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CONVERGENCE OF APPROXIMATE SOLUTIONS TO
NONLINEAR CAPUTO NABLA FRACTIONAL DIFFERENCE
EQUATIONS WITH BOUNDARY CONDITIONS

XIANG LIU, BAOGUO JIA, SCOTT GENSLER, LYNN ERBE, ALLAN PETERSON

ABSTRACT. This article studies a boundary value problem for a nonlinear Ca-
puto nabla fractional difference equation. We obtain quadratic convergence
results for this equation using the generalized quasi-linearization method. Fur-
ther, we obtain the convergence of the sequences is potentially improved by
the Gauss-Seidel method. A numerical example illustrates our main results.

1. INTRODUCTION

It is well-known that fractional difference equations can be used to model many
problems, such as population models, tumor growth model, and so on. In many
situations, fractional difference equations have proved to be better than their coun-
terpart with integer difference. Therefore, research in the theory of fractional differ-
ence equations has become very important. Previous studies have mainly focused
on the theory of integer-order difference equations, and classical results have been
established; see for example the monographs [2,[17]. Recently, there has been a great
deal of interest in fractional difference equations. The basic theory of the linear and
nonlinear fractional difference equations can be found in [8] @} 13| 14} 15l [16]. How-
ever, we note that the qualitative theory of nonlinear fractional difference equations
is not complete and the convergence of approximate solutions plays an important
role in the development of qualitative theory.

The generalized quasi-linearization method can be used to construct approximate
solutions of nonlinear problems. There are many applications of this method. In
[3, @ Bl 6, 10, 11 12, 18, 22| 21], the authors used this method to obtain the
convergence of the sequences for different types of differential equations. Further,
in [7, 20], the authors accelerated the convergence of the sequences by the Gauss-
Seidel method. However, there are few applicable results of the above methods to
nonlinear fractional difference equations. In [8, [19], the authors only discussed the
existence and convergence of solutions for nonlinear fractional difference equations
with initial conditions.

In this article, we study the convergence of solutions for a nonlinear Caputo
nabla fractional difference equation with boundary conditions. We obtain quadratic
convergence by the generalized quasi-linearization method when the forcing function
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is the sum of convex and concave functions. Furthermore, we obtain the convergence
of the sequences is potentially improved by the Gauss-Seidel method. Finally, a
numerical example illustrates the obtained results.

2. PRELIMINARIES

For the convenience of readers, we will list some relevant results here. We use
the notation N, :={a,a+1,a+2,...}, Z, :=1{...,a—2,a—1,a,a+1,a+2,...},
where a is a real number. For the function f : Z, — R, the backward difference
or nabla operator is defined as Vf(t) = f(t) — f(t — 1) for t € Z, and the higher
order differences are defined recursively by V" f(t) = V(V"~1f(t)) for t € Z,. In
addition, we take V° as the identity operator. We define the definite nabla integral
of f:Z,— R for be Z, by

b
/bf(s)Vs = {OZS—GH fs), a<b, (2.1)

a>b.

Definition 2.1 (See [I5, Definition 3.4]). The (generalized) rising function is de-
fined in terms of the gamma function by
T L{t+r)
I'(t)
for those values of ¢ and r so that the right-hand side of (2.2]) is well defined. Also,
we use the convention that if ¢ is a nonpositive integer, or ¢ +r is not a nonpositive

integer, then " = 0. We then define the v-th order Taylor monomials based at a
(see [15] Definition 3.56]) by

(2.2)

_—a _ Ta-atw)
Hu(taa’) = T(v+1) - I't—a)'(v+1)

forv#—1,-2,...,and t € N,.
In this article, we extend the v-th order Taylor monomials by defining

~ ) INt—a+v+e)
H,(t,a) :=1
(t,0) e 50 IF't—a+e)l'(v+1+¢)

forall v € R, and all t € Z,.

Note that when ¢ > a and v > —1, H,(t,a) = H,(t,a). The extended Taylor
monomials will be used in Lemmas 2.9 and 2101

For some important formulas for these Taylor fractional monomials see [I5], The-
orem 3.57 and Theorem 3.93].

Definition 2.2 (Nabla Fractional Sum [I5, Definition 3.58]). Let f : N, — R,
v > 0 be given. Then

(Vi) = / Hy 1 (tp(s))f(5)Vs, ¢ €Ny, (2.3)

where p(t) := ¢ — 1. Note, by (2.1), V" f(a) = 0.

Definition 2.3 (Nabla Fractional Difference [I5] Definition 3.61]). Let f : N, — R,
v > 0 be given, and let N := [v], where [-] is the ceiling function. Then we define
the vth-order nabla fractional difference (VY f)(t) by

(V) = (VNN IE), ¢ € Nagn. (2.4)
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Definition 2.4 (Caputo Nabla Fractional Difference [15, Definition 3.117]).
Let f : Ny—ny1 = R, v > 0 be given, and let N := [v]. Then we define the
vth-order Caputo nabla fractional difference (VY. f)(t) by

(Ve 1)) = (Ve )(E),  t €N (2.5)

Since v > 0 = N > 1, it follows from this definition that V¥.c = 0 for any
constant c.

