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EFFECT OF KELVIN-VOIGT DAMPING ON SPECTRUM
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ABSTRACT. This article concerns a one-dimensional wave equation with a
small amount of Kelvin-Voigt damping. We give a detailed spectrum analysis
of the system operator, from which we show that the generalized eigenfunc-
tion forms a Riesz basis for the state Hilbert space. That is, the precise and
explicit expression of the eigenvalues is deduced and the spectrum-determined
growth condition is established. Hence the exponential stability of the system
is obtained.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In the past few decades, stimulated by a large quantity of applications of smart
materials, there has been an increasing research on elastic system with viscoelas-
tic damping. When the smart materials are added into the elastic structures, the
exponential stability of the elastic system has attracted many research interests, es-
pecially for a linear vibration system governed by one-dimensional wave and Euler-
Bernoulli beam equations. The results of exponential stability by bounded viscous
damping can be found in [2] 3, B, [T1]. As a kind of unbounded viscoelastic damp-
ing and internal material damping, Kelvin-Voigt damping presents in all realistic
materials and is specially important. The exponential stability of one-dimensional
wave and Euler-Bernoulli beam equations with Kelvin-Voigt damping is discussed
in [7,[10, 12, [13] and [I] for multi-dimensional case. The research of spectral analysis
and Riesz basis can be found in [0 [8, 9] [15].

In infinite-dimensional control theory, Riesz basis property is one of the most
wanted properties, particular for elastic vibrating systems for which the Riesz basis
property is significant both theoretically and practically. Usually, the Riesz basis
property will lead to the establishment such as the spectrum determined growth
condition, and the exponential stability of the system.

In this work we consider the wave equation with a small amount of Keivin-Voigt
damping,

wi(,t) = (1 + doy) (wee(z,t) — cw(x,t)), 0<x<1,t>0,

we(0,8) =0, w(l,t)=0, t>0, (1.1)
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where ¢ > 0 is a system parameter and d > 0 is a small Kelvin-Voigt damping
coefficient.
The energy function for(l.1]) is

1
E(t) = 5/ [w?(z,t) + w(z,t) + cw?(z,t)]dx. (1.2)
0
Formally, it is found that
d 1 1
%E(t) = —d/ w?,(z,t)dr — cd/ w?(z,t)dz < 0. (1.3)
0 0

So E(t) is non-increasing.
Let H5(0,1) = {f(z) € H'(0,1)|f(1) = 0}. We consider system (L.1) in the
energy state space H = H(0,1) x L?(0,1) with the inner product induced norm:

1
(£, 9)II” = /0 (1 (@) + lg()|* + ¢l f(z)[*]da. (1.4)
Then can be written as an evolutionary equation in H,
d
%Y(t) = AY (¢), (1.5)

where Y (t) = (w,w;) and the operator A is given by
A(f (), 9(x)) = (9(2), ["(z) = cf () + dg" (2) — cdg(x)),

2 1 2 / / (1'6)
D(A) = {(f,9) € [H*(0,1) N HR(0, 1) : f'(0) = 0, g'(0) = 0}.
The following Lemma is straightforward.
Lemma 1.1. Let A be given by . Then its adjoint A* has the form
A*(f(@),9(x)) = (=g(x), —f"(2) + cf(z) + dg" (x) — cdg()), )

D(A") = {(f,9) € [H*(0,1) N H(0,1)]* : £'(0) =0, g'(0) = 0}.
The following Definitions are brought from [4, Chapter 2].

Definition 1.2. A sequence of vectors {¢,, n > 1} in a Hilbert space H forms a
Riesz basis for H if the following two conditions hold:
(i) spann21{¢n} =H,;
(ii) There exist positive constants m and M such that for arbitrary N € N and
arbitrary scalars a,,, n =1,..., N, such that

N N N
mY ol < 1Y andall® < MY Janl”
n=1 n=1 n=1

Definition 1.3. Suppose that A is a linear closed operator on a Hilbert space,
H, with simple eigenvalues {\,, n > 1} form a Riesz basis in H. If the closure of
{An, n > 1} is totally disconnected, then we call A a Riesz-spectral operator.

