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GLOBAL INTERVAL BIFURCATION AND CONVEX
SOLUTIONS FOR THE MONGE-AMPERE EQUATIONS

WENGUO SHEN

ABSTRACT. In this article, we establish the global bifurcation result from the
trivial solutions axis or from infinity for the Monge-Ampeére equations with
non-differentiable nonlinearity. By applying the above result, we shall deter-
mine the interval of ~, in which there exist radial solutions for the following
Monge-Ampere equation
det(D?u) = ya(z)F(—u), in B,
u(z) =0, on 9B,

where D?u = (82u/0z;0z;) is the Hessian matrix of u, where B is the unit
open ball of RV, v is a positive parameter. a € C(B,[0,+00)) is a radially
symmetric weighted function and a(r) := a(|z|) # 0 on any subinterval of [0, 1]
and the nonlinear term F' € C(R*) but is not necessarily differentiable at the
origin and infinity. We use global interval bifurcation techniques to prove our
main results.

1. INTRODUCTION

The Monge-Ampeére equations are a type of important fully nonlinear elliptic
equations [12] 27]. Historically, the study of Monge-Ampeére equations is motivated
by Minkowski problem [3] 22] and Weyl problem [14] 21]. Existence and regularity
results of the Monge-Ampere equations can be found in [4) [B] 13| 15, 19 22] and
the reference therein.

We first consider the real Monge-Ampeére equation

det(D?u) = Xa(z)(—u)™ + g(x, —u, ), in B,
u(z) =0, on dB,

where D?u = (9%u/0z;0z;) is the Hessian matrix of u, B is the unit ball of RV,
a(z) is a weighted function, \ is a positive parameter and g € C(B x (R*)?). In
recent years, the study of the problem have attracted the attention of many
specialists in differential equations because of their interesting applications. For
example, Caffarelli et al. [2] and Gilbarg et al. [12] have investigated problem
in general domains of RY. Kutev [17] investigated the existence of strictly convex
radial solutions of problem with @ = 1 and g = 0. Delano [I] treated the
existence of convex radial solutions of problem (1.1)).

(1.1)
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In [16] 28], the authors have showed that problem (1.1) can be reduced to the
boundary value problem

(@)N) = Aa(r)(~w)™ +g(r, —u,\), € (0,1),

u'(0) = u(1) = 0. (1-2)

By a solution of problem we understand that it is a function which belongs to
C?[0,1] and satisfies (L.2). It has been known that any negative solution of problem
is strictly convex in (0,1). Hu [16] and Wang 28] (for a(—u)" = f(—u),g = 0)
also established several criteria for the existence, multiplicity and nonexistence of
strictly convex solutions for problem by using fixed index theorem. Lions
[18] have proved the existence of the first eigenvalue A\; of problem with
Aa(z) = AN, g = 0 via constructive proof. However, there is no information on the
bifurcation points and the optimal intervals for the parameter A so as to ensure
existence of single or multiple convex solutions.

Recently, Dai et al. [6] [§] established a global bifurcation result for the Monge-
Ampere equations with Aa(z)(—u)N + g(z, —u, \) equal A\Va(z)((—u)N +
g(—u)) and AV ((—u)" + g(—u)) respectively. Furthermore, the radial solutions
of the above problem in [6], [§] of is equivalent to the solutions of the cor-
responding problem , respectively. Where g : [0,400) — [0,400) satisfies
lim,_ o+ g(s)/s™ =0 and

(HO) a(z) € C(B) is radially symmetric and a(r) > 0, a(r) # 0 on any subinter-
val of [0, 1], where r = |z| with = € B.

However, among the above papers, the nonlinearities are differentiable at the
origin. Berestycki [I] established an important global bifurcation theorem from in-
tervals for a class of second-order problems involving non-differentiable nonlinearity.
In [26], the result in [I] has been improved partially by Schmitt and Smith. Re-
cently, Ma and Dai [20] improved Berestycki’s result in [I] to show a unilateral global
bifurcation result for a class of second-order problems involving non-differentiable
nonlinearity. Later, Dai [7] considered similar problems with [20], and Dai and Ma
[9, 10] considered interval bifurcation problem for a class of p-Laplacian problems
involving non-differentiable nonlinearity.

