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NONEXISTENCE OF GLOBAL SOLUTIONS FOR FRACTIONAL
TEMPORAL SCHRODINGER EQUATIONS AND SYSTEMS

IBTEHAL AZMAN, MOHAMED JLELI, MOKHTAR KIRANE, BESSEM SAMET

ABSTRACT. We, first, consider the nonlinear Schrédinger equation
i§ Dfu + Au = AulP + pa(z) - V|u|?, ¢>0, z € RY,

where 0 < a < 1, i% is the principal value of %, ((J"D? is the Caputo fractional
derivative of order a, A € C\{0}, p € C, p > ¢ > 1, u(t, z) is a complex-valued
function, and a : RN — R¥ is a given vector function. We provide sufficient
conditions for the nonexistence of global weak solution under suitable initial
data. Next, we extend our study to the system of nonlinear coupled equations

i%§ D&u + Au = Ao|P + pa(z) - Vo4, t>0, zeRY,
P Do+ Av = Au|® + pb(z) - V]ul[”, t>0, RV,
where 0 < < a <1, A€ C\{0}, peC,p>qg>1 k>0 >1, and

a,b: RN — RN are two given vector functions. Our approach is based on the
test function method.

1. INTRODUCTION

In recent years, fractional calculus received a great attention from many re-
searchers in different disciplines. In fact, it was discovered that in many situations,
physical problems can be modeled more adequately using fractional derivatives
rather than ordinary derivatives. In particular, there have been different fractional
generalizations of the Schrodinger equation in the literature: a spatial fractional
Schrédinger equation which involves fractional order space derivatives (see [7},18,9]),
a fractional temporal Schrodinger equation involving a fractional time derivative
(see [1Il, 12]), and a spatio-temporal fractional Schrodinger equation with both
time and space fractional derivatives (see [II [13]).

This paper is concerned with the nonexistence of global solutions for fractional
temporal Schrédinger equations and systems. We start by considering the nonlinear
time fractional Schrodinger equation

i°S Dfu + Au = Mul? 4 pa(z) - Viul|?, quadt >0, z € RN,
u(0,2) = g(z), z€RY,

(1.1)

where u(t, x) is a complex-valued function, 0 < o < 1, i* is the principal value of
i, § D¢ is the Caputo fractional derivative of order o, A\ = A\ + i)a, (A1, A2) €
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R2\{(0,0)}, p = p1 + ipa, (u1,p2) € R, p > g > 1, the symbol V denotes the
gradient with respect to x, a(z) = (A1(x), As(x),..., Ax(z)) € RN, a(z) - V|u|? is
the scalar product of a(x) and V|u|?, and g(z) = g1(z) +iga(x), (g1(x), g2(x)) € R?,
g € LY(RY). Sufficient conditions for the nonexistence of a global weak solution
to are derived. Next, we are concerned with the system of nonlinear coupled
equations

S D+ Au = Mp|? + pa(x) - V|9, t >0, z € RV,

PPS Do + Av = Aul® + pb(z) - VIul”, ¢>0, z e RV, (1.2)
u(0,2) = g(z), v(0,2) =h(z), zeRY,
(

where 0 < 8 < a < 1, A = A\ + Xy, (A, A2) € RA{(0,0)}, pp = p1 + dpo,
(pi,p2) ERE p>qg>1, k>0 > 1, alz) = (A1(z), As(),..., An(z)) € RV,
b(ﬂ;‘) = (Bl($)> BZ(*T)7 ...,Bn(2)) € RN7 g(x) = gl(x) +i92(x)7 (gl(m)ng(m)) € R27
g € LYRY), and h(z) = hi(z) + iha(x), (h1(x), ha(z)) € R% h € LY(RYN). The
used approach in this paper is based on the test function method [10].

Before we state and prove our results, let us dwell on some existing results on
nonexistence of global solutions of nonlinear Schrédinger equations.

Tkeda and Wakasugi [4] studied the nonlinear Schrodinger equation

i0wu+ Au = NulP, t>0,zecRN,

where p > 1 and A € C\{0}. They proved that under a condition related to the sign
of the initial data, a blow-up of the L?-norm of solutions occurs if 1 < p <1+ %
This exponent reveals the close relation between the Schrodinger equation and the
heat equation as it is the critical exponent for the heat equation in RV.

Tkeda and Inui [3] derived the blow-up of solution for the semilinear Schrédinger
equation with small data when 1 < p < 1+ %. Moreover, they obtained the critical
exponent and provided an estimate of the upper bound of the life span.

Kirane and Nabti [6] studied the nonlocal in time nonlinear Schrédinger equation

O+ Au = )\Jgit\u|p, t>0,zeRY,

where p > 1, A € C\{0}, and Jg, is the Riemann-Liouville fractional integral of
order 0 < a < 1. Using the test function method, they derived a blow-up exponent.
Moreover, they derived an estimate of the life span.

Fino et al. [2] studied the fractional Schrédinger equation

i = (=A)*2u + NulP, t>0, zeRY,

where (—A)?/? is the fractional Laplacian operator of order a/2, 0 < a < 2,
A € C\{0}, and p > 1. They established a finite-time blow-up result under suitable
assumptions on the initial data.

Zhang et al. [I4] studied the particular case of (1.1)), when = 0. Under suitable
initial data, they proved that the problem admits no global weak solution when
l<p<1l+ % Moreover, under certain conditions, they proved that the problem
has no global weak solution for all p > 1.

Motivated by the above cited works, our aim in this paper is to study the nonex-
istence of global weak solutions to and . This article is organized as
follows. In Section [2| we recall some preliminaries on fractional calculus and we fix
some notations. In Section [3] we state and prove our results.
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2. PRELIMINARIES AND NOTATION

In this section, we recall some basic concepts on fractional calculus and present
some properties that will be used later. For more details on fractional calculus, we
refer the reader to [5]. Next, we fix some notations that will be used through this

paper.
Let f € L*(0,T), T > 0, be a given function. The Riemann-Liouville left-sided
fractional integral oI}* f of order o > 0 is defined by

1 t
IA(t) = —— [ (t—s)*"'f(s)ds, forae. te[0,T

IO = 5 [ (=9 ) ds, for e te 0.1],

where I' is the Gamma function. The Riemann-Liouville right-sided fractional
integral (I f of order a > 0 is defined by

1 T
IFH)) = —/ (s —t)*" 1 f(s) ds, quadfor a.e. t € [0,T).
L(a) J;

Let 0 <a < 1and f € AC[0,T], T > 0. The Caputo left-sided and right-sided

fractional derivatives of order « of f are defined, respectively, by
(§DEf)(t) = oI~ f'(t), for ae. t €[0,T]
and
(tCD%f)(t) = —tfilp_o‘f’(t), for a.e. t €10,T).
The following fractional integration by parts will be used later to define the weak

solutions to (|1.1)) and (1.2).

Lemma 2.1. Let 0 < a < 1. If f € C[0,T], §D&f € L(0,T), g € CH[0,T] and
g(T) =0, then

T T
| Eoenwata= [ (10 - 1) Do) .
The following result will be useful later.

Lemma 2.2. Let T >0, r>1 and f:[0,7] — R be the function given by

f(t)z(l—%)r, 0<t<T.

Then, for any 0 < a < 1, we have

€D3f)(t) = T

— L T (T —t) ¢ 0<t<T.
Tr+1-—a) ( ) ’ - -

Given a complex number z € C, we denote by Re z its real part, and by Im z its
imaginary part. For T" > 0, Let

Qr = (0,T) xRV,
Given a function w(x), * € RV, T' > 0 and r > 1, we define the functional space
LTOC(QT? w(x)dt dl‘)

= {u :Qr — C: / |u|"w(x) dt de < oo, for any compact K C QT}.
K

We define the functions J, K : (0,1) x R?> — R by

I (@, (a,b)) = cos (%)a — sin (%”)b, (o, (a,b)) € (0,1) x R2,
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K(a, (a,b)) = cos (%)b + sin (%)a, (a, (a,b)) € (0,1) x R2.

3. RESULTS AND PROOFS

3.1. Nonexistence of global weak solution for (|1.1). The vector function
a(z) = (A1(x), A2(x),..., Ax(x)) is assumed to satisfy the following hypotheses:

(H1) |la(R*?y)|| = ||ly|I°PO(R7) as R — 400, for any y # Og~ that belongs to a
bounded domain of R, where (J,7) € R?, and || - || is the Euclidean norm
in RV,

(H2) |diva(R*?y)| = ||ly|"O(R") as R — +oo, for any y # Ogn that belongs
to a bounded domain of RY where v > —@—_Q), v € R, and diva is the

P
divergence of the vector function a defined by

N
diva(z) = Z 82;(:8), xRN,
j=1 J

Using the fractional integration by parts given by Lemma we define a weak
solution to (1.1]) as follows.

Definition 3.1. We say that u is a local weak solution to (|1.1)) if there exists some
0 < T < oo such that

loc

A
w € LY((0,7); L, (RY)) N L, (Qr, A;(w)dt dz) 1 L, (Qr, %dt dz),
J
forj=1,...,N, and

/ u (Ago—f—io‘th‘%gp) dtdx

T

= |u|Po dt doe — ,u/ |u|%a(z) - Vi dt dz
Qr Qr

—,u/ |u|qdiva(x)<pdtdx—|—ia/ gCDS e dt dx,
T Qr

for every test function ¢ € Ctl,f([O, T] x RN) with supp, ¢ CC RN and ¢(T,-) = 0.
Moreover, if T' > 0 can be arbitrarily chosen, then u is said to be a global weak

solution to (1.1f).

We have the following result concerning the nonexistence of global solution for

().

Theorem 3.2. Letp > q > 1 and g € L*(RY). Suppose that one of the following
cases holds:

@

A1 ox J(, (g1(z), g2(x)) dz >0,

andu120,1<p<1+% or

200 — 2Tp — ap 2aq — 2vp — ap}

2
0, N <min , )
7 {p—l a(p—q) a(p—q)
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(m
%o [ Ko (01 (@).20)) do > 0

andu2=0,1<p<1+% or

2 2aq—2tp—ap 2aq—21/p—ap}
p=1" alp-q) ~ alp-q
Then (1.1) admits no global weak solution.

Proof. Let ® € C§°(RY) be a function satisfying

Lo # 0, N<min{

0<B) <1 Ba) = {; . o Shh (3.1)
For T > 0, we define the functions
p1(x) = (@(T%x)y}, r e RN,
Pa(t) = (k%)m, 0<t<T, (3.2)
p(t,x) = p1(x)pa(t), (t,x) € Qr, (3.3)
where w > max{%, p’%q} and m > max{l, % . It can be easily seen that

pE C’;f([O,T] x RN) with supp, ¢ CC RN and ¢(T),-) = 0.
Suppose that u is a global weak solution to (|1.1). First, we consider the case

A1 - J(a, (91(x), g2(x)) dz > 0. (3.4)

By Definition we have

Re/ u (Ap + io‘th%gp) dtdx

T

= Re ()\/ |ulPo dt de — u/ lu|a(x) - Vo dt dx
T Qr

—,u/ |u|qdiva(ac)<pdtdac+ia/ ng%apdtdx),
T

T

which implies

1
[ wredras+ - [ (o) gale)f Do o
T

1JQr
1 an . am N
= N o, {(Re w)Ap + (cos (7) Rewu —sin (7) Im u) tCDTgo} dtdr  (3.5)
+ &(/ |u|%a(x) - Vi dt dx —|—/ lu|? div a(z)p dt d:z:).
M Jor i

Next, we shall estimate each term of the right-hand side of the above inequality.
First, we have

1
At Jqr

1 [e%
<o Dullagl + 2l Dfel] deds
Ml Jar

{(Re w)Ap + (cos (%) Rewu — sin (%) Im u) fD%(p} dt dx
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1 (a3
=5 /Q lul (|Ag| +2CD3|) dt de

! b @ 1
- MI/Q [ulp? (|A¢| + 2|7 Di¢l) ™7 dt da.
T

1

Further, using the e-Young inequality with parameters p and ﬁ7 we obtain
A

/ [(Re w)Ap + (cos (ﬂ) Rewu — sin (ﬂ) Im u) tCD%cp} dtdz
Qr 2 2
P

= (3.6)
< — (5/ [ulPp dt dx + c. / (|A<p| + 2|,5CD‘7’€<,0|) T oTE dt dw),
‘/\1| Qr Qr
where € > 0 and ¢, > 0 is a constant. Using the e-Young inequality with parameters
2 and ﬁ, we obtain

&

(/ |u|qa(x)ng0dtdz+/
M\ Jor

|u|? div a(z)e dt dx)
Qr
I

<1 [ul? ([la(@) [l Vel + |diva(z)||e]) dt dx
Al Jor
|M1|

(3.7)
< i L wredrds +d. [ [a@live

+ |diva(@)||¢))e ™ 77 deda),

where € > 0 and d. > 0 is a constant. Combining (3.5)), (3.6)) and (3.7]), we obtain
(1 - slull) /
T

ulPpdtde + = | T(a, (91(x), g2())f D dt de
1 1 1Jor
T )
C 2 _ 1
< = Ap|+ 218 Dgp|) 7T ¢ 7T dtdx
57 (el +20D3el) ™ .
d 12 . =4 pz.%q
L (@ 1Vl +diva@lieh 3 )7 deds
Ml Jor
Izll—f—lg.

Estimate of I;. Using the inequality

we obtain
‘)‘1| 2T oot ¢ po S
_h=G |Ap|p—Tpr=tdtde+ [ | Dyp|r-Tprtdtdx),
(4

(3.9)
T T
where C), = 925=1. On the other hand, by (3.3)), we have

/ |A<p|p%1<,m:f11 dt dz

T

(/OT (1 - %)mdt) (/0§|9€|S2T0</2 ’A((I)(T%Qx))w’ p

(a+b)7T <251 (aﬁ+bﬁ), a>0,b>0,
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A simple computation yields

/OT (1—%>mdt:mi+1. (3.11)

Moreover, using the change of variable y = T2 z, we obtain

/O<|z|<2Ta/2 14 (¢(T%x)>w |71 (é(T%ax)>ﬁ da

(3.12)
=T P AR (y))* |7 (@(y)) 7T dy.
0<|lylI<2
Note that because w > %, we have
[ IA@@ T @) dy < oo
o<lyll<2
Combining (3.10), (3.11)) and (3.12), we obtain
/ |Ag| 75T 7T dt da

er (3.13)

1

= (it L @) (@) a7

Next, by (3.3)), we have
CDa %1 %lld d
t T%@|” pr tdx
y T (3.14)
C pa B =1
— (/ e1(z) dm)(/ € D% oo (1) 75T (ipa(£)) 71 dt).
RN 0

On the other hand, it can be easily seen that

/ v1(z)dx = T D(y) dy. (3.15)
RN 0<|lyll<2
Further, by Lemma [2.2] we have
Fm+1) _
C na m m—a«
D = T T—1 .
¢ Diea(t) 'm+1-a) ( )

A simple computation yields

T
/0 1€ DS (1)) 72 (02 (1)) 7= dt

b _— (3.16)
[ I(m+1) ]p—l (p—1)T %1
[ T(m+1-a) plm—a+1)—(m+1)
Combining (3.14)), (3.15) and (3.16)), we obtain
/ € D& |71 7T dt da = C(m, p)T" 71t (3.17)

T

where

Pm+1) |77 (p—1)
clm.p) = (/0§|y|§2@(y)dy) [F(WHJlr a)] p(m*afl)*(mﬂ)'
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Hence, combining (3.9), (3.13) and (3.17)), we obtain
L <Oy et (3.18)

where Cy > 0 is a certain constant (independent of T').
Estimate of I>. Using the inequality

(a +b)7a <277 (aﬁ +bﬁ>, a>0,b>0,

we obtain
A1 ,
ds|ﬂ1| (3 19)
<yl [ Na@IP5 IVl o dtde+ [ | dvat) P pdt),
Qr .
where C,,, = 27-7. On the other hand, by (3.3) and (3.11), we have
| a5 196l 57 d o
o (3.20)
T e P g
=L ([t 19 )

Further, we have

_p_ »
[ Na@75 | Varl| 75 oF de
R

p —a w P —a 73“’
-/ la@)| 751V (2(1F 2))” |77 (81 F2)) " da.
Ta/2< g <2T/2

Using the change of variable y = T'% x, we obtain

| la@l 7w 1Ver |75 of da

—ap aN o _p_ Wi =2
=TG- "2 / la(T/2y) 7= [V ((y))“||7=7 ((y)) 7~ dy.
1<lyll<2
Using (H1), for T large enough, we obtain

_p_ 2 %
[l 19 eulrof ™ da
R

S . e (3.21)
<Cam Tt [ @) ) 7 dy,
1<]lyll<2
where C, > 0 is a certain constant. Note that since w > ﬁ, we have
W —2— =9«
[ IR @w) I @) P dy < .
1<]yll<2

Combining ({3.20]) and (3.21]), we obtain
| @7Vl 77 de de

or (3.22)

q

C _—ap 4 aN _ 7p P —qw
< e T [ @) ) 7
m+1 1<]ly) <2
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Again, by (3.3) and (3.11]), we have

P T P —a w
diva(x)|r—1pdtdx = 7/ diva(x)|?=a (®(T2 x dx.
/T| iree m+1 oguzugzw/z' ) ( ( ))

Using the same change of variable y = T2 x, we obtain

Tl 2(p q)+ 2

/T|dlva(x)Pq<,0dtdx= o——

[ ldiva(T ) @) dy
<llyll<2
Next, by (H2), for T large enough, we have

/ | div a(z)| 777 p dt da
T | (3.23)
< C'Tlff(? ot +7/ lyl| 7= (®(y))* dy,

0<lyl<2

_ (=9
p

where C, > 0 is a certain constant. Note that since vy > , we have

[l @) dy <.
0<llyll<2
Further, combining (3.19)), (3.22) and (3.23)), we obtain

I < C’2|‘u,1| ( 2(p q)+ 2 +p q +T Z(qu)+%+:qu)’ (324)

where Cs > 0 is a certain constant. On the other hand, we have

1

5 ), Tl (i), 92(x))f D§p dt da

1 Dm+1) i, e
= nTmiz_al L T @@) g (@) (1= )" da.

Combining (3.8)), and (3.24)), and taking
_ Ml
2(1 + [pal)’

(3.25)

we obtain

1
3 / |u|Po dt dx

1F(mi“:rla/ T(e (g1(x), g2(2))B(T T 2)° da

A\ F(m+2—a)
<O (T 4 | (T )
where C > 0 is a certain constant. This implies that
1 F m + 1 —@ w
( ) I (o, (g1(2), 92(2))®(T =2 z)" da

)\1 F(m +2— Oz) RN (326)
<C (T“—%+% + [pa] (T‘l*%+%ﬂf” + T q>+°‘N+p"—pq>) :

We discuss two cases.
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Case 1: y; =0, 1 <p <1+ 2. In this case, passing to the limit as T — +oo in

(3.26)), we obtain

1
T [, I (91(2), g2(x)) dz < 0,
1 JRN
which contradicts (3.4]).
Case 2: p1 # 0 and
2 2aq—27p-— 200 — 2wp —
N < min { 209 27p —op 20q —2vp —opy
p=1" alp—g) alp —aq)
Passing to the limit as T — +oo in (3.26)), we obtain
1
N J (e, (g1(2), g2(x)) dz <0,
1 JRN

which contradicts (3.4]).
Next, we suppose that

Ao K(a, (g1(x), g2(x)) dz > 0. (3.27)
RN
Observe that

t
v(t,x)zu(,’z), t>0, € RV
i

is a global weak solution to the problem
i°S Dfv 4 Av = N|vfP + pla(x) - V||, t >0, z € RY,
v(0, ) zgf(vx), zeRY,
where
N =Xy + (=A1)i = A} + iM%,
W= g+ (—pa)i = g+ i, () = g2(2) + (—g1(2))i = Gi(x) + iga(a),
for z € RY. It can be easily seen that is equivalent to
A on J(a, (g1(2), g2(z)) dz > 0.

