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ABSTRACT. This article concerns the p(z)-Laplace equations with critical fre-
quency
—div(|Vu[P® =2 V) + V(2)[u/P® 2w = f(z,u) in RY,

where 1 < p— < p(z) < p+ < N. We study this equation with the potentials
being zero. By using variational method, we obtain the existence of nonneg-
ative solutions. Moreover, if f(z,t) is odd in t, for any m € N we derive m
pairs of nontrivial solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Since the variable exponent spaces were thoroughly studied by Kovacik and
Rékosnik [21], they have been used in the previous decades to model various phe-
nomena. In the studies of a class of non-standard variational problems and PDEs,
variable exponent spaces play an important role such as in electrorheological fluids
[277, 28, 29], thermorheological fluids [7], image processing [1l 13}, 23] and so on. For
nonlinear problems with variable growth, there have been a great deal of interests
in studying the existence, multiplicity, uniqueness and regularity of solutions, see
[2, 3L B 6] 1L [12) 18] 191 20), 211, 24], 25] 26, [31] and references therein.

In this article, we study the p(x)-Laplace type equation

— div(|Vu|P@2Vu) + V(2)ulP D 2u = f(z,u) in RV, (1.1)
We are interested in the critical frequency case in the sense that

Ve =0

It is worth mentioning that the study of Schrodinger equations with the critical
frequency was first investigated by Byeon and Wang [8, [@]. In the linear case
p(z) = 2, Ding and Lin [16] obtained the existence and multiplicity of solutions
to a class of Schrodinger equations with critical frequency and critical nonlinearity.
For the p(z)-Laplace equation , there have been many papers dealing with
the case inf,cgn V(z) > 0, which can be found in [4, [5 I8 [19] 24] and references
therein.
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Inspired by the works mentioned above, we will study with critical fre-
quency in the frame of variable exponent function spaces, the definitions of which
will be given in Section 2. More precisely, the aim of this paper is to use variational
method to show the existence of solutions for . The main difficulty is caused by
the loss of the compactness for the embedding WP@) (RN) < L@ (RN) where
1 < g¢(z) < p*(z). We do not expect that the energy functional satisfies the Palais-
Smale condition ((PS) condition for short) at any positive energy level, which makes
the study via variational methods rather complicated. We show that (PS) condition
holds for energy level less than some positive constant. Then, by using Minimax
theorem, we obtain weak solution of . To this end, we assume the following
conditions:

(A1) V € C(RY,R) and min,cp~ V(z) = 0;

(A2) There exists a > 0 such that the level set V¢ = {x € RY : V(z) < a} has

finite Lebesgue measure;

(A3) f € C(RY x R,R). There exists ¢cg > 0, 1 < ¢g(x) < p*(z) such that
|f (2, )] < co(1 4 [t|7@~1) for any (x,t) € RN x R, where p*(x) ]\J,V_ng(zi)
is the critical exponent;

(A4) lim; o ltf‘,(oi’t,)l = 0 uniformly in z € RY, where p; = sup,cpn~ p(2);

(A5) There exists y > py such that uF(z,t) < f(z,t)t for any (z,t) € RY x R,
where F(z,t) = fg f(x,s)ds;

(A6) There exist ¢; > 0, a(z) > 1 such that f(z,t) > c¢;t*@ =1 for any (z,t) €
RN x Rt.

Now we are in a position to give our main results.

Theorem 1.1. Assume that (A1)—(A6) are fulfilled. If ¢ > py, a— > py and
ag < p*, the problem (1.1) has a nonnegative nontrivial weak solution w.

Theorem 1.2. Assume that (A1)—(A6) are fulfilled. If the subcritical nonlinearity
f(z,t) is odd in t, problem (L.1) has at least m pairs of nontrivial weak solutions
for any m € N.

The rest of this paper is organized as follows. In Section 2, we collect some basic
properties for variable exponent Sobolev spaces which will be used later. We will
prove the main result in Section 3.

2. PRELIMINARIES

For the convenience of the readers, we recall some definitions and basic properties
of variable exponent spaces. For a deeper treatment on these spaces, we refer to
[15].

Let P(€2) be the set of all Lebesgue measurable functions p : Q — [1,00). For
p € P(2), we denote

p+ = sup p(z), p- = inf p(x).
z€Q zeQ

From now on, we only consider the case
1<p_ <p(x) <psy <N. (2.1)
Define
ullpz) = inf {t >0 /Q |%W> dr < 1}. (2.2)
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The variable exponent Lebesgue space LP(*) () is the class of all functions u such
that [, [tu(z)[P(®) dz < oo, for some t > 0. LP(*)(Q) is a Banach space equipped

with the norm ([2.2)).

Theorem 2.1. For any u € LP®)(Q), we have

(V) & lullptey = 1, then [[ull”5) < fo @ dar < Jjull%%,
() if llullpo < L, then [[ull 7%, < fo lal?@) do < Jul,,.

