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BIFURCATION OF SOLUTIONS FROM INFINITY FOR
CERTAIN NONLINEAR EIGENVALUE PROBLEMS OF
FOURTH-ORDER ORDINARY DIFFERENTIAL EQUATIONS

ZIYATKHAN S. ALIYEV, NATAVAN A. MUSTAFAYEVA

Communicated by Paul H. Rabinowitz

ABSTRACT. In this article, we study the global bifurcation from infinity of non-
linear eigenvalue problems for ordinary differential equations of fourth order.
We prove the existence of unbounded continua of solutions emanating from
asymptotically bifurcation points and intervals and having the usual nodal
properties near these points and intervals.

1. INTRODUCTION
We consider the nonlinear eigenvalue problem

ty=(py")" —(ay) +r(@)y = Aty +h(z,y,y 9" y",N), z€(0,0), (L)
y'(0) cosa — (py”)(0)sina =0, y(0) cos B+ Ty(0)sin 5 = 0,

1.2
y' (D) cosy + (py")(1)siny =0, y(I)cosd —Ty(l)sind =0, (1.2)

where A € R is a spectral parameter, Ty = (py”) — qy’, p is positive, twice contin-
uously differentiable function on [0,!], ¢ is nonnegative, continuously differentiable
function on [0,1], r is real-valued continuous function on [0,1], 7 is positive con-
tinuous function on [0,1] and «,3,7,d € [0,7/2]. The nonlinear term h has the
form h = f + g, where f and g are real-valued continuous functions on [0,1] x R?,
satisfying the conditions: there exists M > 0 and sufficiently large ¢y > 0 such that
‘f(xayvsav,wvA” § M,
y (1.3)

z [0, y,s,v,w €R, |y[+[s] + |v[ + [w] = co, A €R;
for any bounded interval A C R
9@y, s,0,w, ) = o(ly| + [s] + [v] + |w]) as [yl + |s| + [v] + [w] = 00, (1.4)

uniformly for z € [0,]] and A € A.
In nonlinear analysis an important role is played by bifurcation theory of nonlin-
ear eigenvalue problems. The study of bifurcation of nonlinear eigenvalue problems

2010 Mathematics Subject Classification. 34B24, 34C23, 34L15, 34130, 47J10, 47J15.

Key words and phrases. Nonlinear eigenvalue problems; bifurcation point; bifurcation interval;
bifurcation from infinity; global continua; nodal properties of solutions.

(©2018 Texas State University.

Submitted January 26, 2018. Published April 27, 2018.

1



2 Z. S. ALIYEV, N. A. MUSTAFAYEVA EJDE-2018/98

has an applied interest since problems of this type arise in almost all fields of nat-
ural science (see, for example, [3, 4 5l [6], 12, 18]). Recently, in this direction have
been obtained fundamental results for a wide class of eigenvalue problems which
are reflected in [I], 2] 3, @] Bl @] 8] 10} 0T, 12, 14, 18| 211, 22, 24 25] 26, 28| 291 B0,
311, 32 33], 341 [35], 36, 37, [39] and some others.

In studying the global bifurcation of solutions of nonlinear eigenvalue problems
for ordinary differential equations, the nodal properties of the solutions allow a
more detailed analysis of the structure and behavior of connected components of a
set of nontrivial solutions. The oscillatory properties for the eigenfunctions of the
ordinary differential operators of the second and higher orders by various methods
were investigated by Sturm [38], Kellogg [19, 20], Priifer [27], Gantmakher and
Kerin [15], Karlin [I7], Levin and Stepanov [23], Elias [I3], Banks and Kurowski
[7.

If the continuous functions f and g on [0,1] x R® satisfy the conditions

A
[J@y s v w0 0<yl <1, sl ol el <1, A€ R, (L5)
Yy

9(@,y,8,0,w,7) = o([y| + [s| + o] + |w]) as |y +[s] + |v] + [w] = 0, (1.6)

uniformly for « € [0,{] and A € A, then we can consider bifurcation from y = 0.
Similar problems for Sturm-Liouville equation have been considered before by Ra-
binowitz [30], Berestycki [§], Schmitt and Smith [36], Rynne [33], Ma and Dai
[25]. These authors prove the existence of two families of global continua of solu-
tions in R x C!, corresponding to the usual nodal properties and bifurcating from
the eigenvalues and intervals (in R x {0}, which we identify with R) surrounding
the eigenvalues of the corresponding linear problem. In [3, [l [5 [6], some elastic-
ity models were studied that include higher-order differential equations and nodal
properties. In these papers, using the nodal properties, were obtained similar global
bifurcation results for the solutions of the considered mathematical models. Sim-
ilar results were also demonstrated in [35] for nonlinear eigenvalue problems for a
special class of ordinary differential equations of 2mth order. But until recently
it was not possible to obtain similar results for the problem - under the
conditions and .

Note that in nonlinear eigenvalue problems for ordinary differential equations
of fourth order, the nodal properties of the solutions need not be preserved along
continua, so it is not possible to investigate in detail the structure and behavior of
global continua of solutions using the techniques of [30, Theorem 2.3]. Przybycin
[29], Lazer and McKenna [22], Rynne [34] [35], Ma and Thompson [26] obtained re-
sults similar to the results by Rabinowitz [30, Theorem 2.3], for nonlinear eigenvalue
problems of fourth order (in the case of f = 0). In these papers for the nonlinear
term g is used the smallness condition at y = 0 of the form g(z,y, s, v,w, A) = o(|y|)
to obtain the preservation of nodal properties.

In recent papers by Aliyev [2], the global bifurcation of solutions of problem
(TI)-(T:2) (in the case of r = 0) under the conditions and is completely
investigated. To preserve the nodal properties in [2] by using an extension of the
Priifer transformation, the author constructed sets Sy, k € N, v = {+,—}, of
functions in Banach space E = C3[0,1] N B.C. with the usual norm || - ||3, where
lylli = Z;‘:o Hy(j)Hoo; i € N, |lyllec = maxgepo, |y(z)], B.C. is the set of functions
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satisfying boundary conditions (1.2, that have the nodal properties of eigenfunc-
tions of the linear problem (L.I)-(1.2) with 2 = 0 and their derivatives [2, §3.1].
In this paper (see also [1]) the existence of two families of unbounded continua of
solutions of problem — contained in these sets and bifurcating from the
points and intervals of the line of trivial solutions is proved.

