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STATIONARY QUANTUM ZAKHAROV SYSTEMS INVOLVING
A HIGHER COMPETING PERTURBATION

SHUAI YAO, JUNTAO SUN, TSUNG-FANG WU

ABSTRACT. We consider the stationary quantum Zakharov system with a
higher competing perturbation
A%y — Au+ NV (z)u = K(2)ugp — plulP"2u  in R3,
—A¢p+ ¢ = K(z)u?> inR3,
where A > 0, u > 0, p > 4 and functions V and K are both nonnegative. Such
problem can not be studied via the common arguments in variational meth-
ods, since Palais-Smale sequences may not be bounded. Using a constraint

approach proposed by us recently, we prove the existence, multiplicity and
concentration of nontrivial solutions for the above problem.

1. INTRODUCTION
Our starting point is the quantum Zakharov system
i0E + AE — 2A’E =nFE, (t,z) € R xRV,

1.1
O?n — An + 2A%n = A|E|?, (1)

where N = 1,2, 3, the dimensionless quantum coefficient 0 < ¢ < 1, the complex
valued function E = E(t, x) is the envelope electric field and the real valued function
n = n(t,x) is the plasma density fluctuation. Such system has been introduced by
Garcia et al. [8] and Haas-Shukla [I1] as a model describing the nonlinear interaction
between high-frequency quantum Langmuir waves and low-frequency quantum ion-
acoustic waves. For more physical meaning, we refer the reader to [10] and the
references therein.

In recent years, many researches have studied system, but they concern
mainly the well-posedness of initial value problems, see for example [3], 4, [7, [9] [12].
More precisely, when N = 1, Jiang-Lin-Shao [12] proved the local well-posedness
of system with inital value (Ep, ng,dng) € H¥(R) x H(R) x H'=2(R) pro-
vided that [k] — 2 < < min{k + 3,2k + 2} and k > —3. Chen-Fang-Wang [3]
obtained the global well-posedness of system with inital value (Ey, no, 9sno) €
L?(R) x HY(R) x H'=2(R) provided that —3/2 < | < 3/2. When N = 1,2,3,
Guo-Zhang-Guo [9] proved the global well-posedness of system with initial
value (FEg,ng, o) € HF(RY) x HF=1(RN) x HF3(RN) with k > 2. Moreover,
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the classical limit behavior of system (|1.1)) was studied as the quantum parameter
e —0.
If we look for the stationary solution and static solution in the form of

E(t,r) = e“'u(x) and n(t,z) = ¢(x),
then system (|1.1)) is deduced from the elliptic system:
—?A%u+ Au—wu =u¢ inRY,

2Ap—p=u?> inRV. (1:2)
Recently, Fang-Segata-Wu [6] studied the existence of ground state solution for
system with 0 < ¢ <1 and w > 0. In addition, the existence of bound state
radial solution was obtained when ¢ > 0 is sufficiently small and w > 0. Later,
in [I7] the authors considered a class of quantum Zakharov systems with a local
perturbation, i.e.

A% — Au+ AV (2)u = up — pf(x)|uP">u  in R3,

1.3
—~Ap+¢=u® inR3 (1.3)
where the parameters A > 0, 1 € R and the potential V' (x) satisfies the following
assumptions:

(A1) V € C(R® R) with V(z) > 0 in R® and there exists b > 0 such that

[{V < b}| is the finite, where | - | is the Lebesgue measure;

(A2) Q@ = int{z € R® | V(z) = 0} is nonempty and has smooth boundary with
Q={zeR®:V(z)=0}.

By using the Nehari manifold method, for A sufficiently large, in [I7] we con-
cluded the following results:

(i) when 1 < p <2 and —p; < p < 0, at least two nontrivial solutions exists
if f e L¥C-P)(R3);

(ii) when p =2 and —pos < p < 0,or p>2and p < 0,0or p=0,0r 1 <p <4
and g > 0, or p=4 and 0 < p < p3, a nontrivial ground state solution is
permitted if f € L2 =P)(R3) for 1 < p < 2 and f € L=(R?) for p > 2.

We notice that when x> 0 and p > 4 of system (L.3))) has not been studied in [I7],
since the competing effect of the nonlocal term with the perturbation gives rise
to methodological difficulties. Specifically, the common arguments in variational
methods, such as mountain pass theorem, can not be applied because Palais-Smale
sequences may not be bounded. Moreover, the Nehari manifold method does not
work as well, since the energy functional is not bounded below on it.

Motivated by the analysis above, in this paper we are interested in studying the
qualitative properties of nontrivial solutions in the case u > 0 and p > 4, including
the existence, multiplicity and concentration. Having a little difference with system

(1.3), we consider the problem
A% — Au+ AV (2)u = K(2)ug — plulP">u  in R3, L4
—A¢+ ¢ = K(z)u®> in R3, (1.4)

where A > 0, u > 0, p > 4 and V(x) satisfies conditions (A1) and (A2), and
K € L®(R3) U L?/(P=H(R3) with K(z) > 0 in R.
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As in [I7], system (1.4]) can be transformed into the following nonlinear bihar-
monic equation with a nonlocal term,

APy — Au+ NV (2)u = K(2)udx. — plulP?u  in R, (1.5)

where

bren(z) = - / K(y)u’(y)
sU -

A Jrs & =yl exp(|z — yl)
Equation (|1.5)) is variational and its solutions are the critical points of the functional
given by

1 1
I (u) = 5Hu||§ -1 /R3 K (2)px yuds + % /IR3 |u|Pdx,

where |lul[x = [gs (|Au|? + [Vu|? + AV (2)u?)dz. The functional Iy, is of class C*
in X (see Section 2) whose Fréchet derivative is given by

(I, (u),v) = / (AulAv + VuVo + AV (z)w)de — | K(z)dxuuvde
R3 R3

—&-u/ |ulP~?uv dx
R3

for any v € H%(R3). Hence, if u € X, is a critical point of I ,, then (u, ¢x ) is a
solution of system .

Very recently, we proposed a novel constraint approach to find critical points in
the study of Schrodinger-Poisson systems [I5], [16] and Kirchhoff type problems [I4].
Such approach can effectively solve the difficulties concerned above. In this paper,
we shall further develop it to investigate system with p > 0 and p > 4. To be
specific, by introducing the filtration of the Nehari manifold as follows

Ny u(c) ={u € Ny, : I u(u) < ¢} for some ¢ > 0,
where N , is the Nehari manifold, we prove that N ,(c) can be decomposed as

N u(e) = N () UNE (o),

where

NO (¢) = fu € Nau(o) : Jully < D}, NP

Al

(¢) = {u e Ny () : [lullx > D}

for 0 < D < D, in which each local minimizer of the functional I A, is a critical

point of I, in H?(R?). In consideration of the boundedness of Nf\lL(c), we can

(1)
Ap

critical point. Furthermore, if we can further prove that N&Q)(c) is bounded and

minimize the functional I, on Nj | (c), where I, , is bounded below, to find a

that Iy, is bounded below on NE\Q)(C)7 then two critical points can be found by

minimizing I, on both Ng\ll (c) and Ng\zl (¢).

Before stating our results, we introduce some notation. Denote by S, is the
best Sobolev constant for the embedding of H?(R?) in L>°(R3). Let A > 0 be the
sharp constant of Gagliardo-Nirenberg inequality and « > 0 be the least energy of

the limiting equation (see (2.10]) below). Let

e = _ 2 [Sio(p—4)]<p—2>/2
T (p— (L ABIY < bR E8(p — 2)a

We summarize our main results as follows.

> 0.
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Theorem 1.1. Suppose that p > 4, K € L*®(R3) with K(x) > 0 and conditions
(A1) and (A2) hold. Then there exists a number A, > 0 such that for every
A > Aand 0 < p < pa, system (L.4)) admits at least one nontrivial solution
KW gbeu;’#) € H?(R3) x HY(R3) which satisfies
(=22

and 0< Iy ,(u < —=q.

;M( )\,p,) p(p_4)
Theorem 1.2. Assume that p > 4, K € L*/?=Y(R3) with K(x) > 0 and con-
ditions (A1) and (A2) hold. Then there exists a number A > A, such that for
each A > A and 0 < p < ., system (L.4) admits at least two nontrivial solutions
(uiwgbl(,uf ) € H?(R3) x H*(R®) which satisfy

- alp—2)q1/2
< 2——=
||U)\’#||A [ p_4 ]

[a(p—2)]1/2

luralln < 2[ P

< HuipH)\a

(p—2)?

pp—4"