Theorem 2.2. The dual space of LP™)(Q) is LP'@(Q) if and only if p satisfies

(2.1), where p'(z) = pgf)wzl. The space LP™®)(Q) is reflexive if and only if

1<p_ <p(z) <py <. (2.3)
Theorem 2.3. For any u € LP®)(Q) and v € LP' ¥ (1),

/Q v dz < 2fullpio o]y o)-

The variable exponent Sobolev space WP(#)(Q) is the class of all functions
u € LP®)(Q) such that |Vu| € LP®)(Q). WHPE)(Q) is a Banach space equipped
with the norm
[lls, p(ay = l[llp) + [ Vullpe)- (2.4)
By Wol’p(m)(Q) we denote the subspace of W1P(*)(Q) which is the closure of
C§°(Q) with respect to the norm (2:4). Under the assumption (2.3), W'r@)(Q)
and Wol’p(z)(Q) are reflexive. And we denote the dual space of Wol’p(x)(ﬂ) by
WP (@) (Q).
For any pi1,ps € P(R2), we denote by p;(x) < pa2(z) the fact that
nf (p2(2) - p1(2)) > 0.

Theorem 2.4. Let Q be a bounded domain with the cone property. If p € C(Q)
satisfying (2.1) and q is a measurable function defined on Q with

Np(z)
N —p(x)
then there is a compact embedding W P(*) (Q) — LI1=)(Q).

1 <g(z) < p*(z) := a.e. x €,

Theorem 2.5. Let ) be a bounded domain with the cone property. If p is Lipschitz
continuous and satisfies (2.1)), q is a measurable function defined on Q with

p(x) < g(x) <p*(x) a.e x€Q,
then there is a continuous embedding WP (Q) — LI(®)(Q).

In this paper, we use the following subspace of W1 () (RM):

X = {u e WhrE (RN /

V() |uP® dr < oo}
RN

with the norm
|ullx =inf {t >0 :/
RN

where V(x) > 0. By standard arguments, it is clear that X is a uniformly convex
Banach space. The norm ||u||x has the following properties:

VP + V@)l

o) z <1,
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Theorem 2.6. For any u € X, we have
M) if ullx =1, then |Jull’s < fon (IVulP® + V(@) [ulP)) da < [lull% ;
(2) if lullx <1, then [Jull’y < foun (IVulP® + V(@) ulP™) do < [lull% .

Lemma 2.7. Assume that hypothesis (A2) is fulfilled. Then the embedding X —
WLP@) (RN is continuous.

Proof. For any u € X, we obtain
/ |Vu‘p(x) dx —|—/ V() |u|P™® dx < .
RN RN

Thus [, |Vu’p(w)dx < o0, which implies [py |u’p*(m)dx < oo (see [15, Theorem

8.3.1]). As
/ Juf" ) da < / 1dx+/ Juf”  da,
we obtain v “ a
/a [Pz < oo,
Note that

/ |Vu|p(z) dx + / V() |uP® dz 4 a/ |u‘p(z) dx
RN RN Vea

2/ |Vu’p(w)dx+a/ |u’p(w) dx—i—a/ |u|p(w) dx,
]RN RN\V”' Va

we derive that
/ (9ul"® + [u" @)z < oo.
RN

Then u € WHPE(RN) ie. X ¢ WHPE(RN). Define i : X — WHPE)(RN) as
follows:

i(u) = u.
Take {u,} C X such that |lu, —ul[x — 0 as n — oo. We get that [px |Vu, —

Vu|p(m)d:c — 0 and [pn V(2)|un — u]p(w)dx — 0. Then, [pn |tn — u|p*(w)dﬂc — 0,
which implies
[n = POl (2 /() = 0.

By Holder inequality,

(z) T
/ [ — e SAL_pmr yallin =l e @)
As V' has finite Lebesgue measure, we derive that
/ |un — u’p(w)daj — 0.

From,

/ | — u|p(w)dx < 1/ V(@)|un — u’p(w)dx — 0,
RN\Ve a Jrw

we obtain that u, — u in WP (RN). Thus 4 is continuous, which implies that
X embeds continuously in W1P@)(RY), O
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3. PROOF OF MAIN RESULTS

Throughout this section, we assume that conditions (Al)-(A6) are satisfied.
Without loss of generality, we assume that V(0) = min,cgy V(z) = 0. Now we
give the definition of weak solutions for problem (|1.1)):

Definition 3.1. We say that u is a weak solution of (|1.1)) if for any v € X,

/ (|Vul[P®=2VuVo + V(z)w) de = f(z,u)vdz.
RN RN

The energy functional associated with (1.1]) on X is defined as

W= [ (19alP® V(@) @) de — o) da
1) = [ (VP + VP de— [ P ds,

It is easy to check that I € C*(X, R) and the critical point for I is the weak solution

of problem (1.1)).