If condition and hold, then we can consider bifurcation from y =
oo. Similar problems for Sturm-Liouville equation have been considered by Toland
[39], Stuart [37], Rabinowitz [31], Przbycin [28], Rynne [32] 33], Ma and Dai [25].
For such problems these authors show the existence of two families of unbounded
continua of solutions bifurcating from the points and intervals in R x {oo} and
having the usual nodal properties in the neighborhood of these points and intervals.
(However, the proofs of these assertions carried out in [25, Theorems 2.2 and 2.3]
and [28, Theorem 2] contain gaps. In these papers the nonlinear term f has a
sublinear growth with respect to y satisfying |y| > ¢o and |y’| > ¢o. It follows
from proofs of these theorems that if the solution (\,y) is near to the bifurcation
interval (in R x {oo}) corresponding to the kth eigenvalue of the linear Sturm-
Liouville problem and is contained in a connected component of nontrivial solutions
emanating from this interval, then the function y has exactly k£ — 1 simple zeros
in (0,1). But it is obvious that this function y can not satisfy the conditions
ly| > ¢o and |y'| > ¢o for k > 1.) It should be noted that only Przybycin [29] for
a special class of nonlinear fourth order eigenvalue problems (in the case of f = 0)
demonstrates a similar result using the smallness condition at y = oo of the form
g(z,y,s,v,w, A) = o(|y|) for the nonlinear term g.

The purpose of this paper is to study the bifurcation of solutions of problem
(L3)-(T.2) in the cases: (i) f = 0 and for g only the condition holds; (ii) f=0
and for g both of the conditions and hold; (iii) f # 0 and for f and g
the conditions and hold, respectively.

This paper is arranged as follows. In Section 2, we give some statements for

the problem (|1.1)-(L.2)) under conditions (1.5 and (1.6]), which we will need in the

sequel. In Section 3 the existence of two families of unbounded continua of solutions

of problem (1.1))-(1.2]) with f = 0 under the condition (|I.4]), bifurcating from infinity
and having usual nodal properties in a neighborhood of infinity is proved. In Section

4, problem (L.I)-(1.2) with f = 0 is considered when both conditions and
hold. In Section 5, by extending the approximation technique from [8] and
combining it with the global bifurcation results in [2l 11l B0, [33], we prove the
existence of global sets of solutions of problem — bifurcating from intervals
(in R x {oo}) which are similar to those obtained in [31], 33].

2. PRELIMINARY RESULTS

By [2l Theorem 1.2] the eigenvalues of the linear problem

Uy)(x) = A (x)y(x), =€ (0,1),

y € B.C. (2.1)

are real and simple and form an infinitely increasing sequence {\;}72 ;. Moreover,
for each k € N the eigenfunction yi(x) corresponding to the eigenvalue Ay lies in
S (therefore yy(z) has k — 1 simple nodal zeros in the interval (0,1)).

Lemma 2.1 ([2 Lemma 2.2]). Ify € 0S}, k € N, v € {+,—}, then y(x) has at
least one zero with multiplicity four on the interval [0,1].
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Let C C R x E denote the set of solutions of problem (L.1)-(L.2). We say (), o0)
is a bifurcation point (or asymptotic bifurcation point) for problem — if
every neighborhood of (A, 00) contains solutions of this problem, i.e. there exists a
sequence {(Ap,un)}o2; C C such that A, — X and |lu,|3 — +00 as n — oo (we
add the points {(A,00) : A € R} to space R x E). Next for any A € R, we say
that a subset D C C meets (A, 00) (respectively, (X,0)) if there exists a sequence
{(An,un)}s2y C D such that A\, — X and |Ju,||s — 400 (respectively, ||un|lz — 0)
as n — 0o. Furthermore, we will say that D C C meets (A, 00) (respectively, (A, 0))
through Rx Sy, k € N,v € {+, —}, if the sequence {(\,, un)}72; C D can be chosen
so that w, € Sy for all n € N (in this case we also say that (A, 00) (respectively,
(X,0)) is a bifurcation point of (L.1)-(L.2) with respect to the set R x Sy). If I € R
is a bounded interval we say that D C C meets I x {oo} (respectively, I x {0}) if D
meets (A, 00) (respectively, (A,0)) for some A € I; we define D C C meets I x {oo}
(respectively, I x {0}) through R x S}, k € N, v € {4+, —}, similarly (see [33]).

We suppose that the conditions and hold. Then we have the following
results.

Theorem 2.2. Let f =0. Then for each k € N and each v € {+,—} there exists

a continuum £} of solutions of problem (LI)-(1.2) in (R x Sy) U {(A\x,0)} which
meets (Ag,0) and 0o in R x E.

Lemma 2.3. For each k € N and each v € {4, —} the set of bifurcation points for
problem (L.1)-(1.2]) with respect to the set R x S} is nonempty.

Lemma 2.4. If (), 0) is a bifurcation point for problem (1.1)-(1.2) with respect to
the set R x S,k € Nyv € {+,—}, then X\ € Ij, where I, = [\, — %,)\k - TMO],
To = minge[o, 7(x).

For each k € N and each v € {4, —}, let DZ denote the union of all the connected
components Dy , of C emanating from bifurcation points (A, 0) € I, x {0} with
respect to R x S¥. Let DY = DY U (I x {0}). Note that D¥ is a connected subset
of R x E, but D¥ is not necessarily connected in R x E.

Theorem 2.5. For each k € N and each v € {4+, —} the connected component Dy,
of C lies in (R x SY) U (I x {0}) and is unbounded in R x E.

The proofs of Theorem Lemmas [2.3] and 2.4] and Theorem [2.5] are similar to
those of [2] Theorem 1.1], [2, Lemmas 5.3, 5.4] and [2] Theorem 1.3], respectively,
by using [2, Theorem 1.2].

3. GLOBAL BIFURCATION FROM INFINITY OF SOLUTIONS OF PROBLEM (|1.1f)-(1.2)
FOR f=0

Throughout this section we assume that only condition (1.4)) holds. For any set
A CR x E we let Pr(A) denote the natural projection of A onto R x {0}.

