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MULTIPLICITY OF POSITIVE SOLUTIONS FOR A GRADIENT
TYPE COOPERATIVE/COMPETITIVE ELLIPTIC SYSTEM

KAYE SILVA, STEFFANIO MORENO SOUSA

ABSTRACT. We study the existence of positive solutions for gradient type co-
operative, competitive elliptic systems, which depends on real parameters A, p.
Our analysis is purely variational and depends on finer estimates with respect
to the Nehari sets, in fact, we determine the extremal parameter A*(u) for
which the Nehari set is a manifold and hence standard variational techniques
can be applied. We also discuss the cases where the Nehari set is not a mani-
fold.

1. INTRODUCTION

In this work we study the gradient type cooperative or competitive elliptic system
—Au = pu+ M+ f(2)|uf"?u in Q,
—Av =M+ pv — g(z)|v|? %0 in Q, (1.1)
u=v=0 on 99,

where ), it are real parameters, €2 is a bounded domain in RY with smooth boundary
00, N >1,2<qg<p<2% 2" =2N/(N —2). We look for weak solutions in
X = H}(Q) x HE ().

Gradient type systems and cooperative or competitive type systems have been
studied by many authors: see for example the works of deFigueiredo [§], Clément
et al. [B], Alves et al. [I], Bozhkov and Mitidieri [3], Wenming [I4], Costa and
Magalhaes [6], da Silva [7] and the references therein. Such systems appear in
many phenomena in Physics, Chemistry, Biology, etc. (see for example Brown
[4] and the references therein), in particular they are related to reaction-diffusion
systems that appear in chemical and biological phenomena.

Our plan is to study system with respect to the parameters \, j only by a
variational method. We will provide a relation between the parameters A, u with
some topological properties of the Nehari set and the existence of solutions to
problem . From now on, a solution to is a critical point to the energy
functional @) , : X — R which is defined by

Eaulue) =5 ([ 19up+ [[96P) = 5( [+ [10P)
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1 1
—)\/uv+7/g|v|q—f/f|u|p.
q p

Depending on the values of the parameters A, u, the energy functional @, ,, is
unbounded from below and from above. This kind of behavior is similar to that
of indefinite problems (see Berestycki et al. [2]) and we should expect multiplicity
of solutions (see Ouyang [I1]). In fact, by analyzing the Nehari set associated to
CDNM:

Ny ={(u,v) € X: <I>’>\7M(u,v)(u,v) =0},
one is lead to the conclusion that for some parameters, the Nehari set AV , is in fact
a manifold which split in two disjoint sets N;H,N):“ satisfying N ,, ﬁ/\/}:u =0
and N;M NN~z =0, where

Ny, = {(u,0) € X 2 Y, (u,0) (u,0)? > 0},
= {(wv) € X N (u,v) (u, v)? < 0}.

This suggest multiplicity of solutions, more precisely, the existence of critical points
to @y, in each manifold NI# and N;,u‘ In fact, let (A1, ¢1) be the first eigenpair of
—A in © with Dirichlet boundary conditions. We consider the following hypothesis
on f and g:

(H1) f,g € L>(2) and g(z) >0 a.e. x € Q, f(x) >0ae. z€Qand f #0.

Our main result reads as follows.

Theorem 1.1. Assume (H1) and that u < A\1. Then there exists 0 < A\ (p) <
A*(p) < oo such that

(1) For each A € (—oo, \*(u)] problem (L.1) has at least one positive solution
(ﬂ)\7u, 17)\714) S N): .

