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POSITIVE SOLUTIONS FOR SUPERLINEAR
RIEMANN-LIOUVILLE FRACTIONAL
BOUNDARY-VALUE PROBLEMS
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Communicated by Marco Squassina

ABSTRACT. Using a perturbation argument, we establish the existence and
uniqueness of a positive continuous solution for the following superlinear Riemann-
Liouville fractional boundary-value problem
D%u(z) —u(z)e(z,u(z)) =0, 0<z<l1,
u(0) = v/ (0) = lim+ % () =0, u’(1)=a >0,
z—0

where 3 < o < 4 and ¢(z,t) satisfies a suitable integrability condition.

1. INTRODUCTION

Fractional differential equations have been of great interest recently. They can
be used to model many phenomena in control theory of dynamic systems, fluid
flow, electrochemistry of corrosion, rheology etc. For more applications, we refer to
[BL [©L 7, @9, 11 12} [13] [17) 18], 20] 23] 25] 26] 27, 28] and references therein.

By means of the lower and upper solution method and fixed-point theorems,
Liang and Zhang established in [I4] the existence of positive solutions for the fol-
lowing Riemann-Liouville fractional problem

D%u(z) + f(z,u(z)) =0, 0<z<l1,

u(0) = u/(0) =" (0) = u’(1) = 0, (L1)
where 3 < @ < 4 and f is a nonnegative continuous function satisfying some
adequate conditions.

Recently, Zhai et al. [29], studied problem with f(z,u(z)) = g(z,u(z)) +
h(z,u(x)). They proved the existence and uniqueness of positive solutions by using
a fixed point theorem for a sum of operators.

For further existence results related to , we refer to [I], 2 B 4, 14 2T, 22|
24, 29] and the references therein.
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In this paper, we are concerned with the following superlinear Riemann-Liouville
fractional boundary value problem

D%(z) — u(x)p(x,u(z)) =0, 0<ax<l1,
u(0) =4/ (0) = lim 2* " (z) =0, «’(1)=a>0,

x—0

(1.2)

where 3 < a <4 and ¢(z,t) is a nonnegative continuous function in (0,1) x [0, c0)
that is required to satisfy some appropriate integrability condition.

We emphasize that the condition a > 0 on the boundary is crucial to obtain a
positive solution. Our approach is based on a perturbation argument.

Notation:

(i) C(X) (resp.C* (X)) is the set of continuous (resp. nonnegative continuous)
functions in a metric space X;

(ii) B((0,1)) (resp. BT((0,1))) is the set of Borel (resp., nonnegative Borel)
measurable functions in (0, 1);

(ifi) L'((0,1)) == {g € B((0,1)), [y la(r)ldr < oo};

(iv) CL([0,00)) is the set of nonnegative continuously differentiable functions
on [0, c0);

(v) for 3 < a < 4,

Ko :=={q € BT((0,1)), /0 r* 1 — ) 3q(r)dr < oo} (1.3)
(vi) for 3 < a <4 and a >0, we let
w(z) = mxa_l, 0<z<1 (1.4)

Observe that w(x) is the unique solution of the problem
D%(z) =0, O<z<l,

U(O) _ 1/(0) _ hm x4—(xu//(x) — 07 u//(l) =a> 0 (15)

(vii) For 3 < a < 4, we denote by G(z,t) the Green’s function of the operator

u — D%u, with boundary conditions u(0) = u/(0) = lim,_o+ 2*~%u" (z) =

u”(1) = 0. We have (see Lemma [2.4)

1 ot -3 —(x—t)*!, 0<t<ax<1,
G(x,t) = —— == 1.6
(2,7) I'(a) {xo‘l(l — )3 0<z<t<l1 (16)

(viii) For each g € K, we let
1
Gz, r)G(r,t)

Qg = sup —————>¢q(r)dr. 1.7
a w7t€(071)/0 G(Z‘,t) ( ) ( )

It will be showed that if ¢ € Ky, then ay < oo.
To state our main results, we need a combination of the following assumptions.
(H1) ¢ € CT((0,1) x [0, 00)).
(H2) There exists a function ¢ € £,NC((0,1)) with o, < 1/2 such that for each
z € (0,1), the map t — t(q(x) — ¢(x,tw(x))) is nondecreasing on [0, 1].
(H3) For each = € (0,1), the function ¢ — ty(z,t) is nondecreasing on [0, 00).
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We first prove that if ¢ belongs to KX,NC((0,1)) with ay < 1/2 and f belongs to
B*((0,1)), then the fractional problem
D%u(z) —q(x)u(z) = —f(z), 0<z<l1, 3<a<i,

u(0) = /(0) = lim_&*~"u"(z) = u"(1) = 0, (1.8)

admits a positive Green’s function G(z,1).
Exploiting properties of the Green’s function G(x, t) and by using a perturbation
argument, we establish the following result.