Theorem 3.1. For each k € N and each v € {+,—} there exists a connected
component Cy of C which meets (A, 0) and has the following properties:
(i) there exists a neighborhood Qi of (Ag,o0) in R x E such that
Qr N (CX\(Ak, 00)) C R x Si;

ii) either C¥ meets CY, through R x S¥, for some (k',v/ k,v), or C! meets
k k k
(A,0) for some A € R, or Pr(Cy) is unbounded.
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Proof. Assume that A = 0 is not an eigenvalue of (2.1). Then problem (1.1})-(1.2))

can be converted to the equivalent integral equation

l 1
y(z) = A / K (, t)r(t)y(t)dt + / K () gt y(t), o' (6,5 (5.5 (£), Nlt, (3.1)

where K (z,t) is the Green’s function for the differential expression ¢(y) with bound-
ary conditions . Hence, it is sufficient to search for solution of — in
Rx E.

Let the operator L : E — E be defined by

l
(Ly) (@) = / K ()7 (t)y (),
and G: R x F — FE by

!
(GO = [ K )gtu(0).9/ (0. (1), (1), Nt
0
Hence the problem (3.1)) can be rewritten in the following form
y=ALy+ G\ y). (32)

It is clear that L is compact and linear in E' and has characteristic values Ay, ..., Ag,
..., which are the eigenvalues of the linear problem . The map G is continuous
on R x E. Using and following the corresponding arguments carried out in
the proof of [31, Theorem 2.4], we can show that

GAy) = olllylls) aty = oo, (3:3)

uniformly on bounded A-intervals and ||y||3 G(), ﬁ) = H(\,y) is compact in E.

For any nontrivial (A,y) € R x E setting v = m, we have |jv]|3 = ”y1”3 and
y= val\i' Dividing by [|y||? yields the equation

v=ALv+ H(\v). (3.4)

Let H(A,0) = 0. By our basic assumptions the operator H : R x E — E is
continuous and satisfy

H(\v) =o(||v]]s) atv=0, (3.5)

uniformly on bounded A-intervals.

The transformation (\,y) — T(\,y) = (A,v) which was used in the papers
[B1, B3}, 37, BI] turns a bifurcation from infinity problem into a bifurcation
from zero problem (3.4). By the global bifurcation results in [11] and [30] are
applicable to problem .

Let C € Rx E be the set of nontrivial solutions of problem . By construction,
the transformation (\,y) — T(A,y) maps C into C and, heuristically, interchanges
points at y = oo (respectively, y = 0) with points at v = 0 (respectively, v = c0).
By [II, Theorem 2] and [30, Lemmas 1.24, 1.27 and Theorem 1.40] for each k € N
and each v € {+, —} there exists a connected component C}/ of C with meets (A, 0)
and has the following properties: (a) there exists a neighborhood Qj of (g, 0) in

R x E such that Qj N (é,’;\(/\k,())) C R x 8%; (b) either C¥ meets CY respect to
R x S¥ for some (k', ') # (k,v), or C¥ is unbounded in R x E (that is, there exists

a sequence (Agn,Vkn) € Cf, n=1,2,3,..., such that |y | + ||vknls — 400 as
n — o). Then C} and Qy, are the inverse image T~ (C¥) of C{ and T~ (Qx) of Qy
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under the transformation 7' respectively. Thus the statements (i) and (ii) of the
theorem follows from properties (a) and (b) of C¥ respectively (second and third
alternatives in part (ii) of the theorem for correspond, via T, to the various ways
in which C} can be unbounded).

Next, using the above ideas, together with an approximation argument (see [31]
p. 468]) we can show that the statements of this theorem are true also in the
degenerate case in which 0 is an eigenvalue of linear problem . The proof is
complete. O

Remark 3.2. Unlike in the case of bifurcation from zero in Theorem for
bifurcation from infinity it need not be the case that C; C (R x Sy) U {(A\x, 00)},
in Theorem [B.11

Example 3.3. We consider the following nonlinear eigenvalue problem (see [29])

yW (@) = Ay(z) +1), @€ (0,7), y(0) = y(r) =y"(0) =y"(x) =0.  (3.6)

The eigenvalues of the linear eigenvalue problem

y (@) = My@)x € (0,m), y(0) =y(r) =¢"(0) =y"(m) =0 (3.7)
are X\ # k*, k € N, and corresponding eigenfunctions are sin kz, k € N.
For A # k*, k € N, the solution of problem (3.6) is unique and given by
1 — cos VA 4
—— X7 sin V.
sin v
If k odd, then yy(z) — co as A — k%, and if k is even, then yy(z) — —1+ coskx =

ypa (). In addition to the solution (k*,y4), the problem (3.6 has also the family
of solutions of the form (k*, yys + csinkz),c € R. Hence, we have

Cr={(\yn) 1 A€ (0,1)} U{(0,0)} U{(L,00)}

ya(z) = =1+ cos V Az +

and
Cr ={(\yx) : A€ (1,81)} U{(16,ys + csin2z) : c € R}
U{(1,00)} U{(16,00)} U {(81,00)}.

Consequently, C;7 ¢ ((R x S7) U {(1,00)}) and C; ¢ ((R x S7) U {(1,00)}).
Moreover, C;” meets C5,v € {+,—}, as well as CJ".

Remark 3.4. If for each A € R there is an x such that g(x,0,0,0,0,A) # 0 then
the second alternative in part (ii) of the Theorem cannot hold.

If we impose some additional conditions on the function g we can obtain stronger
results on the structure of the set of solutions of problem (|L.1])-(|1.2]).

Corollary 3.5. If additionally we assume that

g(z,u, s,v,w,\) = g1(x,u, s,v,w, \)u~+ ga(z,u, s,v,w, \)s

+ gs(z,u, s,v,w, \)v + gs(x,u, s,v,w, \)w

where g1, g2, g3 and g4 are continuous at (u,s,v,w) = (0,0,0,0), then CY\Qy con-
tains a subcontinuum lying in Rx S} and which is unbounded or meets R = Rx {0}.
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Proof. Tt follows from Theorem m that (CF N Q) C (R x S;7) U{(A\k,0)}. We
denote by Hz the maximal subcontinuum of C]j lying in R x S,j. If H' is bounded,
then there exists (A,y) € OH; N (R x 95;7). Hence by Lemma the function
y has at least one zero of multiplicity 4. Then it follows by [2] Lemma 1.1] that
y = 0. The proof of corollary is complete. (]

Example 3.6. Consider the nonlinear eigenvalue problem
y @ (@) = Ay(x) + Ag(y(2)y(x), 0<z<l,
y(0) =y"(0) = y(1) =y"(1) = 0,
where g(t) = —1if |[¢t|] < 1, g(t) = 0 if [t| > 2 and g(¢) is linear if 1 < [t| <
2. Note that problem (3.8) has no nontrivial solution (A,y) such that |jy||s < 1.
Hence this problem has no bifurcation points respect to the line of trivial solutions.

