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SOLUTION TO NAVIER-STOKES EQUATIONS FOR
TURBULENT CHANNEL FLOWS

JING TIAN, BINGSHENG ZHANG

ABSTRACT. In this article, we continue the work done in [I2] for turbulent
channel flows described by the Navier-Stokes and the Navier-Stokes-a equa-
tions. We study non-stationary solutions in special function spaces. In par-
ticular, we show the term representing the sum of pressure and potential is
harmonic in the space variable. We find an optimal choice for the function
class.

1. INTRODUCTION

Turbulence is a fluid regime with the characteristics of being unsteady, irregular,
seemingly random and chaotic [I4]. It can be used for modeling the weather,
ocean currents, water flow in a pipe and air flow around aircraft wings. Studying
turbulent fluid flows involves some of the most difficult and fundamental problems
in classical physics, and is also of tremendous practical importance. The Navier-
Stokes equations (NSE) have been widely used to describe the motion of turbulent
fluid flows [9, 19]. However, solving NSE using the direct numerical simulation
method for turbulent flows is difficult, since accurate simulation of turbulent flows
should account for the interactions of a wide range of scales which leads to high
computational costs.

Turbulence modeling could provide qualitative and in some cases quantitative
measures for many applications [I8]. There are several types of turbulence modeling
methods, for example Reynolds Average Navier-Stokes (RANS) and Large Eddy
Simulation (LES). As done in [6] [7], we accept that the Navier-Stokes-o (NS-«)
(also called viscous Camassa-Holm equations or Lagrangian averaged Navier-Stokes
equations) is a well-suited mathematical model for the dynamics of appropriately
averaged turbulent fluid flows. The possibility that the NS-« is an averaged version
of the NSE, first considered in [3, 4], was entailed by several auspicious facts.
Namely, the NS-a analogue of the Poiseuille, resp, Hagen, solution in a channel,
resp, a pipe, displays both the classical Von Karméan and the recent Barenblatt-
Chorin laws [I6]. In addition, the NS-« analogue of the Hagen solution, when
suitably calibrated, yields good approximations to many experimental data [4].
Moreover, the NS-a have been proved to have regular solutions [I]. Therefore,
continuing the study of NS-« is extremely useful and important in the aspects of
both mathematical theories and down-to-earth applications.
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To understand the connection for fluid flows described by NSE and by NS-«, in
[12], we used a simple Reynolds type averaging. We restricted our consideration
to channel flows having special function forms prescribed as a function class called
P. This function class P was inspired by the concept of regular part of the weak
attractor of the 3D NSE ([10, [I1]) as well as by that of the sigma weak attractor
introduced in [2]. This led us to consider the solution for the channel flows whose
averaged form has both the second and third velocity component to be zero. This
will be our assumption for the discussion done in current work. Starting from
there, a physical model for the wall roughness of the channel was subsequently
provided to show that the NS-a model occurs naturally as the fluid flows. Moreover,
by restricting to consider functions from P, a rational explanation was given to
facilitate the understanding of why, as the Reynolds number increases, the fluid
becomes in favor of the NS-a model instead of the NSE. The class P was composed
by five assumptions, each assumption plays an unique and important role.

In this article, we study the properties of solutions in class P. We first try to
find the explicit formula of the non-stationary solutions for NSE and NS-«. This
particular solution has the form which only the first velocity component is nonzero.
From there, we can recover the classic Poiseuille flow. Moreover, we prove the
symmetric property of the integration form of this Poiseuille flow. Explicit and
detailed energy estimate of the velocity field in class P is presented and is of use
to show the connection between P and the weak global attractor of the equations.
Moreover, for the sum of the pressure and potential, we also prove that it is actually
harmonic in the space variable. Studying the properties of the sum of the pressure
and potential, we find an alternative weaker condition of the last assumption in
class P. Therefore, we have found an optimal choice of the class P.

The article is organized as follows. Section 2 gives elementary results on the
Navier-Stokes equations and the Navier-Stokes-a model as well as the definition
of the class P. In section 3, we solve the channel flows whose velocity fields have
a special form. Section 4 contains the energy estimate for solutions in class P.
In section 5, we discuss the harmonicity of the sum of the pressure and potential
in the space variable and its consequences. The last section contains some basic
inequalities together with their proofs.

