [ i,
23 B,(0) B,(0)

Claim 1. There exist t. and t2 > 0 independent of € and A such that

#™ + C1f=|ooltue,n|d

2:—1dw

d
to <t. < t17 J/\(teue,n) = sup J)\(tue,’r]); %Jk(tue,n”t:te = 07 (323)
>0

where t1 is given in Lemma Since A € (0, A3), from Lemma we have
0<a<a-— cj\' <c, — c}\" <sup Iy (u1 + tue ) — c}f < I (tette,y),
>0

which implies t5 < t. for some t5 > 0.
To find the estimate of sup,~ Jx(tuc ), we define

5

at? 25
h(t) = “ e — £ / glue,
2 72t g0

By (3.19) and Lemma we obtain
sup h(t) < + (aS)

t>0

.
2 dz.

N
2s

+O0(eN72). (3.24)
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From (3.23), (3.24) and Lemmas [3.6] and we deduce that

In(tue.) < % (@S) % + bCh 1|2 + bD 2™ [t |12 + O (¥ 727)

2% -1 *_
O eluealy = €57 [ ey
B,(0) (3.25)

—2s

(aS)% N O(EN—QS) L CbA% n b I Ceq(Nr;zS) _ C€N2

S
< —
- N
m N—2s
< %(aS)% + AT +Cb—Cey 7

for some ¢y > 0. Thus, there exist two positive numbers A, € (0, Ag] and b>0
such that for any A € (0,A,) and b € (0,b) it holds

2m 2 N—2s

CbA2=a + Cb+ DA%—a < Ce¢y 2 .
Combining this and (3.22)-(3.25) and by Lemma[3.8] we arrive at the desired result.
(I

Proof of Theorem[I.1, Clearly, (i) follows from Proposition[3.5 (ii) Let A € (0, A..).
From Proposition [.5]and Lemma [3.7} we obtain u; € A; and uj +t1uc, € Ay. We
define a path y(s) = u; +stiuc,, for s € [0,1]. Since v(0) € Ay and (1) € A, there
exists s € (0,1) such that u; + styuc, € N, , which implies ¢ < sup;>q Ix(u1 +
tuey). According to Lemma [3.8) we obtain ¢y < ¢} for any A € (0,A.) and
b € (0,b). In view of Corollary Ny is a closed set. By Proposition there
exists ug € Ny such that I{(uz) = 0 and I\(u2) = ¢, . This indicates that uy is
also a positive solution to problem . |

Proof of Theorem[I-3 (i) From Lemma we obtain Ny = N, and define ¢y =
infy,en, Ia(u). It is clear that ¢y < 0. By Proposition there exists a (PS).,
sequence {u,} C Ny for I). It follows from Lemmathat {un} is bounded in Ey.
Hence, up to a subsequence, there is u € Ej satisfying . Denote v,, = u,, — u,
for b > 1/S™. Then

[ sl

Q
Combining this (3.11]) and (3.12)) yields

aljvn|* < aljvn| + bllul T un | + bl P — /QQ(JJ)IUIQ:dx = on(1),

Zda — bl|u)*™ < 0.

which implies u,, — u in Ey. According to Proposition [3.5] we see that u is a
positive solution to problem (|L.1)).
The proof of (ii) is similar to that of Theorem S0 we omit it. O

4. PROOF OF THEOREM [L.3|

In this section, we assume that m > 25—, f_ = 0 and condition (A1) holds.
Let us start with a compactness result.