Theorem 1.1. Under assumptions (H1), (H2), problem (1.2) admits a positive
solution w in C(]0,1]) satisfying

cow(z) <wu(z) <w(z), =z€]0,1], (1.9)
where ¢y s a constant in (0,1).

Moreover, the uniqueness of such solution is proved if, further, hypothesis (H3)
is satisfied.

From Theorem we deduce the following property.

Corollary 1.2. Let f € CL([0,00)) be such that the map r — 0(r) = rf(r) is
nondecreasing on [0,00). Let p € C*((0,1)) be such that the function x — p(x) :=

/ 1
p(x)ogrgngaj((ﬂﬁ (&) € Ko Then for X € [0, 2%), the problem

D%u(z) — Ap(z)u(z)f(u(z)) =0, =€ (0,1),
u(0) =4/(0) = lim 2*"%u"(z) =0, u’(1)=a >0,

z—0

(1.10)

has a unique positive solution u in C([0,1]) satisfying
(1 - dap)w(z) <ulz) <w(z), ze€][0,1].

Note that hypotheses (H1)—(H3), are satisfied with ¢(z,t) = Ap(x)t?, for o > 0,
p € CT((0,1)) such that

1
/ r(a_l)(“”’)(l — ) 3p(r)dr < oo,
0

This article is organized as follows. In section 2, some estimates on the Green’s
function G(z,t) are obtained. In particular, we prove that for all z,r, ¢ € (0, 1),
G(z,r)G(r,t) < 4(a —1)2
G(z,t) - (N
This implies that for each ¢ € K, we have o, < oo. In section 3, we start
by deriving the Green’s function G(z,t) associated to the boundary value problem
(1.8). We also establish some basic estimates of this function. In particular, we
show that for (x,t) € [0, 1] x [0, 1], we have
(1—ay)G(z,t) < G(x,t) < G(x,t).
We also prove the resolvent equation
V=Vof +Ve(@Vf) =Vof + V(aVyf), for feBT((0,1)),
where the kernels V' and V are defined on B*((0,1)) by

P 1 — ) s,

Vix) ::/0 G(z,t)f(t)dt and V,f(x) ::/0 G(z,t)f(t)dt,z € [0,1].
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By using the above results and a perturbation argument, we prove Theorem

2. FRACTIONAL CALCULUS AND ESTIMATES ON THE GREEN’S FUNCTION

2.1. Fractional calculus. We recall the following basic definitions and properties
on fractional calculus (see [IT, 23] 25]).

Definition 2.1. Let 5 > 0 and I'(5) be the Euler Gamma function. For a mea-
surable function f : (0,00) — R, the integral (provided that it exists)

Bria) = 1 [ (m—ppt .
i@ = g [ @0 a2 >0

is called the Riemann-Liouville fractional integral of order .

Definition 2.2. Let S > 0 and [(] be its integer part. For a measurable function
f:(0,00) — R, the expression (provided that it exists)

16} ) = 1 d n xx_ n—pF—1 _ in n—_3 T
D) = gy ()" | = 07 e = (),

I'(n—p) (dix
where n = [§] + 1, is called the Riemann-Liouville fractional derivative of order 3.

Lemma 2.3. Let 3> 0 and u € C((0,1)) N L*((0,1)). Then we have

(i) For0 <~ < B3, DIPu = I?""u and D°T°u = u.
(i) DPu(x) =0 if and only if u(z) = c1a’ L +conP 2+ ¢ 2™, ¢; €R,
i=1,...,m, where m is the smallest integer greater than or equal to (3.