2. PRELIMINARIES

2.1. Mathematical background. Throughout, we consider an incompressible
viscous fluid in an immobile region O C R3? subjected to a potential body force
F = —V®, with a time independent potential ® = ®(x) € C°°(O). The velocity
field of such flows,

u=u(x,t) = (ui(z,t),us(x,t), us(z,t)), == (x1,22,23) €O (2.1)

satisfies the NSE equation

%u+(u'V)u:l/Au7VP, V-u=0, (2.2)

where P := p+ ®, t denotes the time, v > 0 the kinematic viscosity, and p = p(x, t)
the pressure.
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The NS-a equation is

P 3
§v+(UoV)v+;vjVuj =vAv—-VQ, V-u=0, (2.3)
where

v = (v1,v2,v3) = (1 — a?A)u = (1 — a?Auy, (1 — a®A)uy, (1 — o?A)us), (2.4)

and @ in (2.3) (like P in (2.2)) may depend on the time ¢.
We impose the following boundary conditions for both (2.2]) and (2.3]),

u(z,t) =0, for x € 9O := boundary of O. (2.5)
One can observe that if & = 0, the NS-« (2.3]) reduce to NSE (2.2)), so that (2.3)

is also referred as an a-model of (2.2]).
In the case of a channel flow, that is, O = R x R x [xél),xéu)], where h :=

xéu) - :cgl) > ( is the “height” of the channel, we recall that a vector of the form

(U(ws),0,0) (2.6)
is a stationary solution (i.e., time independent) of the NSE (2.2)) if and only if

(u) (1)
x +x 2
(173 3 5 3

Ulzs) = b(l R Y

), T3 € [mél),xgu)], (2.7)

where b is a constant velocity.
Moreover, (U(z3),0,0) is a stationary (i.e., time independent) solution of the

NS-« (2.3)) if and only if,

Uls) = (1 _ cosh (w3 — ?:(au);x(sl) )/a)) N (1 B (x3 — zéu)g'fél) )2) .
Ts) = cosh h/(2a) a2 W » (28)

for z3 € [mél),xé")], where aj,as are constant velocities (cf. [4, formula (9.6)]).

Above, cosh(z) = "‘m'*';ﬂ is the hyperbolic cosine function.

To simplify our notation, we will assume that x:(,,l) =0 and sr:gu) = h.

2.2. Class P. Asin [12], a function u(z,t) belongs to class P if it satisfies condi-
tions (A1)—(Ab5) below.

(A1) u(z,t) € C*(O x R).

(A2) u(zx,t) is periodic in 7 and x2, with periods II; and IIs, respectively, i.e.,

w(xi+11, o, x3,t) = w(xy, x2, 3,t), u(ri,vo+s, x3,t) = u(zy, 2, 23,1). (2.9)

(A3) u(x,t) exists for all ¢t € R, and has bounded energy per mass, i.e.,

M, I ph
/ / / u(z,t) - u(x, t)de < oo, VteR. (2.10)
o Jo Jo
(A4) there exists a constant p < oo for which

for all ¢t € R, where p;(t) and p2(t) are defined in (2.11)).
(A5) P = P(xz,t) is bounded in the x4 direction, i.e.,

sup P(x1,x9,x3,t) < oo, Vai,z3, tE€R.
ro€R
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Remark 2.1. From and (A2), it follows that

P(zq + 11,29, 23,t) — P(x1, 22, x3,t) =: p1(1), (2.11)
P(xz1,x9 + Mo, x3,t) — P(x1, 22, x3,t) =: pa(t).
Note that, as done in [12], one can show py(t) = 0.

As mentioned in the introduction, we additionally assume that ug(z,t) = 0. The
reality condition on u becomes, when viewed in the Fourier space,

ﬁ*(tv k17k27k) - ’U,( kl? k?; k)? (212)
and because ug = 0, the divergence free condition in(2.2)) reduces to
27'(]’»'1 R 271',1{32 R
—_— =0. 2.13
T, uy + 0, — Uy = ( )
Using ug = 0, we see that (2.2)) becomes
—ui +u iu +u iu _V(i+872+672)u —_ip
ot ory T Pomy - T 0a? T 922 T 0a2 T Omy
—u+uiu +uiu (62+82+82) ——iP
ot > ory 2 Pomy 0 T 0a? T 022 T 0a2’ P Omy (2.14)
0
——P=0,
6.133
0

—u Jriu =0
81’1 ! 6.’172 S

We define the Reynolds type average of a scalar function ¢ = ¢(x) as

1 M I,
(P)(x3) := M, / ; pdxodr;. (2.15)

Proposition 2.2 ([12]). For all u(z,t) € P, we have
(ua(t))(z3) =0, (2.16)

for all x5 € [0, h],t € R.

