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STABILITY OF AN N-COMPONENT TIMOSHENKO BEAM
WITH LOCALIZED KELVIN-VOIGT AND FRICTIONAL
DISSIPATION

TITA K. MARYATI, JAIME E. MUNOZ RIVERA, AMELIE RAMBAUD, OCTAVIO VERA

Communicated by Marco Squassina

ABSTRACT. We consider the transmission problem of a Timoshenko’s beam
composed by N components, each of them being either purely elastic, or a
Kelvin-Voigt viscoelastic material, or an elastic material inserted with a fric-
tional damping mechanism. Our main result is that the rate of decay depends
on the position of each component. More precisely, we prove that the Timo-
shenko’s model is exponentially stable if and only if all the elastic components
are connected with one component with frictional damping. Otherwise, there
is no exponential stability, but a polynomial decay of the energy as 1/t2. We
introduce a new criterion to show the lack of exponential stability, Theorem
[[2] We also consider the semilinear problem.

1. INTRODUCTION

Here we study a transmission problem of a Timoshenko beam [I4] of length
{ composed by N components, each of them can be of three different types of
materials: elastic, viscoelastic, or a material with a frictional damping mechanism
as illustrated in Figure [I] below, for N = 5.
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FI1GURE 1. An example of five-components beam, where I is elas-
tic, Iy is frictional, and I, is viscoelastic component
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Let us decompose the interval I = [0, /] into N subintervals, [0, ¢] = U™, I;, such
that 11 :]éi—laéi[ for i = 1,2, .. .,N with EO =0 and ZN =/.

Over each interval I;, one type of material is configured. We denote by I, I,
or Iy the subintervala where the viscoelastic component, elastic component, or the
component with frictional mechanism is configured, respectively. In Figure [l the
intervals I; and I, are of type I., elastic components, I5 is of viscoelastic type I,
and so on. Let us denote the set

T =0 I; =]0,¢0\{lo, l1, ... N}

The set 1 is open and disconnected. The classical linear Timoshenko system given
by

01Ptt — Sm = G17 in :f>< R+, (11)
02the — My + S =Ga, in xRy, (1.2)
Here we use the Dirichlet boundary conditions

@(Oa t) = 90(67 t) = T/J(Oat) = ¢(€a t) =0. (13)

and the initial conditions

p(z, 0) = po(@), (z, 0) =o(x), @i(z, 0) = 1(z), iz, 0) =1h(x). (1.4)

Here S and M stand for the shear force and the bending moment respectively,
01 = 0A and o = oIM, where p is the density of the material, A the cross-
sectional area and I the second moment of the cross-section area. By ¢ we
denote the transversal displacement and by % the shear angle displacement. The
constitutive equations are given by

S(pa, ) = (@) (Pa + ) + k0(x) (Par + 1),  M(¥) = b(x)1hs + bo(x)hat, (1.5)

where Kk = k' G A and b = E I™ are positive functions over I. By E, G and k' we
are denoting the Young’s modulus, the modulus of rigidity and the transverse shear
factor, respectively. We denote by by and kg, positive functions which characterize
the viscosity over I,, vanishing over I, U Iy. The localized frictional damping
mechanism is described by the source terms

Gi(z,t) = —m(x)pr, Go(z,t) = —72(x)Yy, (1.6)

where 71,72 are positive only on the intervals I, vanishing over I, and /.

Therefore the elastic coefficients are discontinuous at the points where different
materials are fitted. This characterizes the transmission problem. Hence the func-
tions K, Ko, b, bo, 71, 72 : [0, €] — R are such that its restrictions to I;, i = 1,..., N,
are C! functions, with bounded discontinuities at the nodes ¢;, i = 1,..., N — 1;
but even so, the stress as well as the bending moment must satisfy the laws of
action and reaction at each point, therefore we have that any strong solutions of
the problem must verify

@, 0, S, M € H'(0,¢). (1.7)

In particular (1.7 implies the transmission conditions at the interface points £;:
p(l7) =p(ff), SWU7)=S(L), (7)) =), M) =ME), (18
fori=1,...N —1. A typical example of a function y = ko(x) is given in Figure
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A similar graph would hold for function by. The frictional mechanism is char-
acterized by the functions y = ~;(z), ¢« = 1,2, for the same example is given as
follows

y =i(z) O/\Io \I/o
! !