(iii) Assume that DPu € C((0,1)) N L*((0,1)). Then
IPDPu(z) = u(z) + 12t + ezl 2 - e,

c; €ER, 1 =1,...,m, where m s the smallest integer greater than or equal

to 3.

2.2. Estimates on the Green’s function. In the next lemma, we give the ex-
plicit expression of the Green’s function G(z,t).

Lemma 2.4. If f € C*([0,1]), then the fractional boundary value problem
D%u(x)=—f(z), 0<z<l1,3<a<d,

u(0) = ul(o) - lim+ x4fau//(x) _ u"(l) —0, (2.1)
z—0
has a unique nonnegative solution
1
u(w) = / Gla, 1) f(t)dt, (2.2)
0

where for z,t € [0,1],

71—t 3 —(x—t)*L, 0<t<x<1,
xo (1 — )73, 0<z<t<l

—

G(z,t) = W {

Proof. Since f € C([0,1]), by Lemma and Definition we have

u(z) = 1227+ epx® % 4 3273 gzt — IV f ().
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Using the fact that u(0) = /(0) = lim,_,o+ 2*~%u”(z) = v (1) = 0, we obtain
cg =c3=cq4 =0and ¢ = ﬁ fol(l — t)®73f(t)dt. Then the unique solution of

problem ([2.1)) is

_ 1 ' — )3 b xa:— a1
ue) = g [ @0 i = s [ =0t

/Gxt

This completes the proof. ([
Next, we establish sharp estimates on the Green’s function G(z, ).

Proposition 2.5. The following properties hold:
(i) For x,t €0, 1]

2(a—1)
I‘(a) ( 7t) < G(l‘,t) < WHO<$’L‘)7
where Ho(z,t) = 27 2(1 — t)*~3 min(x, t).
(ii) For x,t € ]0,1],
1 a—1 a— 2(0& — ) a—2
a)” t(1 =) < G(x,t) < () t(1—t)
(i) For x € (0,1] and ¢t € [0,1),
(—1) 0 (o —1)(a—2)
(o) H(z,t) < %G(x t) < TH(@",Q,
where H(x,t) = 273(1 — t)* 3 min(x, ).
(iv) For z € (0,1] andtG[O 1),
(@—1(a-2)(a—3) ~ 0 (a-D(a=-2) ~
o) H(z,t) < WG( t) < TH(x,t),

where H(z,t) = 2 *(1 — t)* *min(z, t)(1 — max(z, t)).
Proof. We first observe that for A, u € (0,00) and ¢, t € [0, 1], we have
min(1, %)(1 —ct*) <1 —ct" < max(l, %)(1 —ct?). (2.3)
(i) By Lemma [2.4] for z,t € [0, 1], we have
1 il -t) B —(z—t)*!, 0<t<az<1
Gl t) = {x (L=~ (=)', 0<t<a<l;

I'(«) a—l(l—t)a—f‘, 0<z<t<l,
1 a—1

m 11— 1)*? — (max(z —t,0))*
1 o 5 /max(x —¢,0)\a—1
T(a)" (1-1) 3[1_(1_t)( z(1—1) ) }

Since W € [0,1], for z € (0,1] and ¢ € [0,1), the required result follows

from (2.3) with u =a —1, A\ =1and ¢ = (1 —t)%
(i) The assertion follows from (i) and the elementary inequalities

xt < min(z,t) <t, forx,te|0,1].
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(iii) For all x,t € [0, 1] we have

9 Gy =21t 21 =1)* P —(x—t)*% 0<t<z <
ox )= () xa—z(l _ t)a—3, O<z<t<l,
a—1

max(z — t, O))f’é—?}
z(1—1t)

Then the required result follows from (2.3) with y=a —2, A=1and c= (1 —1t).
(iv) For all € (0,1] and ¢ € [0,1) we have

6267( )7(a—1)(a—2) 231 -2 3 —(z—1)* 3, 0<t<z<1;
Ox? ') 273 (1 — )23, 0<z<t<l,
(@a—1D(a=2) , 3 -3 max(z —t,0)\ =3
= STt 1 e - (B
Ty & (171 ( 2(1—1) )
Then the required result follows again from (2.3) with y = a—3, A=1and c= 1.
This completes the proof. ([l

From Proposition (ii), we deduce the following characterization property.
Corollary 2.6. Let f € BY((0,1)). Then

x— Vfx)eC(o,1]) & /1 t(1 —)* 3 f(t)dt < cc.