Therefore, from the previous case, if

2
e =0, 1<p<1+N,
we obtain a contradiction with . Similarly, if
2 2aq—2tp—ap 2aq—2vp—ap
-1 alp-q¢ = alp—9q J
we obtain a contradiction with . O

e # 0, N<min{
p

Remark 3.3. Taking ¢ = 0 in Theorem we obtain the result given by [14]
Theorem 2.2].
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3.2. Nonexistence of global weak solution for System (|1.2). The vector func-
tions a(z) = (41(z), A2(x),...,An(z)) and b(z) = (B1(z), B2(x),...,By(x)) are
assumed to satisfy the following hypotheses:

(H1) |la(R = e Hy||5O(RT) as R — +oo, for any y # Og~ that belongs to a
bounded domain of RY, where (,7) € R.

(H2) |diva(Ra+ﬁ y)| = Hy||VO(R”) as R — +o0, for any y # Og~ that belongs
to a bounded domain of R, where v > —M and v € R.

(H3) ||b(R = )|l = |lyl|O (RX) as R — +oo0, for any y # Og~ that belongs to a
bounded domain of RY, where (¢, x) € R2.

(H4) |divb(R En y)| = Hy||90(Ré) as R — +o0, for any y # Og~ that belongs
to a bounded domain of RY , where 6 > —(HTU and ¢ € R.

We adopt the following definition for weak solutions to (|1.2)).

Definition 3.4. We say that (u,v) is a local weak solution to (1.2)) if there exists
some 0 < T' < oo such that

we L0, 7); Lo (BY)) 1 L6, (Qr, By (w)dtda) 16, (Qr. 5 G ).

v e LY(0,T); LV (RM)) N LL (Qr, A;(x)dt dz) N LL V (QT, Jdtd)

for j=1,2,...,N, and
/ u (A + iO‘tCD%(p) dt dx
T
= )\/ [v|Podtdx — u/ lv|%a(z) - Vo dt dx (3.28)
Qr Qr
—u/ \v|qdiva(x)g0dtdx+i°‘/ gD dt dx,
T T
/ (Acp + zﬁcDﬁ ) dt dx
T
=\ |u|®p dt dz — p/ |ul7b(z) - Ve dt dz (3.29)
Qr T
fu/ |u|”divb(x)g0dtdx+i’6/ hEDE o dt dx,
T T

for every test function ¢ € Ctl,’f([O, T] x RY) with supp, ¢ CC RY and (T, -) = 0.
Moreover, if T' > 0 can be arbitrarily chosen, then (u,v) is said to be a global weak

solution to .
For any (r,s) € (0,1) x (0,1), let us define the quantities:
01(r,s) = rj—s(ps—pl —r), Oa(r,s) = Tis(m —r),
ol = i s (‘(12;—8);; Tp—g ) =7 i s (flzp+—8)qz; - py—pq )
Bs(r, B) = r j— s (Z(LZH—F - o) HX—FJU T)’
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4 ( (r+s)k  ts r)
r+s\4(k—0) kK-—0o ’
We have the following nonexistence result for (|1.2)).

Theorem 3.5. Let 0 < f<a<1,p>q>1, k>0 >1, and g,h € L*({RY).
Suppose that one of the following cases holds:

@
a=p5 X\ /RN (7 (@, (91(x), g2(x)) + T (B, (ha(x), ho(x))) dx >0

Os(r, s) =

and
1

Tk —1

} or

w #£0, N< 4r111in69j(a,oz).
i=1,...,

1
=0, N <2min{——
w =0, < 2min {p 7

0<a, M J(B, (h1(z), ho(x))dx >0

or

B 4 . PBp (a+ B)k
u =0, N<a+ mln{p_1 a72(ﬂ_1) a}

1 #0, N < min 0;(a,pf).
j=1,...,6
(111)

a=pf, A /RN (Kle, (91(2), g2(2)) + K(B, (h1(2), ha(x))) dz >0

and
=0, N <2mi {L L}
1o =0, min oo Kl or
e #0, N < min 6;(a,a).
j=1,..., 6
(IV)
0 <a, X KB, (hi(x), ha(x))dz >0
RN
and

4 . +
=0, N< onrﬁmm{pﬁfl —a, (;zﬂﬁi’; _a}

e #0, N < min 0;(a,ps).
j=1,...,6

or

Then admits no global weak solution.
Proof. Let ¢ be the test function defined by
o(t,2) = p1(x)pa(t),  (t,2) € Qr,
where ¢ is given by ,
p1(x) = (<I> (Ti(afﬁ) x))w, r e RN,

