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NONLINEAR DIRICHLET PROBLEMS WITH THE COMBINED
EFFECTS OF SINGULAR AND CONVECTION TERMS

YUNRU BAI, LESZEK GASINSKI, NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. We consider a nonlinear Dirichlet elliptic problem driven by the
p-Laplacian. In the reaction term of the equation we have the combined effects
of a singular term and a convection term. Using a topological approach based
on the fixed point theory (the Leray-Schauder alternative principle), we prove
the existence of a positive smooth solution.

1. INTRODUCTION

Let © € RY be a bounded domain with a C?-boundary 9. In this article we
study the nonlinear Dirichlet problem

—Apu(z) =u(z)"7 + f(z,u(z),Du(z)) inQ,

(1.1)
U‘QQ =0, u>0,

where 1 < p < 400 and 0 < v < 1. In this problem A, denotes the p-Laplace
differential operator defined by

Ayu = div(|DulP"2Du) Vu € WyP(R).

In the right-hand side of (the reaction of the problem), we have the combined
effects of a singular term u=7 (0 < v < 1) and of a convection term f(z,u, Du).
The convection term f is a Carathéodory function, that is, for all (z,y) € R x RV,
z + f(z,z,y) is measurable and for a.a. z € Q, (x,y) — f(z,,y) is continuous. We
assume that f(z,-,y) exhibits (p — 1)-linear growth near +oo and we have nonuni-
form non-resonance with respect to the principal eigenvalue of (—A,, WO1 P(Q)). We
look for positive solutions. The dependence of the gradient Du of the perturbation
f, removes from consideration a variational approach directly on the equation. In-
stead our method of proof is topological based on fixed point theory. More precisely,
we employ the Leray-Schauder alternative principle. This leads to the existence of
a positive smooth solution for problem .

In the past, singular problems and problems with convection, were investigated
mostly separately. For singular problems, we mention the following works: Bai-
Gasiniski-Papageorgiou [2], Gasiriski-Papageorgiou [9], Giacomoni-Schindler-Takac
[13], Hirano-Saccon-Shioji [I7], Papageorgiou-Radulescu [24], Papageorgiou-Radu-
lescu-Repovs [25], Papageorgiou-Smyrlis [27, 28], Perera-Zhang [29], Sun-WuLong
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[32]. For problems with convection, we mention the following works Bai-Gasiriski-
Papageorgiou [I], Faraci-Motreanu-Puglisi [3], de Figueiredo-Girardi-Matzeu [4],
Gasinski-Papageorgiou [12], Girardi-Matzeu [14], Huy-Quan-Khanh [19], Papageor-
giou-Radulescu-Repovs [26], Ruiz [30].

2. PRELIMINARIES AND HYPOTHESES

If V and W are two Banach spaces, a map h: V — W is said to be “compact”
if it is continuous and maps bounded sets in V' onto relatively compact sets in
W. As we already mentioned in the Introduction, we will use the Leray-Schauder
alternative principle which we recall below (see e.g., Gasinski-Papageorgiou [7} p.
827]).

Theorem 2.1. If X is a Banach space and h: X — X is compact, then exactly
one of the following holds:

(a) h has a fized point;

(b) the set K ={x € X : = =th(x), 0 <t <1} is unbounded.

In the analysis of problem (|1.1)) we will use the Sobolev space I/VO1 P(Q) and the
Banach space

Co(Q) = {u e C'(Q) : ulpa = 0}.

By ||-|| we denote the norm of the Sobolev space W, (). On account of Poincaré’s
inequality, we can have

lull = | Dull,  Yu € Wo ().
The Banach space C}(Q) is an ordered Banach space with positive (order) cone
Cr={uecC{Q): u(z) =0 forall z€ Q}.

This cone has a nonempty interior given by

intCy ={ueCi: u(z) >0z, %bg < 0}.

Here % denotes the normal derivative of u, that is g—z = (Du,n)g~y with n(-) being

the outward unit normal on 90S2.
We know that WyP(Q)* = W12 (Q) (where % + ; =1). Let A: W}"P(Q) —

W~=17'(Q) be the nonlinear operator defined by
(A(u),h) = / |DuP~2(Du, Dh)g~ dz  Yu,h € WP (Q).
Q

This operator has the following properties (see Gasiriski-Papageorgiou [IT], Problem
2.192, p.279] or [8, Lemma 3.2]).