Consequently, for each £ € N and each v € {+,—} the set C/\Qy contains an
unbounded subcontinuum lying in R x S},.

(3.8)

The following example shows that the second alternative of Corollary holds.

Example 3.7. Now we consider the boundary value problem
YD (@) = A1+ (1+52@) Dy(e), 0<z<l,
y(0) =y"(0) = y(1) =y" (1) = 0.
Let (X, §(x)) be a solution of problem (3-9). Then (A, §(z)) is an eigenpair of the
linear spectral problem
YD (@) = A1+ (1+ @) Dy(x), 0<z<l,
y(0) =y"(0) = y(1) =y" () = 0.
By [2, Theorem 1.2] we have § € UY_;S;,. Let now § € Si. Then it follows
by [2, Theorem 1.2] that A is the k-th eigenvalue of linear problem (3.10). It is

obvious that A > 0. By the max-min property of eigenvalues [I9, Ch. 6, §4]), the
k-th eigenvalue Ay of problem ([3.10) is determined from the relation

(3.9)

(3.10)

!
N, — ; Pl - — (k—1)
S max min (R [ y@)e@ie=0.p@) eVED) @)
where R(y) is the Rayleigh quotient
! T
5 {y" () — Mp(@)y*(2)}dw 1
Rly] = o ; . plx) = ——, (3.12)
Jo ¥2(x)dzx 1+ 53 (x)

and V#~1) is any arbitrary set of k—1 linearly independent functions v;(z) € B.C.,
1<j<k-1.

It is obvious that the k-th eigenvalue of problem (with 7 replaced by 1) is
characterized as

!
— ; . — (k—1)
Ak = [max min {Rly] : /0 y(x)p(z)de =0, p(z) € V }, (3.13)

where l
fo y"?(x)dx
Ry =292 ~~ | 3.14
N o
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For any choice of V*~1) from (3.12) and (3.14) we obtain
R[y] - X\ < Rly] < R[y).
Hence it follows from (3.11) and (3.13) that
A — A < X < Ay

which implies (by virtue of A, = ) that

> =

2k

2

Thus, we have shown that if (S\,ﬂ) € R x S is a solution of problem (3.9)), then
X €[22, \g]. Hence CY lies in [&F, Ag] x SY.

Let {(Akn:Ukn)}o2: € R x SY be a sequence of solutions of problem (3.9)

Yk,n
MYk, lls

<< g

converges to (5\,0) in R x E. Setting v,, = we obtain that v, satisfies the

relations

o (@) = Mo (L + (L4 53 0 (2)) Hoal2), 0<a <L,

vn(0) = v,(0) = vn(l) = vy (I) = 0.
Since v, is bounded in C3[0,1], 1 + ﬁ is bounded in C[0,1], it follows from
k,n

(3.15) that v,, is bounded in C*[0,1]. Therefore, by the Arzela-Ascoli theorem, we
may assume that v, — v in C3[0,1]; |lv|ls = 1. Moreover, v € S = Sy UdSY.
Since |Jv||3 = 1 it follows from [2] Lemma 1.1] that v € S}. Passing to the limit as

n — oo in (3.15)) we obtain
oW (x) =2 (z), 0<z<l,
v(0) =v"(0) = v(l) =2"(l) = 0.

(3.15)

Since v € S it follows from [2, Theorem 1.1] that 2\ is a k-th eigenvalue of the
linear problem

y(4)(x =\y(x), O0<ax<l,
y(0) =y"(0) = y(1) = y" (1) = 0,

which implies that A = % Therefore, C; meets R at (%, 0).
Corollary 3.8. If g is as in C’orollary with g;(x,0,0,0,0,\) =0,i=1,2,3,4,
and C} meets R, then it does so at (Ag,0).

Proof. The point at which C}; meets R corresponds to an eigenvalue of problem
(2.1). But the only point (A,,,0) which can be the limit of elements (\,y) with
y € S is (g, 0). The proof of this corollary is complete. |

It should be noted that this fact is also true in the more general case (see Theorem

751)

4. GLOBAL BIFURCATION FROM ZERO AND INFINITY OF SOLUTIONS OF PROBLEM
[C1)-[2) ror f=0

If f =0 and for g the conditions (1.4]) and (1.6) both hold then we can improve
Theorems 2.2 and [3.1] as follows.
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Theorem 4.1. Let f = 0 and the conditions and both hold. Then
for each k € N and each v € {+,—} we have C; C R x S{ and the first part of
alternative (ii) of Theorem cannot hold. Furthermore, if £f meets (A, 00) for
some X € R, then A = X\,. Similarly, if C} meets (X, 0) for some A € R, then
A=A

Proof. Tt follows from [2| Lemma 1.1] that if condition holds, then C N (R x
0S5y) = 0. Hence the sets C N (R x S}) and C\(R x S}) are mutually separated
in R x E (see [40, Definition 26.4]). Thus it follows by [40, Corollary 26.6] that
any component of C must be a subset of one or another of these sets. Since C}/ is a
component of C which intersect R x S}, then C;; must be a subset of R x S, i.e.
C; C R x S}. But this shows that the first part of alternative (ii) of Theorem
cannot hold.

Now suppose that £7 meets (A, 00) for some A € R. Then there exists a sequence
{(Mkns Ybon) 1o2q C £Y such that A\, ,, — A and ||yk,n||3 — 00 as n — oo and

Yken = MenLtien + G(Nen, Ykon)-

Let v,n = 4=, 80 ||[uk,nlls = 1. Dividing this equality by [lyk,n[ls shows that
Vk,n satisfies
G(A
Vk,n = Mo L0k 0 + Gk Yem)
Hyk,n ‘3

Then it follows from the compactness of operator L and the condition that
there exists a subsequence of the sequence {(Ak.n, Vi n)}ne (which we will relabel
as {(Ak.n, Vk.n) }o2;) which converges in R x E to (A, v). Letting n — oo in the
above equality we obtain

v = ALv.