< I 9 ? 9 I =
0 51 62 53 64 [

The energy of the system ([L.1)—(L.4)), is denoted by

1 e
E(t) = 5/ o1 ]@e? + 02 |t ]* + K oo + 01?4+ b ]? da. (1.9)
0

It is easy to see that

d l
GEO == [ ro@lear + il do+ bo(@)lbul + n@lenl + @il da.
0

When kg = by = 71 = 72 = 0 the system is conservative. Regarding the novelty
of our result, previous works on exponential stability consider only the effective-
ness of the dissipative mechanism, whether or not it produces exponential stabil-
ity, thus characterizing the dissipative mechanism as strong or weak respectively.
For example to one-dimensional models was shown that the frictional dissipation
exponentially stabilizes the model regardless of the position or region where the
dissipative mechanism is concentrated, see for example [2] Bl [7, 4, [10] T3] to quote
but a few. On the other hand, the dissipation produced by viscous materials, when
effective over the whole domain, produces not only exponential stability but also
analyticity of the corresponding semigroup. But when it concentrates in only a
part of the domain, it loses effectiveness and produces neither exponential stability
nor analyticity see [0 [8].

In this article we consider the two types of dissipative mechanisms, the frictional
and the visco elastic dissipation both concentrated within the domain. Our main
result is that the resulting dissipation will be strong or weak according to the
position in which they are distributed over the domain. That is, we prove that
if any elastic component (without dissipative mechanism) is next to a component
with frictional dissipation, then the system is exponentially stable. Otherwise,
when there is at least one component isolated between viscous components, then
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the system is no longer exponentially stable, but decays polynomially, that is we
establish,

Theorem 1.1. The transmission problem — (N > 2) is exponentially
stable if and only if any elastic part of the beam is connected with at least one com-
ponent with frictional damping mechanisms. Otherwise the system is polynomially
stable, with a rate of decay of the order t—2.

This type of result is closely related to the optimal design problem. The main
tool we use to show the exponential stability is the Pruess’ characterization of
exponentially stable semigroups. We prove the lack of exponential stability using
the following new criterion that we show in this article

Theorem 1.2. Let Hy be a closed subspace of a Hilbert space H. Let Ty(t) be a
group on Hy such that ||7o(t)|| = 1 and T (t) be a contraction semigroup defined on
H. If the difference T (t) — To(t) is compact from Ho to H, then the semigroup T (t)
is not exponentially stable.

The remaining part of the paper is organized as follows. In Section [2| we show
the well-posedness. In Section [3] we show the exponential stability. In Section []
the lack of exponential stability and Theorem In Section |5, we complete the
proof of Theorem by showing the polynomial decay. Finally, we show the same
result to semilinear models.

2. WELL-POSEDNESS

Let us introduce the phase space
H = H}(0,0) x L*(0,0) x H}(0,£) x L*(0, ).

This is a Hilbert space with the norm

¢
IUl% = / o1 |®F + 02 [V [ + K |u + ¢ +b[|? da, (2.1)
0
for all U = (p, ®,¢, V) € H. Let A be the operator given by
P
L[S, — ®
Au— | ml o @] (2.2)

= [My — S = y2(2)¥]
where S and M are given in (1.5). The domain of A is given by
D(A)={UcH:® ¥ c H0,0);S,Mc H0,0)}. (2.3)

A straightforward calculation gives

‘
Re(AU, U)y = —/ Ko [Py + U2 + b0 |02+ 71 [@ + 92 U do. (2.4)
0
Therefore A is a dissipative operator. Under the above conditions the transmission
problem (1.1])-(1.4) is equivalent to find U € H, solution to
U, =AU, U(0) = U,. (2.5)

where Uy = (o, p1,%0,1¢1) € H is the initial datum, defined by (1.4). Under the
above notations the well posedness is a matter of routine.
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Theorem 2.1. For any Uy € H there exists a unique mild solution of (2.5).
Moreover if Uy € D(A), then the solution is strong and U € C([0, ool; H) N
C([0, oof; D(A)).

Proof. 1t is sufficient to show that A is the infinitesimal generator of a Cy semigroup.
Note that A is dissipative, closed and densely defined on H. It is straightforward to
prove that 0 € p(A) (the resolvent set of A). Our conclusion follows from Lummer
Phillips’s Theorem. [

We close this section by establishing the characterizations of the exponential and
polynomial stabilization. due to Priiss [12]- Huang [9] and Borichev and Tomilov

.

