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NONEXISTENCE OF GLOBAL SOLUTIONS FOR FRACTIONAL
TEMPORAL SCHRÖDINGER EQUATIONS AND SYSTEMS

IBTEHAL AZMAN, MOHAMED JLELI, MOKHTAR KIRANE, BESSEM SAMET

Abstract. We, first, consider the nonlinear Schrödinger equation

iαC0 D
α
t u+ ∆u = λ|u|p + µa(x) · ∇|u|q , t > 0, x ∈ RN ,

where 0 < α < 1, iα is the principal value of iα, C0 D
α
t is the Caputo fractional

derivative of order α, λ ∈ C\{0}, µ ∈ C, p > q > 1, u(t, x) is a complex-valued

function, and a : RN → RN is a given vector function. We provide sufficient

conditions for the nonexistence of global weak solution under suitable initial
data. Next, we extend our study to the system of nonlinear coupled equations

iαC0 D
α
t u+ ∆u = λ|v|p + µa(x) · ∇|v|q , t > 0, x ∈ RN ,

iβC0 D
β
t v + ∆v = λ|u|κ + µb(x) · ∇|u|σ , t > 0, x ∈ RN ,

where 0 < β ≤ α < 1, λ ∈ C\{0}, µ ∈ C, p > q > 1, κ > σ > 1, and

a, b : RN → RN are two given vector functions. Our approach is based on the
test function method.

1. Introduction

In recent years, fractional calculus received a great attention from many re-
searchers in different disciplines. In fact, it was discovered that in many situations,
physical problems can be modeled more adequately using fractional derivatives
rather than ordinary derivatives. In particular, there have been different fractional
generalizations of the Schrödinger equation in the literature: a spatial fractional
Schrödinger equation which involves fractional order space derivatives (see [7, 8, 9]),
a fractional temporal Schrödinger equation involving a fractional time derivative
(see [11, 12]), and a spatio-temporal fractional Schrödinger equation with both
time and space fractional derivatives (see [1, 13]).

This paper is concerned with the nonexistence of global solutions for fractional
temporal Schrödinger equations and systems. We start by considering the nonlinear
time fractional Schrödinger equation

iαC0 D
α
t u+ ∆u = λ|u|p + µa(x) · ∇|u|q, quadt > 0, x ∈ RN ,

u(0, x) = g(x), x ∈ RN ,
(1.1)

where u(t, x) is a complex-valued function, 0 < α < 1, iα is the principal value of
iα, C0 D

α
t is the Caputo fractional derivative of order α, λ = λ1 + iλ2, (λ1, λ2) ∈
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R2\{(0, 0)}, µ = µ1 + iµ2, (µ1, µ2) ∈ R2, p > q > 1, the symbol ∇ denotes the
gradient with respect to x, a(x) = (A1(x), A2(x), . . . , AN (x)) ∈ RN , a(x) · ∇|u|q is
the scalar product of a(x) and ∇|u|q, and g(x) = g1(x)+ig2(x), (g1(x), g2(x)) ∈ R2,
g ∈ L1(RN ). Sufficient conditions for the nonexistence of a global weak solution
to (1.1) are derived. Next, we are concerned with the system of nonlinear coupled
equations

iαC0 D
α
t u+ ∆u = λ|v|p + µa(x) · ∇|v|q, t > 0, x ∈ RN ,

iβC0 D
β
t v + ∆v = λ|u|κ + µb(x) · ∇|u|σ, t > 0, x ∈ RN ,

u(0, x) = g(x), v(0, x) = h(x), x ∈ RN ,

(1.2)

where 0 < β ≤ α < 1, λ = λ1 + iλ2, (λ1, λ2) ∈ R2\{(0, 0)}, µ = µ1 + iµ2,
(µ1, µ2) ∈ R2, p > q > 1, κ > σ > 1, a(x) = (A1(x), A2(x), . . . , AN (x)) ∈ RN ,
b(x) = (B1(x), B2(x), . . . , BN (x)) ∈ RN , g(x) = g1(x) + ig2(x), (g1(x), g2(x)) ∈ R2,
g ∈ L1(RN ), and h(x) = h1(x) + ih2(x), (h1(x), h2(x)) ∈ R2, h ∈ L1(RN ). The
used approach in this paper is based on the test function method [10].

Before we state and prove our results, let us dwell on some existing results on
nonexistence of global solutions of nonlinear Schrödinger equations.

Ikeda and Wakasugi [4] studied the nonlinear Schrödinger equation

i∂tu+ ∆u = λ|u|p, t > 0, x ∈ RN ,

where p > 1 and λ ∈ C\{0}. They proved that under a condition related to the sign
of the initial data, a blow-up of the L2-norm of solutions occurs if 1 < p ≤ 1 + 2

N .
This exponent reveals the close relation between the Schrödinger equation and the
heat equation as it is the critical exponent for the heat equation in RN .

Ikeda and Inui [3] derived the blow-up of solution for the semilinear Schrödinger
equation with small data when 1 < p < 1+ 4

N . Moreover, they obtained the critical
exponent and provided an estimate of the upper bound of the life span.

Kirane and Nabti [6] studied the nonlocal in time nonlinear Schrödinger equation

i∂tu+ ∆u = λJα0|t|u|
p, t > 0, x ∈ RN ,

where p > 1, λ ∈ C\{0}, and Jα0|t is the Riemann-Liouville fractional integral of
order 0 < α < 1. Using the test function method, they derived a blow-up exponent.
Moreover, they derived an estimate of the life span.

Fino et al. [2] studied the fractional Schrödinger equation

i∂tu = (−∆)α/2u+ λ|u|p, t > 0, x ∈ RN ,

where (−∆)α/2 is the fractional Laplacian operator of order α/2, 0 < α < 2,
λ ∈ C\{0}, and p > 1. They established a finite-time blow-up result under suitable
assumptions on the initial data.

