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REGULARITY CRITERIA FOR WEAK SOLUTIONS TO 3D
INCOMPRESSIBLE MHD EQUATIONS WITH HALL TERM

JAE-MYOUNG KIM
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ABSTRACT. We study the regularity conditions for a weak solution to the in-
compressible 3D magnetohydrodynamic equations with Hall term in the whole
space R3. In particular, we show the regularity criteria in view of gradient vec-
tors in various spaces.

1. INTRODUCTION

We consider the incompressible 3D magneto hydro dynamic (MHD) equations
with Hall term

Oou—Au+u-Vu+Vr=5b-Vb, (1.1)
Ob—Ab+u-Vb—b-Vu+V x ((Vxb)xb)=0, (1.2)
dive = divbh =0, (1.3)

Here u : Qr := R? x [0,7) — R3 is the flow velocity vector, b : Q7 — R? is the

2
magnetic vector, m = p + % : Qr — R is the total pressure. We consider the
initial value problem of (|1.1)—(1.3]), which requires initial conditions

u(z,0) = ug(z) and b(z,0) =by(z) x€R? (1.4)
The initial conditions satisfy the compatibility condition, i.e.
divug(z) =0, and divby(z) = 0.

Definition 1.1. A weak solution pair (u,b) of the incompressible 3D MHD equa-
tions with the Hall term (1.1))(1.4) is regular in Q7 provided that |lu|lze~(q.) +
1/l o (@7 < 00

For a long time, the effects of Hall current on fluids has been a subject of great
interest to researchers. A current induced in a direction normal to the electric and
magnetic fields is commonly called Hall current [22]. In particular, the effects of
Hall current are very important if the strong magnetic field is applied

The mathematical derivations of the incompressible 3D MHD equations with the
Hall term could be given in [I] from either two-fluids or kinetic models. It is well-
known that the global existence of weak solutions, local existence and uniqueness
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of smooth solutions to the system (1.1)—~(L.4) were established in [5, 6]. Recently,
various results for this equation were proved in view of partial regularity, temporary
decay and regularity or blow-up conditions (see [5] [6] [} 8 9] 12, 1T}, 2T, 26 [27] and
references therein.)

We list only some results relevant to our concerns. In view of the regularity
conditions in Lorentz space, He and Wang [13] proved that a weak solution pair
(u, b) becomes regular in the presence of a certain type of the integral conditions,
typically referred to as Serrin’s condition, namely,

u € LT(0, T; LP*°(R?)) with 3/p+2/¢<1, 3<p< oo,
or

3
Vu € LY>(0, T; LP**°(R%)) with 3/p+2/q < 2, 3 <P,

(also see [3, [l [I7]). Also, Wang proved in [25] that a weak solution pair (u,b)
become regular if u satisfies

u € L*(0,T; BMO(R?).
On the other hand, recently, Zhang [27] obtained the regularity criterion
we LT (0,T; BX%.), Vbe LT™7(0,T; B2.) (1.5)

with —1 < @ < 1 and 0 < 8 < 1. Our study is motivated by these viewpoints,
we obtain the regularity conditions for a weak solution to the incompressible 3D
MHD equations with the Hall term 7 in a whole space. Our proof of main
results is based on a priori estimate for the gradient of the velocity field.

Our main results reads as follows.

Theorem 1.2. Suppose that (u,b) is a weak solution of (L.1)—(1.4) with initial
condition ug,by € H*(R3). If (u,b) satisfies one of the following cases:

T
| (9ul e+ 1900t < o (16)

with the relations —&—%:2,%<p§oocmd%+%:l,3<l§oo. or

W

T 2
(Il + 0I5 )dt < o0 (L.7)

S—

0

with the relations =2,

Qr.

Theorem 1.3. Suppose that (u,b) is a weak solution of (L.1)—(1.4) with initial
condition ug,by € H*(R3). If (u,b) satisfies one of the following two conditions:

N
[V

<p<ooand 0 < p <1, then (u,b) is reqular in

3w

T
/O IVull o) + [V E o dt < oo, (18)
or
T
/O IVl 101wy + 19280101 )t < 0. (L9)

then (u,b) is regular in Q.