Then the averaged velocity field takes the form

(u(t))(xs) (ur(t))(xs)
(u(t))(wg) = | (u2(t))(3) | = 0 : (2.17)
(us(t))(x3) 0

The following kernel representation of the averaged velocity component (u;(t))(x3)
is also given in [12].

Proposition 2.3 ([12]). For u(x,t) € P we have
t
(ur(t))(z3) = / K(xs,t — 7)p1(7)dT, (2.18)
where, the kernel K (x,t) is defined by the series,

Z2((=1)F = 1) ary2, . wha
K(z,t)= Z% () fsmT. (2.19)
k=1
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3. CHANNEL FLOWS WITH VELOCITY FIELD OF A PARTICULAR FORM

As shown in Proposition the averaged velocity field in the solution of
has a special form, namely, both the second and the third components vanish (see
(2.17)). Thus, it is worth to consider the solutions with this form of the NSE
and NS-« in a more general setting. See also and for time independent
solutions of this form.

3.1. The NSE case. Consider (2.2)) with solution of the form
u=(U(z,1),0,0), (3.1)
for 0 < x5 < h, satisfying assumptions (A1)—(A3).

Simple form of the NSE. Using the form (3.1 of u, NSE (2.2)) becomes

U op
N z
2 v U+ax1 0,
opP
i
2
o (3.2)
81}37 ’
U
67:1;1—0.

Using the first and fourth equations in , we obtain that U is independent of
1 and 8 P = 0, which combined with the second and third equations in ) for
P, nnply that P must be of the form

P= P(xl, t) = ﬁo(t) + z1P1 (t) (33)
Therefore, U = U(x2, z3,t) satisfies
w_, o 2
ot ox3 0z}
Solving (3.2). Based on the periodicity (2.9) in (A2), we can expand U in Fourier

series

YU = —p1(t). (3.4)

U ZL’Q,CCg, Z U 7’L £C3, H;x?a (35)
where
~ 1 2 i2nn
U(n,xs,t) := 7/ Uy, z3,t)e” T2 “day,
H2 0

in particular
Iz

A 1
U(O,xg,t) = = U(xz,l'g,t)dxg.
H2 0
So equation (3.4) can be written as
i27n ~ 2mn 6
e”zIz[ n,xs,t) — v —U(n,zs,t)(—)% + n,x,t}
S Ol as,t) —v = Olmas OO + galines ]

n=—oo

= —p1(t),
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where (2.5)) implies the boundary condition

U(n, 3, t)|x3:0,h =0. (37)
We first consider the case when n # 0: Equation (3.6)) implies
0 - 2 - 0% .
U, t) + 0( 17172 )20 (n, x3,t) — Va—mgU(n, 23,t) = 0. (3.8)

Taking the dot product with U(n,xg,t) in (3.8)), and then integrating with re-
spect to x3 from 0 to h, we obtain

’/Tn
s [0 0y + v T [ 100250y

h o2
- 1//0 @U(n,mg,t) -U(n,xg,t)dxs = 0.

Integrating by parts and applying the boundary condition , we have

’/Tn
s [ 10 0y + v T [ 100050y

hog (3.9)
—|—l// (=—U(n,zs3,t))*dzs = 0.
Oz
Using Poincaré inequality ., Equation (3.9) becomes
7m
2dt/ U (n, zs,t)|? dxg—l-u / |U(n, x3,t)>dzs
+ uﬁ/ U (n, x3,t)>dzs < 0.
Denoting W (n,t) fo |U(n, x3,t)|2dzs, we have
1d 2mn 1
~—W(n,t) + v(=—)*W(n,t) + v—5W(n,t) <0
33V (0. 0) + VW, + v W t) <0,
which can be integrated to obtain
W(n,t) < e 20O CE S5 W0, 40), Vit > to. (3.10)

By assumption (A3), W(n,ty) is bounded for all ¢, € R. Hence, by taking
to — —oo in , we obtain W(n,t) = 0, for all ¢ € R. Therefore, U(n,xg,t) =0,
for all n # 0.