Zhang et al. [14] studied the particular case of (1.1), when µ = 0. Under suitable
initial data, they proved that the problem admits no global weak solution when
1 < p < 1 + 2

N . Moreover, under certain conditions, they proved that the problem
has no global weak solution for all p > 1.

Motivated by the above cited works, our aim in this paper is to study the nonex-
istence of global weak solutions to (1.1) and (1.2). This article is organized as
follows. In Section 2, we recall some preliminaries on fractional calculus and we fix
some notations. In Section 3, we state and prove our results.
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2. Preliminaries and notation

In this section, we recall some basic concepts on fractional calculus and present
some properties that will be used later. For more details on fractional calculus, we
refer the reader to [5]. Next, we fix some notations that will be used through this
paper.

Let f ∈ L1(0, T ), T > 0, be a given function. The Riemann-Liouville left-sided
fractional integral 0I

α
t f of order α > 0 is defined by

(0Iαt f)(t) =
1

Γ(α)

∫ t

0

(t− s)α−1f(s) ds, for a.e. t ∈ [0, T ],

where Γ is the Gamma function. The Riemann-Liouville right-sided fractional
integral tIαT f of order α > 0 is defined by

(tIαT f)(t) =
1

Γ(α)

∫ T

t

(s− t)α−1f(s) ds, quadfor a.e. t ∈ [0, T ].

Let 0 < α < 1 and f ∈ AC1[0, T ], T > 0. The Caputo left-sided and right-sided
fractional derivatives of order α of f are defined, respectively, by

(C0 D
α
t f)(t) = 0I

1−α
t f ′(t), for a.e. t ∈ [0, T ]

and
(Ct D

α
T f)(t) = −tI1−α

T f ′(t), for a.e. t ∈ [0, T ].
The following fractional integration by parts will be used later to define the weak

solutions to (1.1) and (1.2).

Lemma 2.1. Let 0 < α < 1. If f ∈ C[0, T ], C0 D
α
t f ∈ L1(0, T ), g ∈ C1[0, T ] and

g(T ) = 0, then∫ T

0

(C0 D
α
t f)(t)g(t) dt =

∫ T

0

(f(t)− f(0))(Ct D
α
T g)(t) dt.

The following result will be useful later.

Lemma 2.2. Let T > 0, r ≥ 1 and f : [0, T ]→ R be the function given by

f(t) =
(

1− t

T

)r
, 0 ≤ t ≤ T.

Then, for any 0 < α < 1, we have

(Ct D
α
T f)(t) =

Γ(r + 1)
Γ(r + 1− α)

T−r(T − t)r−α, 0 ≤ t ≤ T.

Given a complex number z ∈ C, we denote by Re z its real part, and by Im z its
imaginary part. For T > 0, Let

QT = (0, T )× RN .
Given a function w(x), x ∈ RN , T > 0 and r > 1, we define the functional space

Lrloc(QT , w(x)dt dx)

=
{
u : QT → C :

∫
K

|u|rw(x) dt dx <∞, for any compact K ⊂ QT
}
.

We define the functions J ,K : (0, 1)× R2 → R by

J (α, (a, b)) = cos
(απ

2
)
a− sin

(απ
2
)
b, (α, (a, b)) ∈ (0, 1)× R2,
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K(α, (a, b)) = cos
(απ

2
)
b+ sin

(απ
2
)
a, (α, (a, b)) ∈ (0, 1)× R2.

3. Results and proofs

3.1. Nonexistence of global weak solution for (1.1). The vector function
a(x) = (A1(x), A2(x), . . . , AN (x)) is assumed to satisfy the following hypotheses:

(H1) ‖a(Rα/2y)‖ = ‖y‖δO(Rτ ) as R → +∞, for any y 6= 0RN that belongs to a
bounded domain of RN , where (δ, τ) ∈ R2, and ‖ · ‖ is the Euclidean norm
in RN .

(H2) |div a(Rα/2y)| = ‖y‖γO(Rν) as R → +∞, for any y 6= 0RN that belongs
to a bounded domain of RN , where γ > − (p−q)

p , ν ∈ R, and div a is the
divergence of the vector function a defined by

div a(x) =
N∑
j=1

∂Aj(x)
∂xj

, x ∈ RN .

Using the fractional integration by parts given by Lemma 2.1, we define a weak
solution to (1.1) as follows.

Definition 3.1. We say that u is a local weak solution to (1.1) if there exists some
0 < T <∞ such that

u ∈ L1((0, T );Lploc(R
N )) ∩ Lqloc(QT , Aj(x)dt dx) ∩ Lqloc

(
QT ,

∂Aj
∂xj

dt dx
)
,

for j = 1, . . . , N , and∫
QT

u
(
∆ϕ+ iαCt D

α
Tϕ
)
dt dx

= λ

∫
QT

|u|pϕdt dx− µ
∫
QT

|u|qa(x) · ∇ϕdt dx

− µ
∫
QT

|u|qdiv a(x)ϕdt dx + iα
∫

QT

gC
t Dα

Tϕdt dx,

for every test function ϕ ∈ C1,2
t,x ([0, T ]×RN ) with suppx ϕ ⊂⊂ RN and ϕ(T, ·) ≡ 0.

Moreover, if T > 0 can be arbitrarily chosen, then u is said to be a global weak
solution to (1.1).

We have the following result concerning the nonexistence of global solution for
(1.1).

