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NONEXISTENCE OF GLOBAL SOLUTIONS TO THE SYSTEM
OF SEMILINEAR PARABOLIC EQUATIONS WITH
BIHARMONIC OPERATOR AND SINGULAR POTENTIAL

SHIRMAYIL BAGIROV

Communicated by Ludmila S. Pulkina

ABSTRACT. In the domain Q% = {z : |z| > R} X (0,+00) we consider the
problem

C1
— + A%y — Wm = |z|7* uz|?, wilt=0 = ui0(z) >0,

Co
==+ Aluy — P 2|72 |u1|?2,  uzli=o0 = u20(z) > 0,

ot
oo o0
/ / u; dsdt > 0, / Au;dsdt <0,
o JoBg o JoBg

where 0; € R, g, > 1,0 < C; < (%)27 i = 1,2. Sufficient condition
for the nonexistence of global solutions is obtained.The proof is based on the
method of test functions.

1. INTRODUCTION

Let us introduce the following notation: = = (z1,...,2,) € R", n > 4, r =

lz| = /22 + - -+ a2, Bgr = {z;|z| < R}, B = {z;|z| > R}, Br, r, = {; R1 <
|z] < Ra}, Qr = Br X (0;4+00), Q = BR x (0;+00), 0Br = {z;|z| = R}, Vu =

(g—;‘l, e %), C;l:tl (Qr) is the set of functions that are four times continuously
differentiable with respect to x and continuously differentiable with respect to ¢ in
Qr-
In the domain Q% we consider the system of equations
ou
o+ A%y — — g = 2] 7 ug
ot || (1)
8u2 02 '
— + Auy — —uy = |2]72|uy |2,
8t+ 2|m\42|“1‘
with the initial condition
uili=0 = wio(z) > 0, (1.2)
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and the conditions

(o] o0
/ / u; dx dt > 0, / Au;drdt <0, (1.3)
0 3BR 0 8BR

wheren >4, ¢; > 1,0, e R, 0<C; < (%)2, uio(z) € C(BY), A?u = A(Au),
n
Au:k 12%{72’: 1,2.

We will study the nonexistence of a global solution of problem —. By
a global solution of problem — we understand a pair of functions (uq,uz)
such that w;(z,t),uz(2,t) € Cy} (Q) N C2Y (B x (0;+00)) N C(By x [0;+00))
and satisfy the system at every point of Q, the initial condition and
conditions .

The problems of nonexistence of global solutions for differential equations and
inequalities play a key role in theory and applications. Therefore, they have a
constant attention of mathematicians, and a great number of works were devoted
to them [T} 2, [3], 4, O] 12 T3] 16, 2T, 22]. A survey of such results can be found in
the monograph [17].

In the classical paper [7], Fujita considered the following initial value problem

Ju

— =Au+u!, (z,t) € R" x (0,+00),

ot (1.4)

ult=o = up(z), =€ R,

and proved that positive global solutions of problem do not exist for 1 <
q < q¢- =1+ % If ¢ > ¢*, then there are positive global solutions for small
uo(x). The case ¢ = ¢* was investigated in [I0, [II] and it was proved that in
this case there are no positive global solutions. Pinsky [I9] showed the existence
and nonexistence of global solutions in R™ x (0,400) to the equation u; — Au =
a(x)u?, where ¢ > 1 and a(z) behaves like |z|° with o > —2 for large |x|. The
results of Fujita’s work [7] aroused great interest in the problem of the nonexistence
of global solutions, and they were expanded in several directions. For example,
various bounded and unbounded domains were considered instead of R™, as well as
more general operators than the Laplace operator including different type nonlinear
operators were considered (for more comprehensive treatment of such problems, see
[14, 17, 20] and references there in).

Another may of extending of Fujita’s result is to investigate a system of Fujita-
type reaction-diffusion equations, and this is what we do here. For example, many
authors have investigated the existence and nonexistence of global and local solu-
tions to the initial value problem

0

87u =y Au+t" )27 0 uli—g = up(x) >0

65 (1.5)
5= Qo Av 4 t72|z]|72u® | w|mg = vo(z) > 0.