Motivated by above papers, we shall establish a global bifurcation result from
interval for the following Monge-Ampere equations with nondifferentiable nonlin-
earity

det(D?u) = a(z)(—u)N + F(z,—u,)\), in B,

u(z) =0, on dB, (1)

where ) is a positive parameter, B is the unit open ball of RY, and the nonlinear
term F has the form F = f + g, where f,g € C(B x (R*)?) are radially symmetric
with respect to x, where RT = [0, 00).

It is clear that the radial solutions of is equivalent to the solutions of the
problem

()YN) = ANTN L) (—w)N + NrVN 7 E(r, —u, N), 1 e (0,1),

(0) = u(1) =0, (14

where a satisfies (H0), and F' = f + g, where f, g € C([0,1] x (R")?), satisfying the
following conditions:
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(H1) |%\ < My, for any r € (0,1), 0 < s <1 and A € R, where M is a
positive constant.

(H2) g(r,5,\) = o(s") near s = 0 uniformly for » € (0,1) and A on bounded
sets.

(H3) |%\ < M, for any r € [0,1], C < s and X € RT, where M, is a positive
constant, C' is a positive constant which is large enough.

(H4) g(r,s,\) = o(s™) near s = +oo uniformly for r € [0,1] and on bounded A
intervals.

Under the above assumptions, we shall establish the global bifurcation results for
the problem (L.4)), which bifurcates from the trivial solutions axis or from infinity,
respectively.

Following the above theory (see Theorem , we shall investigate the exis-
tence of radial solutions for the problem

det(D*u) = ya(x)F(—u), in B,

u(z) =0, on dB, (1.5)

where v is a positive parameter, the nonlinear term F' € C(R™") but is not neces-
sarily differentiable at the origin and infinity.
It is clear that the radial solutions of is equivalent to the solutions of the
problem
(W)YN) = yNrNla(r)F(—u), r€(0,1),
u'(0) = u(l) =0,

where a satisfying condition (HO). We assume that the nonlinear term F' has the
form F = f + g, where f and g are continuous functions on R™, satisfying the
following conditions:

(H5) |%\ < M3, 0 < s <1, where M3 is a positive constant.

(H6) |%\ < My, C < s for some positive constant C' large enough, where My
is a positive constant.

(H7) g:[0,00) — [0,00) is a continuous function and g(s) > 0 for s € (0, c0).

(H8) There exist go, goo € (0, 00) such that

(1.6)

- g(s) . g(s)
g0 = [0 "N 190 = MmN

For the abstract global bifurcation theory, we refer the reader to [6, 10} 20} 24} 25]
and the references therein.

Clearly, F' is not necessarily differentiable at the origin because of the influence
of the term f. So the bifurcation theory of [6l [8] can not be applied directly to
obtain our results. Fortunately, using the global interval bifurcation (see Theorems
and , we can obtain some results of the existence of negative solutions which
extend the corresponding results in [6] [§].

The rest of this article is arranged as follows. In Section 2, we given some Pre-
liminaries. In Section 3, we establish the global bifurcation results which bifurcates
from the trivial solutions axis or from infinity for problem , respectively. In
Section 4, on the basis of the interval bifurcation result (see Theorems B.3),
we give the intervals for the parameter v which ensure existence of single or multi-
ple strictly convex solutions for problem under the under the assumptions of
(H5)—(H8).
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2. PRELIMINARIES
Following [6l, Section 3-4], we first consider the problem
(")) = h(r), re(0,1),
v'(0) =v(1) = 0.
Let us define the operator Gy (h) : E — E by

Gn(h) = /t1 (/Os(h(T))IlvdT) ds. (2.2)

Foragivenh € Y, Gn(h) : Y — E is s completely continuous and ([2.2)) is equivalent
to (2.1)).

With a simple transformation v = —u, problem (1.2 can be equivalently written
as (see [0 Section 4-p.10]).