So, we only need to consider the case when n = 0. In this case implies

o ~ 2
5U(0,I3, ) a 2

and, the expansion of U(zq, z3,t) in . becomes

U(0,23,t) = —pi(t), (3.11)

. 1 [
U(.I?Q,xg,t) = U(O,Z‘g,,t) = ﬁ/ U(]Jg,x?,,t)d.’EQ. (312)
2.Jo

that is, U(xa,x3,t) = U(xs,t) is independent of z5.
The equation satisfied by U(xs,t) follows from equation (3.4) (or (3.11))):
2

v 2 Uast) = —i(0). (313)

7]
Ul ) — v
3

ot
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Since U(0,t) = U(h,t) = 0, we can take the Fourier sine expansion for U(zs,t):

Ulzs,t) =Y Uk, t)sin(
k=1

Equation (3.13]) gives the following equation for the coefficients U (k,t):

- ko 2 (" owhkag

aU(k,t) + 1/(7)2U(k',t) = —E/O sin( W ) py(t)das. (3.14)
Thus, we obtain the explicit form U(zs,t) in the following theorem.

Theorem 3.1. Let u = (U(x,t),0,0) be a solution of the (2.2) with P = P(z,t)
satisfying (A1)—(A3). Then, U =U(z,t) = U(zs,t) and

bR 2((—1)k - o2 kx
Ul(zs,t) =/ Z %67"(%) (t=7) gin( i 2y (7)dr. (3.15)

h
TP k=1

mkxs )
w )

Proof. Simplifying , we have
0 - Tk o 2 &
SO 1) + (SO (k1) = —i (1)((-1)F = 1),

from which, upon integration, we obtain

x - 2 b=
Uk, t) = e "B 00 (K 10) + - ((~1)F — 1)/ eV =D (r)dr,
km to
which, implies (3.15)), by taking tg — —oc. O
The above theorem shows that non-stationary solutions for (2.2]) exist, and are

given by (2.6) and (2.7). In particular, if pi(¢) is a constant, the Poiseuille flow
(time independent) is recovered. This matches the form given in (2.7)).

Corollary 3.2. If we assume that p1(t) = p1o, where p1p € R is a constant, then

o 2p10h? . ka:
Ules,t) = 3 Sass (C1)F = Dsin(2)
k=1 (3.16)
= —%JB (h - $3)
3.1.1. A symmetry property. Consider the averaged quantity
I
(s (a3, 1) = rT/ Uz, 25, 1) dza, (3.17)
2Jo
which, from (2.5)), satisfies
<U>2(.’£3, t)|$3:07h = 0 (318)

We can prove that (U)q(x3,t) satisfies the following symmetry property, which
is a priori assumption in [3]-[5] for the study of the steady solutions.

Theorem 3.3. (U)a(x3,t) in (3.17) satisfies
(U)2(h — x3,1) = (U)2(as, 1), (3.19)
for all z3 € [0,h] and t € R.
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Proof. By taking average in xo as defined in(3.17)) of the equation (3.4)), and invok-
ing the periodicity condition (2.9), we see that (U)a(x3,t) must satisfy

(U)q V62<U>2

TR 922 = —p1(t). (3.20)
Denoting -
<U>($3,t) = <U>2(h—$3,t) — <U>2(l‘3,t), (3.21)
we have . -
o) o*U) _
5 o7 0, (3:22)
with boundary conditions from :
(U)(w3,)|zy=0n = 0. (3.23)

Taking the dot product of (3.22)) with (U) and then integrating with respect to
x3 from 0 to h, together with the boundary conditions (3.23)), we have

/oh (821? B Va;g?)@(ﬂ?& t)dxs

1d "/ — 2 h 2Ty~
_ 5%/0 ((0)ws,) dngy/o 527 U s, )
1d ("

~2dt ), (@(chi)fdxg + z//oh (a%gﬁ(m,t))gm —0.

Invoking the Poincaré inequality (6.1]), we obtain

1d [ —~ v o[t~
s | (O s, 1) dws + 25 / (0 (5, £))2das < 0. (3.24)
0 0
Therefore, from (3.24)) we obtain
b(t) < Plto)e 102/ (3.25)

for —oco < tg < t < oo, where Y(t) = foh((f(}J)(x&t))Qda:g is nonnegative for all
t € R. Under the assumption (A3), we could let ¢¢ — —oo in (3.25)) to obtain

P(t) = 0 for all t € R. Hence, (U)(z3,t) = 0 for all 3 € [0,h] and all t € R.
Consequently, the symmetry property (3.19) on (U)a(z3,t) can be obtained. O

3.2. The NS-«a case. We assume the following form of solution for (2.3),
u= (U(z,t),0,0) (3.26)
and V = (1 — a?2A)U, for 0 < x3 < h, with u(x,t) satisfying (A1)-(A3).