Lemma 4.1. I, satisfies the (PS) condition if

N
2s

c<chy = %(aS) — Dib— DyATa.
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Proof. Let {u,} be a (PS). sequence satisfying (3.2). We claim that {u,} is
bounded in Fy. By way of contradiction, we assume that there is a subsequence of
the original sequence such that ||u,| — oo, as n — co. We define wy, = un/||un|.
By the Sobolev and Holder’s inequalities, we obtain

/ g(m)|wn|2§dx < S§72%/2 and / A () lwp|9dz < /\5—q/2|f
Q Q

qr-

Therefore,
cton(l) _allunl® b JualP™ 1 fo A (@)|ul%de 1
% 2 [|un % q l|wnll? 2; Ja
S—2: /2
23
In view of m > N/(N — 2s), this yields a contradiction.
Hence, up to a subsequence, there exists u € Ey satisfying (3.9)). Similar to the

proof of Lemma setting v, = u, —u, we can suppose that lim, o ||vn|| = d1 >

0. Using Holder’s inequality, (3.15) and m > %, we deduce that

g(@)[wn[* dz

[l 2 2m |up

b .
> o | P

Z 5 + 0n(1) = 0.

c= lim (IA(un) - i([f\(un),uw)

— tm (- zm,(l,i) g

= Jim (5 lunl = (55 = 5 )Wl = (= 50 )A | Flualvdr}
as as 1 1

> Tt el = Dib = (= 5 )M flae el

N
%(aS)% — Dib— DoAT,

v

where D1 = D1(N,m,s) and Dy = Dy(N,q, S, a,|fls<). This contradicts the hy-
pothesis of ¢ < ¢ ;.. ([l

Lemma 4.2. There exist A5 > 0 and r > 0 such that for any A € (0, A5) it holds

inf  In(u)=a>0.
u€Ey,||ul|=r

In particular, when A\ = 0, there exists an ro > r such that Io(u) > 0 for all
u € B, \{0}.

Proof. For u € Ey, we have

b 1 1 .
D) = Gl + gl = = [ At = 5 [ g@)luf*da
a 2 )\|f|q* q_ 1 27
> Slhl? — Sl ~ ezl (41)
g 2—q )‘|f|q* o 1 2:—q) q
e et (g [
We define )
a * *

I(t) = —¢2—9 — — §—25/2425—q
®) 2 2;5

for ¢t > 0. In view of 2 < 2%, for each u € Ey with
a2;5%/%(2 = q)11/(2;-2)

Jull = 7= [ ,
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we obtain max;>o [(t) = I(r) > 0. Thus, by taking

l(r)q
A<= — 22
=T S,
we obtain | ‘
fq* q_. ~
I(u) > (l(r)—)\qsz/q)r —a>0.

When A = 0, from (@.1)), there exists an 79 = [(25 — ¢)/(2 — ¢)]"/*~2)r > r such
that Ip(u) > 0 for u € B,,,\{0}. O

Lemma 4.3. Let A5 be given in Lemmal[].3. Then there exist two positive constants
by and 0 < Ag < A5 such that for each b € (0,b1) and X € (0, Xg), problem (1.1
admits a positive solution up with Iy(up) < 0.

Proof. Tt follows from Lemma [4.2] that there is an 7 > 0 such that I, (u) > 0 for
lu]l = 7. For u € Ep\{0} and ¢ > 0 sufficiently small, we have

bt2m

at® om 17 . 12
I(tu) = THUH +%HUH Y] Q)\f(x)|u| dr — > Qg($)|u
S

*

2 dx < 0.

Thus, we obtain

my = inf{I\(u) : u € B,} <O0. (4.2)
By Ekeland’s variational principle [9], there exists a minimizing sequence {u,} C
B, such as

I(un) — ma, ||I$\(un)HEO*1 -0,

as n — 0o. On the other hand, it is easy to see that there exist by > 0 and \g < A5
such that

Ay >0, be (0,b1), A€ (0,)),
where ¢f , is given in Lemma It follows from and Lemma that there

exists up € Fy such that w, — wup, i.e. up is a nontrivial solution of problem ([1.1)).
By Proposition we see that uy is a positive solution of (1.1)). O

Lemma 4.4. Letr and by be given in Lemmas[/.4 and[].3, respectively. Then there
exist 0 < by < by and e; € Ey with ||e1|| > r such that Ix(e1) < 0 for b € (0,bs).