Hence (A, v) is eigenpair of problem and v lies in the closure of S}/. Since
lv]ls = 1 it follows from [2, Lemma 1.1] that v € Sy. Then by [2, Theorem 1.2] we
have A = A, and v = vy;. Thus £] can only meet (A, 00) if A = ;. Similarly is
proved that C; can only meet (X,0) if A = A;. The proof is complete. O

The naturally question arises whether or not £ intersects C;. The following
examples show that, both cases are possible.

Example 4.2. Now we consider the boundary problem
y W (@) = My() + Af (2, y(2), ¢ (), 4" (2), 5" (@))y(z), 0<z <L,
y(0) =y"(0) =y(1) =y" () =0,
We assume that f satisfies the following conditions:

(4.1)

(i) there exist positive constants K, d and 6 such that
|f (@, 1, 8,0,0)] < K(Jul + || + [o] + |w]) =
for all (z,u,s,v,w) € [0,1] x R* with |u| + |s| + |v] + |w| > d;
(ii) f is continuous in [0,{] x R* and f(z,0,0,0,0) = 0 for = € [0,1].

These two conditions ensure that for g(z,u, s,v,w,\) = A\f(x,u, s,v, w) conditions

and both hold.

Since A; > 0 (in this case A; = L), for the location of continua £f and CY,v €
{+, —}, we have the following results.

(a) If f(x,u,s,v,w) >0 for (z,u,s,v,w) € [0,]] x R* and (\,y) € £, U Cy, then
0 < A < Ap. Indeed, if (A, y) be a solution of , then multiplying both sides of



10 Z.S. ALIYEV, N. A. MUSTAFAYEVA EJDE-2018/98
equation in (4.1) by y and integrating this relation from 0 to [, using the formula

for the integration by parts, and taking into account boundary conditions in (4.1),
we obtain

1 1
[ @ @ps = [ {1+ o).y 0. @ @) e
0 0
which implies that A > 0. If (A, y) be a solution of (4.1) and y € S1, then

y W (@) = A (2, y(2),y (), 4" @),y (2)y(z) = My(z), 0 <z <,

(4.2)
y(0) = y"(0) = y(I) = y"(1) = 0,
which implies that A is the first eigenvalue of the problem
@ (z) — A = O<z<l
v\ (x ri(x v(x), x <,
(@) = Ari(@)o(w) = () s

v(0) =v"(0) = v(l) = v"(1) =0,

where r1(z) = f(z,y(z), v (x),y"(x),y" (x)) > 0. The first eigenvalue of problem
(4.3) can be characterized as

!
f1 = min Jo 0" (@) dx_/\forl 2($)dx.

vEB.C. fol 2(z)da

Since A > 0 and r1(z) > 0,z € [0,1], it follows from the above equality that

l //2( )dz
A= < min 07 =)\
vEB.C. fO Uz(iﬂ)dfﬂ

Therefore, for CY, first alternative in part (ii) of Theorem cannot hold. Hence
by Theorem [4.1| the set CY must be unbounded in [0, A\;] X E and so must bifurcate
from (A1, 0). Also by Theorem[2.2]and [4.1] the set £{ must approach (A1, 0o). Hence
L£YNey £90.

(b) If f(z,u,s,v,w) <0 for (z,u,s,v,w) € [0,]] x R* and (\,y) € £, UCy, then
A > A1. Indeed, in this case 1 (z) < 0,z € [0,1], and consequently, we have

l V"2 v2
Ydx — A d
A= = min o V" (w)dx l fo ri(x)v*(z)dx
veB.C. f ( )dlL’

Ol y"?(x) dm—)\forl y?(z)dw
NG

l
fo //2 . f ,U//2 _ Al '
fO v EB C f ’()2 )dl’

Let f(z,u,s,v,w) = f1(u? + s? —|—v + w?), where f1(z) = —z if |2| < 1, fi(z) =
—1if 2 < |z| < 3, fi(z) = =8 if |2| > 4 and is continuous for all z. Then
CY = {(%,csinx) tve > 4} and £ = {({25,csinz) : 0 <wve < 1}. Thus
LY NCY = 0. Moreover, for each v € {+, —} the continua £/ and C{ are unbounded
in R x E and lies in [A1, 00) x SY.
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5. GLOBAL BIFURCATION FROM INFINITY OF SOLUTIONS OF PROBLEM ([1.1])-(1.2)

Throughout this section we assume that f # 0 and the conditions and
are satisfied.

Recall that to study the bifurcation from infinity of the solutions of problem
-, as in the papers [31], B3] 87, B9] we use the inversion (A, y) — T'(\,y) =
(A, m) which transforms the bifurcation from infinity problem — to the
corresponding bifurcation from zero problem. But in this case the set {y € E :
lyl + |v'] + 1¥"| + |¥"'| > co} is not transformed to the set of the form {v € E :
lyl + |v'| + [y + |v""| < ro} for some sufficiently small ry > 0. Consequently, it is
impossible to apply Theorem Therefore, we need the following result to solve
this problem.

Lemma 5.1. There exists functions f*, g* € C([O,l] X R5) such that h can be also
represented in the form h = f* + g*, and f*, g* satisfy the conditions:

‘f*(x,u,i,v,w,/\)‘ <M, (x,u,sv,w \) €[0,1] xR u#0; (5.1)
g (z,u, 5,0,w, ) = o(ful + |s| + v + [w]),  as |u| +|s| + |v] + [w] — o0, (5.2)

uniformly in x € [0,1] and in X\ € A, for any bounded interval A C R.

Proof. Let U = (u, s,v,w) € R* and |U| = |u| + |s| + |v] + |w|. Suppose that ((U)

is a continuous function in R, 0 < ¢ <1, such that

<
cwor-f) e
where kg is a sufficiently small fixed positive number. Then we can write
f@,U,7) =CU)f (2, U, A) + (1 = C(U)) f(z,U, A).
Hence the functions
fi@, U A) =CU)f(z,U,A) and  fo(z,U,A) = (1= ¢(U))f(z,U,A)
are continuous in [0,1] x R® and by satisfy the following conditions:

’w, <M, (z,U,\) €[0,]] xR® u#0; (5.3)

fo(z, U N) =0, (2,U,\) €0,]] xR, |U| > ¢+ ro. (5.4)
We define the functions f*,g* : [0,1] x R> — R as follows:
ff=rh g =g+f.