Remark 1.4. One can define a Riesz basis for H comprised of a sequence of vectors
¢n belonging to a countable subset of Z = {0,+1,£2,...}.

The following two theorems will be proved in the next section.

Theorem 1.5. Let A and A* be given by(1.6) and(1.7)) respectively. Then A and

A* are dissipative, and hence A generates a Cy-semigroup of contractions et on

H. Moreover, A~" exists.
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Theorem 1.6. Let A be defined by(L.6). Then there is a sequence of generalized
eigenvectors of A which forms a Riesz basis for state space H. Hence semigroup
et generated by A is exponentially stable if d%c < 4.

1.1. Proof of main results.
Proof of Theorem[1.5, Given any (f,g) € D(A). We have
(A(f,9), (f,9)) = (g, f" — cf +dg" — cdg), (f,9))

- / " (@)g(@) — F@)g(e))de + / F@)g(e) — f(@)g(@))da
0 0
— "(2)Pdx — ¢ 2)%dx
d/o[gm]d d/o[gu]d,

and hence
1 1
Re(A(f,9), (f.g)) = —d / ¢/ (@)Pde — cd / G@Pdr <0, (L8)

Similarly for any (u,v) € D(A*),
(A% (u,v), (u, v))
= ((—v,—u" + cu+ dv" — cdv), (u,v))

1 1
= / [ (x)v(x) — u(x)v” (x)]dx + c/ [u(z)v(z) — u(z)v(x)]de
0 0

—d/ol[ ’(J;)]Qda:—cd/ol[v(x)]Qda:,

and hence

Re(A* (u,v), (u,v)) = —d/O [ (x)]?dx — cd/o [v(z)]2dz < 0. (1.9)

Therefore, both A and A* are dissipative. By the Lumer-Phillips Theorem [I4], A
generates a Cp-semigroup e”** of contractions in H.
Now we show that A~! exists. For any given (f1,g1) € H, solving

‘A(fag) = (g>fl/ - Cf + dg” - Cdg) = (f1>gl)
gives g(z) = f1(z) with f satisfying
f'(x) = cf(x) = g1 (x) + cdfr (x) — dfy (),
f(1)=0, f'(0)=0.
The solution of the above ODE has the form

1
f(a) = / [91(s) + cdfa(s) — dff(s)]k(z, 5)ds,

where

k(z,s) =

1 {(e\/a(sg) — e V) cosh(y/cx), x < s, (1.10)

Ve(l 4 e=2ve) | cosh(y/cs)(eVelr=2) —e=Ver) g >,

From this and g(z) = fi(z), we get the unique (f,g) € D(A). Hence, A~! exists.
This completes the proof. [
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Let us now consider the eigenvalue problem of A. It is seen that A(f, g) = A(f, 9),
where (f,g) € D(A), A € C, if and only if g(z) = A\f(x), and f(z) # 0 satisfies the
eigenvalue problem

(14 AN (@) = (A2 + cdA+ ) f(w) = 0,
f(1)=0, f(0)=0.

To prove Theorem [I.6] we first prove the following lemma, which gives the precise
and explicit expression of the eigenvalues of the system operator A.

Lemma 1.7. Let A be defined by(l.6). Then ReX < 0 for every A € op(A).
Furthermore,

(1.11)

(i) the point spectrum o,(A) has three families:
U,,(A):{/\ln, n>N+1, nEZ}U{)\Qn, n>N+1, nEZ}
U{)\g,n, /7\3»,17 0<n<N-1, TLEZ}U{)\N},
where )
Ap = §[d(oi —o)+VA, n€Z, n>N+1,
1
Aoy, = §[d(afb —c)—VA,, n€Z, n>N+1,
) (1.12)
Agnzi[d(aifc)Jr —Api], n€Z,0<n<N-1,
2
)\N = 7&a
where the algebraic multiplicity of Ay is two, the algebraic multiplicity of other
etgenvalues is one. The quantities o, A,, N will be given later.
Moreover there are two sets of the eigenvalues of the system operator A: For
lower n the eigenvalues reside on the circle
1
= ﬁ’
and for higher n the eigenvalues are real, with one branch accumulating towards
—é as n — oo and the other branch converging to —oo.