Escobedo and Herrero [5] considered problem on R™ x (0,400) with o; =
1,ki =0,0,=0, ¢; > 0,q192 > 1,7 = 1,2 and proved that if max(q‘ll;;ll, q‘ffgjl) >
5, then for any nontrivial initial functions there are no nonnegative global solutions.
Fila, Levine and Uda [6] considered problem on R™ x (0, +00) with 0 < oy <1,
ag =1,k =0,0, =0, ¢ >0, gigz > 1, © = 1,2 and studied the existence of
nonnegative global and non-global solutions. In the case a; = 1, k; =0, @ = 1,2,
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Mochizuki and Huang [I8] proved the existence and nonexistence theorems for
global solutions and studied asymptotic behavior of the global solution of problem
on R™ x (0,400). Caristi [§] considered problem for ki,0;, € R, q1,q2 >
1 on R™ x (0,+00), and nonexistence of global solution is studied. Levine [I5]
studied nonnegative solutions of the initial boundary value problem for the system
of equations in for a; =1, k; =0, 0;, = 0, i = 1,2 in domain D x (0, 4+00),
where D is a cone or the exterior of a bounded domain. In the present paper we
consider a system of semilinear parabolic equations with biharmonic operator and
singular potential in the exterior domain Q). Using the technique of test functions
worked out by Mitidieri and Pohozaev in [16],[I7], we find a sufficient condition for
nonexistence of global nontrivial solution.

2. MAIN RESULT AND ITS PROOF

The avoid complications, we introduce the following denotation:

-2
Di:\/(n—2)2+0i7 )\;ﬁ::\/(nz )2+1iDi7

__E(HM) - _1(1_M)
/1‘1_2 )\z_ ) :U’z_2 )\l_ 9

AL o+ 2t Ay +og + 2t
Q) =——>—, Qg=———r,
R R VS
5_)\1_+01+4+”T+4 ﬂ_kg+ag+4+"7+4
R S
91:01+4+q1(02+4)7>\_7n+4
g2 — 1 o2
4 4 4
g, = 2rAt @t o ntd
Qg2 — 1 2

Let us consider the functions
n—4 — n—4 — n—4 + .
Ei(w) = pale| 7 TN 4@l TN — 27T N, i=1,2,
It is easy to verify that & (z) are the solution of the equation

C;

in R™\{0} and for |z| =1,

i
or

I(AE;)

gi = 07 or

:Di207 Agizoa

<0. (2.2)
The main result of this paper reads as follows.

Theorem 2.1. Assume thatn >4, 6; >1,0< C; < (%)2 and 1 < q; < G,

max(61,02) > 0, (q1,q2) # (a1,B2) in case a; > 1, (q1,q2) # (B1,a2) in case
ag >1,1=1,2. Then there is no nontrivial global solution of (1.1)-(1.3).
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Proof. For simplicity we take R = 1. Assume that (u;(x,t),uz(x,t)) is a nontrivial
solution of (|1.1)-(1.3). Let us consider the following two functions:

1, for 1 < |z| < p,
pla) =4 2= L2hr for p<z| <2p
0, for |z| > 2p,
1, for 0 <t < p4,
T,(t) =14 (2—p~2t)7, for p* <t < 2p
0, for t > 2p4,

where k,~y are large positive, and « is such number that for |z| = 2p,

0o 9o Do

= o 23)

We multiply the first equation by 1 (x,t) = T,(t)&i(x)e(x), the second by
Pa(x,t) = Tp(t)é2(x)p(x) and integrate over Q). After integration by parts, we
obtain the following relations

Q4
dT), 2
=— w;&io—= dx dt + ui T, A% (&) da dit
@ dt @

Ci
_// WuiTpfﬂPdl'dt—/ wio(z)& (x)p(x)dx (2.4)
o .

> I(Au;) (i)
+ T,(t)dt / ipds —/ Au; ds
/0 P( ) [ OBi1,2p v ¢ 0B1,2p v

—i—/aBmp 3 A(fz’@)ds—/ UiaA(figp)dsy

0B1,2p

(e}

Uj

T, ()6 () () da dt

where v is a unit vector of external normal to 0B; 2p, 4,5 = 1,2, 7 # j.