Proposition 2.2. The map A: Wy (Q) — W1 (Q) is bounded (that is, maps
bounded sets to bounded sets), continuous, strictly monotone (hence mazimal mono-
tone too) and of type (S)4; that is,

“if ty — u weakly in Wy'P(2) and lim SUDP,, 4 o0 (A(Un ), Up — u) <

0, then u, — u in Wy P (Q).”
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Consider the nonlinear eigenvalue problem
—Ayu(z) = Nu(2)[P~2u(z) inQ,

(2.1)
u‘ag =0.

This problem has a smallest eigenvalue Xl, which has the following properties:
e A1 > 0 and is isolated (that is, if 3(p) is the spectrum of (2.1)), we can find
£ > 0 such that (A1, A\ +£) N5 (p) = 0).
o )\ is simple (that is, if w,v € VVO1 P(Q) are eigenfunctions corresponding to
X1, then @ = &0 for some & € R \ {0}).
e We have

N {HDUH§ _

M=t { St e WhP(Q), u # o}. (2.2)
p

The infimum in is realized on the corresponding one-dimensional
eigenspace.

The nonlinear regularity theory of Lieberman [21], implies that if @ is an eigen-
value of , then @ € C}(2). The above properties of M imply that the eigen-
functions corresponding to X1 do not change sign.

By 11 we denote the positive, LP-normalized (that is, |||, = 1) eigenfunction

corresponding to Xl > 0. From the nonlinear maximum principle (see e.g., Gasinski-
Papageorgiou [7, p. 738]), we have that 4y € int C;.. Using these properties, we can
easily prove the following result (see Filippakis-Gasinski-Papageorgiou [B, Lemma
3.2] or Motreanu-Motreanu-Papageorgiou [23], p. 305]).

Lemma 2.3. Let ¥ € L(Q), 9(z) < Ay for a.a. z € Q and the inequality is strict
on a set of positive measure, then there exists co > 0 such that

[ Dullf - / I(2)ul? dz > collull? Vu € WyP(9).
Q

For x € R, we set ¥ = max{+z,0}. Then given u € W, ?(Q), we set u*(-) =
u(-)*. We know that

ut e Wol’p(Q), u=u"—u", |ul=ut+u".

The hypotheses on the perturbation term f are the following:

(H1) f: Q2 x R x RY — R is a Carathéodory function such that f(z,0,y) = 0
for a.a. z € Q, ally € RN, f(z,2,9) = fo(z,y) for a.a. z € Q, all x <0, all
y € RY with fy being a Carathéodory function such that fo > 0 and
(i) we have

f(z,z,y) <a(z) +9(2)aP L +cly|P~! foraa. z€Q, allz >0, y € RY,
with a,9 € L*(Q), 0 < ¢ < E/p, Hz) < (11— Xl—c/p)Xl a.e. on £ and the
1

last inequality is strict on a set of positive measure;
(i) there exists dg > 0 such that for all § € (0, Jp) there exists ¢s > 0 such that

0<cs < flz,z,y) foraa. z€Q, all 0 < 6 <z < &y, y € RY;

(iii) for every p > 0, there Exists Eg > 0 such that for a.a. z € Q, all |y| < g, the
map x — f(z,7,y) + &P~ is nondecreasing on [0, g];
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(iv) fora.a. z € Q, allz >0, y € RN and t € (0,1), we have
flz12,y) < g flz,2,).

Remark 2.4. Hypothesis (H1)(i) implies that asymptotically at +oco we may have
nonuniform non-resonance with respect to the principal eigenvalue A\; > 0. Hy-
pothesis H(f)(iv) is satisfied if for a.a. z € Q, all y € RY, the function

NGy )
zp—1
is non-increasing on (0, +00).

Example 2.5. The following function satisfies hypotheses (H1). For the sake of
simplicity we drop the z-dependence.

0 if x <0,

~

flay) = 0@P~t —a™ ) +lyP~t f0<z <1, VyeRY,
I[Pl — 9= 4 lylP~t  ifl <a,

With0<n<X}/p,0<19<(I—Xl—%):\\l,1§>0,1<q<p<7'<—|—oo.
1

3. POSITIVE SOLUTIONS

We start by considering the purely singular problem
—Apu(z) =u(2)”" in Q,

() = u(2 .