((—v’)N)' = )\Nerla(r)vN + NTNflg(r,v, A), re(0,1),

(2.1)

2.3
W (0) = u(1) =0, 23)
where g € C([0,1] x (R*)?) satisfies
g8, A)
Jm S =0 @

uniformly for r € (0,1) and A on bounded sets.
Define the Nemitskii operator H : R x F — Y by

H(p,v)(r) = pNr¥ " a(r)o™ + Nr¥~tg(r, v, p).

Then it is clear that H is continuous (compact) operator and problem ([2.3]) can be
equivalently written as

v =Gy o H(u,v):= F(u,v).
Here F is completely continuous in R x E — E and F(u,0) =0 for all u € R.

Let Y = C[0,1] with the norm [julloc = max,cpq1]|u(r)]. Let E := {u(r) €
C1(0,1)[«/(0) = u(1) = 0} with the usual norm |ju| = max{||ullcc, [|t/||cc} Let
Pt ={u€ E :ulr) >0,r € (0,1)}. Set K" = R x P" under the product
topology.

Now, we consider the eigenvalue problem

(=YY = AN Ha(r)o®, 7€ (0,1),
v (0) = u(l) =0,
By [6l, (4.2) Section 4-p.11], the same proof as in [I8, Theorem 1.1], we can show
that problem (2.5)) possesses the first eigenvalue A; which is positive, simple , the
unique and the corresponding eigenfunctions are positive in (0, 1) and concave on
[0,1].

By Rabinowitz [24], using the same method to prove [0, Theorems 4.1 and 4.2]

with obvious changes, we may get the following global bifurcation result.

Lemma 2.1 ([6l Theorem 4.2]). ) Assume that (2.4) and (HO) hold. Then (A1,0)
is the unique bifurcation point of problem (2.3)) and there exists an unbounded con-
tinuum C' C (KT U{(A1,0)}) of solutions to problem (2.3) emanating from (A1,0).

(2.5)

By [6], to prove our main results, we need the following Sturm type comparison
result.
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Lemma 2.2 ([0, Lemma 4.6]). Let b;(r) € C(0,1), i = 1,2 such that ba(r) > b1(r)
for r € (0,1) and the inequality is strict on some subset of positive measure in

(0,1). Also let v1,vo be solutions of the differential equations
YN = b (1), re(0,1),i=1,2,
((=0)™) z/( ) (0,1) (2.6)
v'(0) =v(1) =0,

respectively. If v1 # 0 in (0,1), then ve has at least one zero in (0,1).
Next, we give an important lemma which will be used later.

Lemma 2.3. Let I be an interval and if y and z are functions such that y, z,
on(y) and on(2") are differentiable on I and y(t) > 0,2(t) > 0,4'(¢t) < 0,2'(t) <0
fort € I. Then we have the identity

%{ @Ny(z) [SDN(Z,/)SDN(*Z/) — (pN(Z)(pN(—y/)]}
= [@N(y)LN[Z] — <,0N(Z)LN[y]] (2.7)
on(2)

+ (=N N(%’Z,)N+1 + (N + 1)yNy'(%)N}v

where on(s) = sV, L[yl = (on(=y"))'.
Proof. The left-hand side of (2.7)) equals

N+1(_ NN
T ye)Y)
_ [(N—i— 1)yNy’(—z’)N +yN+1((_Z/)N)/]ZN _ yN+1(_Z/)NNZN—1z/
22N

— ' (= )N —y((=)N)
y

= len(y)Lnlz] — on(2)Ln[yl]
on(2)
_ / _ A
+ [(fy/)N+1 + N(%)N+1 +(N + 1)yNy/(7z)N].
U
Remark 2.4. In (2.7)), by Young’s inequality, we obtain
_ / A
()M N () (V1YY ()] 2 0 (2.8)
and the equality holds if and only if sgny = sgn z and |% N+l = |Z;I|N+1.
We use Young’s inequality
A*  BP
AB < — 4+ — 2.9
<ot (2.9)

o
1)<N1+1>y’7 B = (N+ 1)<N111>yN(_7Zl)N in (2.9). We obtain that inequality (2.8)
holds.