In order not to be repeated, in what follows, we will take into account that
1,7 =1,2, 1 # j and in all expressions will write the same constant C', but in fact,
in each expression C' indicates different constants.

Using (2.2)), (2.3)), we estimate the integrals in square brackets in ([2.4]).

R
0B12p OV

—/ Auy; &) ds = —/ Auia(&@) ds
OB1,2p |z|=1

ov ov

0¢; )
_ /Aui(;rgaJrfia—f)ds

lz[=1

= / A, 0 ds <0,
|.”£|:1 87'
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ou; ou;
[ Taeds= [ MG+ 2AVE Vi) + a0
OB1,2p

ov
0B1,2p
ou;
=— “A&ids =0,
/|171 8T

4 0
N /331,2,) ui%(A(fﬁp))ds = _/lw—l “ig(AﬁisD)ds

Since
/ wio(z)&(x)p(x)de >0, and / T,(t)dt > 0,
4 0

taking into account that &; is the solution of n (2.1]) and using the above estimates,

from (2.4) we obtain

St T et do
—// uiw@daxdw// uiTpAz(&ga)dacdt—// &uiTpfiapdxdt
; dt ; Q; |l
f// uzfzgo@ dx dt + // uiTpgo(Azfi — &fl) dx dt
/ d Q/l |.’I,"4

/ / T, [UV(26). Vo) + (V6. T (8) + 2060

~ PG P
4 da dt
" k; D2x0T 8mk8xm} v

2p 2p
/ / (131 dpdxdt+/ / u; T,H; (&, ) du dt,
/ 02/3

where H;(&;, @) denotes the expression in the square brackets, i.e.
Hi(&i ) = 4V(AL), Vo) +4(VE, V(Ap)) + 248 A¢
& Dy (2.6)
4
+ Z 3

10T OTRO0Tm,

(2.5)

Using the Holder’s inequality, we estimate the right-hand side of (2.5). We can

T

[ex

ui| T T 6 da dt

2p e
<(f, [ pﬁjsodmdt)
q, q] 1/q’.
x(/ / Ve Cdedt)
pt 1 T |x|0'g(q —1)£q -
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2p* 1/q;
([" ] et doar)
B

p,2p

/2p / \H (&, )|§'Tp dmdt)l/q;
|2]73(%) —1)5 Q01 ’

p2r>

where q% —+ % =1.
J
Let us denote the second integral in the first addend above by I;, and the second
integral in the second addend by J;. If we write separately, then from (2.6) we
obtain the following;:

/ /|x|01\u2|q1Tp§1<pda?dt
Q4

1/q / ’
< (/ /|x“72‘u1‘qup€2§0dmdt) 2[_[11/‘124_{]11/'12}7
Q1

/ /|x|‘72|u1|qup§2g0dxdt
Q1

[ =
< (/ /|x|"1|uz|q1p§1wdxdt) [ 1% +Jq1].

Using . from these inequalities we obtain

// ||t Jua | Tpé1p da dt

1/41 ’
/ /|x|‘71|u2|QITp§1cpd$dt) /s (2.9)

2p / ! 1/q / /
/ / |x|01|U2|QITp§1<pda:dt) 1(]21/‘11} 2[111/% +J11/q2]7
P2P

// ||72 |ui |2 T, &0 da dt
Q}

2P4 1/q2 1/q/
/ /\x|"2|u1|q2Tp§2g)dazdt> 1/ (2.10)

2.7)

2,0 1 1 ’ 1/(]1 1/ ’ 1/ ’
(] / el s [T Eaip e ) 92 11 (13 4 ).