Simple form of the NS-«. Using ([3.26)), equation ({2.3]) becomes

ov Q)
E — Z/AV + 87([;1 = 0,
oU _ _9Q
81'2 o 8.%27
87U - _@ (3.27)
(91’3 o 6x37
ou .

dry
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Using the first and fourth equations in (3.27)), we obtain
0%Q

o2
By taking partial derivative in the second and third equations in (3.27]) with respect
to x1, we have

0*Q 9?Q

0r10xy  Ox301,
Thus, @ must be of the form
Q = Q(lL’l,CEQ,.’ﬂg,t) :(jo(iL’Q,lL'g,t) +$1ql(t) (328)
Hence, the first equation in (3.27) can be further simplified to be
oo
ot dz%  Ox?

which is strikingly similar to (3.4]).
The no-slip boundary condition (2.5)) implies

U(2,23,t)|5=0,n = 0. (3.30)

Solving (3.27). By no-slip boundary condition (3.30)), one can write

W =—q(t), (3.29)

0 N
Ulenaat) = 3" Ulnag, e

n=-—oo

Hence,
2n

32
V = (1 — O(QA)U = (1 —+ 042(1_[72)2 — 0128727?)))[].

Similarly, we have the equations for U (n,x3,t), which follow from (3.29): when
n=20

(1 2 &7 )(9 - 1/8—2)(7(71,:53,25) = —Gi(b).

—52) G Vo
When n # 0
22y 2 N0 2y, O _
(1+a (Hg) o 895%)(&4-1/( H2) V@x%)U(n’xS’t)_O' (3.31)

Using arguments similar to those in the previous section, we obtain U (n, x3,t) =
0, when n # 0, s0 U = U(0,x3,t) = U(xs, ) is also independent of x, and satisfies,

(1 - ()428—2) ( o _, & )U(O,xg,t) = @b (3.32)

o2)\ai Vo
From ([3.32)) and (3.3)), we obtain the following theorem.

Theorem 3.4. Let u = (U(x,t),0,0) be a solution of the NSE(2.2) with P =
P(x,t) given, satisfying (A1)—(A3). Then, u is also a solution of the NS-a (2.3)
with

1

Q= Q.t) = hi(t)ar — 5 (U — o

: 8U)2>'

s
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We apply

U=1U(xs,t Z (k,t)sin ( W]ZES :Z (k,t sm(ﬂ;x?’).
k=1 k=1

From (3.32), it follows that the Fourier coefficient U(k,t) satisfies:

(1+a (”k) )(;U(k 0+ (”h’“)QU(k,t))z—z/ohsin(ﬂ;“) [ (#)das. (3.33)

Hence, using the same procedure as in previous section, we obtain the following
form of the solution U = U(z3, t).

Theorem 3.5. The solution of the NSE(2.2) has the form

$37 /

The above theorem shows that non-stationary solutions for NS-a (2.3]) exist,
besides those stationary solutions given by (2.6) and (2.8]). In the particular case
when ¢ (t) is a constant, we obtain the steady state solution mentioned in [3]-[5],

which is basically of the form ({2.8].

Note that the coefficients i satisfy [, condition (9.7)] with ¢ = 0 and
dp = h/2, but there are typos in (9.7) there, namely, the left hand sides of the
second and the third relations should be, respectively, mo/v and 7 /v.

D" e g (TR
v " dr. (3.34
oo;ﬂ-k 1—|—0¢2 7rk3/h)2)e ' sm( h )ql(T) T (334)

Corollary 3.6. If we assume ¢, (t) = G0, where Gi19 € R is a constant, then

- 2h2 1 ) . mkx

Ul(ws,t) = zzj v(nk)3 (1 + o2(wk/h)? ) fo((-1)" ~sin h K (3.35)

_ 012610 (1 _ COSh(mg(Xh/)) _ @wg(h/ _ $3)~ .
cosh(%)

2v

Proof. Equality (3.35) follows from applying

Z4h2(1— (=1D)%) | wkx

cosh(%) — cosh x — h/2 = Z — 21(:(:822}:/;7})1) )(1 —(=1)") sin(L:x).

