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PROPERTIES OF THE RESOLVENT OF SINGULAR ¢-DIRAC
OPERATORS

BILENDER P. ALLAHVERDIEV, HUSEYIN TUNA

Communicated by Jerome A Goldstein

ABSTRACT. In this article, we investigate the resolvent operator of a singu-
lar g-Dirac system. We obtain an integral representations for the resolvent
of this system, in terms of the spectral function. Furthermore, we give a for-
mula for the Titchmarsh-Weyl function of ¢g-Dirac system using the integral
representation of the resolvent.

1. INTRODUCTION

Quantum analysis is a very interesting subject in mathematics. g¢-calculus is
a type of mathematical analysis in which the concept of limit is not used, thus
the functions which are not differentiable can be g-differentiable. The history of
this calculus dates back to the beginning of the previous century. First results in g-
calculus belong to Euler. g-calculus has important applications in mathematics and
physics, such as in the relativity theory, basic hypergeometric functions, orthogonal
polynomials, combinatorics and the calculus of variations (see [I3] ). For a deeper
understanding of g-calculus we refer the reader to [, [12] 13} 15} 16l 17, 21 24] and
the references cited therein.

In the Dirac’s relativistic theory of the hydrogen atom, the energy-levels of the
atom are the eigenvalues of the one dimensional Dirac operator

L.,,E, 0 —i C(iﬁi)ii 0 —i\ (1 0Y_jh (1 0Y o
oz i 0 o dx i 0 0 —-1) 2nz 0 -1 '

where [, ¢, h,m are physical constants and j is an integer, j # 0 (see [25]). In this
work, we discuss the g-analogue of this operator. The authors in [§] introduced a
g-analogue of one dimensional Dirac operator. In [8], they investigate the existence
and uniqueness of the solution of this problem and discuss some spectral properties
of the problem.

In this article, using the spectral function, we construct the integral representa-
tion of the resolvent operator of a singular ¢-Dirac system. In the classical singu-
lar Sturm-Liouville equation, the integral representation of the resolvent was first
proved by Weyl in 1910. Similar theorems were proved in [2}, 8] [4] 5] [ [7, 20} 22 26].
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This article is organized as follows. In Section 2, we give some fundamental
concepts of quantum analysis. In Section 3, we study the resolvent of the ¢-Dirac
system. In Section 4, we give the integral representation of the resolvent of a g-
Dirac operator, in terms of the spectral function. Finally, in Section 5, we give a
formula for the Titchmarsh-Weyl function of this problem.

2. PRELIMINARIES

First, we recall some fundamental concepts of quantum analysis. Following the
standard notation in [I8] and [I0], let ¢ be a positive number with 0 < ¢ < 1,
ACR:=(—00,00) and a € A. A g¢-difference equation is an equation that contains
g-derivatives of a function defined on A. Let y be a complex-valued function on A.
The g¢-difference operator Dg, the Jackson g-derivative is defined by

y(gz) — y(x)
(¢—1)z
Note that there is a connection between the g-deformed Heisenberg uncertainty re-
lation and the Jackson derivative on ¢-basic numbers (see [23]). In the ¢g-derivative,
as ¢ — 1, the g-derivative is reduced to the ordinary derivative. The ¢-derivative

at zero is defined by

Dyy(x) = for all z € A.

Dyy(0) — Tim y(¢"z) — y(0)

n— 00 qnx

(z € A),

if the limit exists and does not depend on . A right-inverse of Dy, the Jackson
g-integration is given by

T o0
| 10dt=a(-0 > a'1@") (e ),
0 n=0
provided that the series converges, and

b b a
/af(t)dqt:/o f(t)dqt—/o F(t)dyt (a,b € A).

The g¢-integration for a function over [0, 00) is defined in [I4] by the formula

oo

/O Tt =0-a) S I,

n=—oo

A function f which is defined on A, with 0 € A, is said to be g-regular at zero if
limf(xq") = £(0),

for every x € A. Throughout the remainder of the paper, we deal only with
functions g-regular at zero.
If f and g are g-regular at zero, then we have

/Oa 9() Dy f(t)dgt + /Oa fqt)Dqg(t)dgt = f(a)g(a) — f(0)g(0).