Theorem 2.2. Let S(t) be a contraction Cy-semigroup, generated by A over a
Hilbert space H. Then, Priss [12], Huang [9], establish that there exists C,vy > 0
satisfying

[S(H)]| < Ce™ & iR C o(A) and [|[(i A — A) " gy < M, VAER.  (2.6)
For polynomial stability, Borichev and Tomilov [1] established the existence of C > 0
such that

ISt A~ < tl% & iR C o(A) and || M — A7 < M]A®, YA€ R (2.7)

3. EXPONENTIAL STABILITY
For simplicity, we assume that if I,, and I,, are two viscoelastic components,
then
I,, NI, =0. (3.1)

This hypothesis is only to simplify arguments, the result remains valid even when

(3.1) fails.

The resolvent equation iA\U — AU = F, in terms of its coordinates is given by

iAp— P = Fy, (3.2)

A1 P — S, + 11 P = 01 F>, (3.3)
i)~ = Fy, (3.4)

iAoV — M, + S + W = 0o Fy, (3.5)

where F = (Fy,...,Fy) € H and ¢ and ¢ verify Dirichlet boundary conditions

©3).
Lemma 3.1. The operator A defined by (2.2) and (2.3) satisfies iR C o(A).
Proof. We will reason by contradiction. Since 0 € p(A), the set
R={08>0:[-if,+i0] C o(A)} #0
Let A :=supR. If X = oo, then there is nothing to prove. Let us suppose that
A < oo. Hence, there exists a sequence {8, }, C R such that 3, — X and ||(i8,] —
A)71|| — oo, that is there exists a sequence {F},},, of elements of H such that
[Falle =1, and [[(iBa] — A)""Fy |l — +oc.
——— n— oo

=W,
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Letting X,, = W,,/||Walln and F,, = F,/||W,]||3, we have
[ Xnll# =1, and(if.I —A)X, =F, — 0 in H (3.6)

To arrive a contradiction it is enough to show X,, — 0 as n — oo strongly in ‘H. In

fact, (2.4) and (3.6) yield

Re(ifB, Xn — AXp, Xp)

o n n|2 n|2 n|2 n|(2 (37)
:/ Ko|®L + ™% 4 bo| U2 4+ 71 [P"]° + 12 |P"|* dz — 0.
0
Since k¢ and by are positive over Uiz 11s, we obtain
(@7 + U™, ¥7) — (0,0) strongly in [L*(UJL, 1)), (3.8)

Where Um 11y; is the union of all the intervals with viscoelastic component. Using

. we obtain
1
(h + " 4by) = .

strongly in [L?(UJ, I,,,)]?. Using (3.6) once more we obtain ||AX,|| < C. Recalling
the definition of D(A) given in (2.2)—(2.3), we have

[(®F + 97, 03) + (F, + F5', F3,)] — (0,0)

¢
1o 2 2 i < 0 (39)
which in particular implies the estimate
‘
/ |<p;|2+|qf;\2dz+/ IS 4 |M2* dx < C. (3.10)
0 [0.6\UTL, I,

Since S = k(pF + ¢Y™), and M} = (bw”)z on [0,¢] \ UM 1I,,;, there exists a
subsequence of X,,, we still denote in the same way, such that

(@™, ") — (®,¥) strongly in [L*(0, £)]?,

(0 +9™97)  — (o +,4,) strongly in [L2([0,0\ UL L)%
The above convergence and (3.8)) imply X,, — X strongly in H. Since ~; and 7
are positive over Uj_,Iy,, relation (3.7)) implies
p=1=®=¥=0, on (Uzzllfi)u(u?:llvj)
Since any I. =|a, 5] is linked with I,, or Iy, without loss of generality we can assume
that {a} = I, N I.. Since ¢ =1 =0 in I, U I, then system (3.2)-(3.5) over I. can
be written as
N = (Kpe + 1) = 0, —p2X* — (bihy), + ﬂ(% +¢) =0, inla,g],
pla) = () = P(a) = Y(a) =

By the uniqueness of ordinary differential equations we obtain X = 0. The proof
is now complete. ([l

Let us introduce the notation
To(s) = 016|®(s)? +1S(s) 1, Ty(s) = boa|W(s)|> + [M(s)]?,

Z(s) =Zy(8) + Zy(s). (8:11)
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Lemma 3.2. Let |a, 8] any subinterval of Iy, then for A large enough, we have

/ 011@1% + 02| [* + Koy + ¢ + blep,|* do < W (UIIET+1F13,) . (3.12)

v

16
/ OLlB + 0ol U2 + Kl + B2 + Blihy|? da
a (3.13)

L Z(a) + 7(B)]