In the following, let {u,} be a (PS). sequence for functional I, i.e. I(u,) — ¢
and I'(up,) — 0 in X*, as n — oo, where X* is the dual space of X. Using
(A5) and standard arguments we derive that {u,} is bounded in X. Passing to a
subsequence, still denoted by {u,}, we assume that u,, — u weakly in X, u, — u
in LX) (RN, LI (RN and u,,(z) — u(z) a.e. in RN, as n — oo. It is easy to
verify that I’(u) =0 and I(u) > 0.

Firstly, we will give some results to show that the (PS). condition holds for
energy level ¢ below some positive constant.

Lemma 3.2. There is a subsequence {uy,} of {un} such that for any o > 0, there
exists v, > 0, which satisfies

1imsup/ [tn, |*dx < o (3.1)
j—oo Bj\BT

for any r > r,, where s = p(z) or s = q(z), B, = {z e RN : |z| < r}.

Proof. From Theorem Jp. lunl®*de — [5 |u|®dx as n — oo, for any r > 0.
Then, there exists n; € N with n;;1 > n; such that

1
/ |unj|sdx—/ lul® dx < —.
B; B; J

J J

For any o > 0, there exists r, > 0 such that for any r > r,,

/ |ul* dz < o.
RN\B,.
If j > ro,, we have

/ |un].|sda::/ |unj|sdx—/ |u\sd;v+/ |ul® dx
B,\B, B; B, Bj\B,

J J

+/ |u|5dac—/ |tn, |* dx
B, B

T s

1
<f—+—o+/ \u|sd:c—/ [tn, | dx
J

3 L4

for any r > r,, which implies limsup;_, ., va\B |tn, |* dx < 0. O
J e
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Take ¢ € C5°(RY) such that 0 < » < 1; p(z) =1 for any || < 1 and p(x) =0
for any |x| > 2. For any j € N, define ¢;(z ) = ¢(57). Denote

uj(z) = @j(z)u(z),
we have the following conclusion.

Lemma 3.3. ||u; —ullx — 0 as j — oo.

Proof. We have

/ Vi, — VulP™ dz

RN
= / IV, - u+ ;- Vu— VulP'™ de
RN
< 9P+ / |v@j|p(r)‘u|p(z) dx + 2P+ / lp; — 1P@) | VulP®) de.
RN RN
As [Vp;(z)| = \%V(p(fﬂ < € we obtain
/ Vi [P@|ulP™® dz — 0.
RN

Note that |p; — 1[P(®)|[Vu[P@) < 2P+ |Vu|P®) € LYRN) and |p; — 1|P@|VuP®) — 0

a.e. in RV, as j — oo, it follows from Lebesgue dominated convergence theorem
that

[ o3 = 1P9up do o,
]RN

as j — oo. Then [py [VU; — VulP® da — 0.
Similarly, we obtain that as j — oo,

/ V()| — ulP'® do = / V(x)|p; — 1P |uP@ dz — 0.
RN RN
Thus, ||u; —ul|x — 0 as j — oc. O

Lemma 3.4. For any m > 1, 6 € (0,1), there exists L > 0 such that for any &,
n e RN, if 1€ —n| > 5(|E] + [nl), then

(€™ 72 = In|™2n) (€ —n) = LIE —n|™

Proof. From algebraic inequalities (see [I1]) it follows that

m—2¢ m—2 _ |§ — 77‘2
(72 = ] “2n)(e =) > C g (32)
if 1 <m < 2, and
(lElm=2¢ = [nl™2n)(& —n) > Cl¢ —n|™, (3.3)

if 2 < m < oo, for any &, € RY. We obtain that if | — 5| > 5(|¢| + |n]), then

(/™26 — [nl™2n) (€ —n) = LIE — ™.
The result follows. O

Lemma 3.5. For any R >0, Vu,, — Vu in (LP®)(Bg))" as j — occ.
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Proof. Take R > 0. Let v € C§°(Bag) such that 0 < v < 1in Byg and v = 1 in
Bpg, we obtain

0< / (\Vunj\p(x)%Vunj - |Vu\p(1)*2Vu)(Vunj — Vu)dx
Br

< / (\Vunj\p(z%zVunj - |Vu|p(””)72Vu)(Vunj — Vu)vdx
Bar

= (I'(tn, ), tn,v) — (I'(un, ), uv) —/ |Vu|p(z)72Vu(Vunj — Vu)vdz
Bar

- /B (IVtn, |p(x)72Vunj Vv - tp; + V(x)|un, [P@y — f(z, Un, )Un,; V) d
2R

+ / (|Vunj |p(m)_2Vunj Vo -u+V(z)|un, |p(m)_2unj uv
Bar

— (@, up, Juv) da.
Note that I'(un,) — 0 in X*, we have (I'(un,), un,v) — 0 and (I'(un,),uv) — 0.
As up; — u weakly in X, Vu,, — Vu weakly in (LP@) (RV))N as j — co. Then
/ |Vul[P®) =2V u(Vu,, — Vu)vds — 0.
Bar
Using Theorem we obtain

| (I Vi, [P 72V, V0 -ty — |V, [P 72V, Vo - u) da|
Bar

< C/ |Vunj|p(l)_1|un]. —u|dz
Bar

< CIIV i, [P () [t = Ullp(a, B
which implies

/ |Vunj|p(m)_2Vunva “Up,; dT — / |V, \p(f”)_QVunva ~udx — 0,
Bar Bar

as j — oo. Similarly, we obtain

V() |un,; P@)y da — V() un, |p(r)_2unj wvdr — 0,
Baor Bar

J (@, U )t v da — f (@, Uy, )Juv de — 0,
Bar Bar
thus

; (Vi \p(r)72Vunj - |Vu\p(1)72Vu)(Vunj —Vu)dx — 0.
R
Similarly to the proof of [12] Theorem 3.1], Bg is divided into two parts:

Bri={r € Br:p(x) <2}, Bpra={x€ Bgr:plx)>2}
We could verify that

/ |V, — VulP® dz — 0,
Br

/ |V, — VulP® dz — 0.
Br,2
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Thus, we obtain
/ [V, — VulP® dz — 0,
Br

ie. Vu,, — Vu in (LP®)(BR))N for any R > 0. Moreover, up to a subsequence,
we assume that Vu,, — Vu a.e. in RN, [l
Lemma 3.6. (1)

[V, [P 72V 0y, — [V, — VE; [P 72V (u,, — 0;) — |V, |P@72Va; — 0
in (LYY (RY))N;
(2)

V@) 7 (Jun, 2, — fu, — 5702w
in LP' @ (RN), as j — oo.

Proof. For any ¢ € (LP@®) (RN))N | define

ny = 3) = [45[P7)205) — 0

Ij(f) = /RN (‘vunj‘p(z)izvunj - |vunj - V{ij|p($)72v(um - aj)
— [V P2V, )¢ da.

Then, I; belongs to (LP ®)(RN))N, which is the dual space of (LP@®)(RN))N. To
derive (1), it suffices to verify that I; — 0 in (L”' ®)(RN))N as j — oo.

As [VulP(®) € LY(RN), it follows that for any ¢ € (0, 1), there exists Ry > 0 such
that if R > Ry,

p_
/ |VulP@® dz < min{eP+, e7~7} < 1.
RN\Brp

Also, U; — w in X implies that [~ [V@; — VulP®) dz — 0. There exists jo > 0
such that for any j > jo,

p_
/ ‘Vaﬂp(r) d.]j S min {EP+7 Eﬁ} < 1.
RN\ B,

Using Theorem we obtain ||V ||p) zv\ B, <€ and
‘vaj |p(:z:)71 Hp/(m),]RN\BRO <E.
For any ¢ > 0, denote

Cé,j = {x S ]RN \BRO :| |Vunj|P(w)*2vunj _ |vunj _ Vﬁj\p(i)’QV(um . aj)|
> (| Vg, [P + [V, — Vﬂﬂp(z)*l)}

and
A; =RV \ (B, UCs,),
we have ||vaj‘|p(x)7057j <e¢g, ||Vﬁij(x)7A], < ¢ and
‘vaj|p(z)7lup/(ﬂf)705,j <E.
Next, we split the integral in I;(£) on the sets Bg,, Cs; and A; and denote

() = /B (|vunj|P<w>*2vunj — [V, — Vi, P2V (u,, — 1))
Ro

~ Vi P2V, )¢ da,
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2(¢) = /C (190, [P -2Vt~ [Vetn, — VP2V (u, — )
8,3

~ |V P2V, )€ da
and

J

B(e) = /A (1Vtn, P92V, — [V, — VPO 2T, — )

~ Vi [P 2va; )¢ d.
By Holder’s inequality, we obtain
()] < 2| |V, P72 Vuy, — Vg, — Vi, [P™ 2V (u,, — y)
- |Vﬂj |p<z)72Vﬂj ”p’(:v),BRO Hng(ZE),BRO .

By Lemma we have Vu,, — Vu in (LP(®)(Bg,))"Y and Vu,, — Vu ae.in
Bpr,. Then

{Vttn, P2V, — |V, — Vi PO 2V, —1j) — |V [P 2w |7 @)
is equi-integrable in L'(Bpg,). Using Vitali’s theorem, we derive

/ |V, [P "2V 0y, — [V, — VE;[P@ 72V (u,, — @)
R

0
- IVﬁjlp<‘”)—2vaj|p @) g — 0,
as j — oo, which implies

| Vtn, PO 2V, — [V, — VI P72V (u,, —a5) — |VE; P& 2V,

p'(z),Brg

— 0.
Thus, for any € > 0, there exists j; > jg such that if j > j;,
115 (©)] < Celléllpe), B, -
Note that
|11 (6)] < 2|V, [PV, — [Vun, = VPO 72V (wn; = @)l (a),05,
X N€llpea),cs,, + 2|V [P
Using Lemma[3.4] we obtain

|p'(z),051j Hf”p(w),(]&d .