Let L2(0,00) be the space of complex-valued functions defined on [0,00) such

that N o
1= [ 1r@Pd)” <o
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The space Lﬁ(O, 00) is a separable Hilbert space with the inner product

(f.g) = / " f@a@ ez, f.g € L2(0,00)

(see [II]).
_ (@) _ (=(2) .
Let y(x) = <y2(x))’ z(x) = (zz(x)) Then, we define the g-Wronskian of y(z)
and z(z) as
Wa(y, 2)(z) = y1(2)22(q” ' 2) — 21(x)y2(q " 2). (2.1)

A convenient Hilbert space # = LZ((0,00); E) (E := C?) of vector-valued functions
is defined by using the inner product

(f 9w = / " (F(@). g(x)) pdge.

3. RESOLVENT OF THE g-DIRAC OPERATOR

In this section, we shall construct the resolvent of the ¢-Dirac system. Let us
consider the ¢-Dirac system

—équlyg +p(x)yr = Ay (3.1)
Dy + (@) = Mo (32)
with the boundary conditions
y1(0, A) sin v + y2(0, A) cos o = 0, (3.3)
y1(g ™ N)sin S+ y2(¢" " A)cosB=0, a,fER, neN, (3.4)

where A is a complex eigenvalue parameter, p and r are real-valued functions defined

on [0,00), continuous at zero and p,r € L, (0, 00).

We will denote by ¢(x,\) = (i;g: ig) and 6(z,\) = (z;g: i;), the solution

of the system — which satisfy the initial conditions
p1(0,\) =cosa, ¢2(0,\) = —sina, 61(0,\) =sina, 62(0,\) =cosa. (3.5)
Let us define
Xg—n (2, A) = 0(x, A) + 1N, ¢ ")p(x,\) € H, neN={1,2,3,...).
Using this notation we now state the result from [9].

Lemma 3.1. For each non-real number X\, we have x4-n(x,X) = x(x,A) and

—n

q o0
/0 g (20 [Bdgz — / Ix(@ N|Edgz, 1 oo.
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Putting

Gq—n(m t )\)

B —n(z, /\) T, \), t<zx

= Lol TN, t>a
[Xq_" 1((E, )‘)901 (ta )‘) Xq—"l(xv )‘)502 (tv >‘) t< (3 6)
Xq-2(2, N)@1(t, X)) Xg-na(@, A)pa(t, ) )
Qol(x’)‘)Xq*"l(tv/\) 901(337/\)Xq*”2(ta /\) r <t
©2(x, N)Xg-n1(t, A)  @a(z, A)xg-n2(t, A) ’ ’

we have

(Ryn ), V) =y, A) = A LG @t (At AeC,  (37)

where y(z, \) = @;Eiig) and f() = (28) € . Hence we have

Gy (2,8, N F(2)

Xg—1(T, A)p1 (8 A) f1(t) + Xg-n1 (2, A)pa(t, A) f2(t) P <

) g2 (@, Ner (8, ) fr(t) + xg-n2 (2, N2 (BN f2(8) )7 T
©1(m, A)xg—n1(t A) f1(t) + @1(z, N)Xg-na(t, A) f2(t) o<t
@22, A)Xg-n1(t; A f1(8) + @22, A)Xg-n2(t, ) fo(t) |

The function G- (x,t,\) is called the Green function and the operator R,—» is
called the resolvent operator of the regular boundary value problem (3.1))-(3.4).

From (3.7)), we have

y1(x, )
— gl ) [ Goalat iat) + oalat N falat)dt .
+qp1(z,A) /:n (Xg-n1(at, M) f1(qt) + xg-n2(qt, A) f2(qt))dgt
y2(z, A)
— xy-eale ) [ (orlat V(a0 + palat ) a(a)dt )

+apale ) [ (e at N Fat) + g ealat N folat)dyt
Now, we shall show that (3.7) satisfies the equation Dyyq + 7(x)y2 = Ay2 + fa(x).
From (3.8)), it follows that
Doy (z,A) = quxq—m(x,A)/ (p1(gt, A) fi(qt) + @2(gt, A) f2(qt))dgt
0

—n

+ qusol(w,A)/ (Xg-m1(gt; A) fiat) + xg-n2(at, A) fo(qt))dyt

+ Wo(p, Xg—n) fa(®) = ¢{A = 7(2)} xg-—n2(z, A)
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X /(f(‘Pl(qtv A) filqt) + @2(qt, A) fa(qt))dgt
+ ¢{A — r(z)}pa(x, \)

—-n

<  aema (0t N () + xgna(ats N fa(at))dyt + o()

={A = (@) }gxg-r2(x, \) /Om(%(qt, A) fi(qt) + @a2(qt, A) fa(qt))dgt
+{A = r(z) }gpa(x, \)

—-n

<  amma (0t N (1) + xgnaats N fa(at))dyt + ()

={A=r@)}y(z,)) + f2(2).
The validity of the equality —équlyg + p(z)y1 = A\y1 + fi(x) is proved similarly.
We check at once that (3.7)) satisfies the boundary conditions (3.3])-(3.4]).

4. INTEGRAL REPRESENTATION OF THE RESOLVENT OPERATOR

In this section, by using Levitan’s technique [20], we will give the integral rep-
resentation of the resolvent operator.

In [§], the authors prove that the boundary value problem given by -
with the boundary conditions — has a compact resolvent, thus it has a
purely discrete spectrum.

Let Ay q-n (m € Z:={0,%£1,£2,...} and

_ me7q_"1(x))
m.g—n\L) =
Pmq=n () (‘Pm,qw(x)
be the eigenvalues and eigenfunctions, respectively of problem (3.1))-(3.4)), and

e = [ Nl
If f(-) € Li((O, ¢~ "); E), then we have
- 1

| @kde= ¥ o

m=—oco M, "

2

/q (f(x)v Pm,qg—n (x))Edql‘
0

which is called the Parseval equality.
Now let us define the non-decreasing step function g,~» on (—o0, c0) by

1
—2en, 4-n<0 a2 , forA<0
: g

Yoen L forAa>0.

2
m,qT " <A am,q_

Qq_"()‘) = (4.1)

The function g,-» is called the spectral function of the regular boundary value
problem (3.1))-(3.4). Then the Parseval equality can be written as

/ @l = [ P Ove,- (),

— 00

where

—n

Fo = | (@) ol ) pdge.
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Next we will prove a lemma, but first, we recall some definitions. A function f
defined on an interval [a, b] is said to be of bounded variation if there is a constant
C > 0 such that

> Ifk) = flax-1)| < C
k=1

for every partition of [a, b] by points of subdivision zg, 21, ...,x, with
a=x90<x1<--<Tp=>. (4.2)

Let f be a function of bounded variation. Then the total variation of f on [a,b]
is denoted by

V2(f) ==sup > |f(2x) = flar-a)],
k=1
where the least upper bound is taken over all (finite) partitions (4.2]) of the interval
[a,b] (see [19]).

Lemma 4.1. For any positive k, there is a positive constant T = YT(k) not de-
pending on q~" such that

Vidop el = Y =g g (R <Y (43)

7'§§)‘m,q*“ <k Mmq "

Proof. Let sina # 0. Since (2, \) is continuous at zero, by condition ¢5(0, ) =
—sin «v, there is a positive number § nearby 0 such that

1 /0 2 1.,
(g/o 902(33,)\)dqa:) > g sin”a. (4.4)

Let us define f5(x) = <gzgg>, where f15(z) =0 and

fas(x) = {1/6’ Osw=0

0, x> 0.
From the Parseval equality and (4.4), we obtain

[ Ui+ et = k= [~ ([ ot i) oy

> [7 G [ ot ) o

> % sin? a{0g-n(k) = 0g-n(—K)},

which proves (4.3)).
If sina = 0, then we define f5(z) = (fw(m)> where fos5(x) =0 and

Jas()
%, <zx<é
flé(m):{g 2;5.<

Thus we obtain the inequality (4.3)) by applying the Parseval equality. [
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Now we obtain an expansion into a Fourier series of the resolvent if one knows
the expansion of the function f(-). By ¢-integration by parts, we find

[ m;q) Sy () () ()
X Py q-n(T)dgT

—n

9 1
—/O [— qu—lyz + p(2)y1 | P g—n1 (x)dgx

—n

q
+ /0 [qul + P(l’)yﬂ Orm,q-r2(T)dgx

—-n

a 1
= / [ - 6Dq*1§0m,q*”2(z) +p(x)y1<pm,q*”1('r)] y2dqm
0

—-n

q
+ / [Dq(pm,qfnl(x) +p(x)90m,q*"2(x)]y1dqx
0

—n

q
Ay / T @)y Ny = A gt ().
0

For m € Z, we set

[es} -n

y(.’lﬁ,)\): Z tm()‘)(pm,q*"(mL am:/o fT(:L‘)(pm,q*"(m)dqw'

Then we have
qf'n .
an= [ 1@ omg @)y
0

—n

:/q [ 0 3D\ (), (p@) 0 (mm }T
0 Dq 0 Y2 0 7’(:17) Y2
g
X Pm,q—" (l')dql' — )\/0 yT(iL', )‘)@m,q—" (;U)dqx
= ()‘m,q*" - )\)tm()\), m € Z.
Then, we obtain

am
tn(N) = ",
) Mg — A

oo

va )= [ Gt N = 3 o (0)

m=—oo Am’qin

Hence the expansion of the resolvent is
0 P (@) [ FT )P gn (D)t
Ry P,z = 3 Pma@lo o (D)dy

e —o0 am7q_n ()\myqfn - Z)

- [ / P Opmagn (Nt g V).

oo A—Z

(4.6)
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Lemma 4.2. Let z be a non-real number and x be a fized number. Then

= e, Vi
o Edon (M) < K. 4.7
I R - o
Proof. Putting f(t) = ¢y, 4= (t) in ([&6)), we obtain
q—n
Pm,qg—" (CL‘)
Gy (Tt 2) P g—n (t)dyt = 4 : (4.8)
QU gn /0 E ’q T g (A pgen — 2)

since the eigenfunctions ¢,, ,—»(x) are orthogonal. Using (4.8), if we apply the
Parseval equality to G,-n(z,t,2), we obtain

-n oo

q 1m0 ()1
|Gt alpd = 3 reme e

—n|Amg-n — 2|2

m=—oo M,q

* et VI
= [ S e,

Since the last integral is convergent by Lemma [3.1] the proof is complete. [

— 00

Now we recall a well-known theorems by Helly.

Theorem 4.3 ([19)). Let (wp)nen be a uniformly bounded sequence of real non-
decreasing functions on a finite interval a < X\ < b. Then there exists a subsequence
(wn, )ken and a non-decreasing function w such that

lm wy,, (A) =w(A), a<A<b
k—o0
Theorem 4.4 ([19]). Assume that (wy)nen @s a real, uniformly bounded, sequence
of non-decreasing functions on a finite interval a < X\ < b, and suppose that
lim w,(\) =w(A), a <X <b.
n—roo

If f is any continuous function on a < X\ < b, then
b
lim FN)dwy, (A / FN)dw(A
n—oo a

By Lemma the set {g,-»(A)} is bounded. Using Lemma [4.2| and Theorem
. we can ﬁnd a sequence {¢~ "} such that the functions qunk()\) (ng — o0)
converge to a monotone function g(A). The function o(\) is called the spectral
function of the singular boundary value problem — on [0, 00).

Lemma 4.5. Let z be a non-real number and x be a fized number. Then

— 00

Proof. By inequality (4.7)), for arbitrary n > 0, we have

7oz, Al
/77 = op e (M) < K.

Letting n — oo and n — 0o, we obtain the desired result. O

Lemma 4.6. For arbitrary n > 0, we have the inequalities

/:n di@ < o0, /noo di(j) < o0, (4.10)

oo
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Proof. Since [|¢(0, \)||% # 0, putting z = 0 in (4.9), we obtain

 do(N)
/_oo = Af =%

which completes the proof. O

Lemma 4.7. Let f(-) € H and

(Rf)(x.2) = / " Gty 2) (1) dyt,

where

_x(@,2)e"(t,2), t<z
G(:L‘,t,Z) = {(p(QT,Z)XT(t,Z), _—

Then
| IRn@ ke < 5 [ 1@k, 2= i

Proof. From (4.6 and the Parseval equality, we obtain

—n

/Oq IR, ) dge
- 3 |/\mq ,L_z|2‘/ D ()dqt’

m=—00 m sq—

2

1 «— "
<5 Y = I (0@ (1),
—oo  M,q~ 0
- / 7).
Letting n — 0o, we obtain the desired result. O

The function G(z,t, z) is called the Green function and the operator R is called
the resolvent operator of the singular boundary value problem (3.1))-(3.3)) on [0, c0).
Now we obtain the integral representations for the resolvent.

Theorem 4.8. For every non-real z and for each f(-) € H, one has

(Rf)(z,2) = [ > oz, \)

—z

F(\)do(N), (4.11)

where
a¢
F(\) = lim () p(x, N)dyz
§—o0 Jo
Proof. Let the function f¢(z) vanish outside the interval [0,¢~¢] (where ¢=¢ < ¢~ ™)
and satisfy the boundary condition (3.3). Let a be an arbitrary positive number.