(2) For each A € (A1 (u), A*(u)] problem (1.1)) has at least one positive solution
(UA#’ UA,,u) c N)—:H

By a positive solution we mean that both coordinates are positive functions. The
parameters Aj(u), A*(p) which appears in Theorem are the so-called extremal
parameters (see I'yasov [9]) and they describe the topological changes on the Nehari
set with respect to A, u. In fact, if A < Aj(p) we have that J\/;fu = (), while if
A > X*(p), then N, ,, is no longer a C* manifold. They can be found through the
study of the so-called nonlinear Rayleigh quotient

JUVul® + [Vo?) — p [ (Juf + [vf?) N Jglvl® — [ flulP
J v Jw '
Since N, is no longer a manifold when A > X\*(p), the technique used to prove
Theorem can not be used to prove existence of solutions in this case, therefore,
we need a finer analysis over the Nehari sets. In this work we deal only with the
case where N, , is a manifold (and its limiting case), although some recent works
of I'yasov and Silva [10], Silva and Macedo [I3] suggests multiplicity of solutions
for A > X*(p).
This article is organized as follows: in Section [2| we study the fiber maps associ-
ated to @ , and the extremal parameters. In Section |§| analyze some topological
properties of the energy functional. In Section [f] we show existence of two positive

solutions to equation (1.1f).

R, (u,v) =
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2. NON-LINEAR GENERALIZED RAYLEIGH QUOTIENT AND EXTREMAL
PARAMETERS

In this Section we establish some notation and technical results which will be used
throughout the paper. In particular we study the Nehari set and its decomposition
and we analyze the values of the parameters A, p1 for which N}, , is a manifold.

From now on we denote w := (u,v) € X. We cqulp X with the norm

]l = / Vul? + / vol?)

w3 = [lull3 + llv]l3-
For (A, 1) € R?, we recall the definition of the Nehari set
Ny ={wex\{0}: @&,M(w)w =0}.
Note that the Nehari set can be written as

Naw =N, UNY, UNT

A,

If w € X, we denote

where
Ny, ={we X \{0}: @) ,(w)w=0, & (w)w® >0},
M = {w € 2\ {0} B} (whw = 0, B, (wpu? = 0},
Ny, ={we X\ {0}: @ ,(w)w=0, DY ,(w)w® <0}.

Lemma 2.1. IfN;#,N;# are nonempty sets then J\/}t#,/\f;# are C* manifolds of
codimension 1 in X. Moreover, w € J\/';’#U./\/;:# 18 a critical point Of(q)/\,p,)‘./\[;' UNT,
if and only if w is a critical of ®» ;.

Since all critical points of @) ,, belongs to N ,, in order to find critical points to
®,,, in X, we restrict our attention to critical points of ®y , over Ny ,, however,
to apply Lemma [2.1{ we need to understand the Nehari sets N ;‘ L UNy, and V. )(\), -
In fact, when N ;‘ LUNy, # 0 and NV, N, = 0 it is easy to show existence of solutions

to problem ([1.1]), however, when N /{)7 ., We have to provide a more finer analysis over
the Nehari sets.
For A\, € R and w € X we introduce

Hyu(w) = [[w])? — pllw]}2 — 27 / "

First, let us characterize the Nehari set by using the Fibering Method of Po-
hozaev (see [12]): for each w € X \ {0}, define 1 ;.. : [0,00) = R by ¢¥x pw(t) =
(P)\’M(tw>.

Proposition 2.2. For each A\, ;1 € R and w € X \ {0}, the function ¥y . is of
class C* on (0,00). Moreover, the only three cases where Y .. has a critical
point are:
Case 1: Hy ,(w) > 0.

(i) There is only one critical point at t, (w) € (0,00), and this point satisfies

Nty (W) <0 if only if [ flul? > 0;

Case 2: H)y ,(w) =0.

(ii) @ uw @8 constant equal to zero if and only if [ flulP, [ glv|? = 0;
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(ili) There is only one critical point at t, (w) € (0,00) and this point satisfies
Nw(tx,(w)) <0 if only if [ flul?, [ glv]? > 0;
Case 3: H) ,(w) <O0.
D) if [flulP = 0 and [g|v|? > 0 then there is only one critical point at
t;\"’#(w) € (0,00) which satisfies Y , ,(ty ,(w)) > 0;
If [ flulP > 0 and [ g|v|? > 0 there are two possibilities:
(II) There are only two critical points for iy .. One critical point at t #(w)
with ¥y, ,(ty ,(w)) < 0 and the other one at t)tu( w) withy , (X u(w)) >
0. Moreover 1y ;. is decreasing over the intervals [O’t;u( w)], [ty (w), od]
and increasing over the interval [tjﬂ (w), ty (W)