O

Remark 3.7. From Corollary [3.6] we observe that all solutions having the form
(3.26]) of the NS-c(2.3) with time independent 0Q)/0x; and satisfying (A1)—(A3)

are actually stationary solutions.
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4. ENERGY ESTIMATES

In this Section, we will use inequality in Lemma to obtain an inequality
estimating the energy of the velocity field u(z,t) € P.

Taking the dot product of with « and integrating over Q := [0,II;] x
[0,112] x [0, ], we have

2 2
th/ |ul dx+z// |Vu|?dz = — Z/ ——ujda. (4.1)

Note that here, the nonlinear term [,(u - V)u - udz vanishes. Indeed, using
integration by parts and the periodicity conditions (A2), one gets, for j = 1,2,

) 1 d
/0 U =—— oz, (ujug)de; = _/0 UjUp=— oz updz;, fork=1,2,3,

similarly, using the boundary condition (2.5)) and integration by parts, we obtain

h 8 h a
/ up—=— (ugug)das = —/ usup =—ugdrs, for k =1,2,3.
0 Ors 0 O3

Therefore,
/(u Vu-ude = ZZ% k) urdx
Qp—1j=1
/ZZU”“ ujuk )dzx
Qp—1j=1
=— Z/ (ulukiuk + uzukiuk + ugukiuk>dx
LY 0z, Jra Oxs
3 3 P
k=1 Jj=1
:f/(u~V)u~ud:r.
Q
Hence

/(u'V)u~ud:E:0.
Q
Remark 4.1. Observe that the above proof can be applied to show
/ (u-V)v-vdx =0, (4.2)
Q

for u,v € P.

We have the following energy estimates.
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Proposition 4.2. For u(z, t) €P,

/|u\ dx+2u/ Z ‘21;’; /((%)Q+(%)2)dx

k,l=1

P21, T h ~ -
0

6v

Proof. For the term on the right hand side of ( . by -7 we have

12 h 3u1
7U1dl‘ = Pu1 ‘301—1_11 (Pu1)|x1 =0 — PTdfl)d$3d$2

(93?1
Hz
/ / U1|z1 degd‘fgf/ P%d
Iy
/7U2d$—p2 / / UleQ—odiEgd[El /P%d
0

From the no-slip boundary condition ,

OP 0

—usdx = / Pﬂd
qQ O

Zs3

Similarly,

Therefore,

—/VP-udx
Q
I, ph I, h
= / PV-udx—m(t)/ / U1|w1:0d$3d$2—p2(t)/ / U]z, —odasda
Q o Jo o Jo
H2 h H1 h
= —pl(t)/ / U1 |, —odx3day —pz(t)/ / U]z, —odrsday,
o Jo o Jo

where in the last line, the incompressibility condition (i.e., the second equation in
(2.2)) is used.

Therefore, using in Lemma relations (2.11), and denoting j' = 3 — j
for j =1,2, . ) becomes

2
2dt/ [ul derl// |Vul|“dz
11, 114 h
= *Pl(t)/ / U1 |z, —odr3das *pQ(t)/ / Ug|zo—0dw3dr
0

Ty Ou,
< Zm [ (s b et G2y
J
H v 1/2 H]- au 1/2
- Z|p3 |/ / uj 3 (/0 (87;)2de) )d$3dl‘j/,
J

where <> ; denotes the average in the x; direction, i.e.,

1 [
= — s dx. 4.5
Hj/o ) (4.5)
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We then use Young’s inequality and (A4) to obtain
I, 1/2 I,
11 i Ows 1/2
) [ [ S ([0 an,) sy
J o axj J J

p H1H2h / 8’[1,]‘ 2 .
< —= 4 — —2)“d =1,2.
= Ton T3 Q(axj) R

Hence,

8uk 3U1 2 (9UQ 2
/|u| dar;—l—21//2 53@1 —V/Q ((a—xl) —|—(87x2) )dm

k=1

pILIlh / i /
<———+2p E (uj);dasdr
6 2 )y , J
=2 2 ;s rh
p II1I15A _ 1/2 / J / 9 1/2
<—+42 1L/ h i)idxsdx
< B ([ [ tws)idwsdey)

_o 2 1T, h
D H1H2h _ _ 7
<, P+ )b 52 / /0 (uj)jdwsdz;r.

(]

Remark 4.3. Following the general procedure in [8], one can start from (4.4) and
show the existence of the weak global attractor of the NSE ([2.2]).