In particular, (u;rw br ut ) is a ground state solution.
. af

IA’IL(UI/L) <0< I)\aﬂ(u;\,y) <

Theorem 1.3. Suppose that (ufﬂ,gbK ut ) are the nontrivial solutions of (1.4)
) U\ u

obtained by Theorem. Then (ufﬂ, o uE ) = (uZ, ¢y 2 ) in H2(R3) x HY(R3)
; Uy RTES

as A — oo where uX, € HZ(Y) are nontrivial weak solutions of the Dirichlet problem

A%y — Au = iK(a:)(/Q K(y)u*(y) )dy)u — plulP2u in Q,

4 |z — ylexp(|z — y| (1.6)
ou
u—a—n—O on 012,

Remark 1.4. In [I7], when 1 < p < 2 and p < 0, we obtained the existence of two
nontrivial solutions: one is in the neighborhood of the origin whose energy level is
negative and the other’s energy level is positive. In fact, such case is very similar
to the one of concave-convex term. Theorem shows that when p > 4 and u > 0,
two nontrivial solutions can also be found. However, the solution with negative
energy level is away from the origin, which is distinguished from the one in [I7].

The remainder of this paper is organized as follows. After presenting some
preliminary results in section 2, we prove Theorems and in sections 3 and
4, respectively. Finally, we explore the concentration of solutions in the section 5.

2. PRELIMINARIES

Let
X ={H*R®): /RB(|Au\2 + | Vul® + V(2z)u®)dz < oo}

be equipped with the inner product and norm
(u,v) = / (Aulv + VuVo + V(z)w)de, |ul = (u,u)'/2.
R3
For A > 0, we also need the following inner product and norm

(u, v\ = / (AulAv 4+ VuVo + AV (x)uv)dz, |ullx = (u,u)i\/Q.
R3
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It is clear that ||ul| < |Jul[x for A > 1. Now we set Xy = (X, ||u]|»)-
Applying conditions (A1) and (A2), by the Holder, Young and Gagliardo-Nirenberg
inequalities, there exists a sharp constant A > 0 such that

1
/ u?de < 7/ V(x)uldz + ({V < b}|/ utdz)t/?
RS b Jvuy RS

1/ V(x)ulde + A2|{V < b}\l/Q(/ |Au\2dx)3/8(/ u?dz)®/®
b Jrs R3 R3

3A16/3|{V < b}|4/3
8

IN

1/ V(z)udx +
b Jos

which shows that

IN

|Au|2daj+§/ u?dx,
R3 8 Jgrs

8 _
/ wlde < — | V(z)u’de 4+ AMBV < b}\4/3/ |Au|?dz.
R3 3b Jps R3
Applying the above inequality leads to
ull -

_ 8
< (1+A16/3|{V<b}|4/3)/ |Au\2d:c+/ |Vu|2dx+% V(x)ulda (2.1)
R3 R3 R3

< max {14+ AYS3|{V < b}|V/3, %}HuIIQ-

This implies that the imbedding X — H?*(R?) is continuous. Similar to the in-
equality (2.1, we also obtain

]| 7

IN

(1+ APV < 0}*2) ull} (2.2)

for

A, = %(1 + AV < M)

Since the imbedding H?(R?) < L>(R?) is continuous, by (2.2)), for any r € [2, +00)
one has

[ e < S22l

< ST APV <0}l

(2.3)

for A > \,.
We define the operator ® : X\ — H'(R3) as

fb[u] = d)K,u-

In the following lemma we state some properties of ® without any proof. We refer
the reader to [6] for more details. These properties are useful to our study of the
problem.

Lemma 2.1. For any u € X, we have the following statements:
(i) ®: X, — HY(R?) is continuous;
(i) ® maps bounded sets in Xy into bounded sets in H'(R3);
(iii) ®[tu] = t2®[u] for all t € R;
) @[u] >0 when u # 0.

(iv
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Using the arguments in [17], by (2.3)), when K € L>°(R?), we have

K (2)bx s < ||K||§o/ lufide
R3

R3 (2.4)
< K355 (1 + APV < bH*2)2 w3,
and when K € L?P/(P=%(R3), we obtain
K(2)pr yudz
R3
(r=4)/p 4/p
< ( |K\2p/(p_4)dx> ( |u|pdx> (2.5)
R3 R3

_ 2
<K oo S22/ (14 APV < B}H2) ullf

Set
KR SZ2(1+ ASBI{Y < b}a/3)? for K € L®(R3),
UK 22 0 ST (14 AV < bHYP)? for K € L/ (- D(R?).
Then it follows that
K ()¢ u?dr < Olull} for X > \,. (2.6)
R3

Define the Nehari manifold
N, = {ue X\\{0}: <I§\’u(u),u> = 0}.
Thus, u € Ny , if and only if
ull2 —/ K (2)bx arda +M/ lufPdz = 0. (2.7)
R3 R3
By this equality and one has

lul2 < fluld + p / fufPdz = / K(2)éx wi’da
R3 R3
< Oull} forallue Ny,.
So it leads to

1
K(2)px wudr > |jull3 > o for all uw € Ny ,,. (2.8)
R3

The Nehari manifold N} , is closely linked to the behavior of the function of the
form h, 1t — Iy ,(tu) as

2 et 2 pt?
hu(t) = S lullx — — K(v)px wudr + — |u|Pdz  for t > 0.
2 4 R3 ’ p R3
For uw € X, we find that
) = tlully ~ ¢ [ K(@owauids+pert [ Julrd,
R3 R3

WO = [l -3¢ [ Koads + up—0? [ jurd.

This implies that for u € X\{0} and ¢t > 0, h,(t) = 0 holds if and only if tu € N} ,
by Lemma In particular, h},(1) = 0 holds if and only if u € Ny ,. So, Ny,
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can be split into three parts corresponding to the local minima, local maxima and
points of inflection. According to [I8], we define

Ny, = {ue Ny, :hy1) >0},
N3, = {u € Ny, hy(1) = 0},
Ny, ={u €Ny, hy(l) <0}

Then using the argument in Brown-Zhang [2, Theorem 2.3], we obtain the following
result.

Lemma 2.2. Suppose that ug is a local minimizer for Iy, on Ny, and that ug ¢
NS - Then I} ,(ug) =0 in X'

For each u € N , it holds
B = lull? — 3/ K (2)bic.auda + p(p — 1)/ lufPde
R3 R3
= =2ulf + ulp—4) [ fupds (29)

— =Pl + - | K@orxuids
R
Then we have the following result.

Lemma 2.3. Suppose that p > 4, K € L>®(R3) U L?/(?=Y(R3) with K (z) > 0 and
conditions (A1) and (A2) hold. Then Iy, is coercive and bounded below on Ny |
for all X > X, and p > 0.

Proof. By , (2.8) and ([2.9) one has

p—2 p—4 p—2
Do) = B2l = 22 [ K)o aide > P2 ulf >

p—2
4p0’

which implies that I, is coercive and bounded below on N;) u forall A > A,. O

Now, we consider the biharmonic equation

2
Aty A iK(x)(/ K(y)u?(y) dy>u in Q,
47 a |z —ylexp(lz —y|) (2.10)
u = % = O on 69,
on

where € is given in condition (A2) and K € L>°(R?*)UL?/P~(R?) with K (z) > 0.
It is easy to verify that (2.10) admits ground state solution with positive energy by
using the standard Nehari manifold method. Let w be the ground state solution of

E10) and
a= inf J(u) = J(w) >0,
ueM

where J is the energy functional related with (2.10)) in H3(2) given by

J(u) = %/Q(|Au|2 + | Vu|?)dz — i/ﬂK(x)qﬁK,wwzdx

and M = {u € HZ(Q)\{0} : (J'(u),u) = 0}. Then it holds

o= 1/(|Ao.)|2—i-\Vw|2)dgc—l/ K(2)px wwdr
2 Jo 4 Jo 7
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1
_ f/(|Aw|2+ Ve|?)dz
4 Jq

For any u € Ny, with I ,(u) < ;’(’;_2)2 a, we have

Zy
(p—2)?
p(p—4)

1 1
a> Slul - f/ K(z)¢K7uu2dx+H/ |u[Pdz
D Jgrs
p 4
g = 2222 [ fuppaa

M(p 4)
> 7l - W(Hﬂ/ﬂ{vw}ﬁ“) o}

for A > \.. This igdicates that for each A > A, and 0 < p < 2(p_2)/2,u*, there exist
two constants D, D > 0 satisfying

a(p—2)*11/2 alp—2)12 _ -
2| —————— <D<2|—= <D 2.11
=2 2= @1
such that

llullx <D or |ul|lx> D.

Hence, we obtain

(p—2)? (p—2)?
N - a):=queN 0 (u) < —V——«
Ao <p(p—4) ) { wn = D) p(p —4) J
1 2
=N{") UN{),
where )
L _ (p—2) ,
Ny, = {ue NA’”(pi(p >y @) : |lullx < D}
and )
(2 (p—2) )
Ny, =uweN ) : ||u|lx > D?t.
{ )"l‘(p(p 4) ) || ||)\ }

This shows that

[a(p
D

[a(p

1 )]1 /2 for all u € N(l)

||U||)\ <Q<2 A, p?

llullx > D > 2 )]1/2 for all u € N&QL

It follows from and ( - ) that
B(1) = —2||u\|i bulp—4) [ fupds
Rl}

< =2ful} + plp — DS (@ + APV <0} ull}

4

(p—4) j-2)2 1
< —2||ul? + Q[M] PR <0 forue N

Moreover,

p—2 p—4
WH“H? e /Rs K (2)¢x uu’de = Iy, (u)
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p—2 2
<l forue N,

and so

R(1) = (2= p)Jull? — (4 p/ K(2)prauds >0 for ue N&),

Hence, the following statement is true.

Lemma 2.4. If p > 4, A > X\, and 0 < pu < 20=2/2,,  then N&IL C N, , and
NS\QL C Ni‘u are C! sub-manifolds. Furthermore, each local minimizer of the

functional Iy, on both NS}L and NE\2L is a critical point of I, in X.

For u € X\{0}, we define

T(u) =

( IIUII2 )1/2
Jps K ()b wuldz/

Lemma 2.5. Suppose thatp >4, K € LOO(RS) U L2/ =) (R3) with K (x) > 0 and
conditions (A1) and (A2) hold. Then for each > 0 and u € X)\{0} satisfying

K(z)¢pr yu*de
RS
2(p—2 p—4
> 2022 (DD 1 DY < )yl

there exists a constant t?) > (%)UQT(@ such that

inf I ,(tu) = inf Iy . (tu) <O0.
6 Doult) (22=2)1/27(u) < <) pultu)
Proof. For any u € X\{0} and ¢ > 0, we have
2—p t4_

t
Dnult) =[Sl = = [ K@oraalda+ B [ jupaa].

Let
2P t4=p
e = S5l - / K(2)éx.uda.

Clearly, Iy ,(tu) = 0 if and only if
1+ 2 [ |uPdz=o.
P Jrs
It is easily seen that

I(to) =0, lim I(t) =c0 and lim I(¢) =0,
t—0+

t—o0
where ty = v/2T'(u). Considering the derivative of I(t), we obtain

! (u) :_M” 12 + % 8 K(x)¢K7uu2dx

_ [w K(2)¢x qulds — @HU\K]

R3
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This indicates that [(¢) is decreasing when 0 < t < (%)I/QT(U) and is increasing
when ¢ > (%)1/27—‘(10, and hence

1 2(p — 2)|ul3 ~(p-2)/2

inf [(t) = — 3
%I>10 () p—4[(p—4) f]RB K(z)px yuldx el
For each u € X\{0} satisfying
K(2)px yude
R3
2(p—2) ru(p —4)\2/(=2) 716/3 a3 \P/ =2y
> (e ) (e A <o)l
by (2.3)) one has
: 1 2(p — 2)[Jull3 —e=B2 o
fli(t) =—
infi(®) p—4 [(p74) ngK(x)qu,uu?dm} lullX

/”L —
< —— 5 (14 APV < b8P |}
pS&e

<—H/ |ulPdz,
P Jgrs

which implies that there exist two numbers () (i = 1,2) satisfying

N 2(p —2)\1/2 N
0<i® < (Lll)) T(u) < i
=

such that
Lo, (Du)y =0 fori=1,2.
Moreover,
L, [(CE=2) 20y <o,
p—4
and so inf;>o Iy ,(tu) < 0. Note that

B (t) = ptr! [l(t) n % |u|pdx} LU (h),

R3
leading to
. 2(p—2 .
ho(t) <0 forallte [{1V), big((pill))l/zT(u)] and . ({?) > 0.
p—
The proof is complete. ([l

Lemma 2.6. Suppose that p > 4, K € L>(R3)U L*/(P=Y)(R3) with K(x) > 0 and
conditions (A1) and (A2) hold. Then for each > 0 and u € X \{0} satisfying

K(2)px wudz
R3

2(p—2) rpulp — 4)\2/(»=2) 116/3 a3 \P/ =2y
> () (A <o)

there are two positive constants tT(u) and t~ (u) satisfying

T(u) <t~ (u) < (i%i)” P21 <+ (u)
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such that t*(u)u € Niu and I, (t™ (u)u) = suPg<i<s+(u) Inu(tu) and

IML(t+ (u)u) = t>itI}fu

( )I)\,/L(tu) = 212151)\7#(#&) < 0.

Proof. Define
g(t) = t27P||ul3 — t4_p/ K(z)¢x . u?dr for t> 0.
R3

Clearly, tu € Ny, if and only if g(t)+4 [ps [u[Pdz = 0. A straightforward evaluation
shows that
g(T(uw)) =0, lim g(t) =00, lim g(¢t)=0.

t—0+ t—00

Note that
9O =17~ =Dl + 0 O | K@oxalda].
R3

Then we obtain that g(t) is decreasing when 0 < ¢ < (z%i)l/gT(u) and is increasing
when t > (g:—i)lﬂT(u), which implies that

inf g(t) = g((p;z)l/QT(u))

t>0 p—4
For each u € X\{0} satisfying
/ K(2)px wud
R3
2(p = 2) (plp =4\ @72 o Hiess 4/3\p/(0—2) | (|4
> () AV <
it follows from (2.3]) that
P=201 2 (p = 2)[ull} @=p)/2) 12
— ) T(u)) = — u
(G20 = 1l [ Rwoweas) M

< —pSZPD (14 APV < b}

< / fufPda.
RS

Then there exist two constants ¢ (u) and ¢~ (u) such that

T(w) < () < E=)*T(0) < ¢ (w),

*(u u|Pdx = 0.
o)+ [ Jupds =0

Namely, t*(u)u € N, .. By a calculation on the second order derivatives, we find
that

- wyu(1) = (7 ()P (¢ (u) <0,
(1) = ()" g' (¢ (u) > 0.
These imply that t*(u)u € Nf’#. It is easily seen that Al (t) > 0 holds for all

t € (0,t (u)) U (tT(u),00) and hl,(t) < 0 holds for all t € (¢~ (u),t*(u)), which
leads to

L(t (wu)= sup Iy(tu) and I, ,(t"(w)u) = inf I, ,(tu),
0<t<t+(u) >4 (u)
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and so I ,(t* (v)u) < I (¢t (u)u). By Lemma we have
+ _ . _
Dt (w)u) = tz?zf(u) I\(tu) = tlrzlg I)(tu) < 0.

This completes the proof. ([

Since w is the ground state solution of ([2.10]) with J(w) = a >0, for 0 < p < .
we have

K(2)px ww?dr
R3
= |wl} = 4o
2(p—2) rulp —4)\2/(p=2) £16/3 a3\ Py
> == ( = ) (14 A2 < b} 2) [P
Then by Lemma there exist two positive numbers ¢~ (w) and ¢*(w) such that

L<t(w) < (22172 < )

p—4
and t*(w)w € Nfu. Furthermore, we have
Dot (ww) = sup I ,(tw),
0<t<tt(w)
It (ww) = tzitl—lf(w) I u(tw) = %Izlg I . (tw) <0,

which implies that ¢t (w)w € NS\QL A direct calculation shows that

_ P—2, _ p—4 _
Lot (Ww) = 5—[It” (@l = —=— [ K@)¢xi (@t (w)w)*de
2p 4p g3
(t~ (w))? -
=Ty [2(p—2) — (p— (¢~ (@)?] @I}
(=27
p(p—4)
This indicates that ¢~ (w)w € N&IL
We define

Yop = inf Iy,(u)= inf I,,(u).

) uEN(;L u€Ny

It follows from Lemma 2.3] and the property of w that

r—=2___ _ (-2
— < < ==
6 =S -4
We define ¥ : X, — R by

U(u) = K(2)px  udr.

R3

We now show that the functional ¥ and its derivative ¥’ have Brezis-Lieb splitting
property.
Lemma 2.7. Assume that K € L>®(R3) U L2/(P=1(R3) with K(x) > 0. Let
Up — u in Xy and u, — u a.e. in R3. Then as n — oo, the following statements
hold:

(i) Wlup —u) = V(un) = ¥(u) +o1);
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(i) W' (up —u) = W' (uy) — W' (u) + o(1) in X'
The proof of the above lemma is similar to that of [19, Lemma 4.2], we omit it
here.
3. PrROOF OF THEOREM [[1]

First we investigate the compactness condition for the functional I ,.

Proposition 3.1. Suppose that p > 4, K € L>(R?)UL?*/(P=4)(R3) with K(z) >0
and conditions (A1) and (A2) hold. Then there exists Ay > Ay such that if {u,} C

Ng\{) is a (PS)g-sequence for I, with § < (pp 221)a, then {un} converges strongly

i X up to subsequence for all X > A,.