Proposition 2.7. Let 3 < a < 4 and assume that the map t — t(1 —t)*73f(t) €
C((0,1)) N LY((0,1)). Then V f is the unique solution in C([0,1]) of the problem

D%u(z) = —f(z), 0<z<1,
u(0) = 4/(0) = lim 2" (z) = «”(1) = 0.

z—0t

Proof. Using Corollary we deduce that Vf € C([0,1]). This implies that
I*=2(V|f]) is finite on [0, 1]. So, by Fubini’s theorem,

P ) = F(j/x@c—t)?’ V)

I—a) / / t)3"*G(t, s)dt) f(s)ds
- / K (2, ) f(s)ds

where K (z, s) 4 ) fo t)372G(t, s)dt.
Next, we aim to give an exphc1t expression of the kernel K (z,s). To this end,
observe that by making the substitution ¢ = s + (x — s)6, we obtain for v,v > —1,

v F'(y+1I(rv+1)
—t)Y(t — s)Vdt =
/S(x ) (¢ =) T(v+v+2)
Using this fact and , we deduce that
(1 — 5)@—3 /m 3—ajpa—1
= — )3t
T o) o 7

_; xx_ 3—«a max(f — s a—1
(4 — O‘)F(O‘)/o (z —t)°"“(max(t —5,0))* "dt

(2.4)

(z —s)7 VL (2.5)

K(z,s)
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—lwg —Sa_?’—il mm— 3=%(max(t — 5,0))**
= 5o =9 = s [ @ = max( —.0)

Now, assume that s < z. Then by (2.5) we have

Ix— 37 (max(t — 5,0))* " 'dt = rx_ dmap gyl
A( 1%~ (max(t — 5,0))*dt L( et — 5)° i)

- (2.6)
_TEr-a),
On the other hand, if < s and ¢ € (0, z), we have
/ (@ — 1)~ (max(t — 5,0))*Ldt = 0. (2.7)
0

So, combining ([2.6)) and (2.7, we obtain
1 1
K(x,s) = 6:03(1 —8)* g(max(a: —5,0))%.

Hence for x € (0,1), we have
61V f)(x) = 6/0 K(z,s)f(s)ds
=3 ’ —5)3 — s)ds + 32 ws s)ds
ot 0= s+ 30 [ ss(s)a

—w%ﬁv@w+41%@w+ﬁéh—@wvww

= Jl(SU) + JQ(Z’) + Jg(x) + J4(IE) + J5(x)
We claim that
« d4 —«
DV ) () 1= A (P (V) (w) = ~f(a), fora € (0,1).

Since the function s — sf(s) is continuous and integrable near 0 and the func-
tion s — (1 — s)*~3f(s) is continuous and integrable near 1, then the functions
Ja(z), J3(x), Ja(x) and Js(x) are differentiable.

On the other hand, since (1 — s)®~3 — 1 = O(s) near 0, it follows that J;(x) is
differentiable. By simple computation, we obtain

A (gra-e ;v:;va — )73 — s)ds xxsss
SO W) =3 [ (1=~ 0p@ds 46 [ s(s)a

x 1
— 3z s2f(s)ds x> — )3 f(s)ds.
b0 [ pds+30* [ (1= (s)a

Using similar arguments as above, we obtain

i
LI V) @) = (@), forz e (0,1)
Next, we need to verify the boundary conditions. Since G(0,¢) =0 and V f(z) €
C(]0,1]), then it follows that V f(0) = 0.
On the other hand, by Proposition (iil), there exists a constant ¢ > 0 such

that for all z,¢ € [0, 1], we have

|%G(m,t)\ < cmin(z, t)(1 —1)* 2 < ct(1 —t)* 3.

This implies, by Lebesgue’s theorem, that (V f)’(0) = 0.
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By Proposition 2.5| (iv), there exists ¢ > 0 such that each x,t € [0, 1], we have
82
x47Q‘WG(x,t)| < cmin(z,t)(1 —)*73 < ct(l — )73,
x

Hence, by Lebesgue’s theorem, we deduce that lim+x4_“(Vf)”(x) = 0.
z—0
Let n € (0,1). Again by Proposition (iv), there exists a constant ¢ > 0, such
that for x € [n,1] and ¢ € (0, 1), we have

2
|%G($7t)| <en® (1 — 1)1 — max(x,t)) < en® (1 —t)* 3.
x

So by the Lebesgue’s theorem, we deduce that (V' f)”(1) = 0.