EJDE-2018/103 3D INCOMPRESSIBLE MHD EQUATIONS WITH HALL TERM 3

Theorem [1.2]extends the result by He and Wang [13] with respect to the gradient
of the velocity field. Moreover, using the estimate in [24] Lemma A.5], we obtain
BMO™1(R?)-regularity condition.

This article is organized as follows: In Section 2 we recall the notion of weak
solutions and review some known results. In Section 3, we present the proofs of the

Theorem and

2. PRELIMINARIES

In this section we introduce the notation and definitions to be used in this paper.
We also recall the well-known results for our analysis. For 1 < g < oo, Wk’q(R?’)
indicates the usual Sobolev space with standard norm || - ||x,q, i.€.

WHhI(R3) = {u € LY(R?) : D*u € LY(R?),0 < |a| < k}.
When ¢ = 2, we denote W#4(R3) by H*. All generic constants will be denoted by

C, which may vary from line to line.

2.1. BMO and Lorentz spaces. The John-Nirenberg space or the Bounded Mean
Oscillation space (in short BMO space) [14] consists of all functions f which are

integrable on every ball Br(r) C R? and satisfy:
1
12 supsupi/ fly) — fBe(y)|dy < .
lsio = s sup e [ 170) = foa )

Here, fp, is the average of f over all ball Bg(x) in R®. It will be convenient to
define BMO in terms of its dual space, H!'. On the other hand, following [16] let w
be the solution to the heat equation w; — Aw = 0 with initial data v. Then

1 B
Ioliso = s swp o [ [l dtay,
BMO T ks r>0 B(z, R) B(x,R) J0
and define the BMO~!'-norm by
R2
2 2
v _1 = Sup sup ———~ / / Vw|* dt dy.
H ||B]\/IO 2€R3 R>0 B fL' R B(mR | |

We note that if u is a tempered distribution. Then v € BMO~! if and only if there
exist f' € BMO with u =" 9;f" in [16, Theorem 1].
Let m(y,t) be the Lebesgue measure of the set {z € R? : |p(z)| > t}, i.e.
m(p,t) ;== m{zx € R®: |p(x)| > t}.
We denote by the Lorentz space LP4(R?) with 1 < p, ¢ < oo with the norm [23]

(f t4(m )q/pdt)l/q<oo for 1 <
0 ’ =q,

sup;>o{t(m ( . 0)YP}, for ¢ = oo

Followed in [23], Lorentz space LP*4(R3) may be defined by real interpolation meth-
ods

[l Leare)y = (2.1)

LPU(R?) = (L7 (R?), LP* (R?))a,q, (2.2)

with % = 1p1°‘ —i— , 1 <p1 <p<py <oo. From the interpolation method above,
we note that .
LT 2(R3) = (LQ(]R?’) Lﬁ(R3)) . (2.3)

3
3p:2
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We also need the Holder inequality in Lorentz spaces (see [20]) for our proof.

Lemma 2.1. Assume 1 < p1, po < 00, 1 < ql, q2 < oo and u € Lpl"h(R?’),
v € LP2%2(R3?). Then uv € LP393(R?) with - = L + o and L<ly —, and
p3 q3 q1
Jullnssy < Cllllonon g ol mmgesy (2.4)
2.2. Besov space. Following [23], let B = {¢ € R?, [¢| < 3} and C = {¢ € R? :
3/4 < |€| <8/3}. Choose two nonnegative smooth radial function y, ¢ supported,
respectively, in B and C such that

©+> p7) =1, ¢eRY,
7>0

YU =1, cer\{0).

JEZL

We denote ¢; = ¢(2779¢), h = F~'¢ and h = F~'x, where F~! stands for the
inverse Fourier transform. Then the dyadic blocks A; and S; can be defined as
follows

A;f = (27 D)f = 20 / h(2iy) f(x — y)dy,
Rd
> Auf=x@7D)f =2 [ h@isa =iy

k<j—1
Formally, A; = S;—S;_1 is a frequency projection to annulus {C127 < |¢] < (27},
and S is a frequency projection to the ball {|¢| < C27}. One can easily verify that
with our choice of ¢,
AAF=0if[j—k|>2 and A;(Sp_1fAf) = 0if |j — k| > 5.