Lemma 2.5 (See [I5, Definition 3.61 and Theorem 3.62]). Assume f: N, — R,
v >0, v ¢Ny, and choose N € Ny such that N —1 <v < N. Then

(V4F)(t) = / Hoyoa(tp(s)f(5)V5, 1€ Napn (2.6)

where p(t) :=t — 1. Note, by (2.1), V¥ f(a) =0.

Lemma 2.6 (Nabla Leibniz Formula [I5, Corollary 3.41]). Assume that f : Ny x
Nagt1 = R. Then fort € Nyqq,

V(/at f(t,T)VT) = /t Vift,T)V7 + f(p(t),t). (2.7)

a

Also,
V(/atf(t,T)VT) - /at_ Vo f(t, T)VT + f(t1). (2.8)

The following corollary appears in Goodrich et al [I5, Corollary 3.122, Corollary
3.167].

Corollary 2.7. Forv >0, N =[v], and h: Nyy; — R, we have
(Va0 ) () = h(t), ¢ € N
Lemma 2.8. The nabla Taylor monomials satisfy the following:
(i) Ho(t,a)=1,1t € Ly
H,._i(t,a), 0#£r€eR, te€”ZL,

i) VH,(t,a) =
(i) VH-(t,a) =1, r=0, t € Za.

Proof. (i) From the definition of H,(t,a), we have

- It —
Hy(t,a) = lim (t—a+te)

=1.
e=0I(t—a+e)l(e+1)

(i) For r = 0, using (i), we have VHy(t,a) = 0. For r # 0, by the definition of

H,.(t,a), we obtain

~ ) Nt—a+r+e) ) Nt—1—a+r+e)
VHT(t’a):;%F(t—a+s)F(r+€+l)_;l—r}(l)l“(t—l—a+5)F(r+6+l)
~ lim t—l—a+r+e } Nt—1—a+r+e)
e>0L t—1—a+e F't—1-a+e)l'(r+e+1)
— lim rTt—1—a+r+e)

=0 (r+e)l'(t—a+e)l'(r+e¢)
~ lim Jim t—a+r—1+¢)

e=>0(r+¢e) e=0l(t—a+e)l(r+e)
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= ~r—1 (ta (1) .
The proof is complete. O

For convenience, in this paper, we define the operator L, : Dy—ni+1 — Dat1 by
(Loz)(t) := V[(VEx)(t +1)], t € Ngj1, where © € Dy_ny1 = {2 : No_ny11 — R}

Lemma 2.9. Assume v > 0 and N is a positive integer such that N —1 <v < N.
Then a general solution of the fractional difference equation (Lox)(t) =0, t € Nyqq
is given by

a(t) = coHo(t, a) + crHi(t,a) + caHa(t,a) + -+ + ex—1 Hy—1(t, a) + cH, (t, a)
fort e Ng_n41.
Proof. Let xy(t) := Hy(t,a), 0 < k< N —1, by Lemma we have

(Lazi)(t) = VIV, N"IVNHy (¢ + 1, 0)]
vV, NNk GE L (E+ 1, a0)]
V, N=ITNFH (41, a)]
v, N0 =0
for t € Ngt1. Let Z(t) := H,(t,a), by Corollary 2.7} we have
(La?)(t) = VIV; VIV H, (¢ 41,a)]

Vo (N-IgNy =1 (¢ 4 1))
[V, N=IgN=v1(t 4 1)]
[
[

\Y
\Y
\Y

[
[
[
[

a

X(aoo)(t+1)]
Xla,00) ( )] =0
1, teN,,
0, t¢N,.

Next, we show that these solutions are linearly independent. We want to show
that if

coﬁo(t, a) + clﬁl(t, a) + Cgﬁg(t, a)+ -+ cN,lfth,l(t, a) 4+ cH,(t,a) =0 (2.9)

Il
444 g

for t € Ny 1, where x[q,00)(t) =

forallt € N,_ny1,thencg=c1 =+ =cy_1 =c=0.
Takingt=a,a—1,...,a— (N —1),and a+ 1 in (2.9)), we obtain
~fIO(a, a) e ~HN_1(CL, a) H,(a,a) o
Hyo(a—1,a) Hy_1(a—1,a) H,(a—1,a) c1
Ho(a— (N —1),a) ... Hy_1(a—(N—1),a) H,(a—(N—1),a)| [en-—
Hyo(a+1,a) Hy_1(a+1,a) H,(a+1,a) ¢
0
0
0
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that is,
0 0 0 Co 0
-1 0 0 c1 0
(71)N71 0 CN-1 0
1 c 0
So, we arrive at ¢g = ¢; = --- = ¢y_1 = ¢ = 0. Therefore, these solutions are
linearly independent. The proof is complete. O

Lemma 2.10 (See [15, Theorem 3.175]). Assume 0 < v < 1, a, b € R, and
b—a € No. Then the Green function for the BVP
Lux)(t) =0, te NS ,
(o)1) o 210
z(a) =0, z(b)=0
18
t t N$ x N?
Git,s) = u(t,s), (t,s)€ ZX b
v(t,s), (t,s)€ N2 x N

where

(b= )7(t — )7

uhs) = T T Db a7
u(t, s) = ult, s) + 1£t<yf)1) = ult,s) + z(t, 5).

Lemma 2.11 (See [15, Theorem 3.177]). Assume 0 < v < 1, a, b € R, and
b—a € No. Then the Green function for the BVP

(Loz)(t) =0, teN ],
z(a) =0, z(b)=0
satisfies the following inequalities
(i) G( s) <0,
) Gles) 2 (15 (%)
11)f |Gts\Vs<4F(V+2,fort€N and
)f |V.G( |Vs<u+1,f0rt€Na+1

(i

The next corollary is an immediate consequence of [I5, Theorem 3.173]. It relates
to the nonhomogeneous BVP with homogeneous boundary conditions,

(Lay)(t) = A(t), te€Ng3,
y(a) =0, y(b) =0.

Corollary 2.12 (See [I5, Theorem 3.173]). Assume 0 < v < 1, a, b € R, and
b—a € Ny. The unique solution of (2.11)) is

b b
y(t) = / Glt,5)h(s)Vs = 3 G(t,5)h(s), teN,

s=a+1

(2.11)

where G(t, s) is the Green function of (2.10)).
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Proof. This is a special case of [I5, Theorem 3.173], where a =y =1land 5 =6 =0
in equation (3.115) of that theorem. Note that, by [I5, Theorem 3.170], « =y =1
and 8 = § = 0 ensure the hypotheses of [15, Theorem 3.173] are satisfied. (]

Lemma 2.13. Assume 0 < v < 1. Then the solution of the BVP
Ly2z)(t) =0, te I\ ,
(La2)(®) s o)
z(a)=A, z(b)=B
8 ( )
H,(t,a
=A+(B-A)—"~ b
Z(t) +( )Hy(b,a)7 teNa

Proof. Let z be a solution of the fractional difference equation (L,z)(t) = 0. It
follows from Lemma [2.9] that

2(t) = coHy(t,a) + cH, (t,a) = co + cH,(t, a).
Using the first boundary condition z(a) = A, we obtain
A=cy+cH,(a,a) = co,
which implies ¢p = A. Using the second boundary condition z(b) = B, we obtain
B=A+cH,(ba).

Solving for ¢, we obtain

_(B—-4)
‘T H,(b,a)
Thus, we have
H,(t,a)
t) = H,(t,a)=A+(B—A)———.
(1) = o+ o (t.0) = A+ (B = 4) 1
The proof is complete. O

Lemma 2.14. Assume 0 < v <1, and h : Nf’lj_ll — R. Then the solution of the
nonhomogeneous BVP

L t)=h(t), te Na ,

(La)(®) = h(t) 4 1)

z(a)=A, z(b)=DB
18
b
a(t) =z(t)+ Y G(t,s)h(s), teN,
s=a+1

where G(t,s) is the Green’s function of the BVP and z(t) is the unique

solution of (2.12] -

Proof. Let
b

Y= 3 Glts)h(s), teN:,

s=a+1
By Corollary y(t) is the solution of (2.11)) on N2. Let 2(t) be as in the
statement of this theorem. Then
z(a) = z(a) + y(a) = A+ 0= A4,
2(b) = 2(b) + y(b) = B+0 = B.
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Finally,
(Law)(t) = (La2)(t) + (Lay)(t) = 0+ h(t) = h(t)
for t € Nglll. The proof is complete. d

Lemma 2.15. Assume 0 <v <1, z:N. - R, and put M := max{z(t) : t € Nb}.
If x(tg) = M for some ty € NZ;ll, then (Lqx)(to) < 0.

Proof. For v =1, according to the assumptions, we have

(Laz)(to) = (V) (1) li=to+1
= .’Iﬁ(to + 1) - 2$(t0) + .’lﬁ(to - 1)
<M-2M+M=0

For the case when 0 < v < 1, we will use the fact that for any ¢ € Ny, 1,

(Lax)(t) = 2(t+1) — H_p_1(t+ 1,a)z(a) + > H_p ot +1,p(s))x(s). (2.14)

s=a-+1
To see this note that
(Low)(t) = V[(Vi,2)(t +1)]
= V[V IVt +1)]
1
=V S H (41,0 ))V:v(s)]
“s=a+1
o t+1 t+1
=9[> Ho(t+Lp)a(s) = D Hoylt+ 1, p(s))a(s - 1)]
“s=a+1 s=a+1
1
V[ S Hot 10 ZH (t+1,9)a(s)
T s=a+1
= V[ 3 H_(t+1p(s)als) + Hop(t + 1 p(t + 1))a(t + 1)

T s=a+1

= > Ho (1, 8)(s) — Hoolt +1,0)a(a)]

s=a+1

=V 3 Hourt+ 1 p()2(s) + Hopor(E+ Loplt + D)alt + 1)
s=a-+1
— H_y(t+1,0)2(a)]
t+1

_ v[ S Hoya(t 41, p(s))a(s) — Ho(t + 1,a)x(a)}
s=a-+1
t+1

= [ > Hovoalt+ 1 p(s))a(s) = Hoylt+1,a)a(a)]

s=a-+1

_ [ Zt: H_,_1(t,p(s)z(s) —I—H—V(tﬂ)x(a)}

s=a+1
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=z(t+1)+ Z H_, o(t+1,p(s)x(s) — H_p_1(t + 1,a)x(a).
s=a-+1