U;‘@Q =0, u>0.

From Papageorgiou-Smyrlis [28, Proposition 5], we have the following result.
Proposition 3.1. Problem (3.1) admits a unique positive solution u € int C. .

Let dp > 0 be as postulated by hypothesis (H1)(ii). We choose t € (0,1) small
such that

u =

~
£l

< . (3.2)
For every y € Wy?(Q), we have

15(2)77 - tpflJrVﬂ(Z)*w

—Apu(z) = P =AT(z)] = P (3.3)
<u(2)7" + f(z,u(2), Dy(z)) for a.a. z € Q,
(see and hypothesis (H1)(ii)).
Given v € C3(9), we consider the nonlinear Dirichlet problem
—Apu(z) = u(2)™" + f(z,u(z), Du(z)) in Q, (3.4)

ulog =0, u >0,

Proposition 3.2. If hypotheses (H1) hold and v € C}(2), then problem (3.4)
admits a positive solution u, € int Cy and U < Uy,.

Proof. We consider the following truncation of the reaction in problem (|L.1),

P ) = u(z)"" 4 f(z,u(z), Dv(z)) if x < u(z),
fuolz ) {x_'y + f(z,z, Dv(2)) if u(z) < x. (3:5)

Evidently this is a Carathéodory function.
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Since u, Uy € int C'y, on account of [22, Proposition 2.1], we can find ¢; > 0 such
that U1 < c1u? , so
a}/p < C}/p ,177

thus

-y < C2u1—’7/])

for some co > 0.
Using a Lemma in Lazer-McKenna [20], we have that 17177/ P e L¥'(Q). Therefore

u e LY (). (3.6)

(z,2) /fvzs

and consider the functional @, : W0 P(Q) — R defined by

We set

Bo(u) = 5||Du||g—/ﬁv(z,u) dz Yue WeP(Q).
Q
From hypothesis (H1)(i) and (3.6), we infer that @, € CY(Wy"P(Q)) (see also
Papageorgiou-Smyrlis [28, Proposition 3]).

Claim. @, is coercive.
Clearly it suffices to check when u(z) > @(z). We have

~ u(z)
F,(z,u(z)) = /0 fo(z,2) dx
u(z) u(z)
:/ fol(z,2) dz—|—/ fo(z, ) dx

u(z)
(@(z)™7 + f(z,u(z), Do(2)))u(z)

u(z)
/ )Y 4 a(2) +9(2)aP ) da
< ao(2) + ~0(2)|u(z) |
p
with @ € L>°(Q), @ € L*' (). Therefore

D, —1 u||P — F (2 u(2))dz
Bulu) = ~1Dul; /Qm, (2))d

1
> - P _ p _
> (IDul /sz)w dz) - @

> || Dullh — <1,

for some ¢1,¢2 > 0 (see Lemma [2.3). Thus @, is coercive and so the Claim is
proved.

From (3.6) and the Sobolev embedding theorem, we see that @, is sequentially
weakly lower semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find
u, € Wy (Q) such that

Pu(uy) = ir}f @y (u),
ueWl P (Q)
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— _
so @, (u,) = 0 and thus
(A(uy), h) = / Folz,up)hdz  Yh € WEP(Q). (3.7)
Q
In ([3.7) we choose h = (& — u,)* € W"*(2). Then

(), (=) = @ 4 7, D)) d
Q
2 <A(a)’ (17 - uv)+>
(see and with y = v), so
<A(ﬁ) - A(uv), (u— uv)+> <0,

and
U < Uy. (3.8)

From (3.8)), (3.5) and (3.7)), we infer that
—Apuy(2) = uy(2)77 + f(z,uu(2), Dv(2)) in €,

3.9

uv|8Q =0. ( )

Then from (3.7) and Giacomoni-Schindler-Také¢ [I3] Theorem B.1] we get that
Uy € int Cy (see (3.8)). O

Given v € C3(Q), let
S, = {u e Wy () : u is a solution of (B4), u < u}.
From Proposition we know that
0#S, CintCy.
In the next proposition we prove a useful property of the elements of S,,.