With the introduction of A; and Sj, let us recall the definition of the Besov space.
Let s € R, p,q € [1, 0], the homogeneous space is defined as

By =1 €8 : /], < och

where
55 1/4q
Ul =4 (Ciea 2785 1E) 7, for 1< < o0,

supjez 2% (| A; f| v, for g = oo
In particular, when p = ¢ = 2, the Besov space and Sobolev space are equivalence;
that is

HS ~ 35’27 HS ~ B§,2~

Now we recall first the definition of weak solutions.

Definition 2.2. Let ug,by € L*(R?®) with the divergence free conditions. We
say that (u,b) is a weak solution of Hall-MHD equations (L.1)-(1.3) with initial
condition wug, by € L?(R3), if u and b satisfy the following:
(i) w € L=([0,T); L*(R?)) N L*([0,7); H'(R?)), and b € L>([0,T); L*(R?)) N
L*([0,7); H'(R?)).
(ii) (u,b) satisfies (T.I)—(T.2) in the sense of distribution; that is

/ /RB — + Ao+ (u- V)¢)udxdt+/]R3uo¢(x 0 dac_/ /]1133 (b-V)$bdax dt
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/OT /]Rs (% + A+ (u- V)gi))bdx dt + /]R3 boo(x,0) dx

T T
:/ / (b~V)¢>udazdt+/ /(be)xb-(Vqu)dxdt,
o Jrs o Jrs
for all ¢ € C§°(R3 x [0,T)) with dive = 0, and
/u-dex:Q / b- Vydx =0,
R3 R3
for every 1 € C§°(R?). O

3. PROOF OF MAIN RESULTS

Proof of Theorem[1.3 (L*-estimate or energy estimate): By the standard energy
estimate, we obtain
1d
2 dt
o (H'-estimate): Testing —Awu and —Ab to the fluid equation and by the magnetic
equation of ([L.1)) and (1.2]), respectively, using the integrating by parts, integrating
on domain, we have

(|uf? + [b]?) dz + /(\vu|2 +|Vb[2) dz = 0. (3.1)

1d
5 77 VeI sy + VO (rs)) +/}R3(|AU|2 +|Ab*)da
<— [ Viu-Vu]:Vudz+ [ V[(b-V)b]: Vudz
R3 R3
| V- Vbde+ [ V(b V)] : Vbdz (3.2)
R3 R3

+/V((V x b) x b)VV x bdz

=T+ T +1Is+ 1y +1s5.

We estimate separately the terms in the right hand side of . The first term Z;
is computed as follows:
71| < [[Vullis, (3.3)
where the divergence free condition of u is used.
On the other hand, we observe that

12+Z4§/ |Vu||Vb|2.
R3

since

/(b-V)Vb-Vuda;+/ (b-V)Vu-Vbdz
R3

R3

aVh OVu
/Rs bj(axj Vads+ 5 Vb)da

3

7j=1

> A(VbVu)
Z/RBZ’J( oz, )dx:o’
Jj=1

where we use the product rule and divb = 0.
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Note that
VA2 < CIVFllpos I flgss with 0 <8 <1, (3.4)
I flgres < CIUV AL IAL]T: with 0 <8< 1, (3.5)

(e.g. see [I8, 19] and [2] Theorem 2.42]).
First of all, using the interpolation (2.2), Lemma Holder and Young’s in-
equalities, we estimate Z3 as follows:

7 < [ IVRIVulde < Voo VP
= [Vullr~ [ VBI? 2,
<cuw||muwu At
< ClIVul B2 | Vbll3: + —6||v2bn%2,

where 6 =1 — %. Similarly, from (3.3)), we have

2p 1
Tl < IVullzs < ClIVull 2 Vulze + 5I1VullZe.

Case 1: Again, using the interpolation (2.2)), Lemma Holder and Young’s
inequalities, we bound Z5 as follows.