/ [Vt P2V, — |V, — Vity PO -2V, — )" da
N

C »J

=€ (W, |p(w)72vu”1‘ = |V, = Vi, |p(w)72v(un]‘ — ;) Vg dx
Cs,j

< €|V, P2V, — [V, — VPO 2V (uy, — )

p'(x) IV llp@).cs.

< C||[Vun, P72V, — [V, — Vi |P @2V (u,, — ;)

p'(z)’
As /{|Vunj P& =2V u,,, — |Vu,, — V[P ~2V (u,, — @;)} is bounded in the space
(L' @) (RN we obtain

113 (€)] < Celléllpay.cs.,-
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It follows from Theorem that
13 (6)] < / (6(1Vtm, PO 4 [Ty, — VPO [e] 4+ [V, PO fe]) dr

J

< C8 [T, [P 4 [T, — VP

+ OV P (), 4, 1€l p)
< Cé||§||p(;,;) + CE||§||p($)'

Taking § = €, we obtain

p'(z) ||§Hp(x)

113 (6)] < Cell€]lp(a)-
From the above discussion, we obtain

11 ()] < Cell€llp()

which implies I; — 0 in (LP' @) (RN )N as j — oo. Thus, conclusion (1) follows.
Similarly, we can get the proof of (2). O

Lemma 3.7. For any j € N, denote u}lj = Uy, —Uj. Then I(u}lj) —c—1I(u) and
I'(uy,,) — 0 in X*, as j — oo.

Proof. As u,; — u weakly in X and u; — u in X, we obtain
/ V[P =2V (Vu,, — Vi) doe — 0.
RN
Note that the set {|Vu,,[P®)~2Vu, } is bounded in (LY @(RN)N and that
[V, [P =2V, — |[VuP®)=2Vy ae. in RY, thus
[V, [P 2V, — [Vu[PD2Vy  weakly in (L7 @) (RV))N,

which implies f]RN |Vunj|p(x)_2VunjV1’Zj dr — fRN |Vul[P®) dz. Tt follows from
Lemma [3.6] that

/RN (IVtn, P2V, — [V, — VP92 (Y, — Vi) — |V, P92 va;)
x (Vuy,, — Vi;)de — 0,

which implies
/R AV, — Vi, |P® dx
= /]RN |Vunj|p(x) dx — /RN |Vunj|p(m)_2VunjVﬂj dx 4+ o(1)

:/ |Vunj|p(x)dm—/ |VulP@ dz + o(1).
RN RN

Similarly, we obtain

/ V(@) |un, — a; [P d:z::/ V(2)|un, [P dac—/ V(2)|ulP® dz 4 o(1).
RN ' RN RN

Similar to the proof of Brezis-Lieb lemma, it is easy to get

/RN (F(x,un,) — F(z,un, —u;) — F(z,u;))dr — 0,
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as j — oo. We obtain
I(u}lj) = I(un;) — I(u) +o(1) = ¢ — I(u) + o(1)

Thus, I(u}lj_) — ¢ —I(u), as j — oc.
Note that

(117 () = ') + I (@) || = sup (I (up,) = I'(un,) + I'(35), 0)|.

[v]| x=1,0eX
Take v € X with ||v]|x = 1. It follows from Hoélder inequality that
(I (un,) = T’ (un,) + I'(315), 0)|
= ‘ /R N ((IVuy, P2V, — [V, [P 2V, + |V P& 2 V) Vo
V(@) (i, PO 2uL, — [, PO+ (37028 )0) da
+/RN(f(x,unj) — f(@, up, —U;) — f(2,0;))v) do

< 2|V, [PV, — [V, [P0 2V, + |VE; P02V

p,(x)HV’UHp(x)

1 —~ 9. _1_
+2[|[V(@) 7O (Jug [P Py — i, [P 2, o+ [P 2) [V ]|

p’(z) |
b [N, = F, =) = o)l da.
]RN
‘We have

| BN (f(xvun]) - f(xvunj - aj) - f(CU,’/LL\]))’de|

S/Iﬂ%wﬁ—f@mm—@n—ﬂ%%ﬂﬂmw

+/ @y tun,) = F( i, —T5) — o, T5(2))] o] da
RN\ B,

for any r > r,, where r, is from Lemma |3.2
By (A3) and (A4), for any ¢t > 0 we obtain

1f(z, )] < C(t[P@ =1 4 g1y,

Note that @; — u and u,; — u in LP(®)(B,) and L¥®)(B,), respectively, we could
verify that

/ @y un,) — F(@tn, — @) — F(@, )] - ol da — 0 (3.4)
B,
uniformly in v € X with [jv]|x < 1. Also,
RN\ B,
=/’ @ um,) — F(@tn, — @) — £ - Jo] de
BJ’\BT

<C (|un7 |p($)*1 + |aj|p(w)*1 + ‘unj |q(w)*1 + mj‘q(w)*l) v| de.
B;\B, '
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For any o > 0, by (3.1)) and the Holder inequality we obtain

fimsup [ (un, PO 4 1) o] d
Bj\BT

Jj—00

(z)—1

< timsup2|[lun, 1Py ) s, N30,

(3.5)