[Re(\n) + 5]2 + [Zm(\))? (1.13)

(i1) For any Ay, € o,(A), n # N, there is only one associated (linearly independent)
etgenfunction which takes the form (%fn, fn), where f, is found to be

Jn(x) =cos[(n+%)m:]7 n=0,1,2,.... (1.14)

Remark 1.8. It should be noted that a wave equation with Kelvin-Voigt damp-
ing cannot be categorized as a hyperbolic PDE. With at most a finite number of
conjugate-complex eigenvalues in its spectrum, such a PDE should be categorized
as a parabolic/hyperbolic hybrid.

Proof of Lemma[I.7. Denote 02 = %. Then, by the equivalence, the ODE

f”(.%‘) - U2f(x) =0,,
f(1) = f(0)=0,

has a non-trivial solution if and only if

(1.15)

1
Jn:(n+§)m', n=0,+1,4+2,....
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The corresponding eigenfunctions are
1
fn(x) = cos[(n + 5)7@], n=0,%1,£2,....

Hence the eigenvalues of A satisfy the characteristic equation

N td(c— o2\ +c—0c2 =0. (1.16)
Setting A,, = d?(c — 02)? — 4(c — 02), we have
Ly o 4

An=d(c = )l(n+ 5)*n = (55 =)

Considering d > 0 as a small Kelvin-Voigt damping coefficient such that 2 > c,
there exists a positive integer N such that

1

4 3
(N+§)27r2: Ec< (N+§)27T2. (1.17)

Then forn € Z, n> N+1orn < —N —2, we have A,, > 0, and in this case, the
eigenvalues of A are

Nin = 5[d(0% ) + VAL,
. (1.18)
han = 3ld0% ) = v/,
where )
on = (n+ i)m (1.19)

A, =d*(c—02)? —4(c—0o?).

n

Noticing that 02 =02, |, and \,, = A(—n—1), for any n € Z, n > N + 1, we have

that )
Mn = 3ld0% )+ v/,
1 (1.20)
Ao = §[d(‘7% —c) — VA,

It is easy to check that ReAi, < 0, and Rels, < 0. Furthermore, for any n € Z
withn > N + 1,

Min = 5[0 — ) +V/A,]
S(02 — ) + VB — o2~ Ac— o)
d 4
5(”2 —o)[l —4/1~- ML
Non = (0%~ ¢) — V/A,]
:; a —c) \/al2 c—02)2 —4(c—o2)],

where ¢ — 02 =

¢+ (n+ 3)?r? converges to 400 as n — co. Moreover
d(o2 —¢) < g < 5(1(0% — o).

Then A1, accumulates towards —1/d and Ay, converges to —oo as n — 0.
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On the other hand, in the case n € Z with 0 < n < N — 1, we have A,, < 0, and
the eigenvalues of A are

1
Asn = =[d(os — ) + /= Ay,

o7 (1.21)
Asp = §[d(a,2l —c) — v/ —Ayi].

For n € Z with 0 <n < N — 1, we can easily obtain

1 1
[Re(An) + 8]2 + [Zm(\)]? = =
Moreover, Ay = 0, and in this case, Ay = —2/d. (the algebraic multiplicity of Ay
is two.) This completes the proof. ([

Remark 1.9. If there exists a positive integer N such that

(N + %)271'2 < % —c< (N+ 2)27?27
in this case, the spectrum o,(.A) has three families:
op(A)={Mn, n>2N+1, neZ}U{don, n>N+1,neZ}
U{Asn, Asn, 0<n < N, neZ},
where
)\m:%[d(ai—c)Jr\/Ain], n€Z n>N+1,

1

Mo = 507 =) = VAu), neZinzN+1, (1.22)
1

Agnzi[d(ai—cH —Ayi], ne€Z 0<n<N.

where o, A,, were given by ((1.19).
Lemma 1.10. Let A be defined by(1.6). Then the residual spectrum, o.(A) = 0.

Proof. 1t is sufficient to show that o,(A) = 0,(A*). Let us now consider the
eigenvalue problem of A*. It is seen that A*(f,g) = A\(f,g), where (f,g) € D(A*),
A € C, if and only if g(z) = —=Af(z), and f(z) # 0 satisfies the eigenvalue problem
(14 dN\) f"(z) — (A% + cd\ + ¢) f(x) = 0,

f(1)y=0, f(0)=0.
It is seen that (1.23)) is the same with (1.11). Hence, A\ € o,(A*) if and only if

A € 0,(A). Since the eigenvalues of A* are symmetric with real axis, we have

v (A) = 0. O

(1.23)

Now we are in a position to prove the system operator A has the Riesz basis
property which will lead to the establishment of the spectrum determined growth
condition, and the exponential stability of the system.

Proof of Theorem[1.6. We first prove that {®,, n=0,1,2,...,} is maximal in H,

where ®,, satisfies

1 1
USPE (= cos[(n + 5)773:], cos[(n + 5)#1:]), ne€Z, n>N+1,
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P20 =1\ G0z =0 5 5 Z.n>N+1
2n (o2 76)()\271 cos[(n + 2)7rx],cos[(n+ 2)77:5]), neZ n>N+1,
1 1 1
D3, = (I cos[(n + §)wx],cos[(n + 5)773;]), neZ, 0<n<N-1,
— 1 1 1
D3, = (K cos[(n + 5)71’1‘],008[(71 + i)ﬂx]), neZ, 0<n<N-1,
Py = ()\7 cos[(N + i)mz:],cos[(N+ 5)7@})7
N
P 1 1 d 2 1
do— L oy d 2 v b
N (cos[(N + 3)mal, (5 — =) cos[(N + Z)ma]),

4 d?
d7+§—1

and @y is the generalized eigenvector of Ay .
Suppose that z = (21, 22) € H is orthogonal to every ®,,. Then

<<zl(x)>’ <; cos[(n + ;)w)a]:)]>> —0, YneZ n>0, n+N,

23() cos[(n + 1)mx
z1(x) cos((n + 3)mz)] .
(50 i )2 =0 e n0 2w
And

() o ey D =
<< g;) (( —C%S)[(CJL[J(FNZL ]) ])> =0

where Ay = —2/d. Next we distinguish three cases.
Case 1. For n € Z, n > N + 1, noticing that Ay, <0, Ao, <0,

/ (Mn — Aan)2za(x) cos[(n + ;)mc}da:

(2&) (Mn — A2p) cos[(n+ 4 >

2 d
_ d(O’n 26))\2n Z (I)Qn )\1n (I>1n _ ’

where A1, — Ao, = VA, > 0. Then for any n € Z withn > N + 1,

1
zo(z) cos|( )mv] dx = 0.
O 2

From, andfora ny n €7 withn > N+1,
21(x) cos|(n + 3)7z)]
za(x )) <>\1n cos[(n + é)ﬂ@]) >

/0 —(n+ 5 )71'221(11,') sin[(n + %)wm)]dm

(1.24)

(1.25)

(1.26)

(1.27)
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+ c/o z1(x) cos[(n + %)mc)]dx

1 1
+/O Atnz2(z) cos((n + 5)”I)]dx

=(c—o0o?) /0 z1(z) cos[(n + %)T(l‘)]dl‘,
ie., 1 1
/ z1(x) cos[(n + i)wx)]da: =0, (1.28)
0

forany n € Z, n > N + 1.
Case 2. For0<n< N -1, neZ,

_ 1 1
(Asn — )\3“)/0 z9(x) cos[(n + i)wx)]dx
a@ (st D) V(@) [ cosltn+ b))
a < (Z;(l’)> ’ (/\?m cos[(n 42' é)m“)]> > <<Z;($)>7 (/\?m cos((n J2r %)m)]>>
= A3n (2, P3) — Azn (2, @3,) = 0,
where Asp, — Agn = v/—Ani. Then for any 0 <n < N — 1 with n € Z,