Theorem 3.2. Let p > q > 1 and g ∈ L1(RN ). Suppose that one of the following
cases holds:

(I)

λ1

∫
RN
J (α, (g1(x), g2(x)) dx > 0 ,

and µ1 = 0, 1 < p < 1 + 2
N or

µ1 6= 0, N < min
{ 2
p− 1

,
2αq − 2τp− αp

α(p− q)
,

2αq − 2νp− αp
α(p− q)

}
.
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(II)

λ2

∫
RN
K(α, (g1(x), g2(x)) dx > 0

and µ2 = 0, 1 < p < 1 + 2
N or

µ2 6= 0, N < min
{ 2
p− 1

,
2αq − 2τp− αp

α(p− q)
,

2αq − 2νp− αp
α(p− q)

}
.

Then (1.1) admits no global weak solution.

Proof. Let Φ ∈ C∞0 (RN ) be a function satisfying

0 ≤ Φ(x) ≤ 1; Φ(x) =

{
1 if 0 ≤ ‖x‖ ≤ 1,
0 if ‖x‖ ≥ 2.

(3.1)

For T > 0, we define the functions

ϕ1(x) =
(

Φ
(
T
−α
2 x
))ω

, x ∈ RN ,

ϕ2(t) =
(
1− t

T

)m
, 0 ≤ t ≤ T, (3.2)

ϕ(t, x) = ϕ1(x)ϕ2(t), (t, x) ∈ QT , (3.3)

where ω ≥ max
{

2p
p−1 ,

p
p−q

}
and m ≥ max{1, αpp−1}. It can be easily seen that

ϕ ∈ C1,2
t,x ([0, T ]× RN ) with suppx ϕ ⊂⊂ RN and ϕ(T, ·) ≡ 0.

Suppose that u is a global weak solution to (1.1). First, we consider the case

λ1

∫
RN
J (α, (g1(x), g2(x)) dx > 0. (3.4)

By Definition 3.1, we have

Re
∫
QT

u
(
∆ϕ+ iαCt D

α
Tϕ
)
dt dx

= Re
(
λ

∫
QT

|u|pϕdt dx− µ
∫
QT

|u|qa(x) · ∇ϕdt dx

− µ
∫
QT

|u|q div a(x)ϕdt dx+ iα
∫
QT

gCt D
α
Tϕdt dx

)
,

which implies∫
QT

|u|pϕdt dx+
1
λ1

∫
QT

J (α, (g1(x), g2(x))Ct D
α
Tϕdt dx

=
1
λ1

∫
QT

[
(Reu)∆ϕ+

(
cos
(απ

2
)

Reu− sin
(απ

2
)

Imu
)
C
t D

α
Tϕ
]
dt dx

+
µ1

λ1

(∫
QT

|u|qa(x) · ∇ϕdt dx+
∫
QT

|u|q div a(x)ϕdt dx
)
.

(3.5)

Next, we shall estimate each term of the right-hand side of the above inequality.
First, we have

1
λ1

∫
QT

[
(Reu)∆ϕ+

(
cos
(απ

2
)

Reu− sin
(απ

2
)

Imu
)
C
t D

α
Tϕ
]
dt dx

≤ 1
|λ1|

∫
QT

[
|u||∆ϕ|+ 2|u||Ct Dα

Tϕ|
]
dt dx
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=
1
|λ1|

∫
QT

|u|
(
|∆ϕ|+ 2|Ct Dα

Tϕ|
)
dt dx

=
1
|λ1|

∫
QT

|u|ϕ
1
p
(
|∆ϕ|+ 2|Ct Dα

Tϕ|
)
ϕ−

1
p dt dx.

Further, using the ε-Young inequality with parameters p and p
p−1 , we obtain

1
λ1

∫
QT

[
(Reu)∆ϕ+

(
cos
(απ

2
)

Reu− sin
(απ

2
)

Imu
)
C
t D

α
Tϕ
]
dt dx

≤ 1
|λ1|

(
ε

∫
QT

|u|pϕdt dx+ cε

∫
QT

(
|∆ϕ|+ 2|Ct Dα

Tϕ|
) p
p−1

ϕ−
1
p−1 dt dx

)
,

(3.6)

where ε > 0 and cε > 0 is a constant. Using the ε-Young inequality with parameters
p
q and p

p−q , we obtain

µ1

λ1

(∫
QT

|u|qa(x) · ∇ϕdt dx+
∫
QT

|u|q div a(x)ϕdt dx
)

≤ |µ1|
|λ1|

∫
QT

|u|q (‖a(x)‖‖∇ϕ‖+ |div a(x)||ϕ|) dt dx

≤ |µ1|
|λ1|

(
ε

∫
QT

|u|pϕdt dx+ dε

∫
QT

[
(‖a(x)‖‖∇ϕ‖

+ |div a(x)||ϕ|)ϕ
−q
p
] p
p−q dt dx

)
,

(3.7)

where ε > 0 and dε > 0 is a constant. Combining (3.5), (3.6) and (3.7), we obtain(
1− ε

|λ1|
− ε|µ1|
|λ1|

)∫
QT

|u|pϕdt dx+
1
λ1

∫
QT

J (α, (g1(x), g2(x))Ct D
α
Tϕdt dx

≤ cε
|λ1|

∫
QT

(
|∆ϕ|+ 2|Ct Dα

Tϕ|
) p
p−1 ϕ−

1
p−1 dt dx

+
dε|µ1|
|λ1|

∫
QT

[
(‖a(x)‖‖∇ϕ‖+ |div a(x)||ϕ|)ϕ

−q
p

] p
p−q

dt dx

:= I1 + I2.