125 < ClIVOl| e VO] 2, o | AD]| 22
1-3 143
< CHVbHu,ooIIVbllLé | Ab| 2
< CHVbHLz L IVbl7e + 6||Ab||%z-

Summing the terms Z;—75, inequality (3.2]) becomes

1d 1
= (IVullZ: + [ Vbl72) + §/Rg(\V2ul2 +[V2H?) da

2 dt . (3.7)
< C(IVul B + IV 5L ) (19l + [9]32).
Case 2: Using (3.4) and (3.5), we bound Z5 as follows:
—Z/(V X b X &b)&v X bdx < C||Vb||%4||Ab||L2
< CIIVbIIB 5 ||bHH1+6||Ab”L2 < C||Vb s VB[ 12" A 27
< 16”Ab”L2 + CIIVblll IVolZ..
Summing the terms 7175, the ) becomes
1d 1
5= (IVullZ2 + IV 72) + */ (IV2ul® + [V?0]?) dz
2dt 2 Jgs (3.8)

_2p 2
< C(IVulZE +IVBI LS ) (IVul3: + IVbIZ2).
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For Cases 1 and 2 with the given conditions, we apply the Grownwall’s inequality
to estimates (3.7) and (3.8)), respectively, to find

T
sup (| Vu(r)]2s + [ VB(r)|I22) + / / (IV2ul? + [V2b2) de dt
o<r<T 0 R3

< C(||Vu(0)]|22 + [|VB(0)[|2.).

o (H2-estimate) Applying the operator A to (1.1)—(1.2)), then multiplying it by Au
and Ab, respectively, and integrating on domain, we obtain

1d

5 (Al + [ AD2)de + (17 Al + [T ANE)

—7/ A(u-Vu) - Audz+ [ A(b-VD) - Audz
R3

R3
— A(u-Vb) - Abdx
R3
+ 3A(b-Vu)~Abdx— 3A((be)><b)-AV><bdac
12\71]12-\72+\73+\74+\75 )

By the commutator estimate in [I0, Theorem 2.1 or Corollary 2.1] or [I5], we note
that

} - Al(u - Vyul, Audz| < OVl g ullFe,
| [ Al(u-V)b], Abdz| < O Vul|g=[b][72,
R3

| o Al(b- V)ul, Abdz| < Cl[Vul g2 [bl72-

Also, integrating by parts we obtain the estimate for the remaining convection term
follows as:

| b], Audz| < C|{A[b® b], AVudz| < C||Vul| g2 |b] 3.
Thus

|T1 + To + Tz + Tl < C||Vull g (|Jul|F2 + an%m

< C([lulltz + Il 32) + 128||VUIIH2 (3.9)
< C(llullfrz + [1Bl17) (lull = + 10172) + 15511 Vel
Case 1: For the term J5, using the chain rule, we note that
Ts = /RS(V X b x Ab+ 20;(V x b) x 9;b)VAbdx (3.10)
And thus, we have
T5] < [IVOll Lt oo [ AD]] | 2t o [VAD 2 < CHVbHLz | Ab]2: + — |V Ab|2,

128
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Summing the estimate of terms J;—J5 with the energy estimate and H'-estimates,
we obtain
1d
2 dt

24 21
< C(IVulZEZ + VBT, + el + 1Bl ) Clullf: + [ol3:)

(lullZr2 + 101172) + 5 lulzs + [1Bl7s)

N |

(3.11)

Case 2: Using (3.4) and (3.5), we bound J5 as follows:
|Ts| < Cl|Abll gp_ IVl grrssl[VAD| L2
< OBl ps IVl IV AD]
1
128

As in case 1, summing the estimate of terms J1—J5 with the energy estimate and
H'-estimates, we obtain

2
< CIVBIET, bl3e + o5 VAR

1d 1
5 7 (lulie + Bl%2) + S (Il + of%)

_2p_ _2 9 9 9 9 (312)
< C(IVull 2 + V0I5 7+ e + el ) (lulide + 161%2)

Under the assumption, we apply Grown’s inequality to the estimates (3.11) and
(3.12)), respectively, we finally obtain

OgugT(IIU(T)H?p + ()1 Z2) + lull s + 1617 < (luollze + [lbollZ=)

Th proof is complete. O

Proof of Theorem [1.3, (H'-estimate): Testing —Au and —Ab to the fluid equation
and the magnetic equation of (|1.1)) and (L.2)), respectively, using the integrating by
parts, integrating on domain, we have

1d
5 77 IV Z2 ey + VO 72(re)) +/R3(|Au|2 + [ Ab]*)da
<— | Vi(u-Vu]: Vudx + [ V[(b-V)b]: Vudz