whereA,BER*,a,ﬁ>1,1+%:1. LetOé:N#*l,ﬂ:%,A:*(N‘F

By Lemma and Remark we have the following result.
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Lemma 2.5. In (2.7), we have
1
Y
— Liz] — z)Lly]) dr < 0.
| S5 v — en() Ll ar <
Proof. By Lemma [2.3] it follows that

!/

1
| {2 lenten(==) —ex@ent=v) } ar

=/01 [( YN N (- )N+1+(N+1)yNy’(_ZZ/)N} dr (2.10)

+ [ s len ) EnEl = on() vl dr

As in the proof of [6, Lemma 4.5], we can show that the left-hand side of -
equals 0. By Remark [2.4] We have the result.

3. GLOBAL BIFURCATION FROM AN INTERVAL

With a simple transformation v = —u, problem (1.4) can be equivalently written

(="MY= ANrNLa(r)oN + NrVTEE(r 0, M), 1€ (0,1), 3.1)
v'(0) =v(1) = 0. ’

Let .7 denote the closure in R x E of the set of nontrivial solutions (A, v) of (3.1))
with v € PT. By an argument similar to that of [6, Lemma 4.1] with obvious
changes, we can show that the following existence and uniqueness theorem is valid

for problem (3.1)).

Lemma 3.1 ([0, Lemma 4.1]). If (A, v) is a solution of (3.1) under the assumptions
of (H0)-(H2) and v has a double zero, then u = 0.

Our first main result for (3.1)) is the following theorem.

Theorem 3.2. Let (HO)-(H2) hold. Let dy = Mi/ag, where ag = min,cjo 1) a(r),
and let I? = [\ — dy, M1 +dyi]. The component € of . U (I x {0}), containing
19 x {0} is unbounded and lies in K+ U (I x {0}).

For the proof we introduce the auxiliary approximate problem

(=")N) = ANV La(r)oN + NeN =L f(r, ofv]€, N) + NV lg(r, 0, 0),
€ (0,1), (3.2)
v'(0) = v(1) = 0.

The next lemma will play a key role in the proof of Theorem [3.2]

Lemma 3.3. Let ¢, 0 < ¢, < 1, be a sequence converging to 0. If there exists a
sequence (An,vy) € KT such that (A, v,) s a nontrivial solution of problem (3.2)
corresponding to € = €,, and (A, v,) converges to (X, 0) in R x E, then \ € I}.
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Proof. Let wy, = v, /||vn], then w, satisfies

NrN=Lf(r up [un | An)
llunll™

((—w)™) = AaNrMa(r)wy +

NrN=lg(r un, An)
[Jun IV

w}, (0) = wn(1) =0,

+ , re(0,1),

Let

g(r,v,\) = 0£I|1a‘><( |g(7’, s, )\)| for all r € (0,1) and A on bounded sets,

then 7 is nondecreasing with respect to v and

g(r,v, \)

lim ~

v—0t v

uniformly for » € (0,1) and A on bounded sets. Further it follows from (3.4) that
9o N _ gl ) _ 0 [0l N _ 0 oY)

=0 (3.4)

< < < —0 (3.5)
[[o]| ¥ o] ¥ [[o]| ¥ [
as ||v|| — 0, uniformly for € (0,1) and A on bounded sets.
Clearly, (H1) implies
|f(r, vp|vn|, An)| _ Lf(t, vnvn |, An)] ) v [ [N
[[on | v [on|Nen [[on]|¥ (3.6)

< M; - |Un|N€" — M,

for all » € (0,1).

Note that ||wy,| = 1 implies ||wy]|oo < 1. Using this fact with and (3.6), we
have A\, N7V =ta(r)wN + NN =1 f(r, v [vn |, X)) /Jonl N +NrN"Lg(r, v, M) /|l on || Y
is bounded in E for n large enough. The compactness of G implies that w,, is
convergence in E. Without loss of generality, we may assume that w, — w in F
with ||w| = 1. Clearly, we have w € PT.

We claim that w € PT. On the contrary, suppose that w € P*, by Lemma
then w = 0, which is a contradiction with |Jw|| = 1.