Note that for 0 < v <1, —H_,_1(to + 1, a) is positive whenever ¢y € N, ;1 and
H_,_o(to+ 1,p(s)) is positive whenever s € Nfo~!. Thus, we obtain

(Laz)(to)

= x(tO + 1) - H—ufl(to + 170’)1'(0’) + Z H—ufz(to + ]_,p(S))iC(S)
s=a+1

=a(to+1) — Hop_1(to + La)z(a) + Y H_y_a(to + 1, p(s))x(s)
s=a+1
+ H_, _5(to + 1, p(to))x(to)
to—1
SM—H ,(to+1,a)M+M > H_, s(to+1,p(s))
s=a+1
+ H_V_Q(to + 1, p(to))M
to
=M—H_, 1(to+1L,a)M+M Y H_, 5(to+1,p(s))
s=a-+1
= M[l — H_,,_l(t() + l,a)] + M[(—H_V_l(to + 1,t0) + H—u—l(tO + 1,(1)} =0.

The proof is complete. O

3. EXISTENCE AND COMPARISON RESULTS

Consider the following BVP for a nonlinear Caputo nabla fractional difference
equation

(Lax)(t) = f(t,2(t), t€Ngih,

xz(a) = A, x(b) =B,
where f : N°7] xR — R is continuous with respect to z, z : N, — R, and 0 < v < 1.
In this article, we define the norm of x on N2 by ||z|| = max,eny |7(s)]. Through-

k
out this paper, we use the notation f*)(¢,z) := %(i’z) (k=0,1,2...). For con-
venience, when ag(t) and By(t) are two functions such that ag(t) < Bo(t) on N,
we use the following sets:

Q= Q(a, o) :={({t,x) : ap(t) <x < Fo(t), for all t € NZ:Lll ,
S = S(a, Bo) = {x : ap(t) < z(t) < Po(t), for all t € No}.

We will simply refer to the sets 2 and S when it is clear from context what ag and
B are.

Definition 3.1. A function ag(t) is said to be a lower solution of (3.1)), if

(Laco)(t) > f(t,a0(t), teNy T,
apla) <A, ap(b) < B.

(3.1)

(3.2)

If all three inequalities in (3.2)) are reversed, we have an upper solution. Now
we present an existence result relative to BVP (3.1)), which we will use in our main



EJDE-2020/04 APPROXIMATE SOLUTIONS TO NONLINEAR CAPUTO NABLA FDES 9

results. Since the proof is a standard application of Schauder’s fixed point theorem
we will omit the proof of this lemma.

Lemma 3.2. Assume that
(H3.1) the function f : NZ;ll x R — R is continuous with respect to x, and for
M >0, define C := max{|f(t,z)|: t € NZ;L |x| <2M}.
Then the nonlinear BVP has a solution provided there is some M > ||z|| =
max{|A|, |B|}, where z is the unique solution of ([2.12)), such that C(M) >0 and
o) < 4Mrg +2)

In particular, if f # 0 and is bounded, then (3.1)) has a solution.

Lemma 3.3. Assume that

(H3.2) the function f : NZ:Lll X R — R is nondecreasing with respect to x for each
t.
(H3.3) the functions oy, Bo : N% — R are lower and upper solutions respectively of

B1).
Then ag(t) < Bo(t) on Nb.

Proof. Let us first prove the lemma for strict inequality. That is, suppose
(Lacwo)(t) > f(t,a0(t)), teN-L,
ap(a) <A, ap(b) < B.
and
(LaBo)(t) < f(t,Bo(t)), €N,
Bola) > A, Bo(b) > B.

The boundary conditions give us ag(a) < A < fp(a) and ap(b) < B < Sy(b). Next,
we will show that ag(t) < Bo(t) for t € Nglll. If this is not true, then there exists
ty € Ngjrll such that x(t) := ag(t) — Bo(t) has a nonnegative maximum at to. That
is, for some ¢y € Nglll,
ZL‘(t()) = Oé()(to) — Bo(t()) = max{ao(t) — Bo(t), te Ngq_ll} Z 0,
But then, z(tg) = max,eny x(t), since z(a) = ap(a) — Bo(a) < 0 and z(b) =
ao(b) — Bo(b) < 0. Therefore, by Lemma [2.15 we obtain
(La)(to) = (Laco)(to) — (LafBo)(to) < 0.
So, we have
f(to, ao(to)) < (Laco)(to) < (Lafo)(to) < f(to, Bo(to)),
On the other hand, our assumption that x(tg) = ao(to) — Bo(to) > 0 = Bo(to) <
ap(to). By (H3.2), f(t,x) is nondecreasing with respect to z for each ¢, so this, in
turn, implies
f(to, Bo(to)) < f(to, ao(to))

which is a contradiction. Hence, ag(t) < Bo(t) on N277.