Proposition 3.3. If hypotheses (H1) hold, v € C(Q) and u € S, then u — U €
int C+,

Proof. We know that v € int Cy. Let o = ||“||cg @) and let gg > 0 be as postulated
by hypothesis (H1)(iii). We have

—AU(2) + &u(z)P Tt — a(z)

< f(z,u(z), Dv(z2)) + Ep’d(z)p—l

< f(zu(z), Du(2)) + Gu(z)P ™!

= ~Apu(z) + Apu(z)pﬂ —u(z)”” fora.a. z€)
(3.10)

(see (3.3) with y = v, hypothesis (H1)(iii), recall that @ < u and see (3.9)).
We know that

—AT(z) 4 &u(z)Pt = PN (=Au(2) + Eu(z)P )
=t (u(z) " + Gulz)P )
= 7 (1(z) 7T (1 + Gu(z)P )
<u(z)”" foraa.ze
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for t € (0,1) sufficiently small (as w € L>(Q) and see Proposition [3.1]), so
— Ayu(z) + gpﬂ(z)p_l —u(z)77" <0 foraa. z€q. (3.11)
Since u € int C, for K C Q) compact, we have
0<dg <u(z) VzekK.

Then hypothesis (H1)(ii) implies that there exists cx = ¢s,, > 0 such that

0 < ck < f(z,u(z), Dv(z)) for a.a. z € K. (3.12)
From (3.10), (3.11)), (3.12) and Papageorgiou-Smyrlis [28, Proposition 4] (the strong
comparison principle), we have that u —u € int C. (]

Next we show that the set S, has a smallest element, that is there exists u, € S,
such that u, < wu for all u € S,,.

Proposition 3.4. If hypotheses (H1) hold and v € C}(S2), then there exists U, € S,
such that u, < u for allu € S,.

Proof. From Filippakis-Papageorgiou [6] we know that S, is downward directed
(that is, if u,u € S, then there exists y € S, such that y < w, y < @). Invoking
Hu-Papageorgiou [I8, Lemma 3.10, p. 178], we can find a decreasing sequence
{tn}n>1 C S, such that

inf S, = inf wu,.
n>1

We have

(A(un), B = /ﬂ(u;7 + f(zyum Do)hdz VhEWEP(Q), n>1.  (3.13)

Let h = u, € WP (Q) in (3.13). Then

| Dunl?, = / (W + f(2,wn, Do)uy) dz,
Q

S0
[Dun|b <ecz Vn =1,

for some c¢3 > 0. Here we used that 0 < u, < uy € intCy for all n > 1 and

Hewitt-Stromberg [16, Theorem 13.17, p. 196] and hypothesis (H1)(i). It follows

that the sequence {u, }n>1 € Wy () is bounded. So, passing to a subsequence if

necessary, we may assume that

Uy, — T, weakly in WoP(Q) and  w, — @, in LP(). (3.14)

In (3.13]) we choose h = u,, —u, € Wol’p(Q), pass to the limit as n — +oo and use

(3.14) and (3.6). Then
lim (A(up), tn — Uy) =0,

n—-4oo
SO

Up — Ty 0 Wy P() (3.15)
(see Proposition [2.2)).
If in (3.13) we pass to the limit as n — 400 and use (3.15)), then we obtain

(A(@iy), ) = /Q(a;7 + f(2, 7, Do)hdz Vh € WP (Q),

S0 Uy € S, Cint Cy and 4, = inf S,,. O
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We define a map g: C3(Q) — C}(Q2) by setting
g(v) = y.
This map is well-defined and clearly a fixed point of g is a solution of (l.1)). To
produce a fixed point of g, we will use the Leray-Schauder alternative principle
(see Theorem . To this end, we need to show that the minimal solution map g

is compact (that is, g is continuous and maps bounded sets to relatively compact
sets). The next lemma will be useful in this respect.

Lemma 3.5. If hypotheses (H1) hold, {v,}n>1 C C3(Q), v, — v in CL(Q) and
u € S, then we can find u,, € S, for n > 1 such that u, — u in C3(9).