Now, we deduce the boundedness of . Let 1 € Pt be an eigenfunction of
problem corresponding to A\;. We know that w,, satisfies

(—wp)™) = A NrNYa(ryw) + NeN=1f(r, vnlon |, An) /[lon]| Y
+ NTN_lg(rﬂ Un,s )‘n)/HUnHNJ

r € (0,1), w,(0) = w,(1) = 0 and 1 satisfies ((—)N) = M NrV~La(r)yN,r €
(0,1),4'(0) = ¢(1) = 0.
By Lemma it follows that

1
2 (o (wn) L[] — on () Lw,]) dr

0 <pN(z/))
f(ravn|vn|€"7/\n) g(T,Un,)\n) N-1 N+1
[(Al—)\n)a(r)— TN NuNtdr < 0.
(3.7)

s—

S—
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Similarly, we can also show that

0

NN
g\, Un, An i| N—-1 N+1
_— N dr <0.
oMy 1AV
If A < Ay, considering (3.7), (H1) and (H2), we have
1
/ (A = Na(r)NrVN LN g
L vnlonl, An) N-1, N+1
< nhﬂn;() TonlF N Nr " w, T dr
n n 6”7)\1’74 —
S lim f r, ,ljv |'U |N )|Un|N€nNTN 1w71:{+1 dr
e Jo T ol ol
1
< / MNrN=LwN+L gr,
0
Hence, we obtain
1 1
/ (A — )\)aoNerlw]\Hl dr < / M NN 1N+ g,
0 0
which implies A > \; — d;.
If A > A1, considering (3.8)), (H1) and (H2), we have
1
/ (A= A)a(r) Nr¥ -1y +1 gy
< lim —f(r, Un%n‘ )NTN—le-s-l dr
n—o0 [[on [N wy
. T, Un|Un |y A . _
S nlglc}o f 'UN|'U|n|N€n )|1)n|N ”N’/‘N 11/)N+1 dr
1
< / MlNrN_lz/JN“ dr.
0
Hence, we obtain
1 1
/ (A = A)agNrV -1V + g/ MiNrN =N+ g,
0 0
which implies A < A\; — d;. Therefore, we have that \ € IY. O

Proof of Theorem[3.3. We divide the rest of proofs into two steps.

Step 1. We show that ¥ C (K™ U (I x {0})). For any (\,v) € &, there are two
possibilities: (i) v € PT, or (ii) v € PT. It is obvious that (\,v) € KT in the case
of (i). While, the case (ii) implies that v has at least one double zero in [0, 1]. From
Lemmait follows that v = 0. Hence, there exists a sequence (A, v,) € KT such
that (An,v,) is a solution of problem (3.2) corresponding to € = 0, and (A,,v,)
converges to (A,0) in Rx E. By Lemma we have A € ), i.e., (\,v) € (I x {0})
in the case of (ii). Hence, ¥ C (K+ U (I x {0})).
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Step 2. We prove that ¢ is unbounded. Suppose on the contrary that € is
bounded. Using the similar method to prove [I, Theorem 1] with obvious changes,
we can find a neighborhood O of € such that 80 N.¥7 = ().

In order to complete the proof of this theorem, we consider problem . For
e > 0, it is easy to show that nonlinear term f(r,v|v|¢,\) + g(r, v, A) satisfies the
condition (H2). Let

S ={(\v) : (\,v) satisfies and v # O}PXE.

By Lemma [2.1] there exists an unbounded continuum %, of .#, bifurcating from
(A1,0) such that

Ce C (KT U{(M,0)}).

So there exists (A,v.) € €. N IO for all ¢ > 0. Since O is bounded in K,
Equation shows that (), v.) is bounded in R x C? independently of ¢. By the
compactness of Gy, one can find a sequence €, — 0 such that (A, ,v.,) converges
to a solution (\,v) of (3.2). So v € P¥. If v € P+, then from Lemma follows
that v = 0. By Lemm A € 19 which contradicts the definition of O. On the
other hand, if v € P, then (\,v) € ¥ N O which contradicts . N0 =0. O

From Theorem and its proof, we can easily get a corollary.