Now, we define ag(t) := ap(t) + e(Hy41(t,a) — Hy11(b,a)), where € > 0. Then
ao(t) < ap(t) for t € Ngjrll. Using condition (H3.2), we obtain

(La@0)(t) = (Lao)(t) + eLa[Hy11 (- a) = Hypa (b, a)](2)
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Thus &o(t) is a lower solution for which strict inequality holds. It therefore follows
from the previous argument that do(t) < Bo(t) for all ¢ € N27}. Note this holds for
all € > 0. Letting ¢ — 0, we obtain ap(t) < Bo(t) for all t € NZ+11 Thus, we have
ao(t) < Bo(t) on Nb. The proof is complete. a

Corollary 3.4. Assume that conditions (H3.1), (H3.2) hold. Then BVP (3.1) has
a unique solution on N&.

Proof. According to Lemma we obtain that BVP (3.1)) has a solution on N&.
Now, we suppose x(t) and Z(t) are two solutions of (3.1]). Since any solution is both
a lower and an upper solution, by Lemma [3.3] we have

x(t) < z(t) < x(t) = x(t) = Z(t) on NC.
That is, the solution of (3.1)) is unique on N2. The proof is complete. ]

Next, we consider BVP (3.1) in the special case where f(¢t,2) = C(¢)x and
A = B =0. That is, we consider the BVP

(Loz)(t) = C(t)x(t) for t € NIT1, 2(a) =0, z(b) = 0. (3.3)

Corollary 3.5. Assume that
(H3.4) the function C(t) >0 fort € NaJrl

If 2(t) is a lower solution of (3.3)), then z(t) <0 on Nb. Ify(t) is an upper solution
of (3.3] ., then y(t) > 0 on Nb.

Proof. By hypothesis, z(t) is a lower solution of and, by inspection, z(t) =0
is a (upper) solution to (3.3). So Lemma guarantees x(¢) < 0. Similarly, y(t)
is an upper solution of and z(t) = 0 is a (lower) solution to (3.3). So Lemma
guarantees y(t) > 0. The proof is complete. O

Lemma 3.6. Assume that

(H3.5) the functions o, Bo : N% — R are lower and upper solutions respectively of
(3-1) such that ag(t) < Bo(t) on Nb.

(H3.6) the function f : Q — R is continuous in its second variable and f £ 0 on
Q.

Then there exists a solution x(t) of (3.1) satisfying ao(t) < x(t) < Bo(t) on NE.

Proof. Let P : NZ:_ll x R — R be defined by P(t,x) = max {ag(t), min{z, Bo(t)}}.
Then f(t, P(t,x)) defines a extension of f to NZ;ll x R, which is continuous in its

second variable, f # 0 and bounded. Therefore, by Lemma [3.2] the BVP
(Loz)(t) = f(t,7) := f(t, P(t,x)) for t € Na_H, z(a) = A, z(b) =B. (3.4)
has a solution z(t) on N&.

To complete the proof, we just need to show that ag(t) < x(t) < Bo(t) on Nb.
Doing so will mean that f(¢t,z(¢t)) = f(¢,2(t)), which will imply z(¢) is not only
a solution of (3.4) but also actually a solution of (3.1)). Toward this end, we first
show that ag(t) < z(t) on N2. The boundary conditions immediately give us that
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ap(a) < z(a) and ag(b) < x(b). To see that ap(t) < x(t) on Nf;;ll, as in the proof
of Lemma for € > 0 define . (t) := ao(t) + e[Hy+1(t,a) — Hy41(b,a)]. Then
Ge(t) < ap(t) for t € NZI_II, ae(a) < ap(a) < z(a), and a.(b) = ap(b) < x(b). If
we can show a.(t) < z(t) on NZ:_ll, then letting € — 0, we obtain lim._,¢ @.(t) =
ap(t) < z(t) for t € NZ;ll and we will be done. So, toward contradiction, assume
that for some fixed & > 0 this is not true. That is, assume that for some fixed ¢ > 0
there exists ¢, € Najrl such that d(t) := G.(t) — z(t) has a nonnegative maximum
at tq, i.e. for this t; € NaH,

d(t1) = ac(t1) — 2(t) = max{a.(t) — =(t), teNZi}>o0.
But then, d(t;) = max,ene d(?), since d(a) = @c(a) — x(a) < 0 and d(b) = @.(b) —
z(b) < 0. And so, by Lemma [2.15] we must have
(Lad)(t1) < 0. (3.5)
On the other hand, our assumption that &, () — x(tl) > 0 implies x(t1) < @:(t1) <
ap(t1) and so we have P(t1,x(t1)) = ap(t1). Thus
(Lacwo)(t1) = f(t1, ao(t1)) = f(tuP(tla (t1))) = (Laz)(t1)
which implies
(Laao)(t) — (Laz)(t) = 0
which, in turn, implies,
(Lad)(t1) = (Labe)(t1) — (Laz)(t1)
= (Lawo)(t1) + €La[Hy41(, a) = Hyp1 (b, a)](t1) — (Laz)(t1)
= (Laco)(t1) + £(1 = 0) — (Lax)(t1)
= (Lao)(t1) — (Laz)(t1) +2 > 0.

which is in contradiction to (3.5). Thus, for all & > 0, @.(t) < z(t) on N°7}. And
so, as argued above, letting ¢ — 0 we obtain our result that ag(t) < z(t) on N2 +11

Similarly, we can show that x(t) < So(t) on Ngjrll. Therefore, we conclude that
ao(t) < x(t) < Bo(t), t € Nb. The proof is complete. O

Lemma 3.7. Assume that the conditions (H3.2), (H3.5) and (H3.6) hold. Then
(3-1) has a unique solution x(t). Furthermore, ag(t) < x(t) < Bo(t) on NC.