02/)

Substituting (2.8)) in and ( in (2.8]), we obtain

/ /|x\”1\uQ\q1Tp§1<pdxdt
Q1

# ’ /7 /7 ’
< (/ /|£L‘|01|UQ|q1Tp§1<pd$dt> 9192 [Ill/%_’_Jll/‘IQ} [121/'11 _|_J21/‘I1]1/Q27
Q1

/ /|x\"2\u1\qup§2<pdxdt
Q4

# ’ ! ’ ’
< (/ /|$|02|U1|q2Tp§2(dedt> q1492 [121/511 +J21/q1} I:Ill/Q2 +J11/q2]1/41.
Q1
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/ /|:E|“1|uQ|q1Tp§130dxdt
Q4

’ ’ q19 i, ’ q
< [Ill/q2 + Jll/q2] q1;231 [[2‘11 + le/ql} q1q;*1’

/ /|x\”2\u1\q2Tp§2<pdajdt
Q4 (2.12)
< [121/111 +J21/qi]#[lll/qé +J11/qé]qlq7§71.

Hence

(2.11)

Making the substitutions

t=p'r, r=ps, x=py, T(r)=T,(p"r),
&) =&(py), B(y) =¢(py),

we estimate the right-hand sides of (2.11]) and (2.12]).
First, we estimate the integrals I;, ¢ = 1, 2.

2p* |dTp|q.€qu-<p
1; —/ / vy 1 dx dt
T ol g
2p* |dTp|qJ 5'_1.7
i
S /4 q;—1 dt// oi(qi—1) q5—1
P Tp] B |.’L'| EASE) 5]1

2 @|q§ aj
< CpHa-1 / | ir / & ——dx
- 1 TG~ By |g|os@-Dgh ™!
J

q,
&’
1

T N -1
1 |x|0j(q}—1)£;1j

(2.13)

(2.14)

< Cp—4q}/qj'fj(f)/ dz,
B

where

. 24T |4
zj(T)z/1 .

Since for |z| = 1 in the last integral (2.14) there is a singularity, then we estimate
it separately.

4
/ —
B |x\<’j<qf1)g‘?f
n—4 ’

n—4_y— +

/2,, Ry e el D L

- (g — _n—4_ N7 _n—4_ A\t —
1 poild] U(Mjr AT T A = N )G!

i+ /1, .r
2p — — /7 ’
_ / AT AT (4= )=0, (4]
1

(i + Far ™ —r NG
(1) +ﬁjr*2/\; — r*/\.;r*/\j_)q}*l

r (2.15)

T.
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Using the L’Hopital’s rule, we obtain
LT = r A A
lim - —
T [ Lt B A A

L _oa—_ N
~ lim =2, TP T (A A ) A
r—1 _2)\;ﬁjr—2)\;—1 + ()\j 4 )\;)T'_A;F_A;_l

A+ D= N A AT D

- - FoyFo D
AT+ D XA AT D,

Then there exists rg > 1 such that for r < rg,

- .
D; i + ,u;T_Q’\z‘ — AN D;
Hj_1< ‘ 7—2,\f_—,\.+_,\f<ﬁ+1
Wy + pyr J ro T 7 J
So, for r < 7o,
— 92T _\t - D o oy— +_
i g TN =TT < (1) (g A7y
J
On the other hand, for r > 7o,
— =T AT =27
P4 i = i
H’] /’[’j < C(ro).

— =T —Af-x —
:LLJ +/J’] =T J J

Taking into account the above two relations, from (2.15) we obtain

/ £Z—dx < C/ NG (g —1D)—0;(q5—1)+ n+4_1d7‘
B

' |x|0.7’(q;*1)£‘11 !

2p ‘17 n+td
A7 S —0i+ 22 (gi—1))—1
—c/ LOV =2 —ogH g — 1)1 g

(2.16)
p‘?J m forn; >0
<C In(2p), forn; =0
1, forn; < 0,
where
_ _ n-+4
m:)\,qu)\jfgj+ (qj—l).
Using , from ([2.14)) we obtain
fj(f)ﬂé(m%), for n; >0
I, <C ln(2p)p_4q;/qj, form; =0 (2.17)
p74q3‘/q1, for n; < 0.
To estimate J;, i = 1,2, we estimate each addend of H;(&;, ¢) separately.
¢ n—-10% -1 3&
AE;), < -
(V(A&), Vo)l < |55 + — 7 || |