Corollary 3.4. There exists a unbounded sub-continua 2 of solutions of (3.1]) in
R x E, bifurcating from I x {0}, and 2 C (K+ U (I{ x {0})).

We add the points {(A,00)|\ € R} to space R x E. Let 7 denote the closure
in R x E of the set of nontrivial solutions (A, v) of under conditions (H3)
and (H4) with v € P*. Let Sy denote the spectral set of problem (2.5). Let
Too = [\ —da, A+ dg], where X € Sy \ {\1} and do be given in Theoremg

By Rabinowitz [25], our second main result for is the following theorem.

Theorem 3.5. Let (HO), (H3), (H4) hold. Also let dy = Msy/ag, where ag =
mingepo,1y a(t), and let IT° = [A\y —da, A1 +da]. There exists a connected component
P of T U (IT° x {o0}), containing IT° x {oo}. Moreover, if A C R is an interval
such that AN (UXeSN\{/\l}(TOO UIX)) = I° and A is a neighborhood of IT° x {oco}
whose projection on R lies in A and whose projection on E is bounded away from
0, then either

(1) 92— A is bounded in Rx E in which case D — M meets # = {(\,0)|A € R}
or
(2) 2 — A is unbounded.
If (2) occurs and 2 — M has a bounded projection on R, then 9 — .M meets I .
Moreover, there exists a neighborhood N C M of IT° x {0} such that (ZN.AN) C
(KU (I7° x {oo})).

Proof. The idea is similar to the one in the proof of [25] Theorem 1.6], but we give
a rough sketch of the proof for readers convenience. If (A\,v) € J with |jv]| # 0,
dividing (3.1)) by ||v||? and setting w = v/||v||? yield
NrN=1E(r v, \)
—777 r 6 (07 1)’

[0 (3.9)
w'(0) = w(1) =0,

(—w")N)Y = AN La(r)yw +



10 W. SHEN EJDE-2018/02

Define
2N w .
f(r,w,)\): {gw” f(T?W,A), 1£w¢8,
’ I w =V,
2N w .
g(r,w,A) = 1l g (r, e ), ?fw#O,
O’ lf’U} = O

Clearly, is equivalent to
(—w")N)Y = AN La(r)w™ + NeVN 1 f(r,w, \)
ANV LG w, \), e (0,1), (3.10)
w'(0) = w(1) = 0.

It is obvious that (A, 0) is always the solution of (3.10)). By simple computation,
we can show that assumptions (H3) and (H4) imply

(H9) [L0%A)) < M, for all 7 € [0,1], 0 < w < 1 and A € R, where M, is a
positive constant.
(H10) g(r,w,\) = o(w™) near w = 0, uniformly for all 7 € (0,1) and on bounded
A intervals.

Now applying Theorem to , we have a connected component ¢ of
U (I? x {0}). Under the inversion w — Tz = > ¢ — 2 satisfying problem
. Clearly, 2 satisfy the conclusions of this theorem.

Finally, We show that there exists a neighborhood A4 C .# of I{° x {co} such
that (2N .A) C (KT U (I{° x {o<})). Clearly, the inversion w — w/||w|]* = v
turns 19 x {0} into I° x {oc}. Let € be a bounded neighborhood of I? x {0}.
Then (¢ N (0 \ (I x {0}))) C KT, containing I? x {0} is unbounded and lies in
K+ U(If° x {oo}). While, by the inversion w — w/|wl||?> = v, €N (0 \ (IY x {0}))
is translated to a deleted neighborhood A0 of I$° x {oc}. It is obvious that
(\w) € €N (0\ (I? x {0})) implies that there exists a constant ¢y such that
0 < |lw|| < co. It follows that (A\,v) € A° implies that 1/co < [Jv]| < +oo. It
follows that (2N.A") C (KT U(I° x {o0})) by taking A" := AU (I$° x {o0}). O

4. APPLICATIONS

In this section, we shall investigate the existence and multiplicity of convex
solutions of problem (1.6)). With a simple transformation v = —u, problem (|1.6))
can be written as

(=) =yNr¥la(r)F(v),r € (0,1),
v'(0) = v(1) =0,

The main results of this section are the following theorems.