(3.8)

Estimate of I1. Using the inequality

(a+ b)
p
p−1 ≤ 2

1
p−1

(
a

p
p−1 + b

p
p−1

)
, a ≥ 0, b ≥ 0,

we obtain

|λ1|
cε

I1 ≤ Cp
(∫

QT

|∆ϕ|
p
p−1ϕ

−1
p−1 dt dx+

∫
QT

|Ct Dα
Tϕ|

p
p−1ϕ

−1
p−1 dt dx

)
, (3.9)

where Cp = 2
p+1
p−1 . On the other hand, by (3.3), we have∫

QT

|∆ϕ|
p
p−1ϕ

−1
p−1 dt dx

=
(∫ T

0

(
1− t

T

)m
dt
)(∫

0≤‖x‖≤2Tα/2

∣∣∆(Φ(T
−α
2 x)

)ω∣∣ p
p−1
(
Φ(T

−α
2 x)

) −ω
p−1 dx

)
.

(3.10)
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A simple computation yields∫ T

0

(
1− t

T

)m
dt =

T

m+ 1
. (3.11)

Moreover, using the change of variable y = T
−α
2 x, we obtain∫

0≤‖x‖≤2Tα/2
|∆
(

Φ(T
−α
2 x)

)ω
|
p
p−1

(
Φ(T

−α
2 x)

) −ω
p−1

dx

= T
αN
2 −

αp
p−1

∫
0≤‖y‖≤2

|∆(Φ(y))ω|
p
p−1 (Φ(y))

−ω
p−1 dy.

(3.12)

Note that because ω ≥ 2p
p−1 , we have∫

0≤‖y‖≤2

|∆(Φ(y))ω|
p
p−1 (Φ(y))

−ω
p−1 dy <∞.

Combining (3.10), (3.11) and (3.12), we obtain∫
QT

|∆ϕ|
p
p−1ϕ

−1
p−1 dt dx

=
( 1
m+ 1

∫
0≤‖y‖≤2

|∆(Φ(y))ω|
p
p−1 (Φ(y))

−ω
p−1 dy

)
T
αN
2 −

αp
p−1+1.

(3.13)

Next, by (3.3), we have∫
QT

|Ct Dα
Tϕ|

p
p−1ϕ

−1
p−1 dt dx

=
(∫

RN
ϕ1(x) dx

)(∫ T

0

|Ct Dα
Tϕ2(t)|

p
p−1 (ϕ2(t))

−1
p−1 dt

)
.

(3.14)

On the other hand, it can be easily seen that∫
RN

ϕ1(x) dx = T
αN
2

∫
0≤‖y‖≤2

Φ(y) dy. (3.15)

Further, by Lemma 2.2, we have

C
t D

α
Tϕ2(t) =

Γ(m+ 1)
Γ(m+ 1− α)

T−m(T − t)m−α.

A simple computation yields∫ T

0

|Ct Dα
Tϕ2(t)|

p
p−1 (ϕ2(t))

−1
p−1 dt

=
[

Γ(m+ 1)
Γ(m+ 1− α)

] p
p−1 (p− 1)T 1− αp

p−1

p(m− α+ 1)− (m+ 1)
.

(3.16)

Combining (3.14), (3.15) and (3.16), we obtain∫
QT

|Ct Dα
Tϕ|

p
p−1ϕ

−1
p−1 dt dx = C(m, p)T 1− αp

p−1+αN
2 , (3.17)

where

C(m, p) =
(∫

0≤‖y‖≤2

Φ(y) dy
)[ Γ(m+ 1)

Γ(m+ 1− α)

] p
p−1 (p− 1)

p(m− α+ 1)− (m+ 1)
.
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Hence, combining (3.9), (3.13) and (3.17), we obtain

I1 ≤ C1T
1− αp

p−1+αN
2 , (3.18)

where C1 > 0 is a certain constant (independent of T ).
Estimate of I2. Using the inequality

(a+ b)
p
p−q ≤ 2

q
p−q

(
a

p
p−q + b

p
p−q

)
, a ≥ 0, b ≥ 0,

we obtain
|λ1|
dε|µ1|

I2

≤ Cp,q
(∫

QT

‖a(x)‖
p
p−q ‖∇ϕ‖

p
p−qϕ

−q
p−q dt dx+

∫
QT

|div a(x)|
p
p−qϕdt dx

)
,

(3.19)

where Cp,q = 2
q
p−q . On the other hand, by (3.3) and (3.11), we have∫

QT

‖a(x)‖
p
p−q ‖∇ϕ‖

p
p−qϕ

−q
p−q dt dx

=
T

m+ 1

(∫
RN
‖a(x)‖

p
p−q ‖∇ϕ1‖

p
p−qϕ

−q
p−q
1 dx

)
.

(3.20)

Further, we have∫
RN
‖a(x)‖

p
p−q ‖∇ϕ1‖

p
p−qϕ

−q
p−q
1 dx

=
∫
Tα/2≤‖x‖≤2Tα/2

‖a(x)‖
p
p−q ‖∇

(
Φ(T

−α
2 x)

)ω
‖

p
p−q

(
Φ(T

−α
2 x)

)−qω
p−q

dx.

Using the change of variable y = T
−α
2 x, we obtain∫

RN
‖a(x)‖

p
p−q ‖∇ϕ1‖

p
p−qϕ

−q
p−q
1 dx

= T
−αp

2(p−q)+
αN
2

∫
1≤‖y‖≤2

‖a(Tα/2y)‖
p
p−q ‖∇(Φ(y))ω‖

p
p−q (Φ(y))

−qω
p−q dy.

Using (H1), for T large enough, we obtain∫
RN
‖a(x)‖

p
p−q ‖∇ϕ1‖

p
p−qϕ

−q
p−q
1 dx

≤ CaT
−αp

2(p−q)+
αN
2 + τp

p−q

∫
1≤‖y‖≤2

‖∇(Φ(y))ω‖
p
p−q (Φ(y))

−qω
p−q dy,

(3.21)

where Ca > 0 is a certain constant. Note that since ω ≥ p
p−q , we have∫

1≤‖y‖≤2

‖∇(Φ(y))ω‖
p
p−q (Φ(y))

−qω
p−q dy <∞.