Then the function h is represented in the form h = f* 4 ¢g*, where f* and g* are

continuous functions in [0,1] x R5 and by virtue of (1.4)), (5.3), and (5.4) satisfy the
conditions (|5.1)) and (5.2)), respectively. The proof is complete. O

Recall that if 0 is not an eigenvalue of the linear problem ({2.1)), then the nonlinear
problem (1.1)-(1.2)) is reduced to the equivalent integral equation

y(z) = A / K () r(t)y(t)dt + / K (1)1 (6, 5(8), ' (8), 47 (6), /" (£), Nt

+ / K ()" (6 w(t), ' (£), " (£), " (), A) .
(5.5)
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Let
F*(\,y)(z)) =/0 K(z,t) f(t,y(t),y'(t),y" (1), " (t), Nt (5.6)

G* (A y)(x) :/O K(x,t)g™ (t,y(t), ' (t),y" (£), 4™ (t), A)dt. (5.7)

Note that F* : R x ' — FE is completely continuous, G* : R x E — F is continuous
and satisfies the condition

G*(Ay) =o(llyls) at y= oo, (5.8)
uniformly on bounded M-intervals. Also, the operator H* : (\,y) — |ly||% g% (), Hyynz)
3
is compact.
By Lemmaand (5.5)-(5.7), problem (1.1)-(1.2) can be rewritten in the equiv-
alent form
y=ALy+F*(\y)+G(\y). (5.9)
Along with (2.1)) we consider the linear spectral problem
Ly(z) + o(x)y(z) = M(x)y(x), =z € (0,1),
@) + ¢(@)yla) = Mr@y(o), @€ (0.0 510

y e B.C.,
where p(z) € C[0,1]. We need the following result which is basic in the sequel.
Lemma 5.2. For each k € N it holds

lpe — Ai| < K/, (5.11)
where py, is the kth eigenvalue of problem (5.10), K = sup,cp ) |¢(z)]-
The proof of this lemma is similar to that of [2, Lemma 4.1].

Remark 5.3. Since the class of continuous functions C[0,1] is dense in L4[0, 1],
Lemma [5.2] also holds for ¢(z) € L1[0, 1].

To study the bifurcation from infinity of solutions of (1.1))-(1.2)), we consider the
approximate problem

I (o, lyllsys lwlsy’, lllsy”, lyllsy™, N)
vl

+ 9" (z,y, v, y", Y N), xe(0,1),

y € B.C.,

by = At(x)y +
(5.12)

where € € (0, 1].

Lemma 5.4. Let § > 0 be the sufficiently small fized number. Then for each k € N
there exists sufficiently large R}, > 0 such that for given any e € (0, 1] problem
has no nontrivial solution (A\,y) which satisfied the conditions dist {\, It} > ¢,
ye Sy, ve{+,—}, and ||ly|ls > R;.

Proof. On the contrary assume that there exists €9 € (0,1] and sufficiently large
ng € N such that for any n > ng problem (3.3) for ¢ = ¢y has a nontrivial solution
(An, yn) satisfying dist{A,, Ix} > 6, yn € S{,v € {+,—}, and |jyn||3 > n.
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For each n > ng, we have

o — oy I I 5 o 52 o 50
funl o)
+g*($,yn7y;,y§{7yf{’7)\n), z € (0,1), .
yn € B.C.

We define a function ¢, (x),n > ng,z € [0,1], as follows:

on()
e, 1 eq, 111

) 7f*(w,uyn\|§°yn<w>,nyn|\§°y;<a§>go|\ynn3 VL@ I @A) () £ 0.
= llynllz " yn(z)
0 if y,(x) = 0.

Then from (5.13)) it follows that (A,,yn),n > ng solves the nonlinear problem

ty +en(@)y = A(2)y + 9" (2, 9,9",y",y", A), 2 € (0,1),
y € B.C.
From (5.1)) we have |@, (2)| < W < M,n > ng, x € [0,1]. Since y,(x),n > no,
n 3
has a finite number of zeros on (0,[) and is bounded on the closed interval [0, ],
Remark shows that the result of Lemma [5.2] also holds for the linear problem

Ly + on(x)y = Ar(2)y, € (0,1),
y € B.C.

Then it follows from that the k-th eigenvalue Ay, ,, of the linear problem
lies in I;. By [9, Ch. 4, §3, Theorem 3.1] for each n > ng the point (A p,00) is
a unique asymptotic bifurcation point of which corresponds to a continuous
branch of solutions that meets this point through R x S}/. Hence for each sufficiently
large n > no we can assign a small d,, > 0 such that 6, < 0 and |\, — Agn| < On.
Then it follows that dist{\,, [} < J, contradicting dist{\,, I} > §. The proof is
complete. O

(5.14)

(5.15)

Lemma 5.5. For any sufficiently small € > 0 there exists sufficiently large pe > 0
such that for A € A, |lylls > pe,

lg" (z,y, 0", y" " M) < ellylls, = e€l0,1]. (5.16)

Proof. 1t follows from (5.2) that for any sufficiently small € > 0 there exists
sufficiently large o, > 0 such that for x € [0,I],\ € A, (u,s,v,w) € R* and
lu| + |s| + |v] + |w| > g the following relation holds
|97 (2, u, 5,0, w, )| < €(ful + [s] + [v] + [w]). (5.17)
Moreover, by continuity of g* there exists K. > 0 such that for 2 € [0,{], A € A and
lu| + |s] + [v] + |w| < o,
lg" (z,u, s,v,w,\)| < K. (5.18)
Let pe > e such that K < e and y € E such that ||y||s > pe. Introduce the sets
A C[0,1], Az e C[0,1] (A1, U Az = [0,1]) defined the following way:
Are={z € [0, : [y(@)|+ |y (@) + [y (@) + [y (@) < o},
Az ={z € [0, : [y() + |y (@) + [y (@) + |y (2)| > oc}-
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If z € Ay, A € A, then it follows from (5.18)) that

* K€
g™ (2, y(2), ¥’ (x),y" (), 4" (x),\)] < Ke = SoPese ylls-
Moreover, if z € As ¢, A € A, then it follows from (5.17) that
g™ (z, y(), y' (x), 4" (), 4" (@), M| < e(ly(@)] + |y (@)] + [y (@)] + [y (2)])
< €llyls

The proof is complete. O
Let po = ming,e[o p(z). For k € N we define the numbers
e =po {2lpll2 + llall + Irlle + (IAk] + M/70 + 1)||7]| oo + M/ R}

Lemma 5.6. Let § > 0 and ¢, > 0,k € N, be a sufficiently small fixred num-
ber, and €, < ﬁ. Then for each k € N there exists a sufficiently large
Ry > max{R}, p,} such that for any R > Ry, problem (L.1)-(1.2) has a solution
(MRks Vi g) which satisfies conditions dist{\% ., [k} < 0, vg, € S{,v € {+,—},
and |[vg |l = R.