(4.1)

Theorem 4.1. Let ag = min, ¢ 1) a(r), a® = max,¢jo 1) a(r). Let (HO), (H5)—(H8)
hold. If goag > M3za® and gecao > Mya®, either
A M
go — M3a®/ag =TS Joo + Mya®/ag

or
)\1 )\1

— ey
Goo — Mya®/ag go + M3za®/ag
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then problem (1.6) has at least one solution u such that it is negative, and strictly
convez in (0,1).
Theorem 4.2. Let (H0)—(A2), (H7), (H8) hold. If goag > Mza® but gocag < Mya®,

for
)\1 )\1

go — M3za®/ay K Joo + Mya/ag’
then problem (1.6)) has at least one solution u such that it is negative, strictly convex
in (0,1).
Theorem 4.3. Let (H0), (H5)—(H8) hold. If goag < M3a® but gocag > Mya®, for
S N <A< T S
Joo — Mya®/ag 7 go + M3a®/agy’
then problem (1.6) has at least one solution u such that it is negative, strictly convex
in (0,1).

Remark 4.4. From (H8), we can see that there exists a positive constant M such
that g(s)/s" > Ms for all s # 0.

Remark 4.5. Note that if M; = 0 (i = 3,4), then the cases of Theorems and
do not occur and Theorem [4.1]is equivalent to [8, Theorem 4.1] or [6, Theorem
5.1]. In this sense, Theorem is also a generalization of [8, Theorem 4.1] or [6]

Theorem 5.1].
To prove Theorem we need the following results.

Lemma 4.6. Let (HO0), (H5)-(H8) hold. If goag > M3a® and gecag > Mya®, either
or hold, then
(i) There is a distinct unbounded component %y of % U (I x {0}), containing
19 x {0} and lying in KT U (I? x {0}).
(ii) There is a distinct unbounded component P, of T U (I7° x {o0}), which
satisfy the alternates of Theorem[3.5. Moreover, there exists a neighborhood
N C M of I x {0} such that (Doo N A) C (KT U (IT° x {o0})).

Proof. Firstly, we study the bifurcation phenomena for the following eigenvalue
problem

(=N = My Nr¥ta(r)g(v) + yNrN " ta(r) f(v), € (0,1),

4.4
(0) = v(1) =0, (44
where A > 0 is a parameter.
(i) Clearly, condition (H5) implies
|“(L]{(S)| < M3d®, 0<s<l. (4.5)
s

Let ¢ € C(R\R™,R\ R™) be such that

9(s) = gos™ +¢(s) (4.6)

with lim, o+ ((s)/s" = 0. Let {(v) = maxg<|s<y [((s)], then {(v) is nondecreasing
and

im <6 g (4.7)

s—o+ s
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Further it follows from that
)] oD Tl _ T
I = Tl S el S el

Hence, (4.5), (4.6) and (4.8)) imply that conditions (H1) and (H2) hold. Moreover,
let d3 = Msa®/goag and I = [ﬂ —d3, 2 + ds]. By Theorem the result

as |lv]| — 0. (4.8)

790 790
follows.
(ii) Clearly, condition (H6) implies
a(t)f(s) 0
—r 2| < M C . 4.9
‘ N | = Maa, <s (4.9)
Let £ € CR\R™,R\ R™) be such that
9(s) = goos™ +€(s) (4.10)
with lim,_ 400 &(s)/s™ = 0. Let 7 = maxo<|s|<y |£(s)], then £ is nondecreasing and
- E(s)
1 —= =0. 4.11
Ay =0 (4.11)

Further it follows from that
S0 _ &) _ vl _ Elol)

ol = ™ T el T felY
Hence, (4.9)), (4.10)) and (4.12)) imply that conditions (H3) and (H4) hold. Moreover,
let dy = Mya®/gooap and I = ['y;; —dy, ’vz; +d4]. Using Theorem the result
follows.

Lemma 4.7. If 2y and Do are defined as in Lemmal[{.0, then Dy = Dwo.