SCT—" 4+,\—73’ |
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0? fl -1 851 Lo 1 (‘3(,0
AgiAg < |7 . H %+ —— 50|
< Op A 2 de
cr ‘87”2 roor’
—108%
‘ < nod -1 g 9
(V&Y (Ap))| < Cr™ \W, o R R |

i 8251 82 |
) O0x;0xj Ox;0x;

n

8 852.%1 a a@xi
<
_}”Z_ 87“7“ 833 (8r r)|
0%€; xix 8@- 0ij Ty 82g0xix- 0p ;i X,
< >0 (TG Wty iy vty Ded i)

or? r2 or r3

1,j=1

SCOa&'*r'?ﬁ )( 8r2| r'ar)

< OT*%%»)\;fQ (|

or? | r| or )
Now, taking into account these relations and (2.13]), we estimate J;, i = 1,2:

20" H;i( T
J _/ / ‘ gu )| p dx dt
Bp2p |2|77(% —1)5 %t

0 |x“71(q1 1)§ i qul

Bp,2p

<Cp_ 2 +>‘7 4)%—‘77(‘1' 1) (_T+>‘;)(45—1)+n+4 (218)

[ 2y
1 S (%71)%’5%71

< Cp~HG=DFA GG =27 (@ =D =0i (g5 =D+ 52 J(?)

qu 174 T~
= Cpn "V (),

where J;() denotes the last integral.
Using the estimates (2.17),(2.18), we estimate the right-hand sides of (2.11)),
(2.12). It is known that for large x and =, the integrals I (T), Jj(@ are bounded

7).

Depending on the sign of 7;, i = 1,2, we consider various variants.
I. a; > 1, ag > 1. This is equivalent to
Al — Ay 401 >0 and A, — A +02>0. (2.19)
Subject to relation , we consider the following cases.
(a) m <0,m2 <0or ¢1 <ay, g2 < as. Then, taking into account , ,

from (2.11)), (2.12) we obtain

/ /|x|”i|uj\QiTp§i<pdmdt
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1
T 9192 ~ ~ i
95

< Cpfﬁ(qﬁrl) [f f;/q; + jjl/q;] araz -1 [qué I"lé + J?%]Wj

(3

1, if i <0
Jilp) = {ln(2,0)7 if n; = 0.

When we pass to limit as p — 400, we obtain

/ /|x|”"|uj|q"Tp§iap dx dt < 0.
Q1

where

Hence u; =0, ug = 0.
(b) Now let 1 > 0, 2 > 0 or ¢1 > a1, 2 > 9. Again using (2.17)), (2.18)), from
(2.11)), (2.12)) we obtain

’
1
9192

< Cpqlqilz,l(qri(m—‘l)-‘rm —4) [I;/q; (f) + jjl/qj (TV)] Traz—1 (2.20)

(e}

ui| " T,&p dx dt

=

1

~ ~ a5

x [I7(T) + J (T)] 7=

Assume that
min{qi(m —4) + 12 —4, q(n2 —4) +m —4} <O0. (2.21)
Since
qi(ni —4) +n; —4

_ _ n+4 _ _
=N — N G — 00+ ——(0iq; — @)+ X, i — A, — oy
J J

2
n+4
5 (i —1)—4—4q
= —(qiq; — 1)b;,

then we can write (2.21) as max(6y,602) > 0.
For definiteness, we assume g1 (71 —4) + 172 —4 < 0. Then for i = 1, from ([2.20)
we obtain

/ /|x|“1|uQ|q1Tp§1g0dacdt
Q4

< Cpma=T (B (m—4)+n—1) [’ff I E/q;]% m/qi I E/qi}ql;ﬁ.

Passing to the limit as p — +o00, we obtain

/ /\x|<fl|uQ|q1§1 da dt < 0.
@

Hence us = 0. Then from the second equation of the system it follows that
up = 0. Similarly, for go(ne — 4) +n1 —4 < 0, we obtain u; = 0, ug = 0. Now let
min{q; (m —4) +n2 — 4, q2(n2 — 4) + 1 — 4} = 0 or the same max(6;,62) = 0. For
example, take q1 (1 —4) + 72 —4 = 0. Then from it follows

/ /|x|‘71|u2|q1Tp§1 dedt < C.
Q4
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From the properties of the integral, it follows that

/ / ||t Jug | & da dt — 0, (2.22)