Set,
q*E
) = / ST (@), Ndga
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From (4.6, we obtain

(R d)w2) = [ BE2 R g, (3

oo A Z
—a a
o(z,\) / oz, \)
= Fe(\)dog—n (N Fr(\)doy—n (N
| BE2 R0+ [ EEL RO ()
o0
ez, )
+ [ B g, ()
=L+ 1+ 1.
Now we estimate I;. By (4.6), we obtain
"oz, N)
Inle =1 [ S5 Fede, - e
oo z
—£
Prg-n () o (@) on,q-n (x)dg
= > 2 1\ — &
Ak,q_"<_a kg VR
4.13
I CSTC | o)
- Akwq_n<—a Oéi7q_n|>\k’q—n — Z|2
—£
1 q 2y 1/2
X ( Z 012 / fg(x)(pk,q*”(x>dqx ) .
—n 0
Ak,q_"<_a k,q
By g-integration by parts, we have
—£
q
/O FE (@) Ph g (@)dga
1 ¢ 1
= Moo /0 f&l(m){ - 6Dq*190k,q*"2(x)+p<x)90k,q*"1(x)}dqm
q~"
1yt
b / fe2(2){Dygpr g1 (2) +7(2)pp g-na(2) Yy (4.14)
q—™ JO
1 [t 1
— i [ Gt @Dy fea(o) + p(o) fer )
)‘k,q*" 0 q
q*E
t 5 | Pt al@ DS @) + @ ey,
g™

By Lemma we have

1/2 1

(X

)\k’qf'n, <—-a

[11]|e <

v T 2\ /2
| [ W@ @dal)
ak7q,” 0

where 1
he(z) = <_qu1f£2(5'3) +p(117)f51(x)> .
D, fe1(x) + () fea ()
By using Bessel’s inequality, we obtain

K2 it oo 12
Inle < == [ [ I @ikda] = 2
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By a similar method, one can prove that ||I3]|z < €2. Then, I; and I3 tend to zero
as a — oo, uniformly in ¢~". By using Theorems and in , we obtain

<Ranzw:/mfﬁﬂihﬁumm». (4.15)

oo A— 2
As is known, if f(-) € H, then one can find a sequence {f¢(x)}g2; which satisfies
the previous conditions and tends to f(z) as € — co. From the Parseval’s equality,
the sequence of Fourier transforms converges to the transform of f(-). By Lemmas

and we can pass to the limit as & — oo in (4.15). Hence the proof is
complete. ([

5. TITCHMARSH-WEYL FUNCTION

In this section, we will derive formulas for the Titchmarsh-Weyl function m(z)
and the spectral function g(\), with the help of the integral representation of the
resolvent.

First, we recall the Stieltjes inversion formula. Let o(X) = 01(X) + io2(A) be a
complex function of bounded variation on the entire line. We put

 do(N)
o= [ 5
_ sgnT o(2) —9(2) _ _l/oo [7|do (M)
)

z=041T.

¥(o,7)

T 21 T

Theorem 5.1 ([20]). If a and b are the points of continuity of o(\), then we have

b
o(b) —o(a) = — lim / (o, T)do.

T—0

Theorem 5.2. (i) For any non-real z, one has

m)-mi) = [ [ -2

oo A=z A—2z

}dg()\), Im 2o # 0. (5.1)

(i) If A and p are points of continuity of o(\), then one has
1 A
o(A) —o(p) = —= lim Im{m(oc +ir)}do, z=oc+ir, 7>0. (5.2)
7w 7—0 “

Proof. (i) Since f(z) is arbitrary, from (4.11)) it follows that

Gl t,2) = /oo W@(A).

— 00
Hence

G(m,t,z)—G(x,t,zo):/m ol N (1, N) [ L

— 00

A—2 A— 20
Since both sides in ((5.3)) are matrices, their corresponding elements are equal. Thus,
by using (3.6) and the definition of the product ¢(x, \)p” (,\), putting z =t = 0,
and then taking the initial conditions (3.5)), we obtain

Jdo(N). (5.3)

{sina + m(z) cos a} cos a — {sin a + m(zp) cos a} cos &

e 1 1
:/ COSQQ[A,Z — /\—zo]dQ(A)’ Imz # 0, Imzy # 0,

—0Q0
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me)—mzo) = [ [ = el
(ii) From (5.1)), we obtain
sgnt m(z) — m(z) 1 /°° |7|do ()

¢(0’T) = . =

m 2i T) oo AN—0)2+72

Theorem we have

Since m(z) = m(z), it follows that

W(o,7) = T mz) —m@) T Tenfom(2)}. (5.5)

™ 21

For 7 > 0, we obtain (5.2)) by using (5.4)) and (5.5). Thus the theorem is proved. [

=

=

(10]
(11]
(12]
(13]
(14]
[15]
[16]

[17]
(18]
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