Proof. (i) We shall prove that (1) of Theorem occurs. It suffices to show that
Do meets some point (M., 0) of Z. In fact, if this occurs, we can show that A, € I9.
Suppose on the contrary that A, ¢ I?, hence A, € Ig. S0 (ZooNA) C Do C Dy C
(R x P)U (Ip x {0})), noting (Zec N #) N (R x {0}) = 0, which contradicts
(Do N AN) C (KT U (I x {00})). Where 7 denote the closure in R x E of the
set of nontrivial solutions (A, v) of under conditions (H5), (H7) and (H8) with
v € P, where P = {v|(A\,v) € (Sy \ {\1}) x E} and Iy = [%g‘o —ds, % +ds]. Do
is a connected component of 7o U (Iy x {0}), containing Iy x {0}. Hence A, € I?,
it follows that %y = P.

(ii) We shall show that (2) of Theorem does not occur. Suppose on the
contrary that (2) of Theorem occurs, then we shall deduce a contradiction. We
divide the proof into two steps.
Step 1. We show that Z,, — .# has a bounded projection on R. Firstly, we
show that Zoo C K. If (P — (Yoo N A)) ¢ KT, then there exists (u,v) €
(Zoo — (Zoo N A)) N (R x OPT). Since v € P, by Lemma[3.1} v = 0, i.e. (1) of
Theorem occurs, which is a contradiction.

On the contrary, we suppose that (p,,v,) € Po — A such that

as ||v]] — +oo. (4.12)

lim p, = +o0.
n—oo

It follows that
(=)™ = iy NN " Ya(r)g(vn) + yNr¥la(r) f(vn), € (0,1),

V(0) = on(1) = 0, #13)
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In view of Remark (H5) and (H6),we have that

nli_)ngo(unNrN_la(r) gilj):) + NTN_la(r) fi(;])\;l)
n

) = +oo

for any r € (0,1). By the Sturm Comparison Lemma we get that v, has
more change its sign in (0, 1) for n large enough, and this contradicts the fact that
(pn,vn) € 9% — M.

Step 2. We show that the case of Z, —.# meeting I, x {oc} is impossible. Assume
on the contrary that Zoc — .# meets Ioc x {oo}. So there exists a neighborhood
N C M of Too x {00} such that (Zog — )N (N \ (T X {00})) C (R x P), where
M is a neighborhood of I, x {oo} which satisfies the assumptions of Theorem
which contradicts Zos C P, where P = {v|(\,v) € (Sy \ {M}) x E} and
Tooz[wg%c—dél,w + dy]. O

Proof of Theorem [/-]. Tt suffices to prove that problem (4.1]) has at least one solu-
tion v such that it is positive, strictly concave in (0, 1).
By Lemmas [£.6) and [£.7] we write Z = %y = P for simplicity. It is clear that

any solution of 1-) of the form (1,v) yields a solution v of (£.I]). In this case,
4.2)

ds < 1,d4 < 1. By (4.2)), we obtain

A
Zdy < (4.14)
790 V9
By (4.3), we have
A
. S —dy>1 (4.15)
Vg0 Y90
From I = [% —ds, 7 ALt 3] and I° = [,yg 4, 79 |, it follows that the

subsets I? x E and I{° x E of R x E can be separated by the hyperplane {1} x E.
Furthermore, we have 2 cross the hyperplane {1} x Ein R x E. O

Proof of Theorem[/.3 The proof is similar to that of Theorem [£.1] In the case,
ds < 1,d4 > 1, which follows that (4.14) hold. By d4 > 1, it follows that (4.15)) is
impossible. [

Proof of Theorem[].3 The proof is similar to that of Theorem In the case,
ds > 1,d4 < 1, which follows that (4.15) hold. By ds > 1, it follows that (4.14) is
impossible. O

Remark 4.8. Note that if dg > 1,dy > 1, (4.14) and are impossible, it
follows that the subsets IY x E and I° x E of R x E can not be separated by
the hyperplane {1} x E. In this case, we cannot give a suitable interval of v in
which there exist positive solutions for (4.1)). It would be interesting to have more
information about this case.
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