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SECOND-ORDER BOUNDARY ESTIMATE FOR THE SOLUTION
TO INFINITY LAPLACE EQUATIONS

LING MI

Communicated by Jesus Ildefonso Diaz

ABSTRACT. In this article, we establish a second-order estimate for the solu-
tions to the infinity Laplace equation

—Asou = b(x)g(u)v u>0, =xel, U|aﬂ =0,
where Q is a bounded domain in RN, g € C1((0, 00), (0,0)), g is decreasing
on (0,00) with lim,_,y+ g(s) = oo and g is normalized regularly varying at
zero with index —y (y > 1), b € C(Q) is positive in 2, may be vanishing on
the boundary. Our analysis is based on Karamata regular variation theory.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The operator A, is the so-called co-Laplacian

N
Aqou := (D*uDu, Du) = Z DiuD;juDju.
i,j=1

The infinity Laplacian equation A, u = 0 is the properly interpreted Euler-Lagrange
equation associated with minimizing the functional (u, X)  [|[Vu||px) for X C
RM. Tt was introduced and first studied by Aronsson [3] in 1967. Notice that
the infinity Laplacian is a quasilinear and highly degenerate elliptic operator, and
this degeneracy accounts for the non-existence, in general, of smooth solutions to
Dirichlet problems. Several approaches were developed to overcome this problem,
including the notion of viscosity solutions (see [I3]) and the method of comparison
with cones, developed by Crandall, Evans and Gariepy [14]. It was only in 1993
that Jensen [20] showed a continuous function w is a viscosity solution to Asu =0
if and only if it is a so-called absolutely minimizing Lipschitz extension. Jensen
also proved uniqueness in this setting. Peres, Schramm, Sheffield and Wilson [31]
introduced a new perspective by applying game theory to these problems. Using
the game random-tug-of-war, they proved the most general existence and unique-
ness results to date for solving equations involving the operator A,,. Recently,
the infinity Laplacian equation has been discussed extensively by many authors in
previous literature, see [4, [7] and the references therein.
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The main concern of the present paper is the second-order estimate for the
solution near the boundary to the singular boundary-value problem

—Axu=0bx)g(u), u>0, z€Q, uloq=0, (1.1)
where where the operator A, is the oco-Laplacian, a highly degenerate elliptic
operator given by

N
Asou = (D*uDu, Du) = Z D;uD;;uDju,
ij=1
where € is a bounded domain with smooth boundary in R¥, the functions b ¢
satisfy
(H1) b e C(Q) and is positive in €,
(H2) there exist k € A and By € R such that
b(x) = k*(d(z))(1 + Bod(z) + o(d(x))) mnear 09,
where d(z) = dist(z,9), A denotes the set of all positive non-decreasing
functions in C*(0, ) which satisfy

lim i(;{((g) =Cre (0,1, K(t) :/0 k(s)ds;

(H3) g € C*((0,00), (0,00)), lim,_o+ g(s) = oo and g is decreasing on (0, 00);

(H4) there exist v > 1 and a function f € C'(0,a1] N C[0,a;] for a; > 0 small
enough such that

_g<(s§)s==v+f<s> with - lim, f(5) =0, s € (0.a);
ie.,

“ )

s v

g(s) = cos™ T exp ( dv), s € (0,a1], cg > 0;

(H5) there exists n > 0 such that
!/
lim f(s)s =
s—0+ f(S)
Lu and Wang [22, 23] first investigated the inhomogeneous Dirichlet problem

Ay = f(z,u), u>0, x€Q, ulsga=m, (1.2)

where f: Q x R — R is continuous and m € C(92). When the right hand side
f(z,u) is independent of u, they show that the Dirichlet problem admits a
unique solution u € C(Q), in the viscosity sense. Bhattacharya and Mohammed [6]
is the first paper that addresses problem in which the inhomogeneous term
f depends on both the variables x and u. The paper considers the existence or
nonexistence of solutions to problem for the f with the sign and the mono-
tonicity restrictions. Later, [7] removes the sign and the monotonicity restrictions,
and presents fairly general sufficient conditions on f to ensure the existence of
viscosity solutions to problem . In particular, [6] discusses the bounds and
boundary behavior of solutions to problem when b is a positive constant in 2
and f(u) = u=7,7 > 0. The author [26] further investigate the boundary asymp-
totic behavior of solutions to problem for a wide range of functions b(x) and
f(u).
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Boundary asymptotic behavior of solutions to singular elliptic boundary value
problem has been studied extensively in the context of the classical Laplace oper-
ator, i.e.

—Au=b(z)g(u), u>0, z€Q, ulog=0, (1.3)

It is well known that problem has been discussed and extended by many
authors in many contexts, for instance, the existence, uniqueness, regularity and
boundary behavior of solutions, see, [I, [27] and the references therein.

For b = 1 in Q and ¢ satisfying (H3), