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ABSTRACT. In this article we consider the fractional Schrédinger-Poisson sys-
tem

: P X
(—=A)°u— MMU + Apu = |u|? "%y, inR3
|$|2s
(-A)¢p=u?®, inR%
where s € (0,3/4), t € (0,1), 2t +4s = 3, A > 0 and 2} = 6/(3 — 2s) is the
Sobolev critical exponent. By using perturbation method, we establish the
existence of a solution for A small enough.

)

1. INTRODUCTION

In this article we consider the fractional Schrodinger-Poisson system

P(z/|z|) 22 T3

—A)’u— p————"u+ Apu = |ul**"“u, in R’
(=A)u—p S du = [ul 1)

(-A)'¢=u?, IR
where s € (0,3/4),t € (0,1), 2t +4s =3, A > 0 and 2% = 6/(3 — 2s) is the Sobolev
critical exponent. The function ® and the parameter p satisfy the condition
(A1) If0 < ® € L3+ (S?) then p € (0, A(®)), where A(®) is defined in Lemmal2.1]
below.

In quantum mechanics a zero spin relativistic particle of charge e and mass m
in the Coulomb field of an infinitely heavy nucleus of charge Z is described by the

Hamiltonian (see e.g. [23] 28])
Ze?
H(p,x) = (p* +m*)"/? - Tal

Fall and Felli [16], extended the study of H(p,x) to

o ()
|£C|2S :

H(p,z) = (p* +m?)° —
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They considered the operator

()

‘$|25 :

H(iV,z) = (—=A 4+ m?)* —

For ® = 0, the operator H(iV,xz) becomes (—A + m?)®, for more details, we refer
to [2,13]. In this article, we study H(iV,z), i. e. when m = 0.

In nonrelativistic molecular physics, the interaction between an electric charge
and the dipole moment D € RY of a molecule is described by an inverse square
potential with an anisotropic coupling strength. In particular the Schrédinger equa-
tion for the wave function of an electron interacting with a polar molecule (supposed
to be point-like) can be written as

He—lny D g
2m ||3
where D is the dipole moment of the molecule, e and m denote the charge and the
mass of the electron (see [26]). We consider the operator

2me|D| z - d

hofx’

in RY, where N > 3, being |D| the magnitude of the dipole moment D, and
d = % denotes the orientation of D. The Laplace operator with dipole-type
potential (purely angular multiples of radial inverse square potentials):

Lg = —A—MM

Ld = 7A7

in R, where N > 3. We consider the more general class of operator H(iV,z) with
ZEro mass,

e 2D
If ® =0, then £, & becomes the fractional Laplacian operator (—A)®. If & =1,
then L s is the fractional Laplacian operator with Hardy potential (—A)® — ﬁ
If s =1, then £, o becomes Lg.

From the mathematical point of view, a reason of interest in potentials of the

type (I)(\%I) /]x|® relies in their criticality with respect to the differential operator
S

(—A)*; indeed, they have the same homogeneity as the fractional Laplacian (—A)?,
hence they cannot be regarded as a lower order perturbation term. We mention
that the operator with singular potentials have been widely studied, see for example
[T, 13, 14}, 15, 17, 18] 19, 20, 21 B34], 36l B8, B9] and references therein.

On the other hand, if © = 0 and A = 1, then system becomes the system:

(=A)*u+ ¢u = |u|*2u, in R3,
(=A)'¢p =%, inR3

(1.2)

For this system there are four cases: (i) s =t = 1; (ii) s = 1 and ¢ # 1; (iii)
s=t#1;(iv) s#1,t #1, and 2t +4s > 3.
(i) For s =t =1, system reduces to the Schrodinger—Poisson system
—Au+ ¢u = |[ulP"%u, in R3,
—A¢ =u?, inR>
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The Schrodinger-Poisson system arises in many mathematical physical context,
such as in quantum electrodynamics, to describe the interaction between a charge
particle interacting with the electromagnetic field, and in semiconductor theory,
in nonlinear optics and in plasma physics (see [8] for more details in the physics
aspects). System has been investigated by many researchers, see for example:
[6l 1] for |uP=2u (4 < p < 6), [47] for |uP72u (3 < p < 4), [AQ] for |ulP~2u
(1<p<?2).

(ii) For s = 1 and t # 1, Mercuri, Moroz and Van Schaftingen [32] studied the
Schrodinger—Poisson—Slater equation

— Au+ (I * [u|?) |u|? %y = [ulP~?u, in R3, (1.4)

3—a
M - —+— is the Riesz potential.
2072r(g) 17l

Equation (1.4)) is formally equivalent to the following system (see [32, Page 146,
Line 10]):

where p > 1, ¢ > 1, a € (0,N), and I, =

—Au + ¢lu|?*u = |ulP~2u, in R?,
(—=A)*2¢ = |ul?, in R®.

The existence of nonnegative ground state solution of (|1.4)) was established when
the parameters satisfy: either

(1.5)

(a4 29)

2
>3 d <p <6,
q + a an D) P

or
2(or + 2q)

a+2
See [32], Theorem 3]. Moreover, some qualitative properties of the solutions were
estudied. Li, Gao and Zhu [27] proved the existence of sign-changing solution of
Kirchhoff type system with Hartree-type nonlinearity

g<3+aand 6 <p<

—(a+ b/Rx |Vu?dz)Au 4+ AV (z)u + ¢|u|??u = f(u), in R3, (16)

(—2)*%¢ =Ijul?, inR?
where a > 0, b,l > 0, a € (0,3), ¢ € [2,34+ a), A > 0 is a parameter, and the

functions V and f satisfy suitable assumptions. For recent works, we refer to [4]
and the references therein.

(iii) For s = ¢ # 1, the author in [43] applied the fountain theorem to prove the
existence of infinitely many solutions to the system

(=A)u+ V(x)u+ du = f(z,u), inR>
(7A)S¢ = 75”27 in RS'

(iv) For s # 1, t # 1 and 2t 4+ 4s > 3, Zhang, do O and Squassina [46] investigated
the system
(—A)u+ Apu=f(u), inR,
(—A)'¢ = u? inR?
where f is a nonlinearity of Berestycki-Lions type. The authors proved that system
(1.7) admits a positive radial solution if A > 0 small enough. Liu and Zhang [30]

(1.7)
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proved the existence of positive ground state solution for € > 0 sufficiently small to
the system

(=AY u+V(z)u+ du = f(u) + [u/*2u, inR3,
2 (=A)'¢ =u?, in R3,
where V € C'(R3,RT) and f is subcritical. For more details and recent works, we
refer to [0, B1 37, 411 [42] and the references therein.
In [30, 411, [42, [46] the authors considered the existence of solution for system
(1.7) in which 2¢ + 4s > 3. Therefore, it is natural to ask whether system (1.7
admits a solution for 2t + 4s = 3. To the best of our knowledge, there is no result

on such question in the current literature. Motivated by the above facts, we study
the existence of solution for system (|1.1)).

1.1. Statement of results. We introduce the energy functional associated with

system (|1.1)) by
1 2)|?u(y)|? 1 .
I = —||ul|2 —————=—dady — — 2 da.
sy = gl + 3 [ f S ey - 5 [ s

where the norm | - ||¢ is defined in Section 2. There is a difficulty in applying
variational methods to the functional I}.

(Difficulty) Since 2% < 4, we know that the functional I does not satisfy Mountain
Pass Theorem, the boundedness of the Palais-Smale sequence for I is hard to
obtain. To overcome this difficult, by using the perturbation method in [12] 25],
for A small enough, we look the system as a perturbation of the equation

[0 *
(-8 p P = i R, (L8)

We introduce the energy functional associated with equation (1.8 by

1 1
fofw) = 5l = 5 [ 1

For A small enough, we look at the functional I as a perturbation of functional Iy,

In(u) == Io(u) + Kx(u),

z)[u(y)?
— == dxdy.
-3 [ LR 0

Let S be the set of ground state critical points of Iy. The perturbation method
mainly consists of two aspects:

sdax.

where

(1) the mountain pass type critical point of I is a ground state in ng’fi(Rg);
(2) the set S is compact in D57 (R?).
If conditions (1) and (2) are satisfied, then there exists a Palais-Smale sequence of
Iy near the set S for sufficiently small .
Since the perturbation method is based on the properties of set S, we have to
study the existence of ground state solution to equation first. The following
is our first result.

Theorem 1.1. Let s € (0,3/4) and (1) hold. Then ) has a ground state
solution v € D52 (R3).

rad
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There is a difficulty in the proof of Theorem [I.I] Because of the lack of com-
pactness of the Sobolev embedding D*?(R3) < L% (R?), and the functional Iy
is invariant under the weighted dilation, it is hard to show that the Palais-Smale
sequence of Iy has a convergence subsequence.

For ® = 1, let us review the method in [45]. Applying their method, one has the
existence of ground state solution to the equation

o 2r -2 T3

(—=A)u — MW = |ul u, in R”. (1.9)
Similar to Section 3 in [45], there exists a Palais-Smale sequence {u,} for the
energy functional corresponding to (1.9) such that u, — u in D%%(R3) with u
solving (|1.9). However, it may occur that u = 0. The key step of [45] was to rule
out the ”vanishing” of the Palais-Smale sequence by using the limit equation of

3—2s

([L.9). Taking v, (x) = An? un(Anz + 2,) where A, > 0, 2, € R® and §2 — oo as
n — +o0, they derived that v, — v in D*?(R3) and

/ P 0 ask o too (1.10)
g3 @+ 3%
for any ¢ € D*2(R?). Then v weakly solves

(=A)*v = |[v|* 2, in R3 (1.11)

Using the limit equation , they ruled out the “vanishing” of the Palais-Smale
sequence for the energy functional corresponding to .

Naturally, we would hope to overcome our difficulty by using the method in [45],
but unfortunately, for ® satisfies condition (®1), the behavior of

. v+ 5 n
lim ®( —732% ), as — — oo,
n—o00 |,’L‘ —+ )\” /\n

is unknown, so we do not have any information of the expression

x + %: ) Un @
o+ S e 5
Clearly, their method does not apply to our case, since the expression (|1.12)) is not
equal to zero.

For the above reason, we use another way to prove Theorem [1.1} The cru-

cial point is the utilization of the uniform decay estimate for radial function v €
D5 (R?) (see [91)

dz. (1.12)

n— o0 2s

lim @(
RB

C C
(@) < —= [Ivlls € —5=-
2|2 |z

We consider the function Ij : Dfﬁi (R?) — R defined by
Jo = IO‘D:AZ(Rg‘)'

The principle of symmetric criticality implies that the critical points of Jy are also
critical points for Iy. Moreover, in Theorem [I.1] we have the following results:

(1) the mountain pass type critical point of I is a ground state in Dfﬁj (R3);

(2) the set S is compact in D57 (R?).
Combining the above results and the perturbation method, we give our second
result as follows.



6 Y. SU, H. CHEN, S. LIU, X. FANG EJDE-2020/01

Theorem 1.2. Let s € (0,3/4), t € (0,1), 2t +4s = 3 and (P1) hold. Then there
exists No such that system (L.1)) has a radially symmetric solution for all A € (0, Ag).

This article is organized as follows. In Section 2, we present some notations. In
Section 3, we give the proof of Theorem [I:I} In Section 4, we show the proof of
Theorem [[.2

2. PRELIMINARIES

For s € (0,1), the space D*2(R3) is the completion of C§°(R?) with respect to

the norm |2
2
it = [, [, e

We denote by D?;%(R?) the space of radial functions in D*2(R3). We could define

the best constantb )
Se= inf ¢ (2.1)
ueD*2(R3)\{0} (f )2

We know that Ss can be attained in R? (see [33]).
For u € D%2%(R3), we have the Hardy inequality (see 22]):

C [l g, Ju(z) — ()P 44 9.2
- |$|29 r3 JR3 |x— |3+29 e 22)

Cs,2 ._2/ 2=l — 2@ o(r)dr.
0

We introduce the measure d¢ induced by Lebesgues measure on the unit sphere
S? c R3. We denote by | - l|La(s?) the quantity

191450, = [, 190)17a0.
Lemma 2.1 ([24]). Let s € ( ) and 0 < ® € L= (S?). Then

)P [ B(a/la])uf?
1) — YW1 qpdy > A(@) [ 2EAZDE 5,
/Rs / |x— |3+2s y> M) T P

2s
where u € D>2(R3) and A(®) = C,|S?° ||@] 7L .
L2s Sz)

with

By using Lemma [2.1] and ,u € (0 A(D)),

W)l O(x/|z])[ul® | \1/2
|UH¢' - / / |.’L'— |3+23 s, dw dy*,u‘ . ‘ |2$ dl’)
R3 JR3 y R3 T

is an equivalent norm in D*2(RY).

Lemma 2.2 ([29]). Let t,r > 1 and 0 < a < 3 with + + 1 + 222 =2 f € L'(R?)
and h € L"(R®). There exists a sharp constant C(a,t,r) > 0, independent of f,h

such that o)y
d d t Rl
// 7 ype dody <Ol t.)If A

Ift=r= then

Toar

Clayt,r)=Cla) =71 2 —=—
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A measurable function u : R® — R belongs to the Morrey space £4% (R?) with
q € [1l,0) and w € (0, N] if

o ——— RW%/ fu(y)|“dy < oo.
R>0,zcR3 B(z,R)

Lemma 2.3 ([35]). Fors € (0,1), there exists C > 0 such that for ¢ and ¥ satisfying
2 <1<1,1<9 <2, we have

VS A
([ tulzar) ™ <l oo
R3 £ (R3)

for any u € D%2(R3?).

2.1. Formulation of system (1.1)). Consideringu € D*?2(R?), we define the linear
functional F,(v) : D“2(R3) — R by

F,(v) = /RS u?vdz.

Using 2t + 4s = 3, Holder’s inequality, and ([1.9)), we obtain

v|dz

|mw»</|m%%
RS

3+2t
R3
342t _6 L _6
g( |u|3—zs 3+2tdx> ( ‘U|3—2‘dl‘>
R3 R3
3-2t

1 1 5
<(g i) (glenz) ©
which implies that F), is well defined and continuous in D*?(R3?).

From the Lax-Milgram theorem it follows that, for every u € D*?(R3), there
exists a unique ¢, ; € D»?(R3) such that

/(—A)t/Qd)u,t(—A)t/dex:/ u?vdz,
R3

R3

v|dz

3—2t

which implies that ¢, is a weak solution of
(_A)t¢u,t = u27

and the representation formula holds,

_ Ju(y)[?
Put = /]R dy. (2.3)

o=y

It follows from (2.3)) that system (|1.1)) can be rewritten as the equivalent form

o .
(=A)Y’u—p (w/|w‘)u+)\(12t*‘u|2)uz|U‘23_2’LL in R3.

|x|2s
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3. PERTURBED EQUATION
We look at equation (|1.1)) as a perturbation of the equation

(—ayu— 2EED,

S u*72u, in R3. (3.1)

We introduce the energy functional associated with (1.8) by
1 1
Io(u) = =|jul|3 — =

o(0) = 3l — 5 |

Jo = Io| p 2 (ms)-

Define

3.1. Mountain pass geometry and Nehari manifold.

Lemma 3.1. Under the assumptions of Theorem [I.1], the functional Jy possesses
the mountain pass geometry.

Proof. We prove that Jy satisfies all the conditions in Mountain Pass Theorem.
(i) For any u € D52 (R3) \ {0}, we have

1
Jo(u) = 5”“”% -

2%
- S5

.
ullg -
2 ®

Because of 2 < 27, there exists a sufficiently small positive number p such that

¢:= inf Jy(u) > 0= Jp(0).

lulls=p

(ii) Given u € D>2(R?) \ {0}, we have

rad
o) = Gl ~ 5 [ i <o,
for ¢ large enough. We choose ¢, > 0 correspondmg to w such that Jo(tu) < 0 for
all t > t, and ||t ulls > p. O
Define
= inf Jo(Y (1)),
co = jnf e Jo (Y (1))
where

To = {T € C([0,1], DA (R®)[T(0) = 0, Jo(T(1)) < 0}.

rad
By Lemma we obtain that for all A > 0, there exists {u,} C D2(R?) such
that
Jo(un) — ¢ > 0 and Jy(u,) — 0 as n — oco.
It is also easy to see that {u,} is uniformly bounded in Dfai(R3)
The Nehari manifold on D2 (R3) is defined by

rad

N = {u € DA (RY)|(Jg(u), u) = 0, u# 0},

¢o = ulg/f\/JO(u)7

o= inf  maxJy(tu).
u€D?%(R3) 20

With minor changes in the proof of [44] Theorem 4.2], we can show that

EQZEOZCO.
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The following result implies the non-vanishing property of (PS),, sequence.

Lemma 3.2. Assume that the assumptions of Theorem [I.1] hold. Let {u,} be a
(PS)e, sequence of Jy with cog > 0. Then

lim |t |? da > 0.

n—oo R3

Proof. It is easy to see that {u,} is uniformly bounded in Dfﬁi (R3). Then there
exists a constant 0 < C' < oo such that ||u,|le < C. Suppose on the contrary that

lim [ |u,|*dz=0. (3.2)
3

n— oo R

According to (3.2) and the definition of (PS)., sequence, we obtain
1
co+o(1) = 5llunlls and  Jlun g = o(1);
these imply that ¢y = 0, which contradicts with 0 < ¢g. O

3.2. Ground state solution.

Proof of Theorem[1.11 We divide the proof of Theorem [I.] into two Steps.
Step 1. Since {u,} is a bounded sequence in Df,ﬁi(R?’), up to a subsequence, we
assume that u, — u in D33 (R3), u, — u a.e. in R3, u, — u in L}, _(R3) for all
r € [2,2%).

According to Lemmas and there exists C' > 0 such that for any n, we
obtain

||unH£2,3—2s(R3) >C>0.
On the other hand, since {uy,} is bounded in D>?(R3) and

rad

DS,Q (RS) SN DS’2<R3) N LQ: (R?)) SN £2’3_2S(R3)7

rad
we have
([tn | c2.-2¢(r3) < C,
for some C' > 0 independent of n. Hence, there exists a positive constant which we
denote again by C such that for any n, we obtain
C < lunllg2s-20msy < C71

Combining the definition of Morrey space and above inequality, we deduce that for
any n € N there exist o, > 0 and z,, € R? such that

1 2 2 c
dy > s—2s3) — 5 2 C1>0.
oy /Buman) un (@)1 dy 2 Jlunllzea-zge) = 5, > 1

3—2s

Let vy (x) = 0n 2 up(onz). We know that

Jo(vn) = Jo(upn) = co and J)(v,) — 0 as n — oo.

5,2

Thus there exists v such that v, — v in D35 (R3), v, = v ae. in R3, v, — v in

LT (R3) for all 7 € [2,2%). Then

loc

1
/ o (9) Py = — / hun(y) 2y > Cy > 0. (3.3)
B( On” JB(zn,0n)

Zn )
on )1
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Step 2. We will show that {i—:} is bounded. Suppose on the contrary that ﬁ—z — 00

as n — oo. By using the boundedness of {u,} in D%2(R?), we have |[v,|s =

[lunlls < Ca. Applying the uniform decay estimates of radial functions, we have
C Cs
lun (@) € —z=z= llvnlls < —5==

where C3 = CCs. For any 1/% > ¢ > 0, there exists M > 0, such that for
n > M, we have

C n
on(2)] € ——2——— <&, forallze B0, —1]).
za _ 135 o

Since B(2*,1) C B¢(0,|2* — 1), we obtain

/ fon(y)2dy < €2 / dy = 2|B(™ 1) = 2|B(0,1)] < C.
B(Z=,1) B(32,1) g

n
on

This contradicts ((3.3]). Hence, {i—:} is bounded, and there exists R > 0 such that
[ bwPaz [ Pz o>o
B(0,R) B(£2 1)

Since the embedding D72 (R?) < LI

loc

(R3?), r € [2,27) is compact, we deduce that

/ lv(y)|>dy > C1 > 0.
B(0,R)

Hence, v Z 0.
From v,, — v weakly in fod(]R3) and limy,— 00 (J)(vn), ©) = 0(1), we obtain
(J3(v), ) = 0.
Since v # 0, we know that v € .

Now, we show that v, — v strongly in Dfafi(RB’). Applying the Brézis-Lieb
lemma [I0], we obtain

. . 1
co = lim Jo(v,) — nll—>rrolo 2—*<J6(vn),vn>

n—oQ
11
dm (37 g ) lonlls (3.4)

1 1
>(2- = 2
(3 :) el

= Jo(v) 2 EO = Cp-

Thus, the inequalities above have to be equalities. We know that
tim_[Jon 3 = o]}
By using Brézis-Lieb lemma [I0] again, we have
T o[} — T [lon — o} = [}

which implies that

im0, — v} = 0.
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Using (3.4) again, we know that Jy(v) = ¢o. This implies that v attain the minimum
of Jy at cg. [l

4. PROOF OF THEOREM [[.2]
First, we summarize the proof of Theorem [I.1] as follows.

Lemma 4.1. The energy functional Jy satisfies the following properties:

(1) there exist p,s > 0 such that if ||ul|s = p, then Jo(u) =<, and e € Dfafi(R3)
exists such that |le||s > p and Jo(e) < 0;
(2) there exists a critical point v of Jy such that

Jo(v) = ¢ := min max Jo(Y(t)),

’reF t€(0,1]
where Ty = {T € C([0,1], Dfai(R?’))\T( ) =0,Jo(T(1)) < 0};

(3) co == inf{Jo(u)|J5(u) = 0,u € DI5(R?)\ {0}};
(4) there exists a path To(t) € I'g passing through v at t =ty and satisfying
Jo(l)) > J()(To(t)) for all ¢ 7’5 to;

(5) the set S := {u € DS (R?)|J)(u) = 0, Jo(u) = co} is compact in D55 (R?)
endowed with the strong topology up to dilations in R3.

Proof. 1t is easy to see that Jy is invariant by dilations. As a byproduct of the

proof of Theorem the weak convergence of the dilated subsequence can be

upgraded into strong convergence. As a direct consequence, we show that the set

S is compact in D?2(R?) endowed with the strong topology up to dilations in R?.

The proof is completed. O

We introduce the energy functional associated with system (1.1 by

1 2)|?|u(y)
e I

Define
Iy =1,

DA(R3):
As in [12] 25], we define a modified mountain pass energy level of Jy

exi= Join max IA(Y (1)),

where

Ty ={Y €lo| sup [|T(t)[s <M},
t€(0,1]
M = 2{sup [lu|[s, sup [[T(?)[[s}-
u€S te[0,1]

Clearly, by the choice of M, Ty € I'j; and thus,

= 2, i )

However, since I'y; C I'g, the standard mountain pass theorem cannot be applied,
so other arguments are needed to prove that cy is a critical value.

Lemma 4.2. Let A\ > 0. Then limy_,gcy = ¢g.
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Proof. Since \ > 0, it is easy to see that c) > ¢g. On the other hand, we can take
e = Tw in property (1), where

2%\ 353
T>(—S)S .
2

Then Yo(t) € C([0,1], D**(R?)) is defined as Yo(t) = te = tTw, and ty = 7+ in
property (4). We know that

lim ¢y = hm In(Yo(t))

A—0
| To(y)|?Tv()?
<Jo(To( 1 ————————dad
( 0 +>‘1£>%4/R3/]R3 |x—y\3 2t y
:Jo( ) = Cp.
The proof is complete. O

For any positive number d, we denote
By(u) = {v € D3(R?)|[lu— vlls < d},
and for any subset A of D37 (R?), we set

Ad = UueABd(U)

Lemma 4.3. Set dy = \/2-2%-¢o/(2: —2). Let d € (0,dy). For any u C 8%, we
have u Z 0.

Proof. For any v C S¢, we have

1912 > ol = = (Jo(o) = 505000, 0)) = 2252,
which gives
[v]ls > di. (4.1)
By the definition of 8¢ and u C 8%, there exists some v C S¢ such that
lu—vl||s < d<d;. (4.2)
Applying the triangle inequality, we have
[olls = llv —u+ulls < flv —ulls + [luls.
which gives
||v|| = llv = ulls < ulls- (4.3)
Putting (4.1)) and ( into , we obtain
[lu|ls > d1 — ||Jv — u||s > 0.
The proof is complete. O

Lemma 4.4. Let d > 0 be a fized number and let {u;} C 8. Then there exists
{0}, such that

[ls = [luslls,
3—2s

where u;(x) =0, *

u;(ojx). And, up to a subsequence, ii; — i € S*4.



EJDE-2020/01 FRACTIONAL SCHRODINGER-POISSON SYSTEM 13

Proof. Let {u;} C 8% By the definition of ¢ and Lemma {.1|(5), there exists
w; € § such that
luj —wjlls <
By property (5) again, there ex1sts {o;}, such that w; € S, one can prove that
o )

3-2s 3-24
w; — w € S, where w;(z) = O'J 2 gw](aj ) and 4j(z) = 0; * w;(o;x). Also
1jlls = lluslls,  Na; —@;lls = llu; — wylls < d.

Hence, for j large enough, we obtain

[t —wlls = llu; —w; + w; — wlls < [la; — ;s + [|[w; — @[|s < 2d.
Thus, {a;} is bounded and, up to a subsequence, @; — % in Dfai(R3) Since
Bog(w) is weakly closed in Dfﬁf1 (R?), we obtain @ € Bag(w) C §%¢. The proof is
complete. ([

Lemma 4.5. Set d € (0,d1). Suppose that there exist sequences A; > 0, A\; = 0,
and {u;} C 8% satisfying
lim Jy,(uj) <co and lim JA (uj) =0.

3—2s
Then there is sequence {o;} such that ||u;||s = [lulls, where uj(z) = 0; * wuj(o;z).

And, up to a subsequence, {u;} converges to some u € S.

Proof. Considering that lim; o J} (u;) = 0 and that {u;} is bounded. By Lemma

up to a subsequence, i; — U € S2%4. and by the choice of dy,  # 0. We may
readily verify that

lim Jy,(u;) = hm Jx; (uj) <co and  lim J)\ (a;) =0.

For all ¢ € D% (R?), we obtain
(T3, (@), 0] = [(T3, (), @) < NIy, () s [12lls = o(D)|2]]s,

_3-2s
where p =0, *

w(%) Since ||@||s = |l¢]|s, we obtain
Jy, (@) =0 as j — oo.

Now, we have

]—)OO

Hence, J|(@) = 0. Furthermore, applying Lemma and u; € 8¢ for all j, we
obtain

i (). ) = lim (). - [ [ TBOEBE g,
= oDl

On the other hand,
co = lim Jy, (ay)
j—o0

|u] |u] x)[?
fjlgnolo Jo() /}Rd /RJ =T ————————dxzdy (4.4)
= lim Jy(u;).

]A)OO
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So {u;} is a (PS).,, sequence for Jy with m := lim;_,o Jo(@;). Thus, up to a
subsequence, u%; — % and

1 1 .
Jn(w) ==|lu 2 = —2Sd
(@) =glall - g [l
1 1., _
z(g—g)ﬂu\lfp
g(l——)limianUH2
2 2t oo NP

o _ 1 o
=lim inf (JO(UJ‘) - ?z(Jé(uj),uj)) =m.
Then, property (3) implies m > Jo(@) = cg, which, combined with (4.4)), yields
m = Jo(@) = ¢p, which implies @ € S. O

Now, we set

= I (Yo(t)).
my = max A(Yo(t))

Then ¢y < my. It is easy to see that limy_,om) < ¢g, this inequality together with
Lemma [4.2] provides limy_,gcy = limy_om) = ¢o. We also define

I = {u € D2 (R3) [Ty (u) < my ).

rad

Lern~ma 4.6. For any da,ds > 0 satisfying ds < ds < dy, there are constants t > 0
and A > 0 depending on da, ds such that for X € (0, ), we have

[T (w)][s-1 = ¢, for allu € TV N (SP\S%).

Proof. To the contrary, suppose that for some dz,ds > 0 satisfying ds < dy < dj,
there exist sequences {\;} with lim; . A; = 0 and {u;} € J;T;Aj N (82 \ §9), such
that

lim Jy,; (u;) <co and  lim J} (u;) = 0.

J—00 j—o0o

By using property (5), there exists a sequence {o;} such that
_ mx.; . _ . _
{@;} € J,, 7 N(S=\8%), Jim Jx () <o, lim I3, (u;) =0,

3—2s

where u;(z) = 0, % uj(o;x). Hence, we can apply Lemma and assert the

existence of some w € S such that a; — u in sz;i(R?’). As a consequence,

dist(uj,S) — 0 as j — oo, contradicting the relation u; ¢ S%. O
Lemma 4.7. Ford > 0, there exists § > 0, such that if X > 0 with A small enough,
t €10,1], Jx(Yo(t)) = cx — & implies To(t) € S2.

Since the proof of the above lemma is quite similar to that of [25, Propositions

4], we omit it here.

Lemma 4.8. To each 0 < d < dy corresponds a number \g > 0 such that for
all X € (0,\), there exists a sequence {u;} € JY'* NS? such that J§(u;) — 0 as
J — o0.

Since the proof of the above lemma is quite similar to that of [I2, Propositions
5.3], we omit it here.
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Proof of Theorem[1.4 Taking d € (0,d;), by Lemma[4.8] there exists Ao > 0 such
that for all A € (0, o), there exists a Palais Smale sequence {u;‘} c So. By

using property (5), there exists sequence {o;} such that {u}} C S% where ) (x) =
3—2s

0, % u}(ojz). It is easy to see that {u}} is bounded in D*?2(R3). Then by Lemma

J rad
up to a subsequence, there exists some @ € S22 = S? such that uy — at.
Then we obtain J4 (4*) = 0, and by the choice of d, a* # 0. Hence @* is a nontrivial
critical point of Jy. The principle of symmetric criticality implies that the critical
points of Jy are also critical points for I. O

5. OPEN PROBLEM

In Theorem we obtain a ground state solution v € D*? (R3) to equation

rad
(1.8). Since D5 (R3) C D*2(R?), so v just is a ground state solution in ng’é(RS),
not a ground state solution in D*2(R3). It is natural to ask: Does there exist a
ground state solution to equation (1.8) in D%?(R3)?
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