+limsup 2 fun, (97|, [Vt 0,

p_—1 q_—1
SC(U P— 4o - )
Asu; —win X, u; — v in Lp(@(RN) and L) (RN). Then

limsup/ ([a;|P@ =1 + ;9@ - |o| da
RN\B,

Jj—o0
- / (JufP@=t 4 a7 o] da
RN\B,

< 2H|u|p(w)*1

p’(z),RN\ B, ||v||p(r),]RN\BT
+ 2H|u\‘I(I)_1

q/(z),]RN\BT”UHq(z),RN\BT
—— a-—1
SC(U P— 4+ g - )
From ([3.4)-(3.6), we have

imsup [ 1@n,) = Fon, =) = Fla )] ol do

Jj—00

p_—1 q_—1
SC(U - 40 - )

uniformly in v € X with ||Jv]|x < 1. Let ¢ — 0,

oy [ 1F ) = £, )~ f, )] ol de =0
j—oo JRN
As I'(un;) — 0 and I'(u;) — I'(u) = 0, we obtain I’(u}”) — 0, as j — oo. O

Next, we show that I satisfies the (PS). condition for energy level ¢ below some
positive constant.

Theorem 3.8. There exists ¢ > 0 such that for any c¢ € (0,¢), un,, — u in X as
J — 00.

Proof. From (A3), we have

a() P a(z)
(f(x7f)1) a(@)=py 1 <co(1+ ‘t|q(w)—1)ﬁ|t|*(lﬂ+*l)m*1
[t [, D)l (3.7)

(z)
<c+cpTmEE

By (A4), for any 6 > 0, there exists t; € (0,1) such that for any [t| < ts,
|f(x,t)/|t|P+~1| < &; Also, for any [t| > ts, from (3.7) we obtain that

f@,t) | =
|tp+’—1 |77 < G| f(, )t
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‘We have

- f(z, uij)uij dx

z/ flz,u} )u da:—|—/ flz,ul )u dzx.
{z€RN:Jul, |<ts} {z€RN:uj, | >ts}

For the first term on the right-hand side, we obtain

z,ul
‘ flx,ul )u dx|</ ‘ﬁ‘\ }L|p+dm
{o€RN:[u}, |<ts} {weRN:|ul,_|<ts} |ug, [P+
1
<8 |, |7+ da (3.8)
{xE]RN:|u}Lj|<t5}
<9 ul [P@ dz.
{:cG]RN:|u}Lj|<t5} !
For the second term,
|/ f(;v,un] dm’
{w€RN:|uj,  |>t5}
flz,ul )
S/ %\' |7 dz (3.9)
{JJE]RN:lul >ts} |U | +
HMH ( ) |||u |p+|| () -
= Ml et e =
Note that
1
I ul]) - I/(u'}zj)’u7113>

N

1 1
> (— _ = 1 1 d
—(p+ ,LL) RN f(x7unj)un]- £,

which implies

/ fl@ ) (oS J
|ul o1 z
{weRN u, |>15) | [Un, |
= 05/ |f (@, u, ug,, | da (3.10)
{z€RN:|ul |>ts}
< O (e~ I(u) + o(1)).

[ 2
As

Wby = [ (9l P =Vl P do = [ fad, b, de
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=o(1)

and
1 1 p 1 p
llean; P Wager = flun, [y < Cllun, I

by (B-8)-(-10), we have

/ (IVup [P+ V() |uh [P@)) d

RN J J
= fz,ul Yul dax 4 o(1)
]RN J J
49— —P4
<6 Ju, 1" da + C s, I3 [ (Co (e = T(w) + 0(1)) ™
{weRN:lul, |<ts} ’ b= Dy

HP+ e

+ (Cs————(c—I(u) + o(1 |,

(Co (e = I(u) +0(1)) ™ |
As V' has finite Lebesgue measure, we obtain limg_,o |[V*\ Bg| = 0. Then, for

any n € (0,1), there exists Ry > 0 such that |[V*\ Br| < n for any R > R;. We

have

v, P e < [ @ v, P dr
RN a
= [ v,
Ve\Bgr,

+ / (a— V(J;))|u}h (@) dz.
Ve Br,
By Holder’s inequality,

| (a — V(z))|ul [P® dz| < / 2alul [P da
Ve\Br, ’ V\Br, ’

1 |p(x) 3.11
< 2af jul, PO s I vy, (31D
Pi
<Cn.

As U}Lj — 0 weakly in X, U}Lj — 0 in LP®)(Bpg,), as j — oo. Then, for the above
1 > 0, there exists jo € N such that for any j > jo,

a— V)|l [P® dz <2a/ ul P dx < 2an. 3.12
[, V@ P e <2 [P <2 @12

Ry

Then,

[ (b, P 3@, P+ S, ) d

1
= / (f (z,up, Juy,, + g|U}L~|p($) - fV(x)|u;,|p(I)) dz + o(1)
RN J J 2 J 2 j
49— —P4
<4 b, 1" da + a5 [(Co (e — T(w) +0(1))
{e€RN:Ju}, |<ts} ! J =Dy

HDP+ I+~ P4 Py
(O (e = )+ 0(1)) |+ 00 an - 0(1).