(IIT) The function 1 ,w has only one critical point which is an inflection point
at tgvﬂ(w). Moreover, x4 is decreasing;

We start with the study of NIM. Observe from Proposition that if NIH # 0
then there exist (A, 1) € R? and w € X such that Hy(w) < 0 or equivalently

JIVulP + [ Vo2 — p( [ ul? + [ ]0)

<A,
2 [uv
therefore we are led to the study of the function
[w]l* — pllwll3 /
Amin ((; W) 1= ————=, X, 0. 2.1
(5 w) 2 v w e uv > (2.1)

Now we turn our attention to the Nehari set N, )(\)7 .- From Proposition we have

that if w € NRM, then
/f|u|p >0, and /uv > 0.

Let us introduce the set (the open subset of X)

X+::{w€X:/f\u|p>0,/uv>0},

so N, )?, , C X4 Foreach w € X, consider the corresponding so-called scalar fibered
Rayleigh quotient (see Il'yasov [9])

JUVul? + Vo) de — p [ (jul? + vf?) da

R, (tw) =
wltw) J wvdz
t172 [ glv|?da — tP~ 2ff|u\pdx
+
Jwvdz
As was shown in [9] we have that
d
w e Nf’w if and only if R, (w) = A, ﬁR(tw)h:l =0.

and hence the extremal values of [0, 00) > t — R, (tw) provide regions of parameters
where J\/')(\)’u = (. Assume that y < A\; and observe that [0,00) 3 ¢ — R, (tw) has
two extremal values. The first one is a local minimum attained at ¢ = 0, indeed, it
corresponds to Apmin(1; w) as defined in : one can easily see that

Amin (f15w) > 1 — Aﬂ >0, Yu<A, Vwe X,
1
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The second one corresponds to a local maximum which can be computed by using
standard calculus in the following way:

(q—2)t73 [ glo|%da — (p — 2)t"73 [ flu|Pda
[ wv dz

d
%R“(tw) =

if and only if

=0,t>0,

(g—2) /g|v\ng; _(p- z)tp—q/f\undx _o,

and hence

(q—2)fg|v|"dx)ﬁ (2.2)

to(w) = (
(»—2) [ flupdz
is the critical point of [0, 00) > t — R, (tw) which corresponds to a global maximum.
Therefore we have the nonlinear generalized Rayleigh quotient

(fg|v|de>5:5>7

1
Amax (f; w) := max R, (tw —<w2—,uw2—|—07
i) = g o) = s (Il = ol + G20

where C), , > 0 is given by

c _(q—Q)Z%i (q—2)£%3
pa p—2 p—2 '

Remark 2.3. We observe here that to study the scalar fibered Rayleigh quotient,
there is no need to assume that w € X ; however, [0,00) 3 t — R, (tw) has a global
maximum if, and only if w € X;. Furthermore, note that if 4 < Ay and [uv >0,
then Amin(1; w) is just the local minimum of [0, 00) > t — R,,(tw) which is attained
at t = 0.

The functions Amin(u;w) and Apax(u; w) have the following geometrical inter-
pretation, with respect to the fiber maps, which can be proved from Proposition
and their definitions.

Proposition 2.4. The following holds:

(1) For each < Ay and X € R we have that Ny, # 0. Moreover ./\/‘;f# # 0 if,
and only if A > Apin (1, w) and p < Aq.

(2) For each p < A and w € Xy we have that: Amax(p;w) is the unique
parameter A > 0 for which the fiber map ¥y . has a critical point with
second derivative zero at t(w). If Amin(pt, w) < X < Amax (3 w), then ¥y
satisfies II) of the Proposition while if X > Apax(p;w), then ¥, is
decreasing and has no critical points.

Let us consider the following critical values:
A () = inf {Amin (1 w) 1w € X - /uvd;z: >0}, (2.3)
A () = inf {Amax (g5 w) : w € Xy} (2.4)

Lemma 2.5. For each 1 < A1 it holds 0 < Xj(p) < A*(u) < +00. Moreover,

() Ai(0) = A — .
(ii) There exists a minimizer w* = (u*,v*) € Xy of (2.4), which means
Amax (53 w*) = A" ().
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Proof. (i) Indeed, we have

Amin (1; w) > (1 - ﬂ) (2.5)

and

1 1
< <
/ wo < lullallol < (= ) (7 el
1 1 /[ |Vul?+ |Vo? 1 [jw|?
- < el B — = —_——-—,
>\1||UH||UH_)\1< 5 ) N2

Then we obtain

2
M < ing 10O (2.6)

-
It follows from (2.6 and (2.5)) that
AL(p) 2 A — p.

Since fqb% > 0 and Apin (@, d1,01) = A1 — p it follows that Af(u) = A — p.

(ii) Now let us prove there exists w* € XL such that A*(u) = Apae(p; w*).
Choose a sequence wy, := (un,v,) € Xy such that Az (i, wy) = A* (@) as n — oo
and since Amax (i, tw) = Amax(p;w) for ¢ > 0, we can assume without loss of
generality that ||w,| = 1 and therefore w,, = w in X and w,, — w in LP(Q) x L1(Q).
Note that [uv > 0 because

2
Ama (1 00) = (1= i)% =(1- AHI)U;,UH o

and on the contrary, we would have Apax(p; wy,) — +00 which is clearly a contra-
diction. It follows that u,v # 0. We claim that [ flulP > 0, indeed suppose on the
contrary that | f|u|? = 0. Since

p—2
q P—q
A:nax(:u;wn) Z Cp,q (fg‘vn| dm) =2 Vn, (27)
([ flun|pda) >~
and [ g|v|? > 0 we conclude that Amax(p;wy,) — +oo which is a contradiction,
therefore [ fluP > 0. We denote by u = Tl © = Ty then @ = (4, 0) satisfies
|w]| =1, [uv>0and [ flu?, [g|v|? > 0. We claim that w, — w in X, indeed if
not, by the weak lower semi-continuity of the norm, we have

Amax (145 @) < Hminf Ayax(wy) = A (1) (2.8)
n—oo
which is an absurd and hence A\*(p) = Apax(p; w). By defining w* = @ the proof
is complete. (Il
Proposition 2.6. Let u < A\, then Ng*(u),u # 0. Moreover, each w € Ng*(u)w
satisfies
2( = Au— pu— N (p)v) = pf(@)|ulP~>u =0, 29)

2(— Av— v — N () + gg()lo]1%0 = 0,
Proof. From Lemma there exists w € X \ {0} such that A\pax(p; w) = A*(u).

From the definition of Apax(p; w) it follows that N;\)*(H)# # (). To prove that each
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w € NY. (), satisfies (2.9), we observe that X, (u; w)@ = 0 for all @ = (a,7) € X,

hence we obtain
0:2(/VuVﬂ—u/uﬂ—)\*(,u)/vﬁ)
= fg\vlq 53/ p2
w(5=)" (gp) [ s

(2.10)
22(/V11V6—,u/v@—/\*(,u)/u17)
q—2 Z; fg|vl 53/ q—2,
q(p 2) (ff|u|p) glol"= v,
For w € Ng*(#)# we have
2 2
q—2\1=q ([ glv]?\ =
(=)t = (211)
Then, from (2.10) and we conclude the proof. O

Corollary 2.7. Let p < A1. Then
(i) For each A € R we have that Ny, # 0.
(ii) Ny, # 0 if, and only if X > X (u).
(iii) NS’H £ 0 if, and only if X > X*(u).

Proof. (i) Given A € R there exists wy, := (un,v,) € X4 such that ||u,|| =1, v, #0
and v, — 0 in H}(Q), so

lim Hy ,(w,)> lim (1 — )\ﬂl) + Jvnll® = pllvallz — 2)\/unvn

n— oo n—00

(1—%)>0,

then there exists ng € N such that for all n > ng we obtain HA,H(wn) > 0 and from
Proposition [2.2 we conclude that Ny, # 0.

(i) Suppose N;f# # () and take w € /\/';f#. By Proposition we conclude that
2 2
H) ,(w) < 0 which implies W < A, therefore Af(p) < .
Now suppose that A () < A and take w = (¢1, ¢1). It follows that
[w]|* — plwl]]3
Ap(u) = I” = el
1( ) 2f¢%
hence H) ,(w) < 0. Since [ g|¢1|? > 0, from Proposition we conclude that
t;u(w)u) e N;M.
(iii) Suppose N}\)w # (). We know that w € N/Q,u if, and only if

<\

d
R, (w) = A, aR(tw)‘tzl =0,

and therefore by definition of A\*(u), we conclude that A*(u) < A.
Now observe from Lemmathat there exists w* € X such that w* € Ng* ()"
Moreover there exists w,, 1= (uy,vy) € X4 such that ||u,| =1, v, # 0 and v, — 0
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in H}(Q), then

hm Amax (14 wp) > lim ;<(1—ﬂ)+\\v 1% — v HQ):oo

s max yn ) — n_so0 fun’un )\1 n nil2 ’

therefore, from the continuity of Apax(f;w) with respect to w, given A > A*(u)
we there exists w € X4 such that Apax(p;w) = A and from Proposition we
conclude that Ny | # 0. O

3. TOPOLOGICAL PROPERTIES OF THE ENERGY FUNCTIONAL

In this Section we study the energy functional ® ,, in particular, we show that
®, , has some well know topological properties when restricted to the Nehari set,
as for example coerciveness, which allow us to minimize over the Nehari manifolds

NA M and N;r
For A > 0 we define

= {w eNS, t Hypu(w) <0}
Proposition 3.1. For each p < A1 and A € R, we have the following:
(i) There exists a constant C > 0 such that ||w|| < C for all w € Niu U./\A/)CH.
(ii) The functional @ ,, restricted to N;f# UN , is coercive that is if wn, € Ny,

is such that ||w,|| — o0 as n — oo, then @ ,(w,) = 00 as n — co.

Proof. Assume that w, = (un,v,) € NIH UN, , satisfies [|w,|| — co. We claim
that

P,
as n — 00. (3.1)
T
P _
If not, then there exists C' > 0 such that, up to a subsequence, f’m > C.
Denote by @, = “;‘j"” and o, = IISJ";H‘ Since w,, € N;f# UN/;#, we have
0= 1—u(/lﬂnl2+\fml2) —”/‘_‘”ﬁﬁIlwn||q‘2/glﬁnlq— ||wn|\p‘2/flﬂn|p.

(3.2)
By Sobolev embedding and Poincare’s inequality there exist constants C1, Co, C3 >
0 such that [ g[v,|? < C1, [ (|a]?® + 0,]?) < C2 and [ 4,0, < Cs. It follows from

(3:2) that
0= 1= [l + 15aP) =22 [ i + funll =2 [ glonl

P2 / Fliin P

< 1+ |ulCs + 2IA|Cs + Culwn||T72 = Cllwa P72, Vn,

which is a contradiction since p > ¢ and therefore (3.1 is true.
Let us prove (i). Suppose on the contrary that there exists a sequence w, €
N UN, such that [[w, | — oo as n — co. From (3.1) we obtain that [ |u,[* — 0

and since H,\)M(wn) < 0 and p < A1 we conclude that

0> 17#(/|ﬂn|2+|6n|2) 72/\/17”17”
(1— A%) —2)\/an@n
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—>(1—ﬂ)>07 n — 00,
A1

which is a contradiction and therefore there exists a constant C' > 0 such that
Jw|| < C for all w e Ny, U./\A/A_’”.

Let us prove (ii): Assume that ||w,| — co as n — oco. From and we
conclude that

fwnl ™ [ glonl? = P [ flaal? = [P =0 -1 (33)
Now observe that

1 1 _ _ o
Bawn) = lhunl (5 = 5 [l 410 = 2 [ aan)

wy |[972 _ wy, |[P2 N
(12 f g - 12l f ).