Proof. If b =0, we consider the functional I denoted by

at? 5 U . 22 o
Doltuen) = Tlluenll? == | M@lueqlfde = o= [ g@)fucy | do.
q JB,(0 s JB,(0)

Recalling Fatou’s Lemma and Lemma (iii), we can see that for small € > 0 it
holds
I o(tu, 1
i Dolien) 1 gx ooy o,

t—o0 tZS 2;
Namely, there exists a large T > 0 satisfying ||Tue | > r and Iy o(Tuc,) < 0.
Since In(Tuey) = Ino(Tue,y) as b — 07, we deduce that there exists 0 < by < by

such that I(T'u,,) < 0 for any b € (0, b2). O

Lemma 4.5. Let \g and bs be given in Lemmas [[.3 and [[4), respectively. Then
there exists ap, < 0 such that for any b € (0,b2) it holds

ap < my = mf{I)\(u) RS Eo} < 0.
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Furthermore, for any b € (0,b3) and X € (0,Xg), problem (1.1) admits a positive
solution uy with Iy(uy) = my.

Proof. Note that

b 1 1 )
B) =l + ol = 2 [ Af@lvae - o [ a(oluias
b m 1 — 1 . 2 "
2 gl = g 572l = 5057
Let 2mAlf ,
- 2MAl e g M o om g R
4 bgS4/2 7 B= 21552 /2’ Py p)=t At? — Bt*s.

From [22, Lemm 2.3], for any b > 0 there exist t3,t4 > 0 such that
=mind®; 5(t) =4 5(t
Qp Ttnzl(f)l 4,5(t) 4,5(t3) <0

and ® 5 5(t) > 0 for t > t4. While, by Lemma it is easy to see that for any
b € (0,b2) it holds

my = 1nf{I)\(u) U e Eo} < 0. (43)
Then using a similar strategy of Lemma[4.3] we obtain that uy is a positive solution

of problem (|L.1)) . O

To obtain two distinct solutions to (1.1), we need to show that the infimum
my < my.

Lemma 4.6. There exists 0 < Ay < Ag such that my < my for b € (0,b2) and
A€ (0, )\7)

Proof. For A =0, let mg be given as in (4.3]). So, for any b € (0, b2), problem (|1.1))
admits a positive solution wgp satisfying Io(ugp) = mo := inf{Ip(u) : u € Ep} < 0.
Taking into account f_ = 0, we deduce

i < In(uop) = Io(uo.s) — )\/ Fluo|9de = mo — )\/ Fluos|?de < mo.  (4.4)
Q Q

In view of Lemma and (4.2]), we have my — 0 as A — 0. Then, there exists
0 < A7 < X¢ such that mg < my for any b € (0,b2) and A € (0, A7). Combining this
and (4.4]), we arrive at the desired result. O

It follows from Lemmas [I.2] and [£.4] that I has the mountain pass geometry.
Using the mountain pass theorem [24], there exists a (PS)., , sequence {u,} C Ey,
that is

CXb

I)\(’U,n) — C\,bs ”I;\(u”)HEo_l — 0.
We note that ¢y, has the characteristic property

= inf I((t
¢ = Inf max (v(®)),

where
[:={y € C([0,1], Eo) : 7(0) = up,¥(1) = up + Ttte,p}-
Similar to Lemma [3.8] we can obtain the following lemma.

Lemma 4.7. There exist 0 < A* < A7 and 0 < b* < by such that for any A € (0, A*)
and b € (0,b%) it holds

b < sup Iy (up + tuey) < 3y
>0
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Proof of Theorem[I.3 By Lemmas [£.2] and [£:4] it is easy to see that I, has the
mountain pass geometry. i.e. there exists a bounded (PS)., , sequence {u,}. It
follows from Lemmas [4.1] and [4.7] that, up to a subsequence, there exists uy;, € E

such that Iy(uxp) = eap > 0. By Lemmas and and problem (1.1))
admits three positive solutions up, uy and wy p. O
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