— P+
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Letting n — 0, we have

1
/ (Vul P& 4+ 2y @)l PO + Ll o) de
RN J 2 7 2 7

49— —P4
<6 Jun, 1" da + Clus, I3 [(Co (e — T(w) + 0(1))
{weRN:ful, |<ts} ! O
94 —P4
+ (O (e = T(w) + (1)) ™ | +o(1).
H— D+
Taking 6 = a/2, we obtain
/ (|Vuy, [P+ 1V(;lc)|u71i,|p(gﬂ)) dx
RN 7 2 7
49— — P+
< Cllub 1% [(Cs (e = 1(w) + o(1))) ™
H =P+
44 —P4
+ (G (o= T() +0(1)) 7 | +o(1),
W=D+
Suppose that u), - 0 in X. If [[u), || x <1, then
49— — P+
ek, 1% < Cllug, 15 [(C5 22— (e = T(w) + 0(1))
! ! K= P+
44 —P4
+(Co (e = Iw) +0(1)) T +o(1)].
=D+
Then
9— — P4+
1< c[(cﬂ‘_’i(c (W) o))
g b ) (3.13)
P+ Ll
+(Co P (e = Iw) + 0(1)) ™ +o(1)].
W=D+
Let j — oo. From I(u) > 0 we have
HP+ =t Up+ 2 2
1<C|(Cs———(c—I(u - 4+ (Os———(c—I(u 9+
(5= 1 w) (Co (e = Tw) ™ |
a— —py 94+ —P4
< C{(C(;&C) - 4 (05 HP+ C) a4 ] (314)
W=D+ =D+
::A1<c EE +c +“++>
If ||u,11]||X > 1 and
49— — P4
kB < Cllud 1% [(Co =222 (e — 1) + 0(1))) =
' ' B Py - (3.15)
Hp+ TPt
+(Cs——(c=1I(u) +0o(1))) =+ +o(1)],
w—Dp+
then
49— — P4
1< Cllus, I3 (G5~ (c+0(1))) ™
! B =Pt
94+ —P4

Hp o o .
(O e+ o) T o)
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Besides,
1 P — D+ -
I(ul ) — =(I'(u} ), ul ) > 5 lul |5,
(tun,;) M< (U ), Uy ) e N[, I x
which implies [u;, [% < A (e —1I(u) +o(1)). We get
Py —P— 49— —P4
1< [P (e = 1) + o(1)] 7 [(Cs- (e~ T(w) +0(1))
B =D+ H =D+
. (3.16)
Hp+ L
+(Co (e Iw) +o(1)) T +o(1)].
n—=Pp+
Let j — o0,
PP 49— —P4 44 —P4
1gc(ﬂc) = [(05 ) R (N }
K= D+ H—=D+ =D+ (3.17)
PL—P_ | d_—pPy PL—P_ | 44 —Py
::A2<c e N )

Choosing ¢ > 0 such that for any ¢ € (0,¢),

a_—pq a9y —py
Al(C - H4c )Sl,

A2 (Cp+pipf +¢17qu+ + CP+p:P7+LI+q1P+) S 1.
From (3.14) and (3.17)), if ¢ € (0,¢), we obtain a contradiction, which implies
u}Lj — 0in X. ]

The next result shows that I has a Mountain Pass geometry.
Theorem 3.9. For anyd > 0, there exists ts > 0 and ¢5 € X such that I(ts¢s) < 0.
Proof. Recall that
int { [ Vol do 6 € CRRY), o], =1} =0 (3.18)
RN
Then, for any § > 0 we can choose ¢5 € C5°(RY) such that 0 < ¢s < 1, ||ps]la, =1,

Jon |V@s|P~ dx < § and supp ¢5 C By,.
Taking ¢t > 1, from (A6) we obtain

(z)
as) = [ SS90 4 Vo) — [ Pla.togds

P+ (3.19)
< ?/ (IVs P + V()]s [P)) dac — €1t~ / |65|%@ da.
— JRN RN

As a_ > py, there exists t5 > 0 such that I(ts¢s) < 0. O

Theorem 3.10. There exist r > 0 and 0 < p < [[t5¢s||x such that I(u) > r for
any v € X with ||lul|x = p and I(u) > 0 for any u € X with |Ju||x < p, where t5
and ¢5 are from Theorem[3.9

Proof. By (A3) and (A4), for any A’ > 0, there exists C' > 0 such that
|F(z, )| < N[tP+ + O]9, (3.20)
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We take ca, c3 > 0, which are the embedding constant of X s LP+(RYN), L) (RY),
respectively. For any u € X with ||ulx < min{1, L o o 11 we derive

102 [ (V4 V@@ do [ (Nt ) da
RN D+ RN
> —[ull§ = Xlull; = Cllully,
1 .
> —ull = Neallal = Cllul
P+
Taking N < 1/(2¢cap4), we obtain
1
1) 2 5~ ull = Clluls

2py

As g > py, there exist r > 0 and 0 < p < min{l, 1 ot rs tsdsllx} such that
I(u) > r for any v € X with |jul|lx = p and I(u) > 0 for any v € X with
[ullx < p. O

Next, we verify that, problem (L.1)) has a nonnegative solution.