Osz;,

/ /\gc|<n|uz|qlg1 da dt — 0. (2.23)

Then from ([2.9), by (2.22)) and ( we obtain

/ /|x|"1|u2|q1Tp§1g0dxdt
Q
2p* 1/q ,
< {(/ /|x|01|u2|q1§1 da:dt) 1121/111
Pt
By

oo 1/‘11 ’ 1/‘12 ’ ’
+ (/O /|x|“1|u2|q‘£1 dwdt) g/ [0 g
B

L

2p4 ,
< Cp*ﬁ(q1(77174)+71274) [(/4 /|x|01|u2|q1§1 dr dt) ol fil/fh
p ’

= 1/q; 111/q , ,
A I R R T R L
0

Bpﬂp
// 12[7 [ua |, d dt < 0.
@

Hence uy = 0 and respectively u; = 0. If ga(n2 —4) + 191 — 4 = 0, then in the same
way, we obtain u; =0, ug = 0.

(c) Let us consider the case when n; <0, n; > 0. At first, let 77 <0, 72 > 0. As
in the previous cases, from (2.11)), we obtain

// 127 ] 7 &1 d dit
& (2.24)

< Cpqlqig—l(%(qwl)wz) [fll/qéj;/qé i j;/qé] T [E/qi i j}/qi} Tar=T

So, again

If 5o < 4(q1 + 1), then passing to limit as p — 400, from (2.24)) we have

// |27t Jug|? & da dt < 0.
Q4

Hence us = 0 and from the second equation of the system it follows u; = 0. Note
that if n; < 0, then for 7o = 4(q1 + 1), f rom we obtain

// |27t Jug | & da dt < C.

As in the previous case, we can show again that u; = 0, up = 0. Note that the
condition 71 < 0, 0 <7y < 4(q1 + 1) is equivalent to the condition

l<g<oaz,on <q < By,
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and the condition 71 =0, 0 < 7y < 4(g; + 1) to the condition

@ =az, ap<q </pf.
Now let 71 > 0, 7o < 0. Then similar to the previous case we obtain that for
72 <0,0<m <4(g2+1) and for o =0, m <4(g2 + 1), u1 =0, uy =0.
The same condition 7y < 0, 0 < 1y < 4(ga + 1) is equivalent to the condition
q1 < ag,a3 < g2 < B,

and the condition 7 =0, 0 < 11 < 4(g2 + 1) to the condition

g1 = a0 < g2 < fBo.

II. oy <1, as > 1. Herewith, the cases 71 <0, 72 > 0 and 77 > 0, 72 > 0 should be
considered. For n; < 0, 772 > 0 as in the previous cases, we obtain u; = 0, us =0
if g <0, m2 < 4((]1 + 1) and 1 =0, 2 < 4(Q1 + 1).

From the inequality 1o < 4(¢q1 + 1) it follows that 1 < ¢ < 3. Since

_ A totdt

g Ay + 25

)

this case has meaning for A\] + 01 +8 > A;.
Now let 71 > 0, 7o > 0. Then similar to case (b), we obtain that uy =0, ug =0
if
q1 > ai,q2 > az, max{f;, 0} > 0.

III. a; > 0, g < 1. Herewith, it is necessary to consider the case when 77 > 0,
e < 0Oand n; > 0, ny > 0. Formy > 0, 2 <0, wuj,up = 0if @1 < ay,
1< q<fBsand g=aqaq, 1< gy < fs, and in the case n; > 0, 2 > 0, for ¢; > ay,
1 < ¢2 < B2, max{61,02} > 0. Obviously, this case has meaning for Sz > 1 or for
Ay o2 +8> A1

IV. a3 <1, as < 1. Here it is necessary to consider the only case when 7, > 0,
72 > 0. Then uy =0, us =0,if 1 < g1 < f1, 1 < g2 < B2 and max{6y,02} > 0.
Obviously, this set is not empty if A7 + 01 +8 > Ay, A\ + 02+ 8 > A]. This
completely proves the theorem. ([l

Note that remains open the cases ¢ = a1,q2 = (2 and g1 = (1, 2 = as.
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