R3 R3

7/ V[(u~V)b]:Vbdz+/ V((b- V)] : Vb (3.13)
R3

R3
+/V((be)><b):VV><bdx
111-1 +IQ +Ig +I4 +I5

Case 1: By the Holder, Young inequalities and the space duality BMO-H', we
have

[, I9RIVulde < [9ullsuiolIVERle < [Vullaarol Vb2 bl

= [|Vul paro V]2

Similarly, we obtain

/]R's |Vu|*dx < C||Vul| Baol| Vul3s.
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Again, by the vector identity, the Holder and Young inequalities, we have

Is = VIV xb) xb]-V(V x bydx
R3
- /R ((v % b) X Vb — V(V x b) x b) V(Y X b)da 5.1
< C[IVb] Baro [V [V?0] ||
1
< CIVblEaolVolz: + g V207
Summing the estimates above, the (3.13) becomes
d
—(IVullZ> + V0]l +/ VZul? + |V2b[?) da
g IVullzz +VOlL2) + [ (IV7ul™ + [V75[7) (3.15)
< C(IVullsaro + Vbl a0) (IVulZe + [[VB][72).
Case 2: Following [24] Lemma A.5], we note that
lullgs = [luullz2 < ClIVull 2 lull paro-1-
Using this estimate, we have
/3 VO |Vuldz < || Vull2]|VBl|7s < ClIVull 12 V0] 12| Vbl prro-1
R
1
< O Vulz2lVblpao-1 + 51V7blZ-
Similarly, we obtain
1
[ [vuPde < CIVula Va0 + 5IVulE.
R3
By the vector identity, the Holder and Young inequalities, we have
Is= | V[(Vxb)xb-V(V xb)dx
R3
= Vxb)xVb—-V(Vxb)xb) -V(Vxb)d
L (0 Vb= v ) V@
< CII(V x ) x Vb 2] V2] 2
1
< CIVblgno- IVBIZ: + 5 IV2DIIZ
258
Using the estimates above, (3.13]) becomes
d
—([|Vullz: + [ Vb]|7 +/V2u2—|— V2b|?) da
g IVullze +IVOlL2) + [(IV7ul™ + [V78[%) (3.17)

< C(IVulBao-r + IVOIBro- ) (IVulT2 + [ VBI[72)-
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o (H?-estimate) Taking A to (1.1)—(1.2)), then multiplying it by Au and Ab, re-
spectively, and integrating on domain, we derive

1d
§£(||VQU\|2 + [IV20]*)da + ([ VAu|Z2 + [[VAb[72)
=— [ A(u-Vu)- -Audr+ A(b-Vb) - Audx — A(u-Vb) - Abdx
R3 R3 R3 (3.18)
+ A(b-Vu) - Abdx — A((V xb) xb): AV x bdzx
R3 R3
=N"h+T+Ts+Ti+Ts
As in the proof of Theorem namely (3.9)), we note that
1
|\T1 + To + Tz + Jal < CJlullFz + [16l132) (lullF= + [16]/72) + @HVUH?%
Case 1. From (3.10) with the space duality BMO-H!, we have
1
|T5| < [ V0llsmo [ Vb 22|V AD|| 12 < O Vbl[Ero VD] 72 + ﬁllVAbHiz-
Summing the estimates J;—J5 with the energy estimate and H'-estimates, the
(3.18]) becomes
d
%(HUH%Z +[1l132) + (lulZrs + [16/2)
(3.19)

< C(HVuHBMo + Vb0 + llull? + Hblléz)(HUIlsz +1bll72)-

Case 2. From (33.9), we note that
1

[T+ T2+ Tz + Tl < Cllullf + [0]52) Il + 18172) + 155

IVl Za-
Following [24] Lemma A.5], we note that

[wull 2 < Cl[Vul| g2 [ull Baro-+-

As in the previous proof, namely, from ([3.10]) with the space duality BMO-H*, we
have

1
75| < CIV2blyio- V2|2 + g IV AD] 7.

Summing J;—J5 with the energy estimate and H'-estimate, the (3.18) becomes

d
S lulls + B13) + s + [Bf2) 520
< COIValpr0- + 192 Enroms + Nl + 101) e + 1012)

Under the assumption, we apply Gronwall’s inequality to the estimates (3.19)) and
(3.20)), respectively, we finally obtain

sup ([Ju(7)|[32 + [16(r)[[72) + lullFs + 1015 < (luollzr= + [[bollF2)-
0<7<T
The proof is complete. O
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