Combining (3.20) and (3.21), we obtain∫
QT

‖a(x)‖
p
p−q ‖∇ϕ‖

p
p−qϕ

−q
p−q dt dx

≤ Ca
m+ 1

T
−αp

2(p−q)+
αN
2 + τp

p−q+1

∫
1≤‖y‖≤2

‖∇(Φ(y))ω‖
p
p−q (Φ(y))

−qω
p−q dy.

(3.22)
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Again, by (3.3) and (3.11), we have∫
QT

|div a(x)|
p
p−qϕdt dx =

T

m+ 1

∫
0≤‖x‖≤2Tα/2

|div a(x)|
p
p−q

(
Φ
(
T
−α
2 x
))ω

dx.

Using the same change of variable y = T
−α
2 x, we obtain∫

QT

|div a(x)|
p
p−qϕdt dx =

T 1− αp
2(p−q)+

αN
2

m+ 1

∫
0≤‖y‖≤2

|div a(Tα/2y)|
p
p−q (Φ(y))ω dy.

Next, by (H2), for T large enough, we have∫
QT

|div a(x)|
p
p−qϕdt dx

≤ C ′aT
1− αp

2(p−q)+
αN
2 + νp

p−q

∫
0≤‖y‖≤2

‖y‖
γp
p−q (Φ(y))ω dy,

(3.23)

where C ′a > 0 is a certain constant. Note that since γ > − (p−q)
p , we have∫

0≤‖y‖≤2

‖y‖
γp
p−q (Φ(y))ω dy <∞.

Further, combining (3.19), (3.22) and (3.23), we obtain

I2 ≤ C2|µ1|
(
T 1− αp

2(p−q)+
αN
2 + τp

p−q + T 1− αp
2(p−q)+

αN
2 + νp

p−q

)
, (3.24)

where C2 > 0 is a certain constant. On the other hand, we have

1
λ1

∫
QT

J (α, (g1(x), g2(x))Ct D
α
Tϕdt dx

=
1
λ1

Γ(m+ 1)
Γ(m+ 2− α)

T 1−α
∫

RN
J (α, (g1(x), g2(x))Φ

(
T
−α
2 x
)ω
dx.

(3.25)

Combining (3.8), 3.18 and (3.24), and taking

ε =
|λ1|

2(1 + |µ1|)
,

we obtain
1
2

∫
QT

|u|pϕdt dx

+
1
λ1

Γ(m+ 1)
Γ(m+ 2− α)

T 1−α
∫

RN
J (α, (g1(x), g2(x))Φ

(
T
−α
2 x
)ω
dx

≤ C
(
T 1− αp

p−1+αN
2 + |µ1|

(
T 1− αp

2(p−q)+
αN
2 + τp

p−q + T 1− αp
2(p−q)+

αN
2 + νp

p−q

))
,

where C > 0 is a certain constant. This implies that

1
λ1

Γ(m+ 1)
Γ(m+ 2− α)

∫
RN
J (α, (g1(x), g2(x))Φ

(
T
−α
2 x
)ω
dx

≤ C
(
Tα−

αp
p−1+αN

2 + |µ1|
(
Tα−

αp
2(p−q)+

αN
2 + τp

p−q + Tα−
αp

2(p−q)+
αN
2 + νp

p−q

))
.

(3.26)

We discuss two cases.
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Case 1: µ1 = 0, 1 < p < 1 + 2
N . In this case, passing to the limit as T → +∞ in

(3.26), we obtain
1
λ1

∫
RN
J (α, (g1(x), g2(x)) dx ≤ 0,

which contradicts (3.4).

Case 2: µ1 6= 0 and

N < min
{ 2
p− 1

,
2αq − 2τp− αp

α(p− q)
,

2αq − 2νp− αp
α(p− q)

}
.

Passing to the limit as T → +∞ in (3.26), we obtain

1
λ1

∫
RN
J (α, (g1(x), g2(x)) dx ≤ 0,

which contradicts (3.4).

Next, we suppose that

λ2

∫
RN
K(α, (g1(x), g2(x)) dx > 0. (3.27)

Observe that

v(t, x) =
u(t, x)
i

, t ≥ 0, x ∈ RN

is a global weak solution to the problem

iαC0 D
α
t v + ∆v = λ′|v|p + µ′a(x) · ∇|v|q, t > 0, x ∈ RN ,

v(0, x) = g̃(x), x ∈ RN ,

where

λ′ = λ2 + (−λ1)i := λ′1 + iλ′2,

µ′ = µ2 + (−µ1)i := µ′1 + iµ′2, g̃(x) = g2(x) + (−g1(x))i := g̃1(x) + ig̃2(x),

for x ∈ RN . It can be easily seen that (3.27) is equivalent to

λ′1

∫
RN
J (α, (g̃1(x), g̃2(x)) dx > 0.

Therefore, from the previous case, if

µ2 = 0, 1 < p < 1 +
2
N
,

we obtain a contradiction with (3.27). Similarly, if

µ2 6= 0, N < min
{ 2
p− 1

,
2αq − 2τp− αp

α(p− q)
,

2αq − 2νp− αp
α(p− q)

}
,

we obtain a contradiction with (3.27). �

Remark 3.3. Taking µ = 0 in Theorem 3.2, we obtain the result given by [14,
Theorem 2.2].
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3.2. Nonexistence of global weak solution for System (1.2). The vector func-
tions a(x) = (A1(x), A2(x), . . . , AN (x)) and b(x) = (B1(x), B2(x), . . . , BN (x)) are
assumed to satisfy the following hypotheses:

(H1) ‖a(R
α+β

4 y)‖ = ‖y‖δO(Rτ ) as R→ +∞, for any y 6= 0RN that belongs to a
bounded domain of RN , where (δ, τ) ∈ R2.