Proof. We start by considering the nonlinear Dirichlet problem
AL y(2) =u(2)™ + f(z,u(z), Dv,(z in Q,
() = ul(z) )+ F 2 u(2), Dua(2) 516)
yloa =0,

for n > 1. As in the proof of Proposition using Marano-Papageorgiou [22,
Proposition 2.1] and a Lemma by Lazer-McKenna [20], we have that u=7 € L9()
with ¢ > N. We set

kn(2) = u(z2)™7 4+ f(z,u(2), Du,(2)).
Then hypothesis (H1)(i) implies that
kn e LUQ), ky,20, kn#0, |knllg<ca Yn2>1,
for some ¢4 > 0. Hence problem has a unique solution y° € VVO1 P(), 42 >0,
yY # 0 and using Guedda-Véron [I5, Proposition 1.3], we have
Yn € L), ynlle <5 ¥n>1, (3.17)
for some c5 > 0. Consider the linear Dirichlet problem
—Aw(z) = kn(z) in Q,
wlaa =0
for all n > 1. Standard regularity theory (see e.g., Struwe [31, p. 218]), implies
that this problem has a unique solution w,, such that
wy € W(92) € Cy*(@) = CH* (@) N C(R),  Nwallgram <6 Yn>1,
with o = g — % > 0 and for some ¢ > 0. We put 0,(2) = Vw,(z) for all z € Q
and all n > 1. Evidently o,, € C%(Q) for all n > 1. Then from we see that
y) satisfies
—div (|Vy2(z)\p72Vy2(z) — crn(z)) =0 inQ,
YUnloa =0,

for n > 1. Invoking Lieberman [21, Theorem 1] (see also Guedda-Véron [I5], Corol-
lary 1.1]) and using (3.17), we infer that there exists 8 € (0,1) and ¢; > 0 such
that

v €@ NintCy, lypllgre Ser Yn L. (3.18)

Recall that C’é’ﬁ () is embedded compactly in C3(Q). So, from (3.18) it follows
that there exists a subsequence {9, }rx>1 of {y9}n>1 such that

yo, = y° inCH(Q) as k — 400, (3.19)
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with 4 > 0. Note that

kn — k in L9(9), (3.20)
with k(z) = u(z)~7 + f(z,u(z), Dv(z)). From (3.16)), (3.19), (3.20)), in the limit as
n — 400, we have

—Ay¥(2) = k(z) in Q,
pY (0) (2) (3.21)
y”laq = 0.

This problem has a unique solution y° € C}(€). On the other hand, since u € S,,,
from ([3.20)) it follows that u also solves (3.21)). Hence y° = u. It follows that for
the original sequence we have

Y2 = u in CH(Q). (3.22)
Next we consider the nonlinear Dirichlet problem
—Bpy(2) = yn(2) 77 + f(2,4n(2), Dva(2)) in Q,
Ynloa =0,

for n > 1. Again this problem has a unique solution y! € int Cy for n > 1 and as

above (see (3.22])), we have
yh —u in C3(Q).
Continuing this way, we generate a sequence {yf},>; C int C for all k& > 1 such
that
—Dpyn(z) =yn () 7T+ (2 yn H(2), Dua(2)) in 9,

(3.23)
Y oq = 0,

for k,n > 1 and
y* —u inCYHQ) asn— oo VE>1. (3.24)

As before from ([3.23) and Lieberman [21, Theorem 1 |, we know that {yX}i>; C
C(Q) is relatively compact.
So, we can find a subsequence {y*"},,>1 of {y¥}r>1 such that
yPm 7, in CH(Q) asm — +ooVn > 1.
From (3.23) in the limit as m — 400, we obtain
—BpYn(2) = Un(2)"7 + f(2,Un(2), Dvn(2)) in Q, (3.25)
Ynloa =0, '

forn>1.

From ([3.25) we have
D3l = [ 557 dt [ fGGu Dudgudz <@+ [ 0G)gds
Q Q Q
for some ¢3 > 0, so
D51 - [ o) d= <
Q

and hence the sequence {7, }n>1 € Wy*(€) is bounded (by Lemma .

