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ABSTRACT. We consider the higher order diffusion Schrodinger equation with
a time nonlocal nonlinearity
t
10u — (—Ap)"u = A / (t — s)* Yu(s)|P ds,

() Jo
posed in (n,t) € Hx (0, 400), supplemented with an initial data u(n,0) = f(n),
where m > 1, p > 1, < a < 1, and Ay is the Laplacian operator on the
(2N + 1)-dimensional Heisenberg group H. Then, we prove a blow up result
for its solutions. Furthermore, we give an upper bound estimate of the life
span of blow up solutions.

1. INTRODUCTION

In this article, we consider a nonlocal in time higher-order nonlinear Schrodinger
equation on the Heisenberg group

iatu - (_AH)mu = )‘Iat‘u(tﬂpa n= (5572/,7-) € H7 t> 07 (11)

subject to the initial data
u(m,0) = £(n), (1.2)
where u = u(n,t) is a complex-valued unknown function, i> = —1, A = A\; +i\y €

(C\{O}’ /\Z eR (Z = 172)3 f = f(ﬁ) = fl(n) +Zf2(77)7 fi = fz(ﬁ) € Llloc(R2N+1)
(i = 1,2) are real valued functions, and Ia‘l ¥ is the Riemann-Liouville fractional

integral of order (0 < aw < 1) defined for a continuous function (t),t > 0, by

(1500) 0= 1 [ =9 ui)as.

Here, I'(-) stands for the gamma function.

First, for the sake of the reader, we give some known facts about the Heisenberg
group H and the operator Ay. For their proof and more information, we refer
for example to [4 [5, 8, @, 10]. The Heisenberg group H, whose elements are n =
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(z,y,7) = (Z,7) is the Lie group (R2V*1 o) with the group operation “o” defined
by
77077 = (I+f7y+g,T+%+2(<I,g> - <5jvy>))7

where (-, -) is the usual inner product in RY. The Laplacian Ay over H is obtained
from the vector fields X; = 0,, + 2y;0- and Y; = 0,, — 22,0, by

N

Ag =) (XF+Y7);

i=1

explicitly, we have
N

02 o o2 o2 .
AH_Z(@+@+4%W_4%W+4(%+yi)ﬁ)'

1=

A natural group of dilitations on H is given by

8y(n) = (v, vy,7°7), v >0,
whose Jacobian determinant is v?, where
Q=2N+2

is the homogeneous dimension of H.

The operator Ay is a degenerate elliptic operator. It is invariant with respect to
the left translation of H and homogeneous with respect to the dilatations . More
precisely, we have

Ag(u(non) = (Agu)(noi), Au(uod,) =~*(Agu)od, n,ieH.

The natural distance from 7 to the origin is

_ (.2 A A A S 21
e = (72 + (D27 +v; = (T + 12
=1

Before we present our results, let us dwell a while on some existing literature. There
are many results about nonexistence of solutions of nonlinear Schrodinger equation
(see, e.g. [12, 18|11 [6] and the references therein). Tkeda and Wakasugi [12] studied
the equation

i0u 4 Au = MulP, xRN, t>0, (1.3)
with u(z,0) = f(z), and showed that if 1 < p < 1+ N/2, A € C\{0} and f €
L?(RY), then the life span T}, must be finite and

i ()12 = +oo.
Later, Kirane and Nabti [I3] considered the equation

t
i0pu + Au = L/ (t —s)* Hu(s)Pds, xeRN, t>0, (1.4)
I'(a) Jo

with u(z,0) = f(z), f € L'(RY) and proved that if 1 < p < 1+2(a+1)/(N —2a)4,
A e C\{0}, Ay > 0 and [,y fo(x)dz < 0, then equation has no global weak
solutions.

On the other hand, there are many papers concerning the life span of solutions
of various evolution equations (see [IT} T4, [T9] [13]); we mention in particular that
recently Tkeda [I1] obtained the upper bound for the life span of solutions for
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the nonlinear Schrodinger equations supplemented with the initial condition
u(z,0) = ef(x), of the form T. < Ce'/?, C >0, p:=k/2—1/(p—1) < 0.

Our present work is motivated by [I6} 2]. Pohozaev and Véron [I6] gave some
results about nonexistence of weak solutions of the differential inequality

Ou — Ag(au) > nlflu?, a€ L*, neH, t>0, (1.5)

subjected to the initial condition u(x,0) = ug(z), fory > -2, 1 < p < (Q+2+7)/Q
and [poni1 uo(2) dz > 0. Recently Cazenave and al. [2] studied the global solutions,
and blow up solutions for the parabolic equation with nonlocal in time nonlinearity

t
Oru — Au = / (t—s) VulPtu(s)ds, =€ RN, t>0, (1.6)
0

with 0 < v < 1, p > 1, ugp € Co(RY), and proved some results concerning the
nonexistence of global weak solutions.

Using the test function method, we study the blow up of weak solutions of
problem 7. Then we obtain an upper bound of the life span of blow up
solutions of equation with initial data of the form u(n,0) =¢ef(n), € > 0.

2. BLOW UP SOLUTIONS

In this section, we prove a blow up result for problem (1.1)—(1.2). At first, let us
recall some definitions and properties concerning fractional integrals and derivatives

(see [I7] for more on fractional integrals and derivatives).
We denote by Dg,4(t) and Djj71)(t) the left-handed and right-handed Riemann-

Liouville fractional derivatives of order (0 < av < 1) of a continuous function ¥(t),
t > 0 defined by

( 0\#/’)( ) = F(ll—oz)((iit/o (t—s)"“Y(s)ds
T
(D t|T¢)( )= I‘(lla)c(llt/t (s —t)"*(s)ds

Let AC([0,T]) be the space of absolutely continuous on [0,7] with T" finite. We
introduce the following lemmas that will be use hereafter.

Lemma 2.1. Let ¢, ¢, D, Djjrp € C([0,T7), we have the formula of integration
by parts (see [IT7, (2.64) p. 46])

T
| @)t - / G (Do) (1) dt. (2.1)

Lemma 2.2. Let v € AC%([0,T]) := {1 : [0,T] — R such that Dy € AC([0,T])}.
Then, we have

— D Drot) = Do), (2.2)
where D := d/dt is the usual derivative. Moreover, for all 1 < q < oo, the equality
oeloje = Idra (0,7) (2.3)

holds almost everywhere on [0,T].



4 A. ALSAEDI, B. AHMAD, M. KIRANE, A. NABTI EJDE-2020/02

Lemma 2.3 ((See [3])). Let

t o
t) = 1_7)
w(t) ( T/ +
with t >0, T >0 and 0 > 1, then for all a € (0,1), we have

Dyt =arr e (1- 1) (2.4
D?Ell/’(t) =CyT ! (1 — %)i_a_l7 (2.5)
(D) (T) =0, (Dfjpv)(0) = C1T7*, (2.6)
where
_ (I—a+o)l(c+1) _ (I—a+o)(c—a)l(c+1)
Gi= re2-—a+o) C2 = r2—a+o) '

Lemma 2.4 (see [I5, Lemma 3.1]). Let x € L*(R*N*Y) and [pon, x(n)dn < 0.
Then there exists a test function 0 < w < 1 such that

/RWI x(nw(n)dn < 0. (2.7)

Definition 2.5. Let 7" > 0. A function w is called a local weak solution of (|L.1)—
([T2), if u € C([0,T); LY (R?N+1)) and satisfies

/ /R?N ) 0\t|u|p¢ 7, )d77dt—i-i/2NJr1 f(n)o(n,0)dn

// (— A" dndt—z// wdp(n,t) dy dt
R2N+1 R2N+1

for any ¢ € g (R2N+1 x (0,T)), ¢>O o(,T) =0. If T = +oo, we say that u is
a global weak solution of problem (|L.1| .

(2.8)

Let f = f1 4+ ify satisfy one the the following set of assumptions

fi € LY(R2NT, AQ/ fi(n)dn >0,
R2N+1

or (2.9)

fo € LY(R2NH), /\1/ . fa(n)dn < 0.
R2 1

Now, we are in a position to announce our results.

Theorem 2.6. Suppose that p > 1 and

«  Q+2m
Q- 2am’

where if the equality holds, we assume p > Q/(Q — 2m) with @ > 2mmax{1,1/a}.

If the initial data f satisfies (2.9 ., then problem (1.1 . does not admit a global
weak solution.

PED (2.10)
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Proof. The proof is done by contradiction. Suppose that u is a global bounded
weak solution. First we choose the test function. For this aim, we shall use a
non-negative smooth function ¢; which was constructed in [7].

$1(x) = ¢ (|z]), ¢1(0) =1, 0<¢i(r) <1, forr>0, (2.11)

where ¢1(r) is decreasing and ¢1(r) — 0 as r — oo sufficiently fast. Moreover,
there exists a constant k,, such that

|A]T-I?¢l| S km¢la ne R2N+17 (212)
and ||¢1]]pr = 1. Let
t\o
@(t):(l—T) , T>0,0>1,

d(n,t) == ¢1(%)¢2(R§m), R > 0.

Let Q := R2N*t1 x [0, TR?™). We consider the case [poni1 f2(17) dn < 0 and A; >0
only, since the other cases can be treated similarly (see Remark .

Using , we have
A/Qfé‘tIUI”<b(77,t) dndtﬂ'/]R f(n)é(n,0)dn

2N+1

(2.13)
= —/ u(—Am)"P(n, t)dndt — z/ udp(n, t)dndt.
Q Q
Replacing ¢(n,t) by Df‘TRQm¢(77, t), we arrive at
A [ Il D) At 41 [ J0) D (0,0)
e g (2.14)

= — / 'LL(*AH)thOiTR%n(ZS(T], t) dndt — i/Qu‘D‘DgTR%'Ld)(T]? t) dn dt.
Q

Furthermore, by taking the real parts, using (2.1]) and (2.3)) in the left-hand side of
(2.14), and (2.2) in the right-hand side, we obtain

M [ P66 dndt = Digpnda(0) [ falwen(n/B)dn
Q R2N+1

= = [ (Re (-0 R D 2 0/ ) i
= [ s /B D 0/ 57 .

By the assumption on fo and using the Lemma [2.4] we have

Dij g2m #2(0) /

R2N+1

Fo(n)é1(n/R) dy = CT—R~2m / Jo(n)é (n/R) dn < 0.

R2N+1

Setting

In = / P (. £) iy dt,
Q
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we may write the estimate

MIp < — /Q (Re ) (—Au)™ 1 (n/ R) DSt am 3 (t/ RZ™) dipdt

~ [ (i wyon o/ R) D 02 (¢/ 2™
Q

(2.15)

< /Q ] |AZ 1 (7 B)| [ DS o 65 (£/ RZ™) | dt

+ /Q [ulg1 (n/R)| Dyt o 02 (¢/R*™) | dndt = Ay + As.
Now, applying e-Young’s inequality,
XY <eXP+C(E)Y!, X>0,Y>0,p+q=pg,
with 0 < e < 1, C(e) = (1/¢)(pe)~%?) in
A with X = [ulg(n,6)'/7, Y = ¢(n,t) " /P|AZ $1(n/ R)| |Dfjy e b2 (t/B*™) |,
Az with X = [ul(n, )7, Y = ¢(n,t) " /Pé1(n/ R)| Djjf pam 82 (t/R*™) |,

we obtain
()\1 - 2€)IR

1

< () /Q 60/ B)" 7T DB 61 (n/ B 7T 65 (¢ R2m) TP
X | Dfiygam o (t/R*™) |77 dndt (2.16)
() /Q On(/R)bs (/™) |DEEL 65 (¢/RP™) |77 dydt

= Az + Ay

At this stage, we pass to the scaled variables s = t/R*™, fj = (¥,7,7) such that
7=71/R% % ==x/R, §j=y/R, we obtain

T
Ay < CRP / / 61(7)65* (5) drids,
0o JRr2N+1

T
Ay < CRP / / 61 (7)83* (s) difds,
0 R2N+1

where
plo—a)—o _plo—a—-1)—0o B ~ 2mp(a+1)
-1 0 T ooy o PTerTmo T

Finally, we arrive at

a1 =

(A —2¢)Ig < CRP. (2.17)

Note that inequality (2.10]) is equivalent to 5 < 0. So, we have to consider two
cases:
e Case 8 < 0: we pass to the limit in (2.17) as R goes to +00; we obtain

/ / [ufPdndt =0 = wu=0,
0 R2N+1

this is a contradiction.
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e Case = 0: using inequality (2.17)) with R — +o00, and taking into account
the fact that p = p*, we obtain
u € LP((0,+00) x R*NH1),
On the other hand, repeating the same calculations as above, with

8(.0) = 01 (57=7) 2 (33

where 1 < L < R is large enough such that when R — +o0o we do not have L — 400
at the same time, we arrive at

Mp < CL™9 + CLY 9, (2.18)

thanks to the change of variables 7 = 7/(RL™1)%, & = 2/RL™!, §j = y/RL~! and
s =t/R?*™. Thus, using p > Q/(Q — 2m) and passing to the limit when R — +o0,
and then when L — 400 in (2.18]), we obtain

/ / [ufPdndt =0 = wu=0,
0 R2N+1

which is also a contradiction. O

Remark 2.7. For the other cases, setting
— Jo MlulPo(n,t)dndt it Ay <0, Ay fpana f2(n)dn <0,
Ip = fg Ao |u|Pp(n, t) dndt if A2 >0, X2 [ponss f1(n)dn >0,
— Jo XelulPe(n,t)dndt  if A2 <0, A2 [panss f1(n)dn >0,

we can prove the same conclusion in the same manner as above.

3. LIFE SPAN OF BLOW UP SOLUTIONS

To estimate the life span of blow up solutions, we assume that f satisfies one of
the two sets of conditions
fl S Llloc(RQNJrl)a >‘2f1(’r]) > |77|]IEkv ‘77|H > 1a
or (3.1)
f2 € Llloc(RQNJrl)v 7>‘1f2(77) 2> |n|1ﬁka |77|H > 1,
where
2m(a+1)
p—1
We also consider the case when A\; > 0 only; the other cases can be treated in a
similar manner.

Theorem 3.1. Suppose that conditions (3.1)), (2.10) and (3.2) are satisfied, and
let uw be the solution of (L.1) with the initial data u(n,0) = ef(n), where ¢ > 0.
Denote by [0,T.) the life span of u. Then there exists a positive constant C such
that

Q—2am<k< (3.2)

T. < CeYe,

wherep:%—pj<0.

Remark 3.2. When p = gjﬁzﬁ we have p = lw%%
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Proof of Theorem[31]. First, repeating the same calculations as in Theorem [2.6]
we obtain

MIg — CT~@R™2am / efa(m)ér(n/R)dn

R2N+1

< /Q [ul|AF 61 01/ B DSz gam b2 (¢ RZ™) | dpdt (3.3)

+ /Q [ulg1 (n/ R)| Dyt pom 02 (8/R*™) | dnpdt = Ay + As.
By Holder’s inequality applied to A; and Ay, we have

MIp — CT—“R2m /]R sy Ef2(M01(n/R) dn

< 107 ( [ ot/ Ron (0 R2) 7 Dyt ba (0/127) 755 ) 7
2 (3.4)

R R e N O

X | D§ip o 62 (t/R™) |77 dndt) v

Using ([2.4), (2.5), and passing to the scaled variables s = t/TR*™, 7 = (,7,7)
such that 7 = 7/R?, ¥ = 2/R, § = y/R, we arrive at

MIp+CT= Vi < RTIYP(A(T) + B(T)), (3.5)
where
VeimeRm [ ) (/R) d,
R2N+1
T p—1
ay=cre( [ [ oo dids) T
0 R2N+1
T e
BTy =t ([ [ ou(iens) dids)
0 R2N+1
Thus .
Ra
Vi < C)\lTC“(T (A(T) + B(T)) I/7 - IR).
1
We clearly have
C p=1 p=1
T) — T T = @ 3.6
"4( ) (J+1—qa)1/q ap I ( )
B(T) = ¢ T —(e+l) — pr%‘(“+1). (3.7)

G+1—qar1)7
Note that
max(yz® — ) = (1 —ww®/ =0y,
for y > 0 and 0 < w < 1. Whereupon
Vr < CTRPE(T)Y, (3.8)
for any 7" > 0 and R > 0, where
C=x""Vp-1/p)y,



EJDE-2020/02 LIFESPAN OF SOLUTIONS OF AN EVOLUTION EQUATION 9

pa+l patl

ET)=AT)+B(T)=a,T"" "% +b,T" »

On the other hand, by the definition of Vr and the assumption on the initial data
f, we have

Vi = eR-2am /}R o/ R)dn
> cR-2om / ~fo(m)é1(n/R) dn
[nlu>1

> eApIR-2em / Inlig* 61 (n/R) dn;

[nla>1
passing to the scaled variables 7 = (%, 7, 7) such that & = /R, § = y/R, 7 = 7/ R?,
we obtain

Vi ROt [ ke ) dy

"’ﬂHzﬁ

> ere-brenant [ ke dy
liilu> 75

_ Ck,ERQ_k_Qam,

for any R > Ry, where Ry is a constant independent of R and ¢.
Now, let tg € (0,7:) and R > Ry. By using (3.8) with T = t,R~?™, we obtain

a q
£ < OR2m+h—Q (TERéE(tOR*Zm)) = CH(to, R). (3.9)
Furthermore,
2okl p(p-1) —padl p(p—1)\ FoT
H(to,R)=<apt0 P kp1—2m+bpto D Rkpl)pl
. (3.10)
—etp Kp=1) o, E@=1)\ 51
—t, 7 (aptoR z Fb R ) .
Substituting R = té/ > in (3.10), we can restate inequality (3.9) as
k __atl
e < CH(to, tt/*™) < CtZ™ 7,
with some C > 0. Consequently, the inequality
ty < Cel/e
holds for any to € (0,7:). This completes the proof of the theorem. O
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