5. HARMONICITY OF P = P(z,t) IN THE SPACE VARIABLES

5.1. Harmonicity of P. The following property of P, namely, harmonicty in the
space variable, could be deduced. Recall that P = p + ®, where p is the pressure
and @ is the potential. Notice that from (2.14), P is independent of x3.

Lemma 5.1. Let u(z,t) € P, then P = P(x1,x2,t) is harmonic in the space
variables x1 and xs.

Proof. From ([2.14)), by taking 9/0z; in the first equation and 9/dx2 in the second
equation and then summing the two resulting equations, we can obtain
8u1 2 3U1 8’LL2 8u2 2 82 82
duyt GO (g (O Py, 51
(8x1) o 0n | \9m o2 92 (5.1)
where P = P(x1,x2,t) is independent of z3 (see the third equation in (2.14)).
In (5.1)), the left-hand side (LHS) takes values zero at 3 = 0 and x5 = h, while
the right hand side (RHS) is independent of x3, hence
0? 0?
— (= +==)P=0 5.2
(a 2 ¥ 522 2) ! (52)
for all z1, x5 € R. O
Now we have an intriguing corollary for the harmonicity of P.

Corollary 5.2.
Ouy  duy
8 6:61 812
Ou,uz) _ _o. (5.3)
a(.’El,.’Eg) Ous Oua
8:81 8362
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Proof. Equation (5.3)) is obtained by using the fourth relation in (2.14), and the
fact that the LHS in (5.1]) equals zero. ([

Remark 5.3. For v = (u1,u9,us) being the velocity field for channel flows, after
we assume ug = 0. Corollary tells us that the two nonzero components, u; and
ug, are not totally independent, one of them is, at least locally, a function of the
other component.

5.2. An estimate of P.

Lemma 5.4. For the term P = P(x1,x9,t), we have

0
sup |=—P(x1,29,1t)| < 00, 5.4
x1,£2’8x1 ( b )| ( )

for allt € R.

Proof. According to Poisson’s formula [I5] [I7] we have, for any a > 0,
P(z,t) = H(y,z)P(y,t)dy, for |z <a,
lyl=a
where z = (21, z2), and

1 a?— |22

H =
Therefore,
P(z,t) = P(x1,x2,1t)
L1
= 5= ﬁP(ayhaya,t)dy
21 Jiy=1 1z — vl (5.5)
1 [27 1— iﬁ
= — a2 e a2 P(acosf,asinb, t)do,
2m Jo 1 - 2(BET)1/2 cos(f — w) + T2
where z; + ize = |z]e™ and y; + iys = |yle®.
However, we will work with the following form which equivalent to (5.5)),
1 2m
P(xy,xo,t) = o H(z/a,0)P(acosb,asinb,t)do, (5.6)
T Jo
where, for |z| < 1,
1—a2?—a3 1—a2?—23

H 9 - = .
(2,6) (v1 —cos0)? + (xg —sinB)2 1+ 22 + 23 — 2(x1 cosf + w2 sin b)

A direct calculation yields

0 —4x1 + 2cos 6 + 222 cos ) — 2w923 cos § + 41 x4 5in O
H($17x279) = P} P} .
0x1 (14 23 + 23 — 2(x1 cos + x2sin b))>?

For a > 4|z| 4+ 1, this implies
_10H

0
%H(Z/a,e) = aail'l(z,e)lzzz/a
a(lzl olelf 4y

T a(l+ EF -2l T
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Therefore, from (5.6, recalling the bound (5.7)) given in Lemma we have
0 32p
|7P(5C1,1'2,t)} < 7p + 32asup{|P(m1,z2,t)| :0 <r < Hl}a
81'1 Hl
where sup{|P(z1,x2,t)| : 0 < 21 < II;} is a periodic function in x5 with period IIo,
and hence

max sup{|P(z1,z2,1)] : 0 < 1 <II;} < o0.
r2ER

Consequently,

0
sup ‘7P(Z1,Z2,t)| < 0,

x1,T2 1

for all t € R. [
5.3. Simple form of P. From , we observe that
P(xy 4+ nIly, x0,t) — P(x1,20,t) = npy(t), Vn € NT.
Now, for any y € R, choose n € N, such that nll; <y < (n + 1)II;, then
P(y,xo,t) = P(y — nlly, xa,t) + np1(t)
< sup{|P(z1,w2,t)] : 0 < 21 < TI1} + npy(¢)

< Sup{lp(x17x27t)‘ :0 < 1 < Hl} + Hiﬁ
1

Similar arguments apply to the case when y < 0, and we obtain the next result.

