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ABSTRACT. In this article, we study the nonhomogeneous Klein-Gordon-Maxwell
system

—Au AV (@) — K (@) (2w + $)u = f(z,u) + h(z), € R,
Ap = K(z)(w+ p)u?, =R,
where w > 0 is a constant and A > 0 is a parameter. Using the Linking
theorem and Ekeland’s variational principle in critical point theory, we prove

the existence of multiple solutions, under suitable assumptions that allow a
sign-changing potential.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we study the nonhomogeneous Klein-Gordon-Maxwell system
—Au+ AV (z)u — K(z)(2w + ¢)pu = f(z,u) + h(z), =R,

Ap = K(z)(w+ ¢)u?, z€R? (1)

where w > 0 is a constant and A > 1 is a parameter, V € C(R?,R) and f € C(R? x
R,R). By using the Linking Theorem and the Ekeland’s variational principle in
critical point theory, we obtain the multiple solutions for (L.1)). Here, the potential
V is allowed to be a sign-changing function. Such system was firstly studied by
Benci and Fortunato [5] as a model which describes nonlinear Klein-Gordon fields in
three dimensional space interacting with the electrostatic field. For more details on
the physical aspects of the problem we refer the readers to see [6] and the references
therein.

When h = 0, that is the homogeneous case, has been widely studied in recent
years. In 2002, Benci and Fortunato [6] considered the Klein-Gordon-Maxwell
system

—Au+[m? — (w+ ¢)?ou = f(z,u), =R,

Ap = (w+ P)u?, x€R3, (1-2)
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for the power of nonlinearity f(z,u) = |u|9~?u, where w and m are constants. By
using a version of the mountain pass theorem, they proved that (1.2 has infinitely
many radially symmetric solutions under |m| > |w| and 4 < ¢ < 6. D’Aprile and
Mugnai [15] sutdied the case 2 < ¢ < 4 assuming 1/%m > w > 0. Later, the
authors in [3] gave a small improvement with 2 < ¢ < 4. Azzollini and Pomponio
[2] obtained the existence of a ground state solution for (1.2) under one of the
conditions

(i) 4<g<6and m > w;

(ii) 2 < g <4 and my/q —2 > w6 —gq.
Soon afterwards, it is improved by Wang [26]. Motivated by the methods of Benci
and Fortunato, Cassani [9] considered (1.2]) for the critical case by adding a lower
order perturbation

—Au+ [m? = (w+ ¢)?|ou = plu|2u + [u)? 2u, xR
Ap = (w+o)u?, z€R?

where g > 0 and 2* = 6. He showed that (1.3) has at least a radially symmetric
solution under one of the following conditions:

(i) 4 < g <6,|m| > |w| and p > 0;
(il) ¢ =4,|m| > |w| and p is sufficiently large.

(1.3)

Which was improved by the result in [10] provided one of the following conditions
is satisfied:
(i) 4< g <6,|m|> |w| >0and p > 0;
(ii) ¢ =4,|m| > |w| > 0 and p is sufficiently large;
(il) 2 < ¢ <4,|m|\/%52 > |w| >0 and p is sufficiently large.
Subsequently, Wang [25] generalized the result of [10]. Recently, the authors in
[11] proved the existence of positive ground state solutions for the problem (1.3
with a periodic potential V'; that is,

—Au+V(z)u+[m? — (w4 ¢)Hou = plu)?2u+ [ul* u, zeR3,
Ap = (w+ P)u?, zeR3.

In [20], Georgiev and Visciglia introduced a system like homogeneous (1.1)) with
potentials and A = 1, however they considered a small external Coulomb potential
in the corresponding Lagrangian density. Cunha [I3] considered the existence of
positive ground state solutions for with periodic potential V' (z). Other related
results about homogeneous Klein-Gordon-Maxwell system can be found in [14] [I6],
17, 18], [21], 22] and other equations with sign-changing potential see [30].

Next, we consider the nonhomogeneous case, that is h Z 0. Chen and Song [12]
proved that (L.I), with A = 1 and K(x) = 1, has two nontrivial solutions if f(z,t)
satisfies the local (AR) condition:

There exist y > 2 and rg > 0 such that G(z,t) := %Lf(z,t)t — F(z,t) > 0 for
every x € R and [t| > ro, where F(z,t) = fot flx, s)ds.

Xu and Chen [29] studied the existence and multiplicity of solutions for system
for the pure power of nonlinearity with f(z,u) = |u|9"2u, A = 1, and K(z) =
1. They also assumed that V(z) = 1 and h(x) is radially symmetric.
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Motivated by the above works, we consider system with more general po-
tential V(z) and f(x,u). We make the following assumptions:

(A1) There is b > 0 such that meas{x € R : V(x) < b} < +oo, where meas

denotes the Lebesgue measures;

(A2) V € C(R3 R) and V is bounded below;

(A3) Q= int V~1(0) is nonempty and has smooth boundary and Q = V~1(0).
This type of hypotheses was first introduced by Bartsch and Wang [4] in the study
of a nonlinear Schrédinger equation and the potential V (z) satistying (A1)—(A3) is
referred as the steep well potential.

Under assumptions (A1)—(A2) and some more generic 4-superlinear conditions
on the continuous function f(x,u), we prove the existence of multiple solutions of
problem when A > 0 large by using the variation method.

(A4) F(z,u) = [ f(z,s)ds > 0 for all (z,u) and f(z,u) = o(u) uniformly in x

asu — 0, | f(z,u)| < C(Ju| + |u|?), ¢ < 6 for all (z,u);

(A5) F(x,u)/u* — 400 as |u| — +oo uniformly in x;

(A6) F(z,u):=1f(x,u)u— F(z,u) >0 for all (x,u) € R? x R;

1
(A7) There exist a1, L1 > 0 and 7 € (3/2,2) such that

|f(z,0)|” < ar F(x,u)|u|", for all z € R® and |u| > Ly;

(A8) K(z) € L3(R?) U L*(R3) and K(x) > 0 is not identically zero for a.e.
z € R3;
(A9) h(z) € L*(R3) and h(x) > 0 for a.e. x € R3.
Remark 1.1. It follows from (A6) and (A7) that |f(z,u)|” < %|f (2, u)||u|** for
large u. Thus, by (A4), for any € > 0, there exists C. > 0 such that

[f(z,w)] < elul + Celul™™!, V(z,u) € R® xR, (1.4)
|F(z,u)] <elul® + Celul?, V(z,u) € R* xR, (1.5)

where ¢ = 27/(7 — 1) € (4,2*) and 2* = 6 is the critical exponent for the Sobolev
embedding in dimension 3.