Proof. Let {un} C Ng\lL be a (PS)g-sequence for I, with § < z()?p 231)04. It is clear

that {u,} is bounded in X,. Then there exist a subsequence {u,} and wuy in X,
such that

Uy — ug weakly in Xy;
u, — ug strongly in L, (R?) for 2 < r < oo;
un () = up(x) a.e. on R3,

Moreover, If\w(uo) = 0 and [Jup||x < liminf, o [Jun|lx < D. Let v, = un — uop.
Then v,, — 0 in X, and
[vnllx < 2D+ o(1). (3.1)
It follows from condition (A1) that
1
/ vide < — [ AV(2)vidx —|—/ vidr < —||vn||/\ + o(1).
R3 Ab Jgs {V<b}

From this inequality,(2.2]) and the Sobolev inequality, for r > 2 we have

/ ol de < foal7? / vRda
R3 R3

< Sgo(T*Q)”vnH?{—QQ . /Rd vidl‘ (3.2)

1
- )\b
When K € L*(R3), from (2.4)) and (3.2)) it follows that

K(2)éx0, v3dz < || K12, / ol
RS

8= TP+ ANSBHY <0} TR oIS + o(1).

R3
1 B _
< KIS (14 ALV < BY2) [l + o(1).
When K € L2/~ (R?), by ([2.5) and (3.2)) one has

K(2)¢x ., vpde
R3

» 4/p
K / [P

2(p—2)/
<( )4/p||K||sz/<p SZ 4(p—2) /p(1+A16/3|{V< b}|4/3) p— p” n||>\+0( )

Ab
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Let
SN2 S22 (1 + ASB{V < b}]4/3)
if K € L (R?),
Y o= 116/: 2(p-2)/
(55) I 12y Soc P22 (1 AV < b} |2/3) 27277
ifK e LQP/(P*4)(R3).

IT) =

Clearly, 11y — 0 as A — co. Then
/ K(2)px v, vide < Ty |lu,|[} + o(1). (3.3)
R3
Thus, from Lemma (3-1) and (3.3) it follows that

o) = loal} = [, K@orcovido [ fonPds

> [vnll} = IxJlonl3 + 0(1)
> [lon[[X(1 = TAD?) + o(1),

which implies that there exists A, > A, such that v, — 0 strongly in X for A > A,.
This completes the proof. O

Now, we are ready to prove Theorem By Lemma [2.3] and the Ekeland
variational principle [B], there exists a minimizing sequence {u,} C Ng\ll such that

Dyou(un) =7y, +o(l) and I3 ,(un) =o(1) in X.

It follows from Proposition and 0 < 7, RS ]()’(7;_2212)04 that there exist a subse-

quence {u,} and uy , € X\{0} such that u,, — uy , strongly in X for all A > A,

and 0 < p < iy Thus, uy  is a minimizer for I ;, on Ng\ll This indicates that uy ,

is a critical point of I ,, by Lemma Hence, (uy . ¢x ur ) € H2(R3) x H(R3)
’ [hab N7

is a nontrivial solution of system (Z ,).

4. PROOF OF THEOREM

We define
+ . .
= inf I, ,(u)= inf I, ,(u).
T eN®, wlv) ueNy ul(®)

Lemma 4.1. Suppose that p > 4, K € L?/(P=O(R?) with K(z) > 0 and condi-
tions(A1) and (A2) hold. Then for A > A, and > 0, the following statements are
true:

(i) NLL is a bounded set;

(ii) there exists a positive constant Dy such that 0 > v > —Dj.
Proof. (i) Let u € Nj\_,u' By condition (A1) and (2.5), we obtain
. fRS K(x)d)K,uuzdx
[ull} + 2 Jzs [ulPda
B (fRs |K|2P/(P*4)dx)(P*4)/P(fR3 |u|1’dx)4/1’
1 Jgs ulpdz
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(fR3 |K|2p/(p—4)dx)(p—4)/p
- M(f]RB |u|Pd(E)(p*4)/P ’
which implies that there exists a constant d; > 0, depending on p such that

/RB |u|Pde < dy for u e N;\ry#. (4.1)
Thus, according to (2.9) one has
p(p —4) p(p —4)
l|ul|2 < — -/R3 lu|Pdz < le for u € N;\iu.