(H2) |div a
(
R
α+β

4 y
)
| = ‖y‖γO(Rν) as R → +∞, for any y 6= 0RN that belongs

to a bounded domain of RN , where γ > − (p−q)
p and ν ∈ R.

(H3) ‖b(R
α+β

4 y)‖ = ‖y‖ξO (Rχ) as R→ +∞, for any y 6= 0RN that belongs to a
bounded domain of RN , where (ξ, χ) ∈ R2.

(H4) |div b
(
R
α+β

4 y
)
| = ‖y‖θO(R`) as R → +∞, for any y 6= 0RN that belongs

to a bounded domain of RN , where θ > − (κ−σ)
κ and ` ∈ R.

We adopt the following definition for weak solutions to (1.2).

Definition 3.4. We say that (u, v) is a local weak solution to (1.2) if there exists
some 0 < T <∞ such that

u ∈ L1((0, T );Lκloc(RN )) ∩ Lσloc(QT , Bj(x)dt dx) ∩ Lσloc

(
QT ,

∂Bj
∂xj

dt dx
)
,

v ∈ L1((0, T );Lploc(R
N )) ∩ Lqloc(QT , Aj(x)dt dx) ∩ LqlocV =

(
QT ,

∂Aj
∂xj

dt dx
)
,

for j = 1, 2, . . . , N , and∫
QT

u
(
∆ϕ+ iαCt D

α
Tϕ
)
dt dx

= λ

∫
QT

|v|pϕdt dx− µ
∫
QT

|v|qa(x) · ∇ϕdt dx

− µ
∫
QT

|v|qdiv a(x)ϕdt dx + iα
∫

QT

gC
t Dα

Tϕdt dx,

(3.28)

∫
QT

v
(

∆ϕ+ iβCt D
β
Tϕ
)
dt dx

= λ

∫
QT

|u|κϕdt dx− µ
∫
QT

|u|σb(x) · ∇ϕdt dx

− µ
∫
QT

|u|σdiv b(x)ϕdt dx + iβ
∫

QT

hC
t Dβ

Tϕdt dx,

(3.29)

for every test function ϕ ∈ C1,2
t,x ([0, T ]×RN ) with suppx ϕ ⊂⊂ RN and ϕ(T, ·) ≡ 0.

Moreover, if T > 0 can be arbitrarily chosen, then (u, v) is said to be a global weak
solution to (1.2).

For any (r, s) ∈ (0, 1)× (0, 1), let us define the quantities:

θ1(r, s) =
4

r + s

( sp

p− 1
− r
)
, θ2(r, s) =

4
r + s

( (r + s)κ
2(κ− 1)

− r
)
,

θ3(r, s) =
4

r + s

( (r + s)p
4(p− q)

− τp

p− q
− r
)
, θ4(r, s) =

4
r + s

( (r + s)p
4(p− q)

− νp

p− q
− r
)
,

θ5(r, β) =
4

r + s

( (r + s)κ
4(κ− σ)

− χκ

κ− σ
− r
)
,
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θ6(r, s) =
4

r + s

( (r + s)κ
4(κ− σ)

− `κ

κ− σ
− r
)
.

We have the following nonexistence result for (1.2).

Theorem 3.5. Let 0 < β ≤ α < 1, p > q > 1, κ > σ > 1, and g, h ∈ L1(RN ).
Suppose that one of the following cases holds:

(I)

α = β, λ1

∫
RN

(J (α, (g1(x), g2(x)) + J (β, (h1(x), h2(x))) dx > 0

and

µ1 = 0, N < 2 min
{ 1
p− 1

,
1

κ− 1
}

or

µ1 6= 0, N < min
j=1,...,6

θj(α, α).

(II)

β < α, λ1

∫
RN
J (β, (h1(x), h2(x)) dx > 0

and

µ1 = 0, N <
4

α+ β
min

{ βp

p− 1
− α, (α+ β)κ

2(κ− 1)
− α

}
or

µ1 6= 0, N < min
j=1,...,6

θj(α, β).

(III)

α = β, λ2

∫
RN

(K(α, (g1(x), g2(x)) +K(β, (h1(x), h2(x))) dx > 0

and

µ2 = 0, N < 2 min
{ 1
p− 1

,
1

κ− 1
}

or

µ2 6= 0, N < min
j=1,...,6

θj(α, α).

(IV)

β < α, λ2

∫
RN
K(β, (h1(x), h2(x)) dx > 0

and

µ2 = 0, N <
4

α+ β
min

{ βp

p− 1
− α, (α+ β)κ

2(κ− 1)
− α

}
or

µ2 6= 0, N < min
j=1,...,6

θj(α, β).

Then (1.2) admits no global weak solution.

Proof. Let ϕ be the test function defined by

ϕ(t, x) = ϕ1(x)ϕ2(t), (t, x) ∈ QT ,
where ϕ2 is given by (3.2),

ϕ1(x) =
(

Φ
(
T
−(α+β)

4 x
))ω

, x ∈ RN ,

Φ is given by (3.1), and ω and m are supposed to be large enough.
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Suppose that (u, v) is a global weak solution to (1.2). First, we consider the case
λ1 6= 0. Therefore, by (3.28), we have

Re
∫
QT

u
(
∆ϕ+ iαCt D

α
Tϕ
)
dt dx

= Re
(
λ

∫
QT

|v|pϕdt dx− µ
∫
QT

|v|qa(x) · ∇ϕdt dx

− µ
∫
QT

|v|q div a(x)ϕdt dx+ iα
∫
QT

gCt D
α
Tϕdt dx

)
,

which implies∫
QT

|v|pϕdt dx+
1
λ1

∫
QT

J (α, (g1(x), g2(x))Ct D
α
Tϕdt dx

=
1
λ1

∫
QT

[
(Reu)∆ϕ+

(
cos
(απ

2
)

Reu− sin
(απ

2
)

Imu
)
C
t D

α
Tϕ
]
dt dx

+
µ1

λ1

(∫
QT

|v|qa(x) · ∇ϕdt dx+
∫
QT

|v|q div a(x)ϕdt dx
)
.