< CIUNwlFlle + el Fl7, + N

Proof. Multiplying the resolvent system by U, integrating over all the beam’s length
(0,¢), and using the dissipation (2.4) we obtain

l
/ Ko |Po 4+ U2+ by |Wa]? + 71 |®> + 72 |¥|? dor = Re(F, U)y (3.14)
0
The above relation implies
[ @ v st [ (8P4 0P do < CIFl Ul (315)
I, Iy

From equation ([3.5)) we obtain
AN -2, < ClIMI| L2, + CllSI L2z, + CllF [l
Therefore using (3.15)), for A large enough, we obtain

P\lzll‘l’llfq 1) S CIUNEN + CIE|3 (3.16)

Then using interpolation and and (3.16)) we have
1901221,y < Cll‘I’lle ||‘I/||H1(1
1/2

\)\| (||U||||F|| +IFI3) " (19 L2y + 1Wallr2r,))

C 1

W (WUIIEN+ IFl13,) + §||‘I’||2L2(1v)-
For X large enough. Therefore

C’
191022, = (IUNEN + 1F1%) - (3.17)

Using ({3.3)), interpolation, and the above reasoning we obtain

II‘PIIiz(I =D (HUIIIIFII +IIFI3) - (3.18)
Using ([3.2)) and we obtain
C
/I Kles + 0 + s < o (Wl Pl + IFIB) . (319)

For A large enough. From (3.17), (3.18)), (3.19)), the first part of the Lemma follows.

Now, let us consider the interval Iy =]a, 3[. multiplying (3.3) by @, (3-5) by 1,
integrating over |«, 8] and taking the real part we obtain

/1 Kloa T2 + bl |* da = (S(s)B(s) + M (s)(s)) |, +/1 01|®*+ 02 |V|* dx + R,
! f
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with |R| < C||U||x||F||%. Using (3.2) and (3.4) we obtain

_ — 8 c c
’ (S(s)p(s) + M(s)d(s)) || < mf(a) + Wf(ﬁ) +||F(13,
Therefore, thanks to (3.15]) our conclusion follows. O

In what follows we will show the observability inequality. To do that, let us
introduce the following notation.

153
L(a,B) = / (b020)a| U2 + qu| MP? + (k010)2 B[ + .| de

B8 . L B o L
7/ qg1n<I>\IJ—qSMd:Z:,+/ q (N®S + 1 WM) d

where

no efnﬁ_efnz

_ _e e 3.20
o) = o g = (320)

Note that ¢'(z) is large in comparison to g for n large, hence there exists positive
constants Cy and C7 such that

Co /BI(S) dx < L(a, B) < Cy /B Z(s)dx (3.21)

Lemma 3.3. Let U be solution to the resolvent system (3.2)-(3.5). Let o, B[ any

subinterval of 1., Iy or I, then we have
la()Z(5)] ~ £(e, 8)| < CIVIIF] + CIFI2, Ja,Blc I or Ja,Blc 1.

and
[4)Z(5)[S — L0, B)| < CIN2UNIEY + CIFIZ, o AL L.

(e

Proof. Multiply (3.3 by ¢S and integrating over [a, 3] we obtain

B o B o o B o
i)\/ 01qPS dx — / qS:S — gy ®Sdx = / 01qF>S dx
(6% [e3

[e%

Recalling the definition of S we obtain
Jé] B _ _
i/\/ 019Pk[py + Y] da — / ¢SS — ¢ @S dx

B o B
= / 01qF5S dx — i)\/ 019Pro [P, + U] dx

Using (3.2) and recalling that S = k(s + ) + ko(P, + ¥) we obtain

I d, o d s g _ g
- = ko1q—|®|° + q—|S|* dx — 01qr@V dx + gn®Sdx =G (3.22)
2/, dx dx

« «
where
B

B S B B
g =/ quﬁfb(FLerFs)dx—i)\/ 019Pro [P, + ¥] dx+/ 01¢F>8 dz
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Integrating by parts (3.22)) we obtain

16
g3 T,(9)] + / (k010)s |0 + au|SI? da

5 (3.23)

B _ _
—/ Q1q/€¢‘1’d£€+/ g ®Sdx = 2G

[e3%

Multiplying (3.5) by ¢M, integrating over [, 3], and using the same above ar-
guments we obtain

B
L)+ [ (beaa)al O + aa| M o
s _— (3.24)
+/ qSMd:c+/ q2VYM dx = 2F
where
B - B _
F = —i)\/ 02qVbo V¥, dx —|—/ 02qF4 M dzx.
Summing (3.23)—(3.24) and recalling the definition of £ we obtain
—q(s)Z|7 + L(a, B) = 26 + 2F (3.25)
Using (3.15)) and (3.17) we obtain
2G| + [2F| < C|U|||F|| + C||F|]*, V]a,B[C L U Iy
Similarly, using (3.18) we obtain
2G| + 27| < CIN?|[U||[F|| + CF|?, Ve, BIC L
Therefore our conclusion follows. O

Corollary 3.4. Assume (3.1) holds. Then for any i = 1,...,N — 1, there exists
C >0, such that

Z(£;) < C (I3, + [UlllIFl2) -

Proof. From (3.1)) we can assume that any ¢; belongs to the border of some elastic
or frictional component, since

S(7) = S(65), M) = M((]).
Therefore we can apply Lemma and inequalities (3.21]) we obtain
I(t:) < C|U[3 + CllU 15| F I3

The conclusion follows. (I

Now, we are in a position to prove the main result of this section.
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FIGURE 2. A five-components beam, exponentially stable.

Proof of the necessary condition of Theorem From Lemma[3.2) we obtain
for any interval I,, and Iy that

/ 0110 + 02U + Kl + [ + bl do
IUUIf

N

—1
c
< CU3|[F |3 + cl[F |13, + B > I().
i=1

Using Corollary [3.4] we obtain

/ 011D + 0al U + ks + B[ + blup|? dr
I,UI; (3.26)

< Ol U|n|[Fllx + c|FF + el U7
For |A| large enough. It remains to estimate the energy over intervals of type I..
Let us denote I, =|a, ]. From hypothesis, this interval is linked with an interval

of type Iy, for example at the point {3}. Using Lemma over I, =]a, 3], we
obtain

/I I(s)ds < cZ(B) + e[ Ullul|F 2. (3.27)

Since 3 € I, we apply the transmission conditions and the observability estimate,
Lemma [3:3] for the frictional part

I(8) < / T(s) ds -+ c/| U |/|F|
f

Hence, from (3.26)) and (3.27)), we obtain

c
/1 Z(s)ds < C|[U]|n[|F I3 + E (1015, + I1F117,) - (3.28)

Therefore, adding all the energy over all interval I., Iy and I, we obtain
[U]1* < C[U||#|[F I3 + €| U3 + CIIF %

Which implies |U|| < C||F||#, the result follows thanks to part (2.6) of Theorem

4. LACK OF EXPONENTIAL STABILITY

In this section we prove that system 7 does not decays exponentially
to zero when hypotheses of Theorem fails. The proof is based on Theorem
Before going into the details, we recall some results on the Calkin Algebra (see [3|
pp. 248-250], ).
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4.1. Calkin algebra. Let IC(H) be the set of all the compact operators over H.
It is a closed subspace and also a maximal ideal of L(H). The quotient space
C(H) :== L(H)/K(H), called the Calkin algebra, is a complete space with the norm

[Slless := [1Slle(r) == nf{[lS = K05 K € K(H)}-
So any operator of S € L(H) can be projected onto C(H) in the following way
M L(H) — C(H)
M(S) =8 =8+ K(H).
Under the above notation we define the essential spectrum of S, oes(S) as o/(S)

the spectrum S € C(H) and the essential spectral radius of an operator S € £(H)

as the spectral radios of S, that is ress(S) := r(S). Note that from the definition
of the essential norm, it holds:

[Slless =[S + Kless, VK € K(H).
This implies the following result, due to Weyl.

Theorem 4.1 (Weyl). The essential spectral radius is conserved under a relatively
compact perturbation. That is to say, for any S € L(X) and any K € K(X), we
have

ress(‘g) = Tess(S + K)

For an extension of this result, see [I1, Theorem 5.35].
Let S(t) be a semigroup. The type wg (or growth bound) and the essential type
Wess Of the semigroup are defined as

In||S(¢ 1
wo(S) 1= lim M wess(8) = Jim =1 [|S(0)]less: (4.1)
Using the Gelfand Formula for the spectral radius of an operator,

r(S) = lim ||5™|"".
Therefore, the spectral and the essential spectral radius of a semigroup S(t) are
given by

r(S(t)) = et 1 (S(t)) = r(S(t)) = e¥esst

Proposition 4.2. Let (T(t));>0 a Co—semigroup on the Banach X with generator
A. Then

wo = max{wess, s(4)},
where s(A) is the spectral bound of A.

For a proof of this result see [3, Corollary 2.11]. We are now ready to prove our
criterium for the lack of exponential stability of a C-semigroup.

4.2. Proof of Theorem Since 7y(t), is a group satisfying ||7o(¢)|| = 1, we
have that for all A € o(7o(t)), |A\| = 1. This implies that ress(Zo(t)) = 1. Let P be
the orthogonal projection operator of H onto Ho. Then 7o(t)P € L(H). Moreover,
we have that

Tess(To(t)P) > 1.
Otherwise, if 7ess(Z0(t)P) < 1, from the Gelfand formula we obtain

. . n 1/n
1> lim <Ké2fm I[To(t)P — K] ”H)
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1/n
> Tim (inf | To(6)"P ~ K|ln)
n—oo \ KeK(H)

. . . 1/n
> tim (it IP(To(0)" P~ K) )

1/n
> i ( inf 7o) — K ) .
 Jim { ot 1) [

The last inequality holds because of the norm 1 of the projection operator. But this
would imply ress(Zo(t)) < 1, which is a contradiction with the zero type of 7o(t) by
Proposition On the other hand, since 7 (¢) — 7o(t) is a compact operator from
Ho to H the operator [T (t) —To(t)] P is also compact operator over H. Hence, from
Theorem [k

Pass (T (£)P) = Tess(To(H) P) > 1.

Using Gelfand’s Formula once more, we have, for all ¢ > 0:

. . n 1/n
1< re(T@P) = Jim (it T~ K]"le) < ITO],

Therefore 7 (t) is not exponentially stable and the proof of Theorem|[L.2]is complete.

4.3. Lack of exponential stability. Here we assume that the elastic part is not
linked with a frictional component as in Figure [3] we claim the following result.

Proposition 4.3. If there exists an elastic component not connected to a frictional
component, then the transmission problem (L.1)—(1.4) with N > 2 is not exponen-
tially stable.

p Iv If Iv Ie LJ P
Y YV,
- ) (] (] ] g =
Q Q Q Q %
0 él 62 63 €4 14
————

FIGURE 3. A five-components beam, non exponentially stable.

Proof. Let us denote by I. =]a, [ the elastic interval that does not have any
frictional neighbor. In Figure 3, the dissipative mechanisms are effective in all
the components except in Iy =]{3, {4[=]c, 8], this interval being isolated form the
frictional ones. Let us define the space Hy, as follows.

Ho = Hy (L) x L*(I.) x H(I.) x L*(L.),
where
[2(L.) = {g € L*(0,£) : g(x) =0, Yz €)0,([\L},
Hy(I.) ={g € H}(0,) : g, € L*(I.)}.
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Note that Hj is a closed subspace of H, Denoting U= (@, o, 12, @t),

0181 — [K(Ba + 9))2 =0, inJa, xR,
0200 — [Dale + K (Bo “ZZ =0, inla, xRy, 42)
Plot) =3(B.) =0, (a,t) =(B,t) =0,
P(2,0) = g0, Pulw,0) =1, ©(x,0) =0, Ue(z,0)= 1.

The elastic part being isolated from the rest of the components, this system is
conservative, so it defines a group of isometries, with type 0. Now we extend the
solution to ]0, /[ as

~

_ ) oz, t), el =lo, B, -~ Yz, t), wel =|o, b
Plast) = {0, ceo. g, YED= {o, 2 €10, /\ L.

Under these conditions, for any Uy = (o, 1, %0, 1) € Ho we define the semigroup
To(t) as

%(t) UO = (957 @tv{pvv {Et)

Thus we have wo(7Zo(t)) = 0 on Hy. To apply Theorem it remains to show that
T (t) — To(t) is compact. Let Uj = (¢f, ¢T, 9§, 1) € Ho be a bounded sequence
of Hp. Denoting by

U" = (Sanv 90?71/)”, 1/}?) = T(t)Uga
the solution to the original transmission problem with initial condition Uf, and
U" = (3", 819" Wf) = To(t) U,
the solution to the modified problem. Let
Z"(t) = U" = 0" = (", o} 0" ) — (B", @1 0" ) = (W Wi, V7 V).
Recalling that I= U,ivzl Iy, the sequence Z™ satisfies
01 Wy — [E(We + V)]o — [ko(Wat + Vi)]e +11Wy =0 in I x R, (4.3)
00 Vie — [V1]e — [boVale + (W + V) + 72V =0 in I x R*. (4.4)

Let us introduce the energy of this problem,
l
E, — 1 n|2 n|2 n,s n|2 bl 2 d
z0(t) =5 | o WEI" + 02 Vi + KW + VT 4 0V da.
0

Since we are in a Hilbert space, it suffices to show that there exists a subsequence
of {Z"} that converges in norm (or in energy). Multiplying equation (4.3 by W},
(4.4) by V;*, and integrating on I we have

d l

GE )+ [ ralWE+ VPP & blVAP + WP 402V da
0

= k(W2 + VWP 4 koWr, + Vw2 + oveve |+ vovavy

= wglor | + bmyr|”.

B

(e
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Note that ¢7(a,t) and ¢7(8,t) are bounded in L?*(0,7T). Since Ez-(0) = 0, it
follows that

T
Ban(®)+ [ [ ol Wi+ VIR iV + lWE P VP do
0 /o (4.5)
R T a8
= K,/ w?w?{a dt + b/ w;’zbﬂa dt.
0 0
In the viscoelastic intervals I,,, the sequences ¢}, 7, are bounded in the space
L2(0,T; H'(I,)) (from the energy dissipation estimate). Moreover, ¢, 17 are
bounded in L?(0,T; H~(1,)). Hence, from compactness criterion of Aubin-Lions,
we have, up to a subsequence,
(@, ¥1) = (pu,e)  strongly in L*(0, 75 H'™¢(1,) x H' (1)),
for all 0 < e < 1. It yields

(90?(37 ')7 w?(& )) - (<,Ot(8, ')u 1/%(«97 )) strongly in L2(07 T) X L2(07 T),
for s = a and s = . Therefore we obtain, up to a subsequence, the strong
convergence Ezn (t) — Egz(t), where Z = U — U is the difference of the weak limits.
Therefore, since in a Hilbert space, the weak convergence and the convergence in
norm imply the strong convergence, we conclude that 7 (t) — 7o (¢) is compact from
Ho to H. From Theorem the semigroup 7 (t) is not exponentially stable and
the proof of Proposition [4.3] is complete. (I

5. POLYNOMIAL DECAY

To complete the proof of Theorem [I.1] it remains to show the polynomial decay,
under a non exponential configuration (as in Figure [3| for example).

Proposition 5.1. If there exists an elastic component not connected to a frictional
component, then the semigroup T (t) defined by problem (1.1)—(1.4) with N > 2
decays polynomially as

c
I7(®)Uoll < 500l
Proof. As in the proof of the exponential stability we have
N
S [ 2e)ds < clUllFlp + CIFE .1)
=1 Ivi UIfi
for |\| large enough. It remains to estimate the energy over the interval I, we denote

as I. = (o, 8). By the hypotheses, a € I, or 8 € I,. Using Lemma over I, we
obtain

| 2(s)ds < CT(9) + U Pl (52)
I.
Using Lemma [3.3| over I,,, we have
Z(B) < CINV2|U 3| F|l3 + CIAM? ([P 3 (5.3)
From inequality (3.12)) of Lemma and Lemma [3.3| we have
| 2(6)ds < OO0l + CINP2 (5.4)

From where it follows, with the Young inequality, that ||U[j2, < ¢|A||F||3,. Our

conclusion follows thanks part [2.7] of Theorem [2.2 O
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6. SEMI LINEAR PROBLEM

Here we prove the exponential and polynomial stability for a long class of lo-
cally Lipschitz F functions over a Hilbert space H. We consider are the followi/r\lig
hypotheses: For any ball B = {W € H : |W|» < R}, there exists a function Fg
globally of Lipschitz such that

F(0)=0, FU)=Fr(U), VU E Bg; (6.1)

additionally, that there exists a positive constant kg such that
t
/ Fr(U(s))U(s)ds < rolU(O)[IF, VU € C([0,T];H). (6.2)
0

Under these condition, we present the following result.

Theorem 6.1. Let {S(t)}i>0 be a contraction, exponentially or polynomially stable
semigroup with infinitesimal generator A over the phase space H. Let F locally
Lipschitz on H satisfying conditions (6.1)) and (6.2). If there exists a global solution
to

U, — AU = F(U), U(0)=UyeH, (6.3)

then the solution decays exponentially or polynomially respectively.

Proof. By hypotheses, there exist positive constants ¢o and « such that ||S(t)]] <
coe 7, and Fg is globally Lipschitz with Lipschitz constant K satisfying (6.1]) and
(6.2). Let us consider the space

E, ={V € L>®(0,00;H) : t — e " ||V(s)|| € L®(R)}

Using standard fixed point arguments we can show that there exists only one global
solution to

UE — AUR = Fr(UR), UR(0)=U, € H, (6.4)
Multiplying the above equation by U we obtain that
1d

S SIUT @ — (AU, UR)y; = (Fa(U™), U

Since the semigroup is contractive, its infinitesimal generator is dissipative, there-
fore

t
U OB, < Vol +2 [ (Fa(U™), U
Using (6.2)) we obtain
1T < (1 + ko)l|Uoll3
Nota that for R > (1 + ko)||Uo||3,, we have that
Fr(V)=F(V), VIVlx<R
In particular we have s
FrUT () = F(U ().
This means that U® is also solution of system (6.3) and because of the uniqueness
we conclude that U = U. Therefore to show the exponential stability to system

(6.3), it is sufficient to show the exponential decay to system (6.4]). To do that, we
use fixed points arguments.

T(V)=S®)Uy+ /ot S(t— s)j—';(V(s)) ds,
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Note that 7 is invariant over E,_; for § small, (y — ¢ > 0). In fact, for any
V € E,_s we have

t —_—
1TVl < [[Uolre™" +/ 1FR(V(8)) |l ds
0
t
< Walpee™" + o [V ()™ s
0

t
< ||U0||He_7t+Koe_7t/ e ds sup {e(v_5)s||V(s)||H}
0 ]

s€[0,t
< ollpee= + K0 =0,
Therefore, 7 (V) € E,_;s. Using standard arguments we can show that 7™ satisfies
(k1t)"

n!

17" (W) = T"(Wa)| < [W1 — Wal|x

Therefore we have a unique fixed point satisfying
t
T"U)=U = S8(t)Up +/ S(t— s)Fr(U(s))ds,

0
That is U is a solution of (6.4)), and since 7 is invariant over E,_s, then the solution
decays exponentially. To show the polynomial stability we consider the space

E,={VeL>®0,00;H):t— (L+t)?|V(s)|| € L=(R)}

To show the invariance we use

t
sup(1 + t)p/ (14+t—s)P(1+s)Pds<C
>0 0

and use the same above reasoning. (I

We finish this section with an application to the semilinear the Timoshenko
model

Pl@tt—sz+’}/190t+ul@|<ﬂ|al :0 infx (0700)7
pather — My + S+ yatbr + patp|$|*? = 0 in T x (0, 00),
satisfying conditions (|1.3) and (|1.4). Here w1 and uo are positive constants.

(6.5)

Theorem 6.2. With the same hypotheses as in Theorem[1.1] there exists only one
global solution to system that decays exponentially to zero when any elastic
componentes is linked to a frictional component. Otherwise the solution decays
polynomially with rate t=2.

Proof. For U = (p, o, 1, 1), the nonlinear function F can be written as
FU) = (0, pagle|™, 0, paply]*2)’
Therefore for V; = (¢4, pit, Vi, i) with i = 1,2, we obtain
[F(V1) = F(V2)] = (0, 01]p1]™ — pafp2]**, 0,91 (01| — a]th2]*?)

Using the mean value theorem to g(s) = |s|*s we obtain the inequality

|sls|® = 7|7]*] < (|s|* + |7]*)]s — 7]
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Taking the norm in H and since ¢; and v; belong to H'(0,¢) C L>(0,/) then we
have

14 4
IF (V1) = F(Va)ll3, < pllchzal/ o1 — 902|2dfv+pl\ch2“2/ 91 — o] da
0 0

where we used
[#1llz < cll¢nlmr, and Vi,Va € Br
Therefore,
IF(V1) = F(Va)l3, < K|[Vi = Vall%,
Where K = max{p1|cR|?*!, po|cR|**2}. Therefore F is locally Lipschitz. Since
d [* H1
dt 0o 14+ aq

H2
[l 4 TP da

(F(U), U)n =

Therefore,
t ¢y 4
F(U),U)pdt < 0)2Fer 4 L= | (0)>T 2 d
[ E@ 0w [ o+ o) da
This implies that there exists a positive constant

Ko = ma,X{lj:iloél|CR|2al7 %2042|CR‘26¥2}

such that .

[ Fupd < sl
Note that for this function, ihere exists the cut-off function
x|z r < Rs,
x| Rl |z| > Ry,
It is not difficult to check that

Fry = (0, f1,7,:0, fo.,)"

satisfies conditions — and is globally Lipschtiz. Then the result follows. [

Hox|z|*2 r < Rs,

f1,r,(x) =
1,R, () pox|Ra|*? |x| > Ra.

f27R2 (x) =
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