Finally, we need to prove the uniqueness. Let u,v € C([0,1]) be two solutions of
and put z = u— v. Then z € C([0,1]) and D%z = 0. Hence, by Lemma 2.3
(iii), we deduce that z(x) = c;2°7 1 + 022 + c32%73 + c42*~ . Using the fact
that z(0) = 2/(0) = lim, o+ 772" () = (1) = 0, we deduce that z = 0 and
therefore © = v. This completes the proof. ([l

Remark 2.8. Note that the conclusion of Proposition is also valid for o = 4.

Proposition 2.9. For each z,r,t € (0,1), we have

G(z,r)G(r,t) < 4o —1)2
G(z,t) - T(w

Proof. Using Proposition (i), for each z,r,t € (0,1), we have
G(z,7)G(r,t) < 4(a—1)2

ro 1 — )3, (2.8)

FO=2(] _ pyo? min(x, r) min(r, t)

G(x,t) - T(«a) min(x, t)
So the result follows from this fact and that
min(z, r) min(r, t)
min(z,t) -
This completes the proof. [
Proposition 2.10. Let g € K. Then
(i)
4o —1)° /1 -1 -3
ay < r* (1 —7r)* " q(r)dr < oo (2.9)
! I'(a) 0
(ii) For z € [0,1], we have
1
/ G(z, t)w(t)q(t)dt < agw(zx), (2.10)
0

where w(x) = CE =

Proof. Let q € K.
(i) Using and (2.8, we obtain inequality (2.9).
(ii) For all z,¢ € (0,1], we have lim,_,q g((fc;)) = ;z:
and , we deduce that

Thus, by Fatou’s lemma

! w(t) . ! G(t,r)
/0 G(x,t)mq(t)dt < llin_)l{lf ; G(z,t) Glor) q(t)dt < ay.
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This implies that for = € [0, 1],
1
/ G(z,t)w(t)q(t)dt < azw(z),
0
which completes the proof. ([l

3. PROOF OF MAIN RESULTS

Let ¢ € K, with a, < 1. Define the function G(z,t) on [0, 1] x [0,1] by

Gla.t) = 3 (~1)"Gu(a, 1), (3.1)
n=0
where Go(z,t) = G(z,t) and
Gn(z,1) :/0 G(z,7)Gp1(r,t)q(r)dr, n>1. (3.2)

Lemma 3.1. Let ¢ € K, with g < 1. For alln >0 and (z,t) € [0,1] x [0, 1], we
have
(i) Gu(z,t) < ayG(x,t). In particular, G(z,t) is well defined in [0,1] x [0,1].
(ii) The following inequalities hold:

Loz 't (1 — )73 < Gp(z,t) < Rz 2t(1 — )73, (3.3)
where
_ 1 ! e —r a—3 )dr)"™
Ln = gyt ro =)y,
o — 1
Ro = G ([ et 0= atmyan
(i) 1
Gt (2,8) = /0 G, )G, () dr
(iv)

/g(x,r)G(r,t)q(r)dr:/ G(z,r)G(r, t)q(r)dr.
0 0

Proof. (i) Clearly, inequality in (i) holds for n = 0. Assume that inequality in (i)
is valid for some n > 0, then by using (3.2) and (|1.7)), we obtain

1
Grii(x,t) < ozg/ G(z,m)G(r,t)q(r)dr < aZHG(x,t).
0

Since G (z,t) < ayG(z,t), it follows that G(z,t) is well defined in [0, 1] x [0, 1].
(ii) We can prove by using Proposition (ii), and using a standard
induction argument.
(iii) We proceed by induction. The equality is true for n = 0. Assume that for
a given integer n > 1 and (z,t) € [0,1] x [0, 1], we have

Gn(ac,t):/O Gpn-1(z,7)G(r, t)q(r)dr. (3.4)
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Using (3.2) and the Fubini-Tonelli theorem, we obtain