Observe that @) ,(w) > 0 for all w € N/\_u' If we assume on the contrary that
@, . (wy) does not converge to oo then from (3.4) we are forced to assume that

wn Q*2 — wn p72 5 1 N 1

from and we obtain
2,q—-2
= [ gt = o)+ (A=) (1= [10). @0

(3.4)

b q—p
2,q—2
wnq_Z/gﬁnqzol —|—77(1—,u/17n2>. 3.7
[[wn| |Un| (1) p(q_p) |Un] (3.7)
Once p < A1 and ¢ < p it follows from (3.6]), (3.7) that
_ _ 2,q—2 I
101”2/up§01+7717—7
fwnlP™ [ Al <o)+ (A=) (1~ £5)
_ _ 2,q—2 I
wnq2/gvnq§01+77 1—- ),
ol [ glonl? < o)+ 2 (2=) (1= )
which is a contradiction and therefore @5 ,,(w,) — 0o as n — oc. O

From Proposition [3.I] we have the following result.

Corollary 3.2. Suppose that i < Ay and A € R. Then there exists a constant
C > 0 such that ®\(w) > —C, for all w € N;H UNY .-

Lemma 3.3. For each i < A1 and X € R there exists a constant C' > 0 such that
|wll > C, for allw € Ny . Moreover, if A C Ny, is a bounded set, then |[u||, > C
for each (u,v) € A.

Proof. Indeed, suppose on the contrary that there exists w,, = (u,,v,) € N, g such
that ||wy,| — 0. If v, = 0 for all n the proof is immediate, therefore there is no loss of
generality in assuming that v,, # 0 for all n. Moreover from Proposition we also
have that u, # 0 for all n. Define @, = ”ZZ—’;H and 7, = m and @, = (Up, Up)-
It follows that @, — (ug,vp) in X and @, — (ug,vp) in LP() x LI(Q). Once
w, € /\/'):# we know that

1 g2 - 2 / T = [[wn [P~ / Fliinl? — [}~ / g5, Vn,  (38)
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and
L=l =20 [ nn (g = Dl [ glonl? = = Dlhwal”? [ flal <o
and hence
(a=Dlwnl™ [ glonl? = (o= DlwnlP? [ flaal? <0, ¥,
which implies
1 pb— 2 f f|an|p
[|wy, [P~ q—2 fg|17n|q7
Hence [ g|t,]?9 — 0 as n — oo which combined with (3.8) gives us an absurd since

p < A1 and therefore Ny is bounded always from the origin.
Now assume that A C N):# is a bounded set. For each w € A we have that

o2 = puljw]]? — 2 / wt / glof? / flul? = 0. (3.9)

If on the contrary we can find w, € A such that u, — 0 in LP(2), then since A is
bounded, from we obtain ||w,||? — ul|vall3 + [ glva]? = o(1) and once p < A\
we conclude that ||w,| = o(1) that is a contradiction and therefore, there exists
C > 0 such that |ul|, > C for each w € A. O

Vn,

4. EXISTENCE OF SOLUTIONS IN (—00, A*(u)]

In this section, by using the properties of the fiber maps, we prove existence of
positive solutions to the problem (1.1]) for A € (—oo, A*(u)] and p < A;.

Remark 4.1. We claim that there is no non-negative solution of (|1.1]) for p > Ay
and A > 0. Indeed, take ¢1 € H}(Q) and let w := (u,v) € X be a non-negative

solution for (|1.1)), then

Jvuvor=n [uon=n [uorsx [vors [ up2uo = p [ uon

we obtain
(/\1*M)/U¢1 >0

which implies that w = v = 0, since u > A;. Therefore there is no non-negative
solution of (1.1) for x > Ay and A > 0. If w is a positive solution, then the same
argument holds for all 4 > A; and A > 0.

For A € R define
Mo, o= {w € X : Py . satisfies () or (IT) of Proposition 2.2},
and
M;u ={we x\{0}: Hy,(w) >0, /f|u\p >0}.
For A € R, let J; , : My, UM; , — Rand J{ : My, — R be defined by
Ty p(w) =@, (L (w)w), and J;M(w) = ‘I’A,M(tiu(w)w).
Remark 4.2. Observe from Propositionthat ./\/'IN UN;, C My, UM;’M and

from Corollary we have that ./\/’;:M #0if A > Ai(p) and Ny, # 0 if A € R.