/1 zo(x) cos[(n + %)Wx)]dx =0. (1.29)
0
Similarly,
~/(a(x) cos[(n + 1)mz)]
0=((20) Grareosn & ;mn) )
=(c—o0?) /0 21 () cos[(n + %)mz)]dm (1.30)

1
+ A3n /0 zo(x) cos[(n + %)ww)]dw

Combining (1.29) and(1.30)), for 0 <n < N — 1, n € Z, we have

1
/ z1(x) cos[(n + %)ﬂ'l‘)]dl‘ =0. (1.31)
0

Case 3. Multiplying (1.26) by d/2 and adding it to (1.25]), we obtain

0= <(E§> <d oV + ;>m>]>> - i/ o) col(V + i,

ie.,
! 1
/ z9(x) cos[(N + i)mc)]dx =0. (1.32)
0
Combining (|1.26]) and([1.32)), we can easily obtain

/ z1(x) cos[(N + %)W.’I,')]d.’li =0, (1.33)
0
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Since {cos[(n |, n € Z, n > 0} is maximal in L?(0, 1), and considering (1
(T.29) and (]ﬁ%[) (]m[) we have that z = (21, 22) = 0. Thus {®,, n € Z, n > 0}
is maximal in H.
For any n,k > N+ 1, n € Z,

s cos[(n+ 3)ma)]\ [ x cos[(k + 3)ma)]
<<)\ cos[(n + 3)mz)] >7 ()\ cos[(k + %)irx)] ) >
1 1y 2 1
_(n+ izi’; fk ) /0 sinl(n + 5)ma)] sin[(k + 3 )mr)da

c

1 1 )
i )‘1n/\1k /0 COS[(n + 5)7@)] COS[(k + 5)7T$)]d1’

1 1 )

—I—/O cos[(n + i)wx)] cos|[(k + i)ﬂx)]dx
n+ 1 Ly 2 1

- ( +22)\)1(f)\—;2) /0 cos|[(n — k)mx] — cos[(n + k + 1)mx]dx

+1) /0 cos[(n — k)mx] + cos[(n + k + 1)ma]dx

Then
<(I)1n7q)1k>207 nak2N+17n€Z7n7éka 1.34
<‘I)1n;¢1n>:1a n2N+17n€Z ( . )

Similarly for any n, k > N + 1, n € Z, we have
<</\1 cos[(n + %)TF%)]) (/\;k cos|[(k + é)wx)])>
cos[(n+ )mz)] )7\ cos[(k + 1)mw)]

n+ i 1y 2 el
= (n+ izi];;; 5) /0 sin[(n + %)TFZC)] sin[(k + %)ﬂ-x)]dx

N )\Mc/\% /0 cos[(n + %)ﬂ‘x)] cos|(k + %)mz)]dm

! 1 1
+/0 cos[(n + 5)7”0)] cos[(k + 5)7rx)]dz

N+ D2 1

= (n —|—22/\)( )\+ )T / cos[(n — k)mz] — cos[(n + k + 1)mx]dx
InA\2k 0

1, ¢

2 e

+1) /0 cos[(n — k)mz] + cos[(n + k + 1)ma]dz.

Then
(P10, Pa) =0, n#k,n, ;k>N+1, neZ, (1.35)
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and by the fact that A1,\2, = ¢ — 02, where 0, = (n + %)m’, we have

2)\171 2)\271 Cc — 0'2 —+ >\1n>\2n 2
B, Byy) = n - (136
(@10, P2n) \/d(a,% —c) \/CZ(U,Q1 —c) 2X1nA2n dv/c— o2 (1.36)

Foranyn>N+4+1,0<m<N-—-1,nmée?Z,
ﬁcos[(n—k 3)7x)] ﬁcos[(m—l— $)7z)]
<( cos[(n + 3)7z)] )’ ( cos[(m + 3)7x)] )>
_ (n+3)(m+ )
B )\lnS\Bm

1
/0 sin[(n + %)T(.T)] sin[(m + %)mv)]dx

/0 cos[(n + %)Tf‘l‘)] cos[(m + %)W.’L‘)]dl‘

- A1715\3771
+ /0 cos[(n + %)wm)] cos[(m + %)ﬂx)]da:

n4 (m+ Hr? L
:( +2)( +2) /OCOS[(n_m)ﬂ-x]—cos[(n—l—m—l—l)ﬂ'x]dx

2)\1n5\5m
1 c !
+ - — + 1)/ cos[(n — m)mzx] + cos[(n + m + 1)wz]dx = 0,
2 /\1n>\3m 0
ie.,
<(I)1n7 (I)3m> =0. (1'37)
Furthermore,

1 cos[(n + ;)m)]> | (ﬁm cos[(m + é)m)l) >

= _ Azm
(P3m, Pam) = << cos[(n + Lyma)] cos[(m + 1)mx)]

m4 122 el
= (m+3)°m / sin®[(m + %)Wm)]dx
0

(/\Sm)2
_c 1CO82 ot VeV 1.38
oz 1) [ cosllm+ 5wl (1.38)
B (m + %)27r2 1 c
2(A3m)? * 2((/\3m)2 1)
~ (m+ 2212+ e+ (A3m)?
2(am )2 ’

where Az, = 2[d(02, — ¢) + V=Api, 0<m < N -1, m € Z, and
1

Om =i(m + 5)#7
Ay =d*(c—02)? —4(c—d2).

Moreover, |A3,,|?> = ¢ — 02,. Then

1o cos[(N + )ma]\ (5 cos[(N + §)mz]\\
(@, ) = <<Acos[(N + Lyral ) (/\cos[(N + Lyma )> =L (139)
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(B, D) = 41<<( cos[(N + 3)ma] ]>

4L+L 4 — 2)cos[(N + 3)mz

11

d
(5

cos[(N + 1)mz] (1.40)
)7 ])>

( — 2)cos[(N + 3 =1
cos cos Dyra
M T

V2d* — 16al2 +64°

(Dn,Py) =

(1.41)
Similarly, for any n, kK > N+ 1,0 < m,l < N —1, n,k,m,l € Z, the following

holds
<(I)1n7 (i3m> = 0; <(I)1n7 ¢N> = 07 <(I>1n7 (i)N> = 0?
<q)2n7 (I)2k> =0 ('fl 7é k)a <¢)2n7 ¢2n> = 1a <‘I)2n; ¢3m> = Oa
<(I)2n7 (i3m> = Oa <(I)2n7 (bN> = 07 <(I)2n7 ci)]\/'> = Oa
—_ g2 Aam |2
(@i @3) = 0 (m £ 1), By, By = < Im T RamlT
2|>‘3m|

— c—o2 + A3, =
<(I)3m7®3m> = Tgv <(I)3m7(1)31> =0 (m # l)?
3m

<(I)3ma(I)N> = 07 <q)3m; &)N> = 07 <(i)3m7(i)3l> =0 (m 7é l))

= = c—o + Az |2 = = ~
(P3m, P3m) = 2|)\||23| =1, (P3m,Pn) =0, (Pgm,Pn)=0.
3m

From the above equalities we deduce that

N-1 N-1 N-1 N-1
| Z O‘m(I)BmH2 = Z |O‘m|27 | Z ﬂm‘b?)m”Q = Z |ﬂm|2~
m=0 m=0

(1.42)
m=0 m=0
and
N-1 ~
|| Z am®3m + ﬁmq)SmHQ
m=0
N— B N-1 B
= < Z m®sm + B Pam, > sy + ﬁl¢3l>
m=0 =0
N-1 ~
= D (lam @3] + Bl @3 ]1%) (1.43)
m=0
N-1 B ~ ~
+ amﬂm <(I)3m7 (I)3m> + ﬁm@m<©3ma (I)3m>
m=0
N-1 N-1
- Z |am‘2 + ‘ﬁm + Z 2R6 Oémﬂm<(b3ma (I)3m>)
m=0