Proof. Using (5.9) we can write (5.12]) in an equivalent form as follows:

y = ALy + [lyll3 > F*(\, lyll5y) + G* (A 9). (5.19)
By (5.1) it follows from (5.6) that
IF*(X lyllsy)lls < Cllyllz ™. (5.20)

where C7 = ¢; M and ¢; depends on bounds for K, K, K., and K.
In view of (5.20)) we have

lylls*F* (A lyll5 v) = o(llylls)  as [lylls — oo, (5.21)

uniformly in A € A. Then by and it follows from Theorem that
for each k € N and each v € {+, —} there exists an unbounded component Cy _ of
solutions of (or (5.12))) which meets (A, 00) and there exists a neighborhood
Qe of (Ag,00) such that Q. N (CF \(Ag,00)) C R x SY and either CY \Qy.c
is bounded in R x E in which case C;’;E\Qk,g meets R or C,’;E\Qk’g is unbounded
in R x E. Moreover, if C’ng\Qk,E is unbounded and has a bounded projection on
R, then this set meets (A7, 00) through R x S¥ for some (k',0") # (k, o). Hence
by Lemma it follows that for any € € (0,1) and each R > max{R}, p., } there
exists a solution (A% ., v ) € Rx E of such that dist{\% ; _, It} < ¢ and
vk 1.clls = R. Following the proof of Lemma one can show that there exists
sufficiently large Ry > max{R}, pc,} such that v}, . € S¢,v € {+,—}, for any
R > Ry. .

Let R > Ry be fixed. Since {vj,. € E:0 < e < 1} is a bounded subset
of C3[0,1], the functions f* and g* are continuous in [0,1] x RS, satisfying the
conditions and (5.2), and the set {Aere €ER:0<e <1} is bounded in R,
it follows from that {vf,, . € E : 0 <e < 1} is also bounded in C*[0,1].
Hence it is precompact in F by the Arzela-Ascoli theorem.

Let {e,}p2; C (0,1) be a sequence such that e, — 0 and (Mg, . V%, . ) —
(MR1» VRy) as n — oo. Taking the limit (as n — o0o) in (5.12) we see that
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(AR VR ) is a solutions of (1.1)-(1.2)), i.e. the following relations hold:

g = A T(@)VR g + (2, R, (U}V%,k)/v (U;é,k)//’ (Uj?,%,k)m’ Rk)
+97 (2, 05k (VR ) (R )" 0k )" AR KD, (5.22)
vhy € B.C..
Since v . € Sy it follows that v, € Sy =Syuasy. It Vi € OS5, then
by Lemma there exists ¢ € [0,] such that v} () = (v ) (€) = (V5 ,)"(s) =
(VR )" (s) = 0. Let wi, = Rk Then we have |w x|l = 1. Dividing (5.22)

[RFFAIE
by |[v% 1.ll3 shows that w} ;. satisfies the equation

v v v f(z, URkv(UR) (URk) a(”ﬁ,k)ma/\%,k)
e = A T(T)Wk
' ' ' HUR,k||3 (5.23)
g*(w, VR, ka(”R i) (UR k)" ,(Uzya,k)ma/\ﬁ,k) '
0% k13
By the relations and - we get
z, 0%, (v v //7 AV
‘f( R,k ( Rk) (Rk) (vR)" Rk)’_ |, (5.24)
vk lls Ry
z, 0% ., (v v (v ) NY,
|9 “( R,k ( Rk) ( Rlc) ( R,k) R,k)‘ < e (5.25)
HUR,k”:s

In view of ( m ) and m, it is easy to we see from ([5.23)) that
(W)W < i ([wh el + (W) |+ (k)| + (wh)™]) +pg ter. (5.26)

Let the norm of 2% ; = (wh 4, (W), (Wh )", (wh,)") in R be

7

(wWh )|+ [(wh )" |+ (wh )"

|Z}/%k| =
Then it follows from (5.26)) that

|(2h4)'| < (r+ D2kl + g en

Integrating both sides of this inequality from ¢ to = we obtain

\/ () (&) de] < (ri + 1)|/ |24(8)] ] + py M. (5.27)
< <
By [2% 1.(c)] = 0 it follows from (5.27) that
|2k (2)| = |/ (zh.1) ()dt] < (ry + 1)}/ |25 5 ()| dt| + pg e (5.28)
< <

Using Gronwall’s inequality, from ([5.28) we obtain

1
|25k (2)] < pp e T <~ 2 e 0,1,

27
which yields the inequality [[w} ,[ls < 1, contradicting lwk ills = 1. Therefore,
Vg € OSy which implies that v% ; € SY. The proof is complete. O

Corollary 5.7. The set of asymptotic bifurcation points of problem (1.1)-(1.2)) with
respect to the set R x S} is nonempty. Moreover, if (X, 00) is a bifurcation point

for (L.1)-(1.2) with respect to the set R x S}, then X € I,.
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For each k € N and each v € {+,—} we define the set D} C C to be the union
of all the components of C which meet I}, x {oo} through R x Sy. It follows from
Corollarythat this set is nonempty. The set D} may not be connected in R x F,
but the set Dy U (I x {oo}) is connected in R x E.

Remark 5.8. By [2] Lemma 1.1], if (A, y) is a nontrivial solution of problem —
(1.2) in the case when the nonlinear terms f and g satisfies the conditions and
(1.6), respectively, and (A, y) € 95, then y = 0. It is clear from the proof of Lemma
that this assertion does not hold for problem — under the conditions
and . Consequently, the set D}, k € N,v € {+, —}, can intersect the set
DY, for some (K',v') # (k,v) outside of the set {(\,y) € R x E : dist{\, I} <
6 |lylls > Ri} (see Remark [5.10).