® is given by (3.1]), and w and m are supposed to be large enough.
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Suppose that (u,v) is a global weak solution to (1.2]). First, we consider the case
A1 # 0. Therefore, by (3.28]), we have

Re/ u (A(p + io‘th%go) dt dx
=Re ()\/ |v|pcpdtdm—,u/ [v|fa(z) - Ve dt dz
Qr Qr

—u/ |v|qdiva(x)gpdtdx—|—io‘/ gtCD%godtdx),

T

which implies

1
/ [v|Pedt dx +
T

| Il (a@), 92(2)){ D§p dt da
1JQr

1 . §
= )\71 [(Re u)Ap + (COS (O;i) Rew —sin (%) Im u)tCDTgo} dtdr (3.30)
+ /;1 (/ [v|fa(x) - Vo dt dx —|—/ |v|? diVa(x)gpdtdx)_

1

T

Next, let us estimate each term of the right-hand side of the above inequality. First,
we have

1
)\—1 [(Reu)Ago—&— (cos (O;i) Reu — sin (%) Imu) tCD%gp} dt dx

|)\1/ [lul|Ag| + 2ullf Dgl] dt da
T
B |A1/Q Jul (1A¢] + 2/ Dgpl) dt dz
T
1 ® o _1
- |/\1/Q lule™ (|A¢l +2I7 Dil) o™ dt da.
T

Further, using the e-Young inequality with parameters x and —“5, we obtain

L {(Re u)Ap + (COS (a ) Rewu — sin ( ) Im u) CDT(,D} dtdx

A Jor 2 2 (3.31)

< L(5/ |ul®p dt dz + CE/ (|Ag —|—2|tCDT<p|) T dtdz)
‘)‘1| T Qr

where € > 0 and ¢, > 0is a constant. Using the e-Young inequality with parameters

2 and £, we obtain
q p—a

%(/ \U|qa(x)-V<pdtda:+/ |v|qdiva(x)cpdtdx)

1MJer T
W

< [ plpdrar+a. [ [(la@IIvel (3:32)
|A1| QT T

+ | div a(x)||@|)¢%q] 7Tt da:),
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where ¢ > 0 and d. > 0 is a constant. Combining (3.30), (3.31)) and (3.32)), we
obtain

1
(-2 [ wppdass - [ T (o). 0atw)E Dot
Ml 7 Jor A1

K Ce ] o p———
ST 3 (|Ag0| +2|¢ DY) 7T dtda
| 1| QT | 1| QT
de|p . —a17%7
1l [ [Vl + dvaglieh o) deds
| 1| Qr

- = lu|"p dtdx + I + I.
Al Jor
On the other hand, by (3.29)), we have
Re/ (ALp—l—zﬁcDﬂ ) dt dx
T

= Re (x\/ |ul"p dt dx — u/ lulb(z) - Ve dt dx
Qr QT

—u/ \u|"divb(x)gpdtdm+iﬁ/ htCD?@dtdx),
Qr Qr

(3.33)
+

which implies

— )\i/ {(Rev)mp—i— (005(52 )Rev—sm(ﬁ2 )Imv) ?D,?Qpi| dt dz
1

+)\7</ |u|‘7b(x)-V<pdtdx—|—/ |u|” divb(x)cpdtdx).
1

T
As previously, using the e-Young inequality, we obtain

(1_€||511|)/ Jul* sodtd:c+A— o T (B, (h1(z), ha(x))§ Do dt dax

< [v|Ppdtde + — / |Atp\+2\tCDTgp|) T dtde
|)\ | Jor \)\ |
Jelpm] b()|[||V div b =17 44
+ (|| @)Vl + [ divb(x)||e]) 7= tdx
Ml Jor

3
= m o ‘Ulp@dtdx—i_t]l +J27
T

(3.34)

where e. > 0 and f. > 0 are certain constants. Next, adding (3.33]) to (3.34)), we
obtain

(1_ gl

1
|A1| ) /Q (‘v|p + |U‘N) @dtdl' + Tl o j(a, (gl(x);QQ(x))th%sﬁdtdiL'
1

5| TG (@), ke )¢ Dip dt d

| |/ (ol + [ul*) pdtde + I + I + Ji + Jo,
11 JQr
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which yields

(- =) [l el e
Qr

Al A
1 C na
+ )\T or T (e, (91(2), g2(x))y D dt dx (3.35)
1
+ ™ T (B, (hi(x), ho(x ))CDﬁcpdtdx
1JQr

<Li+I,+ Ji+ Js.