m=0
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A direct calculation from (|1.38)) indicates, for any 0 < m < N — 1 and m € Z, we

have
= d
|<‘b3m7 <I)31ﬂ>| = 5 VC— 072n7

and hence
_ _ _ d
|2Re(amﬂm<q)3m7 ‘I)3m>| < (|04m|2 + |B’m|2)§ V€ — Ufn-

Combining (1.43) and (|1.45)), we obtain

N-1 - d N-1
” Z Pz, +ﬁm¢3m”2 < (1 + 5 \/ c— 0'12\/‘—1) (|O‘m|2 + ‘5m|2)7
m=0 m=0
and
N—-1 B N—-1 d
I3 @ + BB > 3 (1 9= o) (il + [8ul?)
m=0 m=0
d N—-1
> (1= Sfe= R Y (aml? +15mP),
m=0

thrcl—gw/c—a%v_l >1_g‘/c_0'12v:0-
Without loss of generality, let K1, Ko € Z, K1 > K5 > 0,

N+K; N+Kso
H Z anq)ln+ Z ﬁn(I)Zn”z
n=N+1 n=N+1
N+K; N+Ks
= 2 lanl+ 3 16
n=N+1 n=N+1
N+Ks
+ Z <anq)1n7ﬂnq)2n>+<ﬂnq)2naancb1n>~
n=N+1

While

(nP1n, BnPon) + (BnPon, ¥nP1n) = 2Re(n Bn(Pin, P2n)
< 2| |Bn|[(P1n, Pan)|

2
< an2+ n2
< ozl +18.P)
2

/ 2
d C— 0%,

< (lnl* + 182 ?)-

(1.44)

(1.45)

(1.46)

(1.47)

(1.48)

(1.49)
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Inserting (|1.49) into (|1.48]), we obtain

N+Kq N+Ko
|| Z @1y + Z ﬂnq)Qn”Z
n=N+1 n=N+1
N+K, N+Ko N+ Ky 9
< Z | [® + Z |8n]? + Z ———(|an|* +6a[*)
n=N+1 n=N+1 n=N+1 d c— 0721

N+K, ) N+K> 9 (1.50)
< Y ——=)wl+ Y (I +——=)IBf

n=N+1 d,/C—U]ZVJrl n=N+1 d“c—o?v+1

9 N+K; N+Ks
=1+ ——=) Y lal*+ > 187,

dy/c— 0%, n=N+1 n=N+1

and
N+K; N+Ko
|| Z anq)ln+ Z ﬂn(anH2
n=N+1 n=N+1
> S et 3 B S (a1,
= Qnp, n| —F———=|On n 1.51
n=N-+1 n=N-+1 a1 de—op (L51)

9 N+K; N+Ko
>(1———=) > lal+ > 8.,
dy/c =01 n=N+1 n=N+1
here 1 - —2— >1— —2— = 0. Similarly,
w dy, /C*U?\url dw/C—O']z\] Y.

lan®y + an® |

o ) _ (1.52)
= |an | ®n]? + [an[*|Pn | + 2Re(anan (Pn, D)),
and
2Re(anan(Pn, D)) < (Jan]® + |an[*)[(Pn, Dn)|
|d2_8| 2 ~ 12 (1.53)
= « + |« .
s —To o1 N tIanTD
Combining (|1.52)) and (|1.53]), we obtain
~ = o |d* — 8| 2 1~ 2
lan®y +an®n|” < (1+ 2d4—16d2+64)(|aN| + lan[7)), (1.54)
- = d> -8 -
Jan® +andyl? > (1- ——C 5 y(ayP i jan?),  (155)

2d* — 16d? + 64

where

d? —

|d* — 8| 50
V2d4 — 16d? + 64

Considering(1.46), (1.47), (1.50), (1.51) (1.54), and (1.55)), by Definition we
conclude that

{(I)lnaq)2n;¢)3m7(i)3m;q)Nai)Na TLZN+]., OSmSNfl, nvaZ}

1-—
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form a Riesz basis. Furthermore the spectrum-determined growth condition holds

for the semigroup e generated by A. This completes the proof of Theorem [1.6
Hence semigroup e** generated by A is exponentially stable for d*c < 4. (]