Remark 1.2. It is not difficult to find out functions f satisfying (A4)-(A7), for
example,
2

t
14 ¢2

where g is a is a continuous bounded function with inf,cgs g(x) > 0.

Fla,t) = g(a)t? (2 In(1 + %) + ) V(z,t) € R® x R,

Before stating our main results, we give some notation. For 1 < s < 400 and
Q C R3, L*(Q) denotes a Lebesgue space; the norm in L*(Q) is denoted by |ulsq,
where ) is a proper subset of R3, by | - |s when Q = R3. Let D'2?(R3) be the
completion of C§°(R?) with respect to the norm

P

The usual Sobolev space H!(R?) is endowed with the standard product and
norm

(u,v) 1 :/ (VuVo + uwv) dx; ||u||%11 :/ (|Vul® + ul?) dz.
R3 R3
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The best Sobolev constant S for the Sobolev embedding D1:2(R?) — L5(R?) is

5= g b

weD2(R3\{0} |ulg

For r > 0 and 2z € R?, B,.(z) denotes the ball of radius r centered at z.

We denote by ” — 7 the weak convergence and by ” — ” strong convergence.
Also if we take a subsequence of a sequence {u,}, we shall denote it again {u,}.
We use o(1) to denote any quantity which tends to zero when n — co. The letters
d;, C, C; will be used to denote various positive constants which may vary from line

to line and are not essential to the problem. Now we can state our main results.

Theorem 1.3. Assume that (A1)—(A2), (A4)—(A9) are satisfied. If V(z) < 0 for
some x € R3, then for each k € N, there exist A\ > k,by, > 0 and 1, > 0 such that
has at least two nontrivial solutions for every A = Ag, | K|oo < bi(or|K|3 < bg)
and |h|2 S Nk -

Theorem 1.4. Assume that (A1)—(A9) are satisfied. If V=1(0) has nonempty
interior, then there exist A > 0,by > 0 and nx > 0 such that problem (1.1) has at
least two nontrivial solutions for every X > A |hla < nx and | K| < ba(or|K|s <

by).

If V> 0, we remove the restriction of the norm of K and we have the following
theorem.

Theorem 1.5. Assume V >0, (A1)—(A9) are satisfied. If V—1(0) has nonempty
interior Q and h # 0, then there exist A, > 0 and 1 > 0 such that (L.1)) has at least
two nontrivial solutions for every A > A, and |h]|2 < 7.

To obtain our main results, we have to overcome some difficulties in using vari-
ational method. The main difficulty consists in the lack of compactness of the
Sobolev embedding H'(R?) into LP(R3?), p € (2,6). Since we assume that the
potential is not radially symmetric, we cannot use the usual way to recover com-
pactness, for example, restricting in the subspace H}(R?) of radially symmetric
functions. To recover the compactness, we borrow some ideas used in [4, [19] and
establish the parameter dependent compactness conditions.

To the best of our knowledge, our theorems are the first results about the ex-
istence of multiple solutions for the nonhomogeneous Klein-Gordon-Maxwell equa-
tions on R® with general nonlinear term and sign-changing potential. As it is
pointed out in [I3], many technical difficulties arise due to the presence of a non-
local term ¢, which is not homogeneous as it is in the Schrédinger-Poisson systems.
In other words, the adaptation of the ideas to the procedure of our problem is not
trivial at all, because of the presence of the nonlocal term ¢,,. Hence, a more careful
analysis of the interaction between the couple (u, @) is required.

The paper is organized as follows. We introduce the variational setting and
the compactness conditions in Section 2. In Section 3, we give the proofs of main
results.

2. VARIATIONAL SETTING AND COMPACTNESS CONDITION

By [3], we know that the signs of w are not relevant to the existence of solutions,
so we assume that w > 0. In this section, we firstly give the variational setting of
problem (1.1) and then establish the compactness conditions.
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Let V(z) = VT (z) — V~ (), where V* = max{£V(z),0}. Let
E= {u € H'(R?) : / |Vu|> + VH(2)u? de < oo}
R3

be equipped with the inner product (u,v) = [ps(VuVo + VF(z)uv)dz and the

1/2

norm |lu|| = (u,u)'/?. For A > 0, we also need the following inner product and

norm
(u,v)y = / (VuVo + AV (z)u) dz, |ullx = (u,u)y>.
]RS

It is clear |ju|| < [ju|lx for A > 1. Set Ex = (E,|| - ||x). It follows from the
Poincaré inequality and (A1)—(A2), we know that the embedding E) — H!(R3) is
continuous, and therefore, for s € [2, 6], there exists d;, > 0( independent of A > 1)
such that

luls < ds|lullx, Yu € Ej. (2.1)
Let

Fy={u€ E) :suppu C V!([0,00))},
and F' )f- denote the orthogonal complement of F in E). Clearly, F) = E) if V > 0,
otherwise Fi- # {0}. Define
Ay = —A 4V,

then A, is formally self-adjoint in L?(R?®) and the associated bilinear form
ax(u,v) = / (VuVo + AV (z)uv) dz
R3

is continuous in Ey. As in [19], for fixed A > 0, we consider the eigenvalue problem
—Au+ AV (2)u = pAV = (2)u, u € Fy. (2.2)

By (A1)-(A2), we know that the quadratic form u — [ps AV~ (2)u? dz is weakly
continuous. Hence following [28, Theorems 4.45 and 4.46], we can deduce the fol-
lowing proposition, which is the spectral theorem for compact self-adjoint operators
jointly with the Courant-Fischer minimax characterization of eigenvalues.

Proposition 2.1. Suppose that (Al), (A2) hold, then for any fized X > 0, the
eigenvalue problem (2.2)) has a sequence of positive eigenvalues {1;(\)}, which may
be characterized by

wi(A) = inf sup {Hu”i fu € M,/ NV (z)u? do = 1},
dim M >j,M CF3 R3

for j =1,2,3,.... Furthermore, p1(\) < po(A) < -+ < pj(A) — 400 as j —
+o00, and the corresponding eigenfunctions {e;(\)}, which may be be chosen so that
(e;(N),e;(N\)x = 8ij, are a basis of Fi-.

Next, we give some properties for the eigenvalues {y;(A\)} defined above.

Proposition 2.2 ([I9]). Assume that (A1)—(A2) hold and V— # {0}. Then, for
each fized j € N,

(1) pj(A) — 0 as A — +oo;

(i) w;(N) is a non-increasing continuous function of .
Remark 2.3. By Proposition there exists Ag > 0 such that p;(A) <1 for all
A > Ap.
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Denote
E; = span{e;j(A) : p;(\) <1} and  EY := span{e;(\) : p;(\) > 1}.

Then E\ = E, @ Ej{ @ F), is an orthogonal decomposition. The quadratic form
ay is negative semidefinite on F, , positive definite on Ej @ F and it is easy to
see that ay(u,v) = 0 if u, v are in different subspaces of the above decomposition
of E)\.

From Remark we have that dim £, > 1 when A > Ag. Moreover, since
pi(A) — 400 as j — +oo, dim E; < 400 for every fixed A > 0.

System has a variational structure. In fact, we consider the functional
I Ex x DY?(R3) — R defined by

Two) =5 [ (VP + V@) o= [ V0P da

_1 K(z)(2w+ ¢)pu*dr — | F(z,u)dz — | h(z)udz.
2 Jps R3 R3

The solutions (u, ¢) € Ex x DV?(R3) of system (1.1]) are the critical points of Jy.
By using the reduction method described in [7], we are led to the study of a new
functional I (u) (Ix(u) is defined in (2.3))). We need the following technical result.

Proposition 2.4. Let K(x) satisfy the condition (A8). Then for any u € Ey, there
exists a unique ¢ = ¢, € DV2(R®) which satisfies
Ap = K(z)(¢ +w)u? in R3.

Moreover, the map ® : u € Ey — ¢, € DV2(R?) is continuously differentiable, and

(i) —w < ¢y, <0 on the set {z € ]R‘3|u( ) #0};

(i) ¢ullp < CLlE |5} and [ps K ¢uu2 dz < Co| K [3||ull, if K € L*(R?);

(iii) $ullp < Cs|K|s ]} and f]R3 z)puu? de < Col KI5 |[ully, if

K € L=(R?).

Proof. Let K(z) € L3(R3), u € E\ and define the bilinear form

L(wy, ws) € DY*(R?) x DY2(R3) — [ [VwiVwsy + K(x)uwyws] de € R.
R3

It is easy to see that L is well defined. Moreover, since K(z) > 0, L(wy,wy) >
|lw1]|%. Furthermore, since K(x) € L3(R?), by the Holder inequality, we obtain
that

L(wy,w2) :/ [Vw; Vg + K (2)uwyws] da
R3

< wil[pllwa| o + | K |3|ulgwi]s|wss
< lwillpllwallp + dgS™2 1K s [[ulX[wi || pllwe p
= (L+dgS™ K3 ]|ul3)[wi || plwllp-
Hence L defines an inner product, equivalent to the standard inner product in

DY2(R3). Moreover E) C L*(R3) and then

| | wK(z)u*w dz| < S w|K|s|ulf]|lwi -
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Therefore, the linear map

w; € DY?(R3) — ~wK (z)u?w; dv € R
R3

is continuous. Hence, by the Lax-Milgram theorem, there exists a unique ¢, €
DY2(R?) such that

/ VooV + K(2)u?p,w ] de = / ~wK (z)u?w; dr, Yw; € DV(R3),
R3 R3
¢, is the unique solution of A¢p = K (x)(¢ + w)u?.

For the case K € L°°(R3) is similar to [24, Lemma 3.1], we omit it here.

(i) Arguing by contradiction, we assume that there exists an open subset Q C R?
satisfying

Oy < —w.
Then, for ¢, a solution of A¢ = K (z)(¢ + w)u?, we have
APy +w) + K(2)(py + w)u? = —A¢y, + K(x)u?¢, +wK (z)u? = 0.
Set ¢ = ¢, + w, we obtain that
—Ap+ K(z)pu> =0in Q, ¢=0 on 9.

Then ¢ = 0 contradicts ¢, < —w.
An analogous argument shows that ¢ < 0.
(ii) Since ¢,, solves the equation A¢ = K (z)(¢p+w)u?, K € L*(R3) and K(z) > 0,

we have

H%%s—/&K@%ﬁ+umwﬁ%Mx
R3

< f/ wK (z)up, dx
R3
< w|Klsluliluls
< wST 3| K s]|ull I ¢ull p-
Hence ||¢u||p < C1|K|3]jul3, where C1 = wS™1d3.

For the second inequality, we obtain

. K(2)¢pyu® d < |Kls|dulsluli
R

< S7UdRK 3l ¢ull pllwlX

< w82 | K3 |ully

< Col K3|Jull3,
where Cy = wS~2d}.

(iii) Again by ¢,, solving the equation A¢ = K(z)(¢ + w)u?, K € L>(R3) and
K(x) > 0, we have
l6ally < = [ (K@) + oK (@)i?0,) ds
R3

< - /]R3 wK (z)up, dzx

< Wl K solulTy/510uls
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<wS” 1d12/5‘K|ooHu||§H¢u||D-

Hence ||¢u||p < C3|K|s||ul|3, where C5 = wS~1d?
For the second inequality,

12/5°

K(x)¢uu2 dx < ‘K|00|¢u|6|u@2/5

R3
< SRy 5| Kool ullplull3
< w8 dy 5 K I3 Jull
< Cul K5 Jull3,

where Cy = wS~ 2d‘ll2 /5 The proof is complete. O

Remark 2.5. By the proof of Proposition 2.4] we can know that the condition
(A8) can be replaced by

(A®) K(z) € L% (R3) U L*°(R3) and K(z) > 0 is not identically zero for a.e.
z € R3, where ¢; > 3.

Multiplying —A¢, + K (z)p,u? = —wK(z)u? by ¢, and integration by parts,
we obtain

/ (IVou* + K(2)p2u?) dx = —/ WK (x)p u® dx.
RS RS

By above equality and the definition of 7y, we obtain a O functional Iy : Ey — R
given by

I(u) = Ix(u, du)
/ (|IVul® + AV (z) 2)dm—1/ (|IVpu|* + K(z)p2u?) dz
RS 2

1\9\»—*

WU dT — dez — | h d
/stK Ypuu? dz /qu) x . (x)udx (2.3)

w\»—‘
\

(|Vul|* + AV (z)u?) da:—f/ K(x)wo,u? d
R3 2 Jgs

- / F(z,u)dx — h(z)u dx .
R3 R3
Its Gateaux derivative is

(I (u),v) = /Rg(Vu Vv + AV (z)uv) dz — . K(z)(2w + ¢y)pyuv dx

— | flz,u)vdr — [ h(z)vdx

RS RS
for all v € Ey. Here we use the fact that ¢, = (A — K(2)u?) " wK (z)u?]. Set

M(u) = / —wK ()¢ u? de.
R3
Now we give some properties of the functional M. Its derivative M’ possesses the
BL-splitting property, which is similar to Brezis-Lieb Lemma [§].

Proposition 2.6. Let K € L>®°(R3) U L3(R3). If u, — u in H'(R3) and u,(z) —
u(z) a.e. © € R3, then
(i) ¢u, — ¢y in DV2(R?) and M(u) < liminf, . M(uy);
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(i) M(up —u) = M(u,) — M(u) + o(1);

(iii) M'(un —u) = M'(u,) — M'(u) + o(1) in H~1(R?).
Proof. (i) A straight forward adaption of [33, Lemma 2.1]. The proof of (ii) and
(iii) have been given in [30, 32] for N(u) = [ps K (x)p,u? dz, and it is easy to see
that the conclusions remain valid for M (u). The proof is complete. (|

Next, we investigate the compactness conditions for the functional 7. Recall
that a C! functional J satisfies (PS) condition at level ¢ if any sequence {u,} C F
such that J(u,) — ¢ and J'(u,) — 0 has a convergent subsequence; and such
sequence is called a (PS). sequence. We only consider the case K € L>(R?), the
other case K € L3(R3) is similar.

Lemma 2.7. Suppose that (A1)—(A2), (A4)-(A9) are satisfied. Then every (PS).
sequence of Iy is bounded in Ey for each ¢ € R.

Proof. Let {u,} C E\ be a (PS), sequence of I. Suppose by contradiction that
I(up) = e, Ii(un) = 0, Jlugllx — o0 (2.4)

as n — oo after passing to a subsequence. Take w,, := uy,/||un|[x. Then ||w,|[x =
1,w, = w in Ey and w,(z) — w(z) a.e. x € R3.

We first consider the case w = 0. By , (A6), Proposition and the fact
w, — 0in L2({z € R3 : V(x) < 0}), we obtain

1 1
1) = o (I(n) = 3 (T3 (un), )
0(1) = gz () = {83 ). )
=l =5 [ Vodde s i [ K@,
i T J ! Ot G fo KO0t
3
SR [P PRPR Ry T
Tanl Jas ) 4~ G fo )
1A 3 1
> - ——|V- / w? dx — Z|h|odyg ———
4 4‘ ‘00 supp V — " 4| |2 2||u774||)\
1
:1+0(1)a

which is a contradiction.
If w # 0, then Oy := {x € R? : w(z) # 0} has positive Lebesgue measure. For

x € 1, one has |uy,(z)| — 00 as n — oo, and then, by (A5),
Fla,un(z)) 4

w, (x +00 asn o0
a0 o

which, jointly with Fatou’s lemma, shows that

F n

/ %wi dx — +00 asmn — oo. (2.5)
Ql uTL

Combining this with (A4), (2.3)), the first limit of (2.4), (A8), (A9) and Proposition

(ii), we obtain

C F
22 K|sow > limsup (sci,u:)
2 n—oo JR3 ”un”)\ n—00

F n
dz > limsup/ (xif)wi dx = +o0.
Q] un

This is impossible. Hence {u,} is bounded in Ej.
For the case K € L3(R3), we can use the Cauchy-Schwarz inequality and the
boundedness of ¢,, to get the result. O
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Lemma 2.8. Suppose that (A1), (A2), (A8), (A9) and (1.4)) hold. If u, — u in
Ey, up(x) — u(x) a.e. in R3, and we denote w, = u, — u, then
I)\(un) = I)\(wn) + I)\(u) + 0(1)7 (26)
(I (un), ) = (I5(wy), p) + (I\(u), ) + o(1), uniformly for all o € E5  (2.7)
as n — oo. In particular, if I(u,) — c(€ R) and I} (u,) — 0 in ES (the dual space
of Ex), then I§(u) =0 and
I\(wy) — ¢ — Ix(u),
/ (wn) | (u) 2.8)
(I (wp), @) — 0, uniformly for all ¢ € E\
after passing to a subsequence.
Proof. Since u,, — w in E), we have (u, —u,u)y — 0 as n — oo, which implies
that
[unll3 = (wn +u,w, +w)x = [Jwal3 + |ulX + o(1). (2.9)
By (A1), the Holder inequality and w,, — 0, we have

1/2
V_(x)wnudx‘ = / V_wnudac‘ < |V_|oo(/ w? dx) |ulg — 0
supp V — supp V—

L.

as n — 0o. Thus
/}R3 V™ (2)ul dr = /]R3 V™ (2)w? dx + /]R3 V= (2)u? dx + o(1).
By Proposition (ii), we have
M(up) = M(w,) + M(u) + o(1).
Since h € L*(R?),

/ h(z)u, de = / h(z)w, dx + / h(z)udz,
R3 R3 R3
therefore, to prove (2.6)) and (2.7)), it suffices to check that

/RS(F(m,un) — F(x,wy,) — F(z,u))dz = o(1), (2.10)
sup [ (Flevun) = favw,) = Flau)ods = of0). (2.11)
llollx=1/R3

We prove (2.10) firstly. Inspired by [I], we observe that

1 1
d
F(z,u,) — F(z,up, —u) = —/ (aF(x, Up — tu))dt = / flx,up, — tu)udt.
0 0
and hence, by (1.4), we obtain
|F(2,un) = F(z,up —u)| < etlunllul + erful® + Ce, lun P~ ul + Ce, Jul?,

where €1,C.; > 0 and p € (4,6). Therefore, for each ¢ > 0, and the Young
inequality, we obtain

|F(z,upn) — F(z,w,) — F(z,u)] < C’[<€|un|2 + C'E\u|2 + elun [P + Cclul?].
Next, we consider the function f,, given by
fo(z) = max{|F(z,u,) — F(z,w,) — F(z,u)| — C’E(\un|2 + |un|?),0}.
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Then 0 < f,,(x) < CC-(|u]*+|u|P) € L*(R3). Moreover, by the Lebesgue dominated
convergence theorem,

/ fa(z)de — 0 asn — oo, (2.12)
R3
since u,, — u a.e. in R3. By the definition of f,, it follows that

|F(2,un) = F(z,wn) — F(z,u)] < fa(z) + Ce(un|* + |un ).
Combining this with (2.12)) and (1.5]), shows that

|F(z,uy) — F(z,wy,) — F(z,u)|dz < Ce
R3

for n sufficiently large. It implies that
/ [F(z,up) — F(z,w,) — F(z,u)]dx = o(1).
R3
The prove of (2.11) is similar to [31, Lemma 4.7], we omit here. Now, we check
that I{(u) = 0. In fact, for each ¢ € C§°(R?), we have
(up, —u, )y — 0 asn — oo. (2.13)

and
1/2
[V @ e < VL[ ) T 0 219
supp

(R?). By Proposition (i), up, — u in E) yields

as n — oo, since u, — u in L?

loc
bu,, — ¢u in DVA(R3). So
bu, = ¢u in LE(R?).
For every ¢ € C§°(R?) and Proposition (ii), we obtain

/ 2wK (), unt) de = / 2WK () Py, W dr + / 2WK (x)pyuth dx + o(1).
R3 R3 R3

Now we need to prove
K(@)62, untp dz = / K(2)62, wath o + / K(x)d2u dz + of1).
R3 R3 R3

(R3),1 < s < 6; ¢y, — ¢ in L (R3),1 < s < 6, the bounded-

3 S
By u, —uin L e

loc
ness of (¢, ) and the Holder inequality, we have

K(2)(¢2 up — ¢ou)h da

R3
— [ K@@, (un —u)pds + / K(@)(6%, — 62)up da
R3 R3
) 2/3 (2.15)
C|K |||V |I? n—ul??d
< OUR Ll F5, (1o " i)

+ 1K oo / (6% — ¢2)uipdx — 0,

Qy
as n — 00, here {1, is the support set of 1.
Furthermore, by the dominated convergence theorem and (|1.4)), we have

/ (@ um) — o, u)pde = / (@) — fa )] dz = o(1).
R?’
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Since u, — u in L*(R?) and h € L*(R?), we obtain [ps h(u, —u)dz = o(1). This
jointly with (2.13)), (2.14), (2.15)) and the dominated convergence theorem, shows
that

(I (u), ) = lim (I3 (un), %) =0, Vi € C5°(R?).

Hence I} (u) = 0. Combining with (2.6)-(2.7) and Proposition [2.6] (iii), we obtain
(2.8)). The proof is complete. O

Lemma 2.9. Assume that V >0, and (A1)—(A2), (A4)—(A9), hold. Then, for any
M >0, there is A = A(M) > 0 such that I satisfies (PS). condition for all c < M
and A > A.

Proof. Let {u,} C E\ be a (PS). sequence with ¢ < M. By Lemma [2.7, we
know that {u,} is bounded in E, and there exists C' > 0 such that [ju,|x < C.
Therefore, up to a subsequence, we can assume that

U, —u in Ey;
up, —u in L (R?) (1 <s < 2%); (2.16)
up(z) — u(z) ae e R

Now we can show that u, — w in E) for A > 0 large. Denote w,, := u,, — u, then
wy, — 0in Ey. According to Lemma and the fact (2.8) holds uniformly for all
¢ € Ey, we have I} (u) =0, and

I\(wy) — ¢ — In(u), I{(w,) —0 asn— oco. (2.17)
According to V' > 0 and (A6), we obtain
1
In(u) = In(u) = 3 (I3 (u), u)

1 1 3
= 7Hu||§\+f/ K(x)¢3u2dx+/ ]—'(gc,u)dx—f/ hu dx
4 4 Jps RS 4
3

R3
=y (u) — f/ hudzx,
4
here
o) = } 2 1 2,2
A(w) = Fllullx + K(x)¢2u*dz + | F(z,u)dz > 0.
4 4 Jus -
Again by (2.17)), (2.16)) and Proposition (i), we have
1
3+ [ Fow)ds
4 R3
1,, 3
= In(wn) — (I3 (wn), wn) + < [ hw, dz + o(1)
4 1 o
<c—Iy(u) +o(1)

(2.18)
=c— {<I>,\(u)— g/ﬂ{ghudm} +Z/Rshwndx+o(1)

:c—q))\(u)—l—§ hudx + o(1)
4 Jos

< M+ M +o(1).
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Here we use the fact ¢ < M and

3 3 3 o '3
SIlafulz < S1hladallully < 3 hlads lim i fluglls < [Bl2d5C < 7,
where M is a positive constant independent of A. Hence
Fla,wy)dx < M + M + o(1). (2.19)
R3

Because V(x) < b on a set of finite measure and w, — 0, we obtain
1 + 2 2 1 2
lw,|3 < AV (x)w;, dx + w; dr < —|lw, |5 + o(1). (2.20)
Ao Sy V<b Ab

For 2 < s < 2*, by the Holder and Sobolev inequality and ([2.20)), we have

fwa? —/ fwn* dac
95 18
/\wn|2dx /|wn|6dx °

= [Ab/ (IVenl” + XV ur) dw} S / \an|2dxr)95 = 22

+o(1)

< () T8

According to (A4), for any & > 0, there exists § = d(g) > 0 such that |f(z,t)| < ]t
for all z € R3 and |t| < §, and (A7) is satisfied for [t| > § (with the same 7 but
possibly larger than a;). Hence we have that

(1).

/ flx, wp)wy, de < 5/ w? dr < £||wn|\§\ +o(1), (2.22)
Jwn| <3 Jwn | <6 Ab
and
1/7'
/ [z, wy)wy, de < (/ |M|T dx) |wn\§
lwn |28 |wn|>6 Wn,
1/7
< (/ alf(x,wn)dx) |wn\§ (2.23)
Wy |>6
— G 32s=4) 1.0
< [ar (M + M)]HY7S = (%) [wn % + o(1)

by (A7), (219), (2:21) with s = 27/(7 — 1) and the Holder inequality, where 6 =
62> 0.
Slnce up — uin L2(R3) and h € L?(R3), we obtain that

/ h(up —u)dx — 0 asn — oo. (2.24)
R3
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Therefore, by (2.22), (2.23)), (2.24) and Proposition [2.4] (i), we have
o(1) = (Ij(wn), wn)

> fhonlly = [ K@)+ bu)ou,udde ~ [ fla,w,onds
R3 R3
(2.25)
- hw,, dx
RS
> [1- 5 s+ 30755 (D) + 1)
Ao ap/ JI1nlix oL
So, there exists A = A(M) > 0 such that w, — 0 in E) when A > A. Since
Wy, = Up — U, it follows that u,, — w in E). This completes the proof. [l

Lemma 2.10. Assume (A1)—(A2), (A4)-(A9) hold. Let {u,} be a (PS). sequence
of I with level ¢ > 0. Then for any M > 0, there is A = A(M) > 0 such that, up
to a subsequence, u, — u in E\ with u being a nontrivial critical point of I and
satisfying In(u) < ¢ for allc < M and X > A.

Proof. We modify the proof of Lemma [2.9] By Lemma we obtain
IL(u)=0, I\(w,)—c— IA(u), I (up) =0 asn— oo. (2.26)

However, since V is allowed to be sign-changing and the appearance of nonlinear
term h, from

Iy(u) = n(u) — {7 w),u)
1 A 1

3
+ ]—'(ac,u)dx—f/ hudz,
RS 4 Jrs

we cannot deduce that I(u) > 0. We consider two possibilities:
() Iy(u) < 0;
(ii) In(u) > 0.
If I)(u) < 0, then u # 0 is nontrivial and the proof is done. If I(u) > 0, following

the argument in the proof of Lemma step by step, we can get u, — u in F).
Indeed, by (A1) and w, — 0 in L?({z € R3 V(z) < b}), we obtain

‘/ w2 (z) d:z:‘ < |V_|oo/ w? dx = o(1),
R3 supp V—
which jointly this with (| and Proposition (i), we have

F(x,wy,) dx
1 1
= D) — L), we) — el
1 1 3
+7/ )\V_(x)widx—f/ K ()¢ widm—f—f/ hw,, dx
4 Jps 4 Jps " 4 Jps
<c—1Ix(u) +o(l) < M+o(1).

It follows that (2.23), (2.24]) and (2.25) remain valid. Therefore u,, — u in E) and
Iy (u) = ¢(> 0). The proof is complete. O
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3. PROOFS OF MAIN RESULTS

If V is sign-changing, we first verify that the functional Iy has the linking geom-
etry to apply the following linking theorem [23].

Proposition 3.1. Let E = E1 & Fs be a Banach space with dim Fy < oo, & €
CH(E,R?). If there exist R> p > 0,a >0 and eg € Ey such that

a:=inf ®(E;NS,) > sup (0Q)
where S, ={u e E: |u| =p}, Q ={u=v+1teg: v € Ey,t >0,|u|| <R}. Then
® has a (PS). sequence with ¢ € [, sup ®(Q)].

In our paper, we use Proposition with F; = E;\r ® Fy and By, = E,. By
Proposition w;i(A) — 0 as A — oo for every fixed j. By Remark there is
Ay > 0 such that Ey # 0 and E| is finite dimensional for A > A;. Now we can
investigate the linking structure of the functional I.

Lemma 3.2. Assume that (A1)—(A2), (A8), (A9) and (L.4) with p € (4,2%) are
satisfied. Then, for each A > Ay (the constant given in Remark , there exist
ay, px and ny > 0 such that

Iv(u) > ay  for allu € EY @ Fx with ||ulx = px and |h|2 < nx. (3.1)
Furthermore, if V> 0, we can choose o, p,n > 0 independent of \.
Proof. For any u € E; ® F), writing v = uy + ug with uy € E;\r and uy € F).
Clearly, (u1,u2)y =0, and

/ (IVul? + AV (2)u) dz :/ (Va2 + AV (2)e2) d + us]. (3.2)
R3 R3

By Proposition we obtain that p;(\) — 400 as j — +oo for each fixed A > A;.
So there is a positive integer ny such that p;(A) <1 for j < ny and p;(A) > 1 for
j>na+1. Foruy € EY, weset uy = %52, 1 p;(N)ej(A). Thus

/RB(|VU1|2 + )\V(m)uf) dxr = ||u1||§\ — /R3 )\Vf(x)u% dx

1
> (1 — —— ) |lut])3.
> (1= )l

By using 2.1)), (3.2)), (3.3) and —w < ¢, < 0 on the set {z € R3|u(x) # 0}, we

(3.3)

have
1 1
L) > = (1 — ——— ) ||lull? = elul? — Celul? — |k
A0 2 5 (1= s Yl = elulf = Celuly — [hlalul:
1 1 2 2 2 D P
2 5 (1 g R = el — Ceul — el |l
LUDN
1 1 —
2 |5 (1= o —y) — o8]l = el = el .

Let g(t) = [3(1 — m — eds|t — CodbtP~!, for t > 0, p € (4,6) there exists

p(A) =

{é(l - unkL(A)) - Ed%} =
Csdg(p* 1)
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such that max;>o g(t) = g(p(A)) > 0. From above inequality, Ix(u) |ju|,=p)> 0

for all |hl2 < ny = g(QPT(:‘)). Of course, p(A) can be chosen small enough, we can

obtain the same result: there exists ay > 0, such that Iy(u) > ay, here ||u||x = pa.
If V>0, since £\ = F), and

/RJ\WIQ + AV (@)u®) da = |ull3,

we can choose «, p,n > 0 (independent of \) such that (3.1)) holds. ([l
Lemma 3.3. Suppose that (A1), (A2), (A4), (A5), (A8), (A9) are satisfied. Then,

for any finite dimensional subspace E\ C E), it holds
Iy(u) — —0o as |lullx — 0o, u€ Ej.
Proof. Arguing indirectly, we can assume that there is a sequence (u,) C Ey with

||un||x — oo such that
— 00 < inf Iy (uy,). (3.4)

Take v, := /||t ||5. Since dim Ejy < +oo, there exists v € Ey \ {0} such that
vy — vin Ex, vn(z) — v(x) ae. z € R®

after passing to a subsequence. If v(z) # 0, then |u,(x)] — 400 as n — oo, and
hence by (A5), we obtain that

F n
Wui(x) — 400 asn — oo,
which jointly this with (A4), (2.3), Proposition (ii) and Fatou’s lemma, we
obtain

I (up, 1 C F(x,u, n
a(u 4) < 4 4w|K|oo_/ Luzl)dw-/ h(x)“iéldx
lunllX — 2lunly 2 re  lunlly re o fluall}
1 C F n h|2d
_72+ﬂ|f(|oo—(/ +/ )Mvidmﬂ [2d
unly 2 v=0  Juzo/ Uy [lun I3
1 Cyuw F(x,u, hlad
§ﬁ+i|K|oo—/ %ﬁldxﬂ |2§
2unllX 2 v£0  Up l[un X
— —00.
This contradicts (3.4]). O

Lemma 3.4. Suppose that (A1), (A2), (A4), (A5) (A8), (A9) and are satisfied.
If V(x) < 0 for some z, then for each k € N, there exist A\, > k, by > 0,wy, €
E; @ Fi,, R, > pa, (pr, is the constant given in Lemma , and ni > 0 such

k

that, for |hla < Nk, | Koo < br(or|K|s < bg),
(a) sup Iy, (0Qk) <0;
(b) sup I, (Q) is bounded above by a constant independent of A,
where Qr == {u=v +twg :v € By ,t>0,lullx, <Ry}
Proof. We adapt an argument from Ding and Szulkin [I9]. For each k € N, since

wi(k) — 400 as j — oo, there exists j, € N such that p;, (k) > 1. By Proposition
2:2] there exists A, > k such that

1
1< /“ij(Ak) <14+ —.
Ak
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Taking wy, := €;, (Ax) be an eigenfunction of pj, (Ag), then wy € Ej\“ as i, (Ag) > 1.
Because dim Ey, & Rwy < +00, it follows directly from Lemma that (a) holds
with Ry, > 0 large enough.

According to (A5), for each 7 > |V |, there is r; > 0 such that F(z,t) > 17t
if [t[ > rj. Foru=v+w € E, & Ruwy, we have

/ V™ (2)u? dx = / V™ (2)v? dx +/ V™ (x)w? do
R3 R3 R3
by the orthogonality of £ and Rwy. Therefore, by Proposition (ii), we obtain

I, (u) < %/ (IVw|* + MV (z)w?) dz — % K(z)wo,u? dx
R3

R3
7/ F(x,u)dmf/ hu dz
supp V — R3

1 1
< =g (M) — 1])\k/ V7~ (z)w?dx — 7/ u? dz
2 R3 2 supp V —
Cyw 1.
+ SR el + dalbelal, - (Pla,w) ~ gi?) da
supp V—,|u|<rj
| ; C
<1 v-wrde— 1 / V(@) de + Cy + 2| K P RS
2 Jos ANV Jus 2 :
+d2|h‘2R,\k
<Cp+1

foru=v4+wée Ey, © Ruwj, with lulla, < By | Koo < b = (C4wR§\k)_1/27 Cy
is defined in Proposition (iii) and |kl < ng = ﬁ7 where Cj depends on 7)
but not Ag.

If K € L3(R?), by the Holder inequality, we obtain that

| . K(x)w¢uu2 dx| < <,u\K|g,\g25u|6\u|?1
R

< w|K[35 |pullpd] [ull3
< C1|K3ull}
< C1|K|3RY, -

for [K|3 < by := (C1R}, )" O

Lemma 3.5. Suppose that (Al), (A2), (A4), (A5) (A8), (A9) are satisfied. If
Q = intV=1(0) is nonempty, then, for each X\ > A (is the constant given in
Remark , there exist w € E;\r @ F\,Ryx > 0,by > 0 and 1y > 0 such that for
‘h|2 < M, |K|oo < b)\OT(|K|3 < b)\),

(a) supI»(0Q) < 0;

(b) sup I,(Q) is bounded above by a constant independent of A,

where Q :={u=v+tw:v e E, ,t>0,|ulx <R}

Proof. Choose ey € C5°(2) \ {0}, then ey € Fy. By Lemma [3.3 there is Ry > 0
large such that I(u) < 0 where u € Ey ® Rep and ||u|x > Rx.
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For u =v+w € E, ® Reg, we have

1 1
7/ |Vw|2d1:—f/ K(m)w¢uu2dx—/F(x,u)dx— hu dz

1 7 7
- szdx—f/quJ;—/ F(z,u) — ~u?) dx
2/1;3| | 2 Q Qalu\STﬁ( ( ) 2 )

I)\(u)

c (3.5)
4W
+ C Kl + hladalul)

1 2 7 2 Caw oo 1

<5 [ Vwlide =2 [ wide+ Cy + —— K|S [lull) + [hl2dz][ullx-

2 Jus 2 Jo 2

Observing that w € C§° (), we have
|Vw|? de = / (—Aw)udz < |Aw|z|ul2.0
R @ (3.6)

< 2 M 12
2,0 < ?ﬁ\vwb + §|U|2,Qa

< ¢o|Vwla|u

where ¢ is a constant depending on eg. Choosing 7 > ¢, we have |[Vw|5 < qlul3 o,
and it follows from (3.5)) that

C
I)\(u) < Cﬁ + %W‘KWOOR;{ + |h|2d2R)\ < Cﬁ +1

for all u € E ® Reg with |lul|x < Ry, |kl < ny = ﬁ and |K|e < by :=
(CawR}) ™12, where Cj depends on 7j but not .
If K € L3(R?), by the Holder inequality, obtain

| /3 K(v)wdyu® dz| < wlK|3|¢ulslulf < wlK|5S™|¢ullpdi]ul
R
< Ci|K|3|lull} < C1|K[3R;.
for |[K|3 < by := S(C1d3wR3) L. O
Now we are in a position to prove our main results.

Proof of Theorem[I.3. It is divided into two steps.

Step 1 There exists a function uy € Ey such that I{(ux) = 0 and I(uy) < 0.
Since h € L?(R?) and h > 0(# 0), we can choose a function 1 € E such that

/ h(x)y(x) dx > 0.
R3

Hence, by —w < ¢, < 0 we obtain

t? At2
L(ty) = — |2 — =
M) = Sl -5

1

Vo@tde 5 [ Kleon ) do

—/]RS F(x,tw)dx—t/Rs h(z)y dx

t* 2 t? 2,2 tt 4
<SSR+ & | wWide+ —Cilolly —t | h(z)yde
2 2 R3 4 R3
< 0 for ¢t > 0 small enough.
Thus, there exists uy small enough such that I(uy) < 0. By Lemma we have

con = inf{I\(u) :u € B,,} <0,
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where py > 0 is given by Lemma B.2) B,, = {u € E\ : |lu|x < pa}. By the
Ekeland’s variational principle, there exists a minimizing sequence {un } C Em
such that

1
coxr < In(uny) < con+ —,
nx

1
In(wy) > In(upr) — TT)\”“’A — Un|Ix

for all wy € Pm Therefore, {u, x} is a bounded Palais-Smale sequence of I.
Then, by a standard procedure, Lemmas 2.8 and [2.9] imply that there is a function
uy € Ey such that I} (uy) = 0 and IA(uA) =cp,x <0.
If V> 0, we can show that py,co,, uo,» are independent of A.

Step 2 There exists a function wy € Ejy such that I{(uy) = 0 and I,(uy) > 0.
It follows from Lemmas [3.2] [3:4] and Proposition [3.1] that, for each k € N, XA = Ay
and |hla < ng, I, has a (PS). sequence with ¢ € [ay,,suply, (Qk)]. Setting
M := sup Iy, (Q), then I, has a nontrivial critical point according to Lemmas
and Proposition Hence there exists a function @y € E) such that
If (un) = 0 and I (uy) = ¢ > ay, > 0. The proof is complete. O

Proof of Theorem[I.4. The first solution is similar to the first solution of Theo-
rem [1.3] The second solution follows from Lemmas 2.7 210, [3:2] and [3.5 and
Proposition The proof is complete.

Proof of Theorem[1.5 1t is divided into two steps.

Step 1 There exists a function ug € E) such that I} (up) = 0 and I (ug) < 0. In the
proof of Theorem we can choose cg = cp,x, B, = B, x, then by the Ekeland’s
variational principle, there exists a sequence {u,} C B, such that

1
co < I,\(un) <co+ o

1
I)\(’LU) > IA(Un) - E”w - un”)\

for all w € B,. Then by a standard procedure, we can show that {u,} is a bounded
Palais- Smale sequence of I. Therefore Lemmas [2.8) and [2.9imply that there exists
a function uy € Ey such that I} (up) =0 and I,\(uo) =y < 0.

Step 2 There exists a function wy € E) such that I§(uy) = 0 and I (%) > 0. Since
we suppose V' > 0, the functional I has mountain pass geometry and the existence
of nontrivial solutions can be obtained by mountain pass theorem [23] 27, [34].
Indeed, by Lemma there exist constants «, p,n > 0 (independent of X) such
that, for each A > Ay,

I(u) > a foru € Ey with |lul|x = p and |h|2 <.
Take e € C§°(2) \ {0}, by (A4), (A5) and Fatou’s lemma, we obtain

In(t 1 F(x,t
)‘(46) < —2/ |Ve|2dxf—/K Jw?e? dxf/ Lf)e‘ld:ﬂ
t 2t° Jo {xeQ:e(x)#0} (t@)

7t,3/ hedr — —o0
Q




20 LIXIA WANG, SHANGJIE CHEN EJDE-2018/124

as t — +o00, which yields that I(te) < 0 for t > 0 large. Clearly, there is C' > 0
(independent of \) such that

= inf max I\(y(t)) < sup Ix(teg) < C
o += inf max A(v(1) < D a(teg) <

where T' = {7 € C([0,1,By) : 1(0) = 0,[7()llx = p,x((1)) < 0} By the
Mountain pass theorem and Lemma[2.9] we obtain a nontrivial critical point @y of
I, with Iy (@) € [a, C] for A large. The proof is complete. O
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