- T
Moreover J J Ny

o are the restrictions of @y , to N, A and N, /\+ u respectively.
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We consider the following constrained minimization problems
JA/\*’M =inf{Jy ,(w):weN; }, VAER,
and
ji# = nf{Jy (w) :weNT, b, YA> ().
Proposition 4.3. It holds:
o For each A € (A1(u), \*(1)) there there exists wy := (ux,vy) € ./\/IM such
that j;rﬂ = J;H(wA).
o For each A\ € (—00,\*(1n)) there there ewists wy = (ux,vx) € N, such
that J5, = J5.,(@3).

Proof. Firstly, we start with j; 4~ We may suppose that there exists w, :=
(Un,vp) € N/{fu such that Jiu(wn) — j;_u From Proposition we have w, —
w:= (u,v) in X and w,, — w in LP(Q2) x L1(£). Since

)y, (w) < liminf @y, (wy,) = Jr

N (4.1)

and by Proposition we have that JA;\" u < 0, we conclude that w # 0. We claim
that w,, — w in X. Indeed suppose on the contrary that it is false. By one hand
note from Proposition that H) ,(w) < liminf, o Hy u(w,) < 0 and since
A € (A1, \*(p)) we conclude that w € M, ,. On the other hand

0 = (5 (0) < Himinf 4, (5, (1),
and hence ¢ ,.(w) > 1 which implies that

Y (w) < liminf @y, (w) < liminf @y, (w,) = I

which is a contradiction. Therefore w,, — w in X, w € N;M and JA)'\"H = J;\"H (w).
Now we consider wy, := (un,vn) € Ny , such that Jy  (w,) — j;# From
Proposition we have w, — w := (u,v) in X and w,, — w in LP(Q) x LI().
Then from Lemma [3.3| we have that v # 0 and hence from Proposition ty . (w)
is well defined. We claim that w,, — w in X', so suppose that is not true. Observe

that
0= U} pltr, () < lminf v}, (85, (),
and hence t}tu (wn) <ty ,(w) <1 for sufficiently large n in case t:\*')u(wn) is well

defined and t ,(w) < 1 in case tj{)u(wn) is not defined. In both cases we have

T3 (w) <Timinf @y, (8 (w)w,) < liminf @y (wn) = Jy .

that is an absurd. Therefore w, — w in X, w € Ny , and j;# =Jy ,(w). O

The next Proposition will be useful in order to prove existence of solutions when
A >N ().
Proposition 4.4. Fiz y < A\ and take w € X \ 0 such that [uv > 0. Let I C R
be an open interval such that tiu(w) are well defined for all A € 1. It holds:

(i) The functions I > A — tiﬂ(w) are C1. Moreover, I > X\ ty(w) is
decreasing while I 5 \ — t;t# (w) is increasing.
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(ii) The functions I 5 X — J/\fu(w) are continuous and decreasing.
Proof. (i) For each w € X'\ 0 fixed we define
F(\t) = Hy ,(tu, tv) + G(v) — F(u).
Since t , (w)w € N, it follows that

FA 5, (w)w) =0,

0
:F
EF(A7t)\“u(w)) 75 0,
which implies from the implicit function theorem that ¢ p(w) is C! and
2
gtiu(w) = i f;“} ’
A )\,M,w(t/\,p(w))
therefore, a%t;ﬂ(w) > 0 and %t;u(w) <0.
(ii) Indeed,
0
aJi#(w) = —/uv;
therefore, J;f 1S decreasing. [
Proposition 4.5. For each p < A1, there exists w € /\/';(M) u and w € N;‘(u) u

- i N
such that JA"(M)aM = J)\*(M)#(w) and A (p),m

J;(u),u(w)'
Proof. Take A, T A* (1) and wy, := (up, vy) € J\/';m# with j;m# = J, u(wy). From
Lemma 2.1 we have

— Aty — iy — N (), — f()|un [P 2u, =0,

—Avy, — v, — N ()t + g(2) v, |70, =0,
for each n. Using similar arguments to those in Proposition [3.I] and Lemma [3.3]
we can show that there exist constants C,c¢ > 0 such that ¢ < |lw,| < C. We
can suppose without loss generality that w,, — w := (u,v) in X and w,, — w in