Remark 1.11. If there exists a positive integer N such that

1 4 3
(N+§)27r2 <z -e< (N+§)27r2, (1.56)

the operator A has the eigenvectors

{q)lnaq)2n7q)3m7(i)3m7 77,2N+1, OSmSNa namEZ}7

where
2\ 1 1 1
®q, = o2 1:L 3 (E cos|(n + i)ﬂx],cos[(n + 5)7T33D7 ne€Z, n>N+1,
2oy, 1 1 1
by, = d(gTZLQ_ 3 (Tzn cos[(n + §)wx],cos[(n + 5)7@]), neZ, n>N+1,
1 1 1
b3, = (/\— cos[(m + i)wx],cos[(m + g)wx]), meZ 0<m<N,
3m
- 1 1 1
D3, = (5\— cos[(m + i)ﬂx],cos[(m + §)ms}), neZ 0<n<N\,
3m

(1.57)
and A, were given by(1.22).

First we can easily check that
Span{q)lvu(p%u ®3M7(§3ma n Z N + 17 O S m S N7 TL, m 6 Z} = H

Furthermore, for any n,k > N+ 1,0 < m, l < N, n,k,m,l € Z, the following
holds:

2
(P1n, P1i) =0 (n# k), (P1n, P1n) =1, (P1p, Pop) = ie—oT

(P11, Par) =0 (n £ k), (Pon,Papn) =1, (Do, Pog) =0 (n #k),
(D1, P3m) =0, (P1p, (i)3m> =0, (Poy,Ps3m,) =0,
(Do, Pam) =0, (P, Pam) =1, (Dap, B3p) = 0 (m # 1),
(@31, Pam) = 1, (B3, @31) =0 (m #£1), (B3, P3y) =0 (m £ 1),

2 2
c— o, + A5,

Cpmyi)m =
Bam Ban) = e
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Let Ki,Ks € Z, K1 > Ko > 0. Then

N+K; N+Ks
|| Z anq)ln + Z ﬁnq)2n||2
n=N+1 n=N+1
N+K; N+K2 N+K>
< D0 P+ YD 1B+ D % |an|2 +16a 1)
n=N+1 n=N+1 n=N+1 d
< ) I+ ——=)l+ ) 1+ ——=)IB
n=N+1 dy/c— 0%y n=N+1 \/e—ox
9 N+K; N+Ko
=1+ ——=—==) > lanl+ > 6.
dy/c— 0%, n=N+1 n=N+1
Similarly, we can deduce that
N+Kq N+Ko
Z an(bln + Z ﬁn¢)2n||2
n=N+1 n=N+1

> (1-

2
> ——) Y e+ D 18,
d’\/c_U]QVJrl n=N+1 n=N+1
2

where 1 — ———=—— > 0. Moreover,
dy/c— O'N+1

N N N
1 am®sm + Bun®am|® = (D am®sm + Bn®am, y_ r®ai + 5 Pa1)
m=0 0 =0

(lom[* [ @3 ]|* + 1Bl | @3 ]|*)

e

3
I

0

N
+ Z amﬂm q)dmm (D3m> + ﬁmam<q)3m» @3m>
=0

N
- Z |O[m|2 + |6m + Z 2R€ amﬁm<(I)3mv(I)3m>)
m=0 m=0

By estimating the term 2Re (v Bm (P3m, P3m)), We can obtain

N N

- d
I3 am®om + fnanll® < (14 5/e = 0%) 3 aml* +10mf*)
m=0 =0
N B N
” Z(am®3m+6m@3m||2) > (1 \/C_JN Z‘am|2+|5m|2»
m=0 m=

where 1— g\/c — 0% > 0. Combining the above inequalities with (1.58), and (L.59),
we conclude that, in the case of (|1.57)),

{(I)ln7<1)2n,7q)3mv(i)3m,7 n 2 N + 1a 0 S m S N7 n,m € Z}?

also forms a Riesz basis of the state space H.
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