Proof. By Lemma there exists a solution of (3.1) which lies in S. By Corollary
this solution is unique. The proof is complete. O

4. MAIN RESULTS

In this section, we consider BVP in the special case where f(t,z) is in-
creasing with respect to z and f(t,z) = f1(t,x) + f2(¢t, z), where fi(t, x) is concave
up with respect to z and f2(t, x) is concave down with respect to . We obtain se-
quences of successive approximations by applying the generalized quasi-linearization
method to our nonlinear Caputo nabla fractional difference equation and show that
the sequences so obtained converge quadratically to the solution. Furthermore, we
use the Gauss-Seidel method to improve the rate of convergence.

Theorem 4.1. Assume that condition (H3.5) holds, and
(A4.1) f#£0 and f = f1 + fo where the functions f1, fo:Q — R are such that:
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(1) (l)(t x), Q(i)(t,x) (1=0,1,2) exist and are continuous in the second
variable,
(ii) fll)(t x) + f(l)(t y) >0 for all (t,x), (t,y) € Q, and
(i) f2(t,2) >0 and £ (t, ) <0 on Q.
Then there exist two sequences {a, (t)} and {B,(t)}, which converge monotonically
to a function x in S(ao, Bo) which is a solution of . Furthermore, the conver-
gence is quadratic.

As in Agarwal et al [3l 3. Main Results, Theorem 1], we define the quadratic
convergence of two sequences {«,} and {f,} which both converge to a common
point z, by the condition that there exist constants C1, Cs, Cs3, and Cy such that
for all n > 0,

Iz = angall < Cillz — an|* + Col|Bn — 2%,
1Bnt1 =zl < Cs]18n — 2| + Callz — anl|.
Proof. From condition (A4.1)(iii) and the mean value theorem, we obtain, for all
(t,z), (t,y) € Q,
Alty) = it z) + A0 2) @y — o), (4.1)
fat.y) = fo(t.2) + 57 (L) (y — o). (4.2)
Next, consider the following two BVPs
(Lay)(t) = fult,0) + f1V (8. 8) (v — @) + folt,0) + 5 (t,0)(y — o)
= F(t,a,B;y), teN, (4.3)
y(a) =4, y(b) =B,
and
(La2)(t) = fu(t. 8) + /(¢ ,/3>< = B) + fat. 8) + £ (t, ) (= - B)
G(t,a, B;2), NZ+11, (4.4)
z(a) = A, z(b)=B.

Letting o = g, 8 = By in BVPs (4.3)), (4.4). We first prove that ag(t) and SBo(t)
are lower and upper solutions of (4.3)), respectively. In fact, from condition (H3.5),
we have

(Lacwo)(t) > f1(t,a0) + fo(t,a0) = F(t, a0, Bo; o), t € NILT,
ap(a) <A, ap(b) < B,
and by using inequalities (4.1), (4.2), it follows that
(LaBo)(t) < f1(t, Bo) + f2(t, Bo)
< filt.00) + AV, Bomo — ao) + falt, a0) + £5V (¢, 20) (B0 — ao)
= F(t,a0,B0; Bo), teN],
50(‘1) > A, Po(b) > B.

These show that ag(t) and Bo(t) are lower and upper solutions of (4.3). Further-
more, note that F : Nz_ll x R — R is continuous and nondecreasing with respect
to y. Thus, by Lemma it follows that there exists a unique solution «; (t) of
such that ag(t) < aq(t) < Bo(t) on N2,
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Similarly, using condition (H3.5), and inequalities (4.1, (4.2)), we obtain
(Laco)(t) = f1(t, a0) + f2(t, o)
> fi(t. 80) + f1) (£ Bo) (o = Bo) + falt, o) + f3” (t, a0) (a0 — Bo)
= G(t, ap, Po; ), tE€ Nf;ll,
aga) <A, ap(b) < B,
and
(LafBo)(t) < fi(t, Bo) + f2(t, Bo) = G(t, a0, Bo; Bo), t € NILT,
Bola) > A, Po(b) > B.

These show that ag(t) and Bo(t) are lower and upper solutions of (4.4). Further-
more, note that G : Nglll x R — R is continuous and nondecreasing with respect
to z. Thus, by Lemma it follows that there exists a unique solution S;(t) of
(4.4) such that ag(t) < Bi(t) < Bo(t) on Nb.