G (2,1) = / Gz ) / G (1. )CIE, )g(€)dE ) g (r)dr
/ /Gm G 1 (1, €)q(r)dr)G(E, ) (€)dE

- [ G 00t nateac.
(iv) Let n > 0 and =, 7,t € [0,1]. By Lemma [3.1] (i) we have
0 < Gu(z,7)G(r,t)q(r) < af G(x,r)G(r, t)q(r).
Hence the series 2>:o fol Gy (x,7)G(r,t)q(r)dr converges. By the dominated con-

vergence theorem and Lemma (iii), we deduce that

/0 g(x,r)G(r,t)q(r)dr:nEO/O (=1)"Gp(z,r)G(r, t)q(r)dr
:nz%/o (=1)"G (@, )G (s ) (r)dr

1
= / G(z,m)G(r, t)q(r)dr.
0
This completes the proof. (Il

Proposition 3.2. Let g € K, with og < 1. Then the function (x,t) — G(x,t) is
continuous on [0, 1] x [0,1].

Proof. We claim that for n > 0, the function (x,t) — G,(z,t) is continuous on
[0, 1] < [0, 1].

Clearly, Go(z,t) is continuous on [0, 1] x [0, 1]. Assume that the function (z,t) —
Gp—1(x,t) is continuous on [0,1] x [0,1]. So, for each r € [0,1], the function
(x,t) — G(z,7)Gp—1(r,t) is continuous on [0,1] x [0,1]. By using Lemma (i)
and Proposition [2.5] (i), we have for each (z,t,7) € [0,1] x [0,1] x [0, 1],

G(z,7)Gp1(r,t)q(r) < ozg_lG(x,r)G(r, t)q(r)
2(0[ — 1) 2 -1 _3
< (227 )y2a-1q _ e :
< B et a0 o)
We deduce by (3.2) and the dominated convergence theorem, that the function

(x,t) — Gp(z,t) is continuous on [0, 1] x [0, 1]. This proves our claim.
Using again Lemma (i) and Proposition (ii), we have for all z,¢ € [0, 1],

n 2(04 — 1) n
Gn(z,t) < afG(r,t) < Waq.
Therefore the series Y (—1)"G,(x,t) is uniformly convergent on [0, 1] x [0, 1] and
n>0
hence the function (z,t) — G(z,t) is continuous on [0, 1] x [0,1]. This completes
the proof. (Il

Lemma 3.3. Let g € K, with ag < 1/2. Then for all (z,t) € [0,1] x [0,1], we have
(1= ag)Gla,t) < G(2,t) < G(z,1). (3.5)
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Proof. Since oy < 1/2, we deduce by Lemma [3.1] (i) that

|g($,t)‘ < Z(aq)nG(xvt) =

T G(z,t). (3.6)
n=0 q
Note that
G(z,t) = G(x,t) — Z(—l)”Gn+1(x,t). (3.7)
n=0

Since the series Y fol G(z,7)Gp(r,t)q(r)dr is convergent, we deduce by (3.7)) and
n>0
(B3) that

o0

1
G(x,t) = G(z,t) — Z(—l)"/o G(xz, )Gy (r, t)q(r)dr

n=0
1 e3¢}
:G(x,t)—/o G(z,r)(Y (1) "Gn(r,t))q(r)dr.
n=0

Therefore,
Gla,t) = G(z,t) = V(g9 (-, 1)) (2)- (3.8)
Using and Lemma (i) (with n = 1), we deduce that
1 oyq
V(a9(.)(x) < T2V )) = =Gl ) € T2 Glat)

This implies by (3.8) that

g(x,t)zc(x,o—l“q Gla,1) = =1 Gla,1) > 0.

— Qq — Qg

So G(x,t) < G(z,t) and by and Lemma [3.1] (i) (with n = 1), we have
g(.%',t) 2 G(.%t) - V(qG(7t))($) 2 (1 - O‘q)G(wﬂt)'

The proof is now complete. |

Using Proposition (3.5) and Proposition (i), we obtain the following
property.

Corollary 3.4. Let q € Ko with oy < & and let f € BY((0,1)). Then the following
characterization property holds:

v Vo f(x) € C([0,1]) & /01 H1— )25 F(1)dt < oo.