Proof of Theorem[1.1. (1) For any ¢ > 0, it follows from ) that

I(tgs) < %(5 + /]RN V(x)|¢5|;ﬁ($) d:z:) — eyt

<

P\ s 1\ S ol —py 0+ fuw V(@)lgal?@ da) ™7
()76

Pt
o p— o o

G

As V(0) = mmeRN V(z) = 0, there exists zo > 0 such that for any |z| < o,
|V(z)| < . Then

H¢5Hp

/ V(z)|gsP® da < / V(x)|ps|P- dz < 4.
RN RN
We have

P4 1 o Py

Tags) < (P2) ™7 ()T A T e

Denote

= inf I(~(t
¢ = Inf max (v(®)),

where I' = {y € C([0,1], X) : v(0) = 0,7(1) = tss}. Then
pand () > 1{0) > I(tss)

and
0<r<c<I(ttsps)

Pt = — _ Pt oo 3.21
R e
a_ p— a_
By the Mountain Pass Theorem, there exists {uy}, C X such that

I(up) — ¢, I'(u,) —0 in X* asn — oco.
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For any § > 0 with
Py 1 a_ _ p:ra a_ _
()T (o)™ ST (20) T <2
o o o

by Theorem , there is a subsequence {unJ} such that u,, — w in X. Thus
I(u) = c and I'(u) = 0, i.e. u is a nontrivial weak solution of problem ([1.1)).

(2) w is nonnegative. In fact, it suffices to consider the following functionals on
X:

1
I (u) = I(u) = / L (V@ 4 V@) @y de — [ (e, ut) da.
rN P(T) RN
Similar to the discussion in (1), we could verify that problem (1.1]) has a nonnegative
weak solution u. O

Now we establish the existence of m pairs of solutions of using the Lusternik-
Schnirelman theory of critical points. Let 3(X) be the family of sets FF C (X )\ {0}
such that F' is closed in X and symmetric with respect to 0, i.e. x € F implies
—xz € F. For F € ¥(X), we define the genus of F to be k, denoted by gen(F') = k,
if there is a continuous and odd map v : F — R¥\ {0} and k is the smallest integer
with this property. The definition of genus here, which was introduced by Coffman
[14], is equivalent with the the Krasnoselski original genus.

Denote by T, the set of all odd homeomorphisms g € C'(X, X) such that g(0) =0
and g(B1) C {u € X : I.(u) > 0}. We denote by Iy, the set of all compact subsets F
of X which are symmetric with respect to the origin and satisfies gen(F'Ng(9B1)) >
m for any g € I'.. We refer to [1I] for more details.

Proof of Theorem[T.3. From (B.18), for any m € N, we take ¢} € C°(RY) such
that supp ¢35 C B, 5, [|0}llay = 1,

/ |V¢l|P- da < 6,
RN

for any j =1,2,...,m and supp ¢} N supqug = () for any i # j.
Define the m-dimensional subspace F9 = span{¢j} : j = 1,2,...,m}. For any
6 > 0 with

[e"

T N -
a - 1 \a—= I P =
(p+> Py ( ) py O P+ Cf+ “(20)7 "+ <G,
a_ p_ a_

where ¢ is from Theorem E Then, for any u € F?, with u = Z;"Zl tjgbg, by (A6)
we obtain

I(u) < i/ (|VU‘P(JC) + V(x)|u\p(”3))dx _ 01/ |u|o¢(w) de
p- Jr~ N
= (; / D (VP 4+ V(@) P @) de
R — N
= (3.22)

o

— cl/ t?(x)‘¢g|a(z) da?)
RN

P 1 e Py
<m(zt) ()T T T ey
p_ o
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As F? is a finite-dimensional space and || - ||o, is also a norm on 3, || - [|o, and
| - | x are equivalent. By the first inequality in (3.22), we obtain I(u) — —oo, as
u € FJ with |lu||x — oo. Then, there exists R,, > p such that for any u € F9: if
llullx > Rm, I(u) <O0.

For any 1 <7 <m, let

¢ = inf maxI(u),
Fel'y, ueF

wehaver <l <2 <...<¢m< SUP,,¢ s I(u) < ¢ From Theorem I satisfies
(PS).s condition. Thus, ¢/ is a critical value of I and u; is a critical point of I with
I(uj) = . As f(z,t) is odd in ¢, we derive that —u; is also a critical point of I.
Then I has at least m pairs of nontrivial solutions. [l
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