LP(Q) x LI(2). Hence wy, — w # 0 in X and we conclude that
—Au — pu = N (p)v = f(@)|ulP"?u =0,

) (4.2)
—Av — pv — A (p)u+ g(x)|v|T*v =0,

We claim that w € N/\:(#) T If not, then w € J\ff* and from Proposition

(1)se
2 (—Au — pu — N (p)v) — pf(z)|ulP2u = 0,

. Ly (4.3)
2(—Av = pv = X (p)u) + qlv["“g(z)v = 0.
From (4.2) and (4.3) we have
(2 - p)f(@)lul2u =0, )
2+ @)g(@)v]"v =0, '
which implies w = 0, an absurd. Therefore w € N, (), 20d hence Jyo L(w) =
JA;*(M)#. To conclude the proof we need to show that J_*(u),u(w) = JA;*(“)# S0
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suppose on the contrary that Jy. L(w) > JA/\_*(“) - Given € > 0 there exists
z € N/\:(u) ., such that
0< J;*(#)’#(z) — ey <E (4.5)
From Proposition [£:4] we can also find N > 0 such that
O<J;m#(z)—J;*(u),u(z) <e, Vn>N. (4.6)

From (4.5) and (4.6) we conclude that
Sy = J/\Z(H)’“(w) +o(1) > ot o(1)
> Jy u(2) =28 +0(1) > Ty, =25+ 0(1),

which is a contradiction and hence Jy. L(w) = N . A similar proof can be

‘ A* (), 1
carried out for J;. O

Proof of Theorem[1.1. From Propositions and it follows that there exist
Wy = (Ury,oa,) € N, and wy = (Uru,02,u) € Ny, such that j;u =
J;M(w,\w) and j;,u = J, ,(wy,,). For simplicity we define w := wy , and w :=
W, u, then from Lemma we have that w and @ are solutions of problem (L.1]).
Let us prove now that w and w can be chosen as positive functions. We do it
only to w since for w the calculations are similar. First, observe that Hy ,(|w|) <
H) ,(w), where |w| := (|al,|7]). We claim that H ,(]®©]) = Hx ,(w). Suppose on
the contrary that H) ,(|@|) < Hy, ().
Case 1: X\ € (—oo,\*(p)). From Proposition and since || # 0, there exist
t= =ty ,(|w[) > 0 such that t~|w| € Ny ,. Once Hy ,(|w|) < Hx ,(w), we have

0= ’L/)S\,p,,\uﬂ(t_) < 1/J3\,u,w(t_)a

which from Proposition implies ¢t~ < 1 and in this case tj\“’ (@) is defined; we
also have that t;u(u’)) <t~ < 1. Tt follows that

—)2 Y —\p
ot = Ll L)) + % [ ol - “p) [ s

2

—\2 —\q —\P
<S5+ 8 faplr = [
=Dy (17 W) < By u(w) = J5,

which is a contradiction and therefore Hy ,(|@]) = H) ().
Case 2: A = \*(u). Indeed, we claim that j/\_ = &y u(w) < 0so Hy,(w) < 0.
If not, then H, ,(w) > 0 and by Proposition [2.2| we obtain that j;u > 0 which
is an absurd. By the definition of A*(x) and Propositions and there exists
t:=txu(|@x,u]) > 0 such that t}w| € Ny, UNY , and hence

0=\t () < Y5 ua (D)
From Proposition it follows that ¢t < 1. Then

O (Hd]) < Py pu(tD) < By (@) = J5, (4.7)
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which is a contradiction. Therefore Hy ,(|w|) = Hy ,(w) which implies that
W\ w1 = U3 a(1) =0,
w&’mm(l) = 1/’1\/,”,111(1) <0.
Therefore we can assume that w, @w > 0. Moreover, one can easily see from that
the functions u, v, u, v are non-zero. From standard regularity theory we conclude

that u,v, 4,0 € CH*(Q) for some a € (0,1) and they are positive everywhere in
Q. O

(4.8)
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