Lemma 3.5. Let g € Ko with ag < § and f € BY((0,1)). Then we have

VIf=Vof +Ve(aV ) =Vof +V(dVyf). (3.9)
In particular, if V(qf) < oo, we have
(I =Ve(g )T +V(g)f =T +V(g)I = Vy(g)f =T (3.10)

Here, V(¢.)(f) == V(qf)-
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Proof. Let (z,t) € [0,1] x [0,1]. Then by (3.8]), we have
G(‘Tv t) = g($7 t) + V(qg('a t))(.%‘),
which implies by the Fubini-Tonelli theorem that for all f € B¥((0,1)),

1
Vi) = / (Gl t) + V(4G (1) (@) £ (1)t

= Vof (@) + V(gVef)(x).

Using Lemma 1| (iii) and the Fubini-Tonelli theorem, we obtain that for all f €
B*((0,1)) and z € [0,1],

//gxr (r,t)q t)drdt = // (z,7)G(r, t)q(r) f(t)drdt.

It follows that
ValaV (@) = V(gVef) ().
We deduce that
VI=Vof +VI(aVef) =Vof + VolaV f)(=).
This completes the proof. O

Proposition 3.6. Let ¢ € K,NC((0,1)) such that g < 1/2 and f € BT((0,1))
such that t — t(1 —t)*=3f(t) € C((0,1)) N L'((0,1)). Then V,f € C*([0,1]) and
it is the unique solution of problem satisfying

I—a))VfSVf <VFf. (3.11)

Proof. By Corollary we deduce that z — V, f(z) € CT([0,1]). Therefore, the
function z — ¢(z)V,f(z) € C((0,1)). Using (3.9) and Proposition (ii), there

exists a constant ¢ > 0 such that

2(0[—1) a—2 a—3 _Cxa72
vt < Vi < 20 [ s peta= e @)

So we deduce that

/1 {1 — 1) 3q(t)V, f(8)dt < c/1 1211 = )23 g(1)dt < oo,
0 0

Hence by Proposition the function v = V,f = Vf — V(qV,f) satisfies the
equation

D%u(x) = —f(z) + q(x)u(z), =z €(0,1),
u(0) = u'(0) = wlirggr z* " (x) = (1) = 0.

By integrating inequalities (3.5)), we obtain (3.11]).

For the uniqueness assume that v is another nonnegative solution in C([0,1]) of

problem ([1.§] batlbfymg (3-11). Since the function ¢ — g(t)v(t) is of class C((0,1))
and by (3.11] , the functlon t— t(1—t)*3q(t)v(t) is in L'((0,1)), it follows
by Proposmon hat the function v := v + V(qv) satisfies

Dv(x) + f(x) =0, =€ (0,1),
9(0) =2'(0) = im, a9 (x) = 0" (1) = 0.
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Using Proposition 2.7 we deduce that
vi=v+V(iqu) =V,
hence
(I+V(¢g))(v—u)=0.
Using (3.1, and Proposition (i) we have

—ul)(x w 10‘_2 — )* S min(z
Vil = ua) < S5 [ 772002 minGe. (0
de(a—1

) /1 -1 -3
71 = )" q(t)dt < 0.
I'(a) 0
So by (3.10), we deduce that u = v. This completes the proof. O

3.1. Proof of Theorem Let a > 0 and recall that

a -1

—_— f <z <l

(a—l)(a—2)x , for0<z<

Since ¢ satisfies (Hz), there exists a function ¢ in K£,NC((0,1)) such that oy < 1/2
and for each = € (0, 1), the map ¢t — t(q(z) — ¢(z,tw(x))) is nondecreasing on [0, 1].
Let

w(x) =

A:={ueB((0,1): (1-a,w<u<w}
Define the operator T on A by
Tu =w—Vy(qw) + Vo((q = ¢(-, u)u).
By and , we have
Valqw) < V(gw) < aqw < w. (3.13)
By (H2), we obtain
0<¢p(,u)<q, forallueA. (3.14)
Using and , we have that for all u € A,
Tu < w = Vy(qw) + Vy(qu) < w,
Tu > w— Vy(qw) > (1 — ag)w.
Therefore. T(A) C A.
Next, we prove that the operator T' is nondecreasing on A. Indeed, let u,v € A

be such that v < v. Since the map t — t(¢(z) — ¢(x,tw(x))) is nondecreasing on
[0,1], we obtain that for all z € (0,1),

Tv—Tu = Vy([v(g = (-, v)) —ulg —¢(,u))]) 2 0.
Now, we consider the sequence {u,} defined by uy = (1 — ag)w and upq1 = Tuy,
for n € N. Since A is invariant under T, we have u; = Tug > ug and by the
monotonicity of T', we deduce that

(1*Oéq)w:UOSU1S"'Sungun+1 <w.