Following similar arguments as in the proof of of Theorem we obtain easily
that

N (A (3.36)
I < Col| (T““*f’” Sorn tetetl L P s T +1) , (3.37)
Ji < Gy (TR +T1+W’%) (3.38)
Jo < Calpua (TW SRR pletPE - s e +1> , (3.39)

where C; > 0 are certain constants, j = 1,2,3,4. On the other hand, we have

1
| I (91(@), 02(2))f D dtda
1JQr

1 Tm+1) ., et
— )\TmT . J(a, (g1(x), g2())® (T x) da

(3.40)

and

L T8, (@), hal@))E D2t

\
Hler (3.41)

1 T(m+1) 5 —(ats) \@

Taking
A

2(1 + [pal)
in , using (3.36), (3.37), (3.38)), (3.39), (3.40) and (3.41]), we obtain

1 T(m+1) (etp) N\
(T +
AT m+2704 / J(@ (91(@), 92() ( x) dx

1 I'm+1) _, 5 —(atp) \¥
W e /}R T, (), ()@ (175 0) dr

< Ly (Tt

p—1

e (3.42)

(a+4ﬁ)N (a+B)p (a+B)N (a+ﬁ)P+ P +a

4t Cl= 1)>+L2|M1|( T o)

(a+B)N _ (a+B)p v (a+B)N _ (a+B)k K
7 _4(p7q)+p—Pq+O‘_|_T T T Aneey TRt

at (a+4ﬁ)N _ (2cx+[ﬂ)rc Ta"l‘ (a+4B)N _ Bp

(a+B)N +8 3
Oé4> El‘?ﬁ l’;_;’_f +a),

where L; > 0 are some constants, j = 1, 2.
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Suppose now that

=8, A /R (T (01), g22)) + (B, (i (@) hale))) e > 0. (3.43)

We discuss two cases.

Case 1: 3 =0 and N < 2min{ﬁ, i} In this case, passing to the limit as
T — 400 in (3.42)), we obtain a contradiction with (3.43).

Case 2: p; # 0 and N < min;j—; . ¢0;(a,«). Similarly, passing to the limit as
T — +oo in (3.42), we obtain a contradiction with (3.43).

Suppose now that
B<a, M\ J (B, (h1(z), ha(x)) dx > 0. (3.44)
RN
We discuss the following two cases:

Case 1: y; =0 and

4 . Bp (a+ Pk
N<a mm{p—lia’Q(/ﬁ—l)ia}'

In this case, passing to the limit as 7" — +oco in (3.42)), we obtain a contradiction
with (3.44).

Case 2: p; # 0 and N < minj—;_¢0;(c, ). Similarly, passing to the limit as
T — +00 in (3.42)), we obtain a contradiction with ([3.44).
Next, we consider the case Ay # 0. Observe that

U(t,z),V(t,z)) = (M M) t>0, 2 €RY

i
is a global weak solution to the system
S DU + AU = N |olP 4 pla(x) - V|V]Y, t>0, z€RY,
PSDPV + AV = N|U|® + 1'b(z) - VIUI”, t>0, 2RV,
U(0,2) = g(z), V(0,2)=h(x) zeRV,
where
N =X+ (=A1)i = N +iA),
W= o+ (—pa )i = iy + i,
9(x) = ga(x) + (~g1(2))i = G (2) + iGa(2), @ € RY,
Wz) = ha(2) + (—hy(2))i = hy(2) + iha(z), z€RY.
Therefore, from the previous study, if one of the cases (III) or (IV) holds, we obtain

a contradiction. O

Remark 3.6. Takingu =v,a=0,p==k,q=0,a=>b,and g = h, using Theorem
we obtain the result given by Theorem concerning the single Schrodinger

equation ([1.1)).
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