From this and Lieberman [21l Theorem 1], it follows that the sequence {¥, }n>1 C
C(9Q) is relatively compact. Passing to a subsequence if necessary, we may assume
that

Un — 0 in CH(Q).
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By the double limit lemma (see e.g., Gasiniski-Papageorgiou [10, Problem 1.175, p.
61]), we have

yFn (™ 3 in CLQ) as n — +o0.
If U # u, then 0 < g¢ < |Ju — a”cg(ﬁ)) S0

0< 2 < Jlu—yhr
a contradiction (see (3.24))). So, we have

Un —u inCHQ) asn — +oo.
Recall that w — @ € int Cy (see Proposition . So, it follows that

(n)Hcg(ﬁ) Vn 2 no,

Un —u €intCy VYn > ng,
and g, € S,, Vn = ng (see (3.25)). O
Using this lemma, we can show that the minimal solution map is compact.

Proposition 3.6. If hypotheses (H1) hold, then the minimal solution map
g: C3(Q) — CL(Q) defined by g(v) =1, is compact.

Proof. First we show that g is continuous. To this end let v,, — v in C}(Q2). We
set Uy, = Uy, = g(vy) for all n > 1. We have

—Dyiin(2) = Wn(2) 7+ F(2,n(2), Dva(2)) in €,

Bl =, (3.26)
for n > 1.

As in the proof of Lemma using Guedda-Véron [I5, Proposition 1.3] and
Lieberman [21, Theorem 1], we have that the sequence {i,},>1 C C3(Q) is rel-
atively compact (see also Giacomoni-Schindler-Taka¢ [I3, Theorem B.1]). So, we
may assume that

U, — Uy in C(Q) asn — +oo. (3.27)

Passing to the limit as n = 400 in and using , we obtain that
Uy € S, (3.28)

From Lemma we know that we can find u,, € S,, for n > 1 such that
Uy — U =1, =gv) inCHQ) asn — +oo. (3.29)

We have u, <u, Vn=>=1,so

<u=g(v)
(see (3.27) and (3.29)). Since gy € S, (see (3.28)), we conclude that
o = g(v) = u.

Therefore for the original sequence we have 4,, — @ in C§(£2); thus g is continuous.

Also, if B C C§(Q) is bounded, then as before via the results by Guedda-Véron
[15] and Lieberman [21], we obtain that g(B) C C3(Q) is relatively compact and
thus g is compact. ]

Now we can employ the Leray-Schauder alternative principle (see Theorem [2.1))
to produce a positive solution to problem ([1.1)).

Theorem 3.7. If hypotheses (H1) hold, then problem (1.1)) admits a positive solu-
tion Uy € int C.
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Proof. From Proposition we know that the minimal solution map g: C}(Q) —
C} () is compact. Let K C C3(9) be the set
K={uecCiQ): u=tg(u), 0<t<1}.
If uw € K, then %u = g(u), so
t’y
u(z)

Hypothesis (H1)(iv) implies that

— Apu(z) = tpfl( + f(z, %u(z), Du(z))) a.e. in (. (3.30)

1
f(z, $u(z), Du(z)) < tp—_lf(z,u(z),Du(z)) for a.a. z € (L. (3.31)
Returning to (3.30) and using (3.31)) and hypothesis (H1)(i), we have
p+r—1
_Apu(z) S —F——+ f(z,u(z), Du('z))

u(z)” (3.32)
+a(2) + 9(2)u(z)P " + | Du(z) [P,

for a.a. z € Q, so

[ Dull} <54+/ V()P dz +c | |DulP~ udz
Q Q

<a+/ﬁ@MW+ﬂmm*wm
Q

c
<+ / I (2)uP dz + —— || Dul|?,
Q )\}/p p

for some ¢; > 0 (by Holder’s inequality and using ([2.2)), thus
c
1 Ai) | Dull? — / D(2)uP dz < @,
( )\i/l’ P Q

hence, by Lemma we have
& IDull <2,

for some ¢ > 0. This proves the boundedness of K C Wy (Q).
Invoking Theorem (the Leray-Schauder alternative principle), we can find
U € C3(Q) such that
U = g(up) € Sz, Cint Cy.

This is a positive solution of (L.1J). O

Remark 3.8. It will be interesting to know if we can have multiplicity of positive
solutions (for example a pair of positive solutions). For purely singular elliptic
problem such a result was proved by Papageorgiou-Radulescu-Repovs [25]. Also
another interesting open problem is whether we can treat resonant equations.
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