Hence by dominated convergence theorem, (H1), and (H2), we conclude that the
sequence {u, } converges to a function u € A satisfying

u=(I—Vy(q.))w+ Vg((qg — (-, u)u).
It follows that
(I = Vg(g))u = (I = Vg(q.))w — Vo (up(., u)).
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On the other hand, by (3.13]), we have V(qu) < V(qw) < w < co. Then by applying
the operator (I + V'(q.)) on both sides of the above equality and using (3.9) and
(3.10)), we conclude that wu satisfies
u=w—V(up(-,u)). (3.15)
We claim that w is the required solution. From ({3.14)), we have

u()p(t, u(t)) < q(t)w(t) = mt“’lq(t) (3.16)

So f01 t(1 — )*3u(t)p(t,u(t))dt < co. Therefore by Corollary the function

z — V(up(.,u)(z) € C([0,1]) and from (B.15), we conclude that u € C([0, 1]).
Since by (H1) and (3.16)), the function t — t(1 — t)*3u(t)¢(t, u(t)) belongs to

C((0,1)) N L((0,1)), we deduce by Proposition that u is the required solution.
To prove uniqueness, assume (H3) and let v be another nonnegative solution

in C([0,1]) of problem (1.2 satisfying (1.9). Since v satisfies (1.9)), we deduce by
(3.14])) and (3.16]) that
a

0 <o(t)p(tv(t)) < q(t)w(t) = mta_1Q(t)'
(

So the function ¢ +— (1 — t)* 3v(t)p(t, v(t)) belongs to C((0,1)) N L((0,1)), and
by Proposition we deduce that the function v := v + V (ve(-,v)) satisfies
DY%(x) =0, O0<z<]l,
9(0) =2'(0) = lim 2*7°%"(x) =0, (1) =a > 0.

z—0+t
Hence
vi=v+ V(ve(,v)) = w.
We deduce that
v=w—V(vp(-,v)). (3.17)
Let h be the function defined on (0,1) by

{vm)so(m(w))u(w)w(w(w)) if v(z) £ u(z),

v(@)—u(z) ’

0, if v(z) = u(x).

Then by (H3), h € B((0,1)) and by and (3.17), we have

(I+V(h))(v—u)=0.
On the other hand, by (H2), we remark that h < ¢ and by we deduce that
V(h|lv —ul) <2V (qw) < 20w < 0.

Hence by , we conclude that u = v. This completes the proof.
Example 3.7. Let 3<a <4 and a>0. Let 0 >0, and p € CT((0,1)) such that

h(z) =

1
/ T(O‘_l)(H"’)(l — T)O‘_3p(r)dr < 0.
0

Let p(z) := (04 1)p(x)(w(x))?. Since p € K, then for A € [0, ﬁﬁ), the problem
Du(z) — Ap(z)u () =0, 0<x<I1,
u(0) =/ (0) = lim z* *u’(z) =0, «"(1)=a,

x—0
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has a unique positive solution u in C([0, 1]) satisfying
(1= dop)w(z) < u(r) <w(z), z €[0,1].

Example 3.8. Let 3 <a<4anda > 0. Let 0 >0, > 0and p € CT((0,1))
such that

1
/ pla=DHe=DE+) (1 — p)o=3p () dr < 0.
0

Let 0(s) = s log(1 + s7) and p(t) := p(t) maxg<e<w(r) 0/ (€). Since p € Kq, then
for A\ € [0, ﬁﬁ), the problem

Du(z) — Ap(z)u”(z)log(1 +u(x)) =0, 0<z<1,
u(0) =/ (0) = lim z* *u’(z) =0, «’(1)=a,

x—0

has a unique positive solution u in C([0,1]) satisfying
(1-2dop)w(z) <u(z) <w(z), ze€l0,1].
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