This indicates that NJr is a bounded set.
(ii) Let u € N}\Lu From Lemma ., we have %\ o < 0. Using (4.1) gives

p(p—4)
Iy p(u) = || R == [ lul"dz
4p R3
—4
> _M |u[Pdz
4:p R3
—4
_up—4) d)
4p
which shows that there exists a constant Dy > 0 such that %t# > —Dy for all
A > .. This completes the proof. [

Similar to Proposition [3.1} we can establish a compactness result for the func-
tional Jy 4 in N(Q)

Proposition 4.2. Suppose that p > 4, K € L?*/P=Y(R3) with K(x) > 0 and
conditions (A1) and (A2) hold. Then there exists a number A, > . such that I ,

satisfies (PS)g-condition in N wzth B8 < (’(’p Zi)a forall A > A and 0 < p < puy.

Now, we are ready to proof Theorem [I.2] Similar to the argument of Theorem
we obtain that uy , is a critical point of Iy, satisfying Iy, (uy ) = 7y, =
infueN&{L I u(u)>0forall A > A, and 0 < p1 < piy.

By Lemma and the Ekeland variational principle [B], there exists a minimizing
sequence {u,} C N( ) such that

IML(un) =7, to(l) and I} (u,)=o(1)in X.
From Proposition there exist a subsequence {un} and uy . € X\{0} such that

Uy — uA strongly in X, for all A > A,,. Thus, u/\ is a minimizer for I, on
NE\2L Hence, uj is a critical point of Iy , by Lemma . Note that

Yo = Dou(uf,) < Ihu(ttw) <0,

implying uj\'u € NE\Q). Therefore, we conclude that for A > A := max{A,, A..},
system (Zy,,) admits at least two nontrivial solutions (ufu, oy uf ) € H2(R?) x
’ A

H'(R3?) satisfying

0 < fluy,llx <2 < lugllx

alp—2)q1/2
==
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and

- p
IA’IL(UI/L) <0< I)\aﬂ(u)\,y) < s
In particular, uj g isa ground state solution.

5. CONCENTRATION OF SOLUTIONS

Proof of Theorem[I.3 We follow the arguments in [I [13]. Choosing a positive
sequence {\,} such that A < \; <Xy <--- <\, = coasn — co. Let ul := ufn
2
An,p”
By Lemma (i) and the definition of Nf\ln)w there exists a constant M > 0,

x, < M, leading to ||uf||x, < M. Thus, there

be the solutions obtained in Theorem with uy s € Ng\ln) u and u;rm u € N

independent of A, such that |lu;]|
exist uL € X such that

uff - ufo weakly in X, ;

ut — u

oo

strongly in L], .(R?) for 2 < r < oo;

ut(z) - v (z) ae on R

Similar to the proof of Proposition 3.1} we conclude that

uF — uE  strongly in Xj,.

This shows that uyjf — u;io strongly in H 2(R3) by (2-2). By Fatou’s Lemma, we
obtain
w2
V(z)(uk)?da < 1iminf/ V(2)(uE)2dz < liminf lluz 113,
R3 n—00 R3 N0 /\n

which implies that uX = 0 a.e. in R*\Q. Moreover, fixing p € C5°(R3\Q), we have

Vi @) = [ k@) e()ds =0,
R\

:O’

R\G
which indicates that VuL (z) = 0 a.e. in R3\Q. Since 9 is smooth, uL €
H2(R?*\Q) and VuL € HY(R?\Q), it follows from Trace Theorem that there are
constants C, C > 0 such that
lull2o9) < Cllugll gz sy = 05
IVuZ |2 00) < ClIIVUE || g1 govay = 0.

These show that uX € HZ(1).
Since (I, ,.(uf), @) = 0 for any ¢ € C§°(2), it is easy to verify that

/(AuoioAgp—t-Vuoingo)dI—Fu/ |ufo|p72ufogpdx=/K(a:)¢Kui uE pd.
Q Q Q e

This tells us that uX are weak solutions of (I.6) by the denseness of C$°(Q) in
HZ(Q). By (2.8) and the facts of uX — uL strongly in X, and uk € HZ(Q), we
have

1
/Q(muggﬁ £Vt e > & >0
This implies that uZ # 0. Furthermore,

(p—2)?

I, (uf) <0< =—= < I, u(u;) < ——a.
)‘n’l‘( ) P )\nvllf( ) p(p_4)
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Then u}, # uy,. This completes the proof. O
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