(3.30)

Next, let us estimate each term of the right-hand side of the above inequality. First,
we have

1
λ1

∫
QT

[
(Reu)∆ϕ+

(
cos
(απ

2
)

Reu− sin
(απ

2
)

Imu
)
C
t D

α
Tϕ
]
dt dx

≤ 1
|λ1|

∫
QT

[
|u||∆ϕ|+ 2|u||Ct Dα

Tϕ|
]
dt dx

=
1
|λ1|

∫
QT

|u|
(
|∆ϕ|+ 2|Ct Dα

Tϕ|
)
dt dx

=
1
|λ1|

∫
QT

|u|ϕ 1
κ

(
|∆ϕ|+ 2|Ct Dα

Tϕ|
)
ϕ−

1
κ dt dx.

Further, using the ε-Young inequality with parameters κ and κ
κ−1 , we obtain

1
λ1

∫
QT

[
(Reu)∆ϕ+

(
cos
(απ

2
)

Reu− sin
(απ

2
)

Imu
)
C
t D

α
Tϕ
]
dt dx

≤ 1
|λ1|

(
ε

∫
QT

|u|κϕdt dx+ cε

∫
QT

(
|∆ϕ|+ 2|Ct Dα

Tϕ|
) κ
κ−1 ϕ−

1
κ−1 dt dx

)
,

(3.31)

where ε > 0 and cε > 0 is a constant. Using the ε-Young inequality with parameters
p
q and p

p−q , we obtain

µ1

λ1

(∫
QT

|v|qa(x) · ∇ϕdt dx+
∫
QT

|v|q div a(x)ϕdt dx
)

≤ |µ1|
|λ1|

(
ε

∫
QT

|v|pϕdt dx+ dε

∫
QT

[(
‖a(x)‖‖∇ϕ‖

+ |div a(x)||ϕ|
)
ϕ
−q
p
] p
p−q dt dx

)
,

(3.32)
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where ε > 0 and dε > 0 is a constant. Combining (3.30), (3.31) and (3.32), we
obtain(

1− ε|µ1|
|λ1|

)∫
QT

|v|pϕdt dx+
1
λ1

∫
QT

J (α, (g1(x), g2(x))Ct D
α
Tϕdt dx

≤ ε

|λ1|

∫
QT

|u|κϕdt dx+
cε
|λ1|

∫
QT

(
|∆ϕ|+ 2|Ct Dα

Tϕ|
) κ
κ−1 ϕ−

1
κ−1 dt dx

+
dε|µ1|
|λ1|

∫
QT

[
(‖a(x)‖‖∇ϕ‖+ |div a(x)||ϕ|)ϕ

−q
p

] p
p−q

dt dx

:=
ε

|λ1|

∫
QT

|u|κϕdt dx+ I1 + I2.

(3.33)

On the other hand, by (3.29), we have

Re
∫
QT

v
(

∆ϕ+ iβCt D
β
Tϕ
)
dt dx

= Re
(
λ

∫
QT

|u|κϕdt dx− µ
∫
QT

|u|σb(x) · ∇ϕdt dx

− µ
∫
QT

|u|σ div b(x)ϕdt dx+ iβ
∫
QT

hCt D
β
Tϕdt dx

)
,

which implies∫
QT

|u|κϕdt dx+
1
λ1

∫
QT

J (β, (h1(x), h2(x))Ct D
β
Tϕdt dx

=
1
λ1

∫
QT

[
(Re v)∆ϕ+

(
cos
(βπ

2
)

Re v − sin
(βπ

2
)

Im v

)
C
t D

β
Tϕ

]
dt dx

+
µ1

λ1

(∫
QT

|u|σb(x) · ∇ϕdt dx+
∫
QT

|u|σ div b(x)ϕdt dx
)
.

As previously, using the ε-Young inequality, we obtain(
1− ε|µ1|

|λ1|

)∫
QT

|u|κϕdt dx+
1
λ1

∫
QT

J (β, (h1(x), h2(x))Ct D
β
Tϕdt dx

≤ ε

|λ1|

∫
QT

|v|pϕdt dx+
eε
|λ1|

∫
QT

(
|∆ϕ|+ 2|Ct D

β
Tϕ|
) p
p−1

ϕ−
1
p−1 dt dx

+
fε|µ1|
|λ1|

∫
QT

[
(‖b(x)‖‖∇ϕ‖+ |div b(x)||ϕ|)ϕ

−σ
κ

] κ
κ−σ

dt dx

:=
ε

|λ1|

∫
QT

|v|pϕdt dx+ J1 + J2,

(3.34)

where eε > 0 and fε > 0 are certain constants. Next, adding (3.33) to (3.34), we
obtain(

1− ε|µ1|
|λ1|

)∫
QT

(|v|p + |u|κ)ϕdt dx+
1
λ1

∫
QT

J (α, (g1(x), g2(x))Ct D
α
Tϕdt dx

+
1
λ1

∫
QT

J (β, (h1(x), h2(x))Ct D
β
Tϕdt dx

≤ ε

|λ1|

∫
QT

(|v|p + |u|κ)ϕdt dx+ I1 + I2 + J1 + J2,
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which yields (
1− ε

|λ1|
− ε|µ1|
|λ1|

)∫
QT

(|v|p + |u|κ)ϕdt dx

+
1
λ1

∫
QT

J (α, (g1(x), g2(x))Ct D
α
Tϕdt dx

+
1
λ1

∫
QT

J (β, (h1(x), h2(x))Ct D
β
Tϕdt dx

≤ I1 + I2 + J1 + J2.