Lemma 5.5. Let u(x,t) € P be a solution of (2.2)). Then
Py, x2,t) < sup{|P(21,22,1)] : 0 < @y <Thi} + =P (5.7)

for all y,xa,t € R, where p is as given in (A4).

Next, we explore the harmonicity of P = P(x,t) = P(x1,x9,t) in 27 and o,
and get the following explicit formula for P(x,t), namely, P(x,t) is linear in the
variable x7.

Lemma 5.6. The term P = P(x1,x2,t) in (2.14)) is of the form
P(.’L‘h T, t) = ﬁo(t) + :131]51 (t) = ﬁo(t) + z1p1 (t)/Hl. (58)

Proof. Using (5.4) in Lemma given in Appendix C, and Liouville’s theorem for
harmonic function %P(wl, x9,t), we conclude that

0
—P t) = p(t
8551 (‘Tl,IQ, ) pl( )7
for some function p(¢) of time ¢, so that
P = P(x1,72,t) = po(z2,t) + 21P1(1), (5.9)
and, by the harmonicity of P(x1,x2,t) in 1 and x5, we have
82

— P t)=0.
&v%po(ﬂim )

Therefore, po(z2,t) is a linear function in 2, but then periodicity of P(x1,x2,t) in
22 would imply that pg(z2,t) is only a function of time ¢, i.e.,

Po(z2,t) = Po(t).
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Finally, the second equality in (5.8)), namely, follows from (5.9) and relation (2.11]).
O

It follows from the harmonicity of P and Lemma that we can replace (A5)
by a weaker condition.

Corollary 5.7. Condition (A5) can be replaced by the f weaker condition
lim sup P(x1, z2, 23,t) < 00, (5.10)

To—F00

for any given x1,x3 and t € R.

We have found an optimal choice of the function class.

6. APPENDIX

6.1. Classic inequalities. In this appendix, we include several classic inequalities
that are used in our discussion, together with their proofs.

Lemma 6.1 (Poincaré’s inequality). For any C! function ¢(y) defined on [0, h],
with ¢(0) = ¢(h) = 0, we have

h h
| @wrar= 5z [ o) (61)

Proof. By the fundamental theorem of calculus, we have, for any € R, and
x €10, h],

() =2 /O " o) (y)dy. (6.2)
and

h
#@)= -2 [ 6oy (63)
Using Cauchy inequality in (6.2), we obtain

20 e v (5 e /2
& )§2(/0 & (y)dy) </0 (&' (4))2dy)

Hence,
< [ ([ ewa) ([ @wra)
S2/Oh/2( 0h/2 ¢2(y)dy)1/2(/Oh/2(¢’(y))2dy)1/2dx
< h( Oh/2 ¢2(y)dy)l/2(/Oh/2(¢’(y))2dy)l/2;
that is,

h/2

h/2
&mmsmA (¢ () 2dy. (6.4)

0
Similarly, using (6.3)), and repeating the above steps, we have
h h
P <h [ (@ )2dy (65)
h/2 h/2

Combined (6.4)) and (6.5), we obtain (6.1)). O
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L inequality. Recall that, in our paper, for a given function ¢ = ¢(y) with peri-
odicity IT > 0, we denote its average by (¢), i.e.,

1 0
== dy.
@ =g | o
Lemma 6.2. For any continuous function ¢ = ¢(y) with period II > 0, it holds
that n
~ < (p) + —=((¢"))V2. 6.6
[Pl < () 2\/§<(¢) ) (6.6)
Consequently, if
((¢)?) < o,
then ¢ is continuous in R, and thus |p(y)| < |p|r-, Yy € R.

Proof. Without loss of generality, we assume ¢(0) = ||, then

o(y) + J§ 10/ (2)ldz, y >0,
#0) = {¢<y> + PNz, v <o,
Thus,

$(0) < 2 40y + (V22 dy) g (2))dz,

Sl 0@y + [ o ([0 AWl (2)]d2,
o2 oly)dy + [32(11/2 = 2)|¢' () |dz,
Sonp W)y + 2y, (T1/2 + 2)|¢'(2)|dz.

Hence,
I ¢| L = TIp(0)

([ e ([, )

Then, follows. (I
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