The main result of this article is the following theorem.

Theorem 5.9. For each k € N and each v € {+,—} for the set D} at least one of
the followings holds:
(i) DY meets I;; x {oo} through R x S¥ for some (K',v') # (k,v);
(ii) Dy meets R for some A € R;
(iii) Pr(Dy) is unbounded.
In addition, if the union Dy, = D} UD, does not satisfy (i) or (iii) then it must
satisfy (i) with k' # k.

Proof. For any (A\,v) € RxE, v # 0, we define the functions f()\, v),
as follows:

v(:c) v'(z) () v (x) .
f {”“”3f (@ ol ol ol > iz ) I (e

(A v) € C0,1]

S}

f0)(z) = 0 £ ole

)
)
2 % v(z) v ac) v () v (x) .
G\ v)(@) = {”v”?’g (@ R Tl T iz oY) o) #
)

0 if v(x

for x € [0,1]. Because f*,g* € C([0,1] x R®), by (5.1) and (5.17) it follows that the
functions f,§: R x E — C[0,{] are continuous and satisfy the following conditions:

£ 0) oo < M[0]loo; (5.29)

19X v)lleo = o([lvlls), as [lv]ls — 0, (5.30)

uniformly in A € A for any bounded interval A C R.
Ifk())\,y) € RxE, |lyls # 0, then dividing (1.1)-(T.2) by ||y||3 and setting v = | 4
we obtain

U(v)(2) = Ar(z)v(z) + F(X0)(2) + G v)(@), @€ (0,0),

5.31
ve B.C. ( )

Note that ||v]|s = m and y = HUHQ Thus the transformation (A, y) — T'(\,y) =

(A\,v) turns a bifurcation from infinity problem (|1.1)-(1.2)) into a bifurcation from
zero problem (5.31). It should be noted that Theorem cannot be directly ap-
plied to problem (5.31)) in view of Remark |5 . As equatlon in contains the

nonlinear term f satisfying (5.29) problem (5.31)) is not always linearizable in a
neighborhood of zero. Hence we also cannot immediately apply standard global
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bifurcation theory to prove our theorem, as was done in [I1], B0]. To deal with this
problem alongside ([5.31)) we will consider the approximating problem

(v)(z) = Mr(@)o(@) + FO [[v][50) (@) + (A, v) (), 2 € (0,1),
v e B.C.,

where £ € (0,1]. It follows from the above definitions that is equivalent to
(5.12)). For fixed € € (0, 1] by we have

[f (A [[oll5v)llee = o([[v]ls)  as |v]ls — 0, (5.33)
so the global bifurcation results in [2} [TT], [30] are applicable to problem (5.32). Also,
from the proof of Lemma5.6]it is obvious that approximates e —0,
in a suitable sense. We now choose some fixed arbitrary ky € N and we will prove

the theorem for k = kg and v = + (the case of v = — is considered similarly).
For any k €e Nyv € {+,—} and 6, R, 0 > 0, let

Ur(6,R) ={(\y) e Rx E: dist{\, I} <4, y € S, |lylls > R},
UL (0,0) = {(\v) eRx E:dist{\, I} <6, ve S, ||lv||s < o}

It follows from Lemma and Corollary that Uy (0, R) C Dy for R = Ry,.

Let C C R x E be the set of nontrivial solutions of . By construction, the
transformation (\,y) — T(\,y) maps C into C and U} (6, R) into U,’;((S, 0), where
0= %. Let ﬁ,jo be the union of all the components of C which meet Iy, x {0}
through R x Skt). Then 15;{0 = T‘l(D,Jcro). Thus to prove the theorem it suffices
to show that the set f)ljo either meets some interval I x {0} through R x S}
with (k,v) # (ko,+) or is unbounded in R x E (the alternatives (ii) and (iii) of
this theorem for D,:'O correspond, via T, to the various ways in which 75,:'0 can be
unbounded).

Now suppose that the assertion of the theorem for ﬁ;‘o is not true. Then 25,':0 is

(5.32)

bounded and hence we can choose a compact interval Ay C R such that PR(ZSI':O) U
Iy, is in the interior of Ag and Ay contains only finitely many intervals I with
OAo N I, = 0.

For any 4,0 > 0, let

W(T(év Q) = U(k,V)i(ko,Jr)ﬁIlc/((S) Q)

The set W, (9, 0) is open in R x E, and we denote by W, (8, 0) the closure of this
set. Since Ag contains only finitely intervals I it follows from Lemmas and
that there exist dg, 0o > 0 such that

bl—:o N Wd,— (50, Qo) = @ (534)

By following the arguments in [33, Theorem 3.1, p. 151] we can find a neighbor-
hood QF of Dy such that

Ul (d0,00) € @, QT NW (60, 00) =0, 99T NC=0. (5.35)

By [30, Theorem 1.3], [I1}, Theorem 2] and Theorem [2.2] for each fixed ¢ € (0,1]
there exists a component 15;{0 (¢) C R x E of nontrivial solutions of problem
such that f);:o (€) meets (Ag,,0) through R x S,jo and is either f)f{o (€) unbounded
in Rx E or D,jo (¢) meets (Ag,0) through R x SY for some (k,v) # (ko,+). Then
the component 15;{0 (¢) intersects both QT and (R x E)\Qt which implies that
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@,:FO () N AQT # (. Thus, there exists (\.,v.) € 132“0 (e) N AQT for all e € (0,1].
Since QT is bounded in R x E, problem shows that the set {(\.,v.) €
R x E:0 < e <1} is bounded in R x C*[0,1]. Therefore, we can find a sequence
{en}S2, € (0,1) such that €, — 0 and (A, ,v.,) converges in R x E to a solution
5\, 0) of . If v = 0, then by Theorem it follows from the proof of Lemma
lf’)E‘ that for sufficiently large n € N, (\,,v.,) € Wy (0o, 00) which contradicts
5.35). Hence & # 0, and consequently, (X,7) € 89+ N C that also contradicts
5.35)). The proof is complete. (I

Remark 5.10. Unlike Theorem for bifurcation from zero, it need not be case
Dy C (Rx SY) U (I x {o0}) in Theorem (a counterexample for f = 0 is given
in Example [3.3).
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