(3.35)

Following similar arguments as in the proof of of Theorem 3.2, we obtain easily
that

I1 ≤ C1

(
T 1+

(α+β)N
4 − ακ

κ−1 + T 1+
(α+β)N

4 − (α+β)κ
2(κ−1)

)
, (3.36)

I2 ≤ C2|µ1|
(
T

(α+β)N
4 − (α+β)p

4(p−q) + τp
p−q+1 + T

(α+β)N
4 − (α+β)p

4(p−q) + νp
p−q+1

)
, (3.37)

J1 ≤ C3

(
T 1+

(α+β)N
4 − βp

p−1 + T 1+
(α+β)N

4 − (α+β)p
2(p−1)

)
, (3.38)

J2 ≤ C4|µ1|
(
T

(α+β)N
4 − (α+β)κ

4(κ−σ) + χκ
κ−σ+1 + T

(α+β)N
4 − (α+β)κ

4(κ−σ) + `κ
κ−σ+1

)
, (3.39)

where Cj > 0 are certain constants, j = 1, 2, 3, 4. On the other hand, we have

1
λ1

∫
QT

J (α, (g1(x), g2(x))Ct D
α
Tϕdt dx

=
1
λ1

Γ(m+ 1)
Γ(m+ 2− α)

T 1−α
∫

RN
J (α, (g1(x), g2(x))Φ

(
T
−(α+β)

4 x
)ω

dx

(3.40)

and
1
λ1

∫
QT

J (β, (h1(x), h2(x))Ct D
β
Tϕdt dx

=
1
λ1

Γ(m+ 1)
Γ(m+ 2− β)

T 1−β
∫

RN
J (β, (h1(x), h2(x))Φ

(
T
−(α+β)

4 x
)ω

dx.

(3.41)

Taking

ε =
|λ1|

2(1 + |µ1|)
in (3.35), using (3.36), (3.37), (3.38), (3.39), (3.40) and (3.41), we obtain

1
λ1

Γ(m+ 1)
Γ(m+ 2− α)

∫
RN
J (α, (g1(x), g2(x))Φ

(
T
−(α+β)

4 x
)ω

dx

+
1
λ1

Γ(m+ 1)
Γ(m+ 2− β)

Tα−β
∫

RN
J (β, (h1(x), h2(x))Φ

(
T
−(α+β)

4 x
)ω

dx

≤ L1

(
Tα+

(α+β)N
4 − ακ

κ−1 + Tα+
(α+β)N

4 − (α+β)κ
2(κ−1) + Tα+

(α+β)N
4 − βp

p−1

+ Tα+
(α+β)N

4 − (α+β)p
2(p−1)

)
+ L2|µ1|

(
T

(α+β)N
4 − (α+β)p

4(p−q) + τp
p−q+α

+ T
(α+β)N

4 − (α+β)p
4(p−q) + νp

p−q+α + T
(α+β)N

4 − (α+β)κ
4(κ−σ) + χκ

κ−σ+α

+ T
(α+β)N

4 − (α+β)κ
4(κ−σ) + `κ

κ−σ+α
)
,

(3.42)

where Lj > 0 are some constants, j = 1, 2.
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Suppose now that

α = β, λ1

∫
RN

(
J (α, (g1(x), g2(x)) + J (β, (h1(x), h2(x))

)
dx > 0. (3.43)

We discuss two cases.

Case 1: µ1 = 0 and N < 2 min{ 1
p−1 ,

1
κ−1}. In this case, passing to the limit as

T → +∞ in (3.42), we obtain a contradiction with (3.43).

Case 2: µ1 6= 0 and N < minj=1,...,6 θj(α, α). Similarly, passing to the limit as
T → +∞ in (3.42), we obtain a contradiction with (3.43).

Suppose now that

β < α, λ1

∫
RN
J (β, (h1(x), h2(x)) dx > 0. (3.44)

We discuss the following two cases:

Case 1: µ1 = 0 and

N <
4

α+ β
min

{ βp

p− 1
− α, (α+ β)κ

2(κ− 1)
− α

}
.

In this case, passing to the limit as T → +∞ in (3.42), we obtain a contradiction
with (3.44).

Case 2: µ1 6= 0 and N < minj=1,...,6 θj(α, β). Similarly, passing to the limit as
T → +∞ in (3.42), we obtain a contradiction with (3.44).

Next, we consider the case λ2 6= 0. Observe that

(U(t, x), V (t, x)) =
(u(t, x)

i
,
v(t, x)
i

)
, t ≥ 0, x ∈ RN

is a global weak solution to the system

iαC0 D
α
t U + ∆U = λ′|v|p + µ′a(x) · ∇|V |q, t > 0, x ∈ RN ,

iβC0 D
β
t V + ∆V = λ′|U |κ + µ′b(x) · ∇|U |σ, t > 0, x ∈ RN ,

U(0, x) = g̃(x), V (0, x) = h̃(x) x ∈ RN ,

where

λ′ = λ2 + (−λ1)i := λ′1 + iλ′2,

µ′ = µ2 + (−µ1)i := µ′1 + iµ′2,

g̃(x) = g2(x) + (−g1(x))i := g̃1(x) + ig̃2(x), x ∈ RN ,

h̃(x) = h2(x) + (−h1(x))i := h̃1(x) + ih̃2(x), x ∈ RN .

Therefore, from the previous study, if one of the cases (III) or (IV) holds, we obtain
a contradiction. �

Remark 3.6. Taking u = v, α = β, p = κ, q = σ, a = b, and g = h, using Theorem
3.5, we obtain the result given by Theorem 3.2 concerning the single Schrödinger
equation (1.1).
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