Next, we show that a4 (t) and §;(t) are lower and upper solutions of the original
BVP (3.1). Toward this end, using the fact that «;(¢) is the unique solution of

(4.3)), condition (A4.1)(iii), and the inequalities (4.1)), (4.2)), we have
(Laon)(t) = fa(t,a0) + F(t Bo)(a1 — a0) + falt, a0) + £3 (¢, a0) (e — ap)
> fi(t,a0) + {7 (ten) (a1 — ag) + falt, a0) + 157 (¢, a0) (1 — ao)
> fi(t,on) + fo(t,on), teNITL,
al(a) = A7 al(b) = B7
which proves «;(t) is a lower solution of (3.1]). Similar arguments show that
(Laﬁl)(t) Sfl(taﬁl)+f2(t7ﬁl)7 teNZ:-lla
Bl(a):A7 ﬂl(b):B7

which shows that (1(¢) is an upper solution of (3.1). So by Lemma we have
ai(t) < B1(t) on Nb. Thus, we obtain

ao(t) < o (t) < Bi(t) < Bo(t) on NP,
Thus, by iteration, we obtain
ag(t) < ar(t) < -+ < an(t) < Bu(t) < -+ < Bu(t) < Bolt) on N,
where we obtain the functions a,, 1 and 8,41 by the iterative schemes:
(Laom1)(t)
= filt,an) + £ (1, Bn) (@ner — an) + faltion) + £ (1 an) (o — an)

(4.5)
= F(t,on, Bnsant1), t€ NI,
ant1(a) = A, any1(b) = B,
and
(LaBn+1)(t)
= F1(t, ) + £V (6 82) (Basr — Bu) + falt, Ba) + £V (£, ) (B — Ba) (6)

= G(t, o, B Bry1), t€NLL,
6n+1<@) = A, Bn+1 (b) = B.
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In addition, using the fact that a,,(t), 8, (t) are lower and upper solutions of (3.1))
with «a,(t) < B,(t), and the conditions of Lemma are satisfied, we conclude
that there exists a unique solution z(t) of (3.1)) such that a,,(t) < z(t) < B,(t) on
N%. Thus

ag(t) < ar(t) < - <o) < a(t) < Bult) <+ < Bi(t) < Po(t) on N

For any fixed ¢ € N2, the monotone sequences {a,(t)} and {3, (¢)} are bounded by
{ap(t)} and {By(t)}. As such, they converge pointwise to some limit functions, p
and 7. That is, the functions p, r : N2 — R and satisfy

liman(t) = p(t) < x(t) < r(t) = lim B,(0).

By taking the limit as n — oo of the difference equation in ) and ( . we
can show that p(t) and r(t) are solutions of (3.I). Since p(t) and r( ) also lie in
S(ag, Bo), it must be the case that p(t) = x(t) = r(t) on N2. Hence a,(t) and 8, (t)
both converge monotonically to x(t).

Finally, we show that the convergence of the sequences {a,(t)} and {8,(t)} is
quadratic. For this purpose, set

Prs1(t) = z(t) — appa(t) > 0, and gny1(t) = Buga(t) — 2(t) >0, teNp.
From condition (A4.1), the mean value theorem, and Lemma [2.11] we obtain

b b
pia(t) = / Gt 5)f (s, 2(s))Vs — / G(t, 5)F (5, an(5), Bu(5); i1 (5)) Vs

_ /ab G(t,5)[fi(5,7) + fals,2)] Vs — /ab Gt 5)[f1 (s, )
+ 17 (5, Bn) (@1 — an) + Fals, ) + f57 (5, an) (@nsr — )] Vs
= / "6t f”(sm + 137 (5, 00))pngr + (117 (5,€8) = {7 (5, 80))
+ (157 (5,€0) = £57(5,00))pa] Vs
/ G(t,5)[£) (5, m) (€5 — Bu)pn + 15 (5,12)(E4 — n)pa] Vs

< [(16(. )[4l + gl + Billal ]9
< Mol (ol + o) + DB [

3 1
= (GMAL+ MBL)pal” + 5 M Ar]lgu”

where

= max Z |G(t, s)] *J
Sy AT(v+2)°

an(t) < (1), &a(t) < a(t),  &(t) < m(t) < Balt),
an(t) < m(t) < &(t), |7 (ta)] < A,
112 (t,2)] < By
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for t € N2. So, we have

3 1
IPnstll < (5MAL+MB1) Ipall® + 5 M Avlga 1,

Similarly, we have

3 1
lans1ll < (MAL+ SMB1) llall? + 5 MBilpal
The proof is complete. O

Next, we apply the Gauss-Seidel method to possibly improve upon the conver-
gence rate of the iterative scheme described in Theorem

Theorem 4.2. Let the hypotheses of Theorem hold. Consider the iterative
schemes given by

(Lo 1)(8) = it a) + FO( BL) (ahyy — o)
+ folt, o) + f5V (tal) (@l — o)

(4.7)
= F(t, o, B0k, ), teNL,
a:-&-l(a) = A, 04:+1(b) = B,
and
(LaBisn)(t) = fi(t, B5) + L (4, B2) (Bogn — B
+ F2(t,83) + £ (1) (Bra — B) (48)

— b—
= G(tv a:-‘,—la /B:La ﬂ;—&-l)? te Na+1l7
Bryila) = A, B11(b) = B.

starting with af = oy on Nb. The two sequences obtained via this iterative scheme

{a ()} and {B%(t)}, n > 0 converge monotonically to the x(t), the solution of
(3.1) that lies between oy and By and the convergence is at least quadratic.

Proof. Initially, we compute «;(t) using the following BVPs
(Laon)(t)
= filt;a0) + {7 (L Bo) (o1 — ao) + falt a0) + £t a0) (1 — )
= F(t,ap, Bo; 1), t€ Nf;ll,
ar(a) =A, ai1(b)=B.

Relabel a1 (t) as af(t). Now, we compute 51 () using Bo(t) and of(t), that is, 51 (t)
is a solution of

(LafB1)(t)
= f1(t, Bo) + fl(l)(taﬁo)(ﬂl — Bo) + fa(t, Bo) + fél)(t,ag)(ﬁl — Bo)
= G(t, 0, foi B1), tENI,

Bi(a) = A, pi(b) =B.

It is clear that ag(t) < ai(t) < af(t) and Bi(t) < Bo(t) on N2 Put p(t) :=
B&(t) — B1(t). Then p(a) = p(b) = 0. Also, we have

(Lap)(t) = [f1(t, Bo) + LVt Bo) (B — Bo) + fa(t, Bo) + f5V (t,08) (B — Bo)]
— [t Bo) + £Vt Bo) (B1 — Bo) + falts Bo) + 37 (¢, a0) (81 — Bo)]

(4.9)

(4.10)
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> £, Bo) (B — B1) + 37t af) (B — Br)
= (£t Bo) + 57k, a)]p.

So p is a lower solution to a BVP of (3.3). Thus, by Corollary we know p(t) <0
on N2. That is, B3 (t) < B1(t) on N°. Continuing the process, we will be able to
show that the sequences {a(¢)} and {B%(¢)} must converge at least as fast as

the sequences {«, ()} and {3,(t)} that were computed using the iterative scheme
described in Theorem The proof is complete. O

Remark 4.3. When the function f(¢,2) is the sum of (n — 1)-hyperconvex and
(n—1)-hyperconcave functions (i.e. f(t,z) = f1(t,z)+ f2(t, ), where fl(n) (t,xz) >0,
and f2(”) (t,z) < 0), we can obtain two monotone sequences {a, ()} and {5,(t)},

whose convergence is of order n (n > 2). The proof is similar to that of Theorem
[A1] so we omit it.

5. EXAMPLES

TABLE 1. Three «, p-iterates of (5.1)).

ao(t)  ai(t) 10 az(t) Bs(t) Ba(t) Bi(t)  PBol(t)

0 0 0 0 0 0
0.007355 0.021545 0.027694 0.028628 0.067598 0.354038
0.025743 0.058914 0.069876 0.071137 0.115480 0.405802
0.087341 0.152969 0.167201 0.168294 0.205791 0.454208
0.295581 0.391591 0.403170 0.403700 0.424171 0.582092

1 1 1 1 1 1

QU W N = Of o+

[en i e B e B en B e B an}
= = = = =2

TABLE 2. Three o*, f*-iterates of (5.1]).

—
~
N

Q2
O *

ai(t) as(t) a3 (1) 3 (t) B5(t) pi(t)

=
—

o~
~—

0 0 0 0 0 0
0.007355 0.021572 0.028417 0.028532 0.066598 0.353610
0.025743 0.058982 0.070027 0.070946 0.112921 0.404336
0.087341 0.153110 0.167290 0.168026 0.200221 0.449635
0.295581 0.391971 0.403220 0.403523 0.418531 0.570861

1 1 1 1 1 1

U W N = O+
OO OO oo
[Er G

Now, we give an example to illustrate the results established in the previous
section.

Example 5.1. Consider the BVP

(Laz)(t) = féxg(t) + %xz(t) +a(t), teNj

z(0)=0, z(5)=1,

(5.1)

where a =0, v =1/2.
Taking ap(t) =0, Bo(t) = 1, it is quick to verify that ag(t), Bo(t) are lower and
upper solutions of (5.1)), respectively. Let f(¢,x(t)) denote the right-hand side of
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FIGURE 1. «, B-iterates

FIGURE 2. a*, g*-iterates

(65-1), and split it into two functions as f(¢,z(t)) = fi(t,z(t)) + f2(t, x(t)), where
fi(t,z(t) = 12%(t) + x(t), f2(t, x(t)) = —1a23(t). Note that

Wit a)y=2+1>0, fPta)=1>0 on Q=N x0,1],
él)(t,x) =22 <0, féz)(t,x) = —2z(t) <0 on .
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Now, we apply the iteration scheme of Theorem After three iterations we
find the «, S-iterates given in Table|l} The graph in Figure [1| shows the a-iterates
(with broken line) and the [-iterates (with unbroken line).

Next, we apply the iteration scheme of Theorem After three iterations we
find the a*, 3*-iterates given in Table[2] The graph in Figure[2]shows the a*-iterates
(with broken line) and the S*-iterates (with unbroken line).

Conclusions. In the above parts, we discussed a nonlinear Caputo nabla fractional
difference equation with boundary conditions. By using the generalized quasi-
linearization, two monotone sequences are obtained whose rate of convergence is
quadratic. Further, by using the Gauss-Seidel method, it is possible that we may
improve upon this rate of convergence. Finally, we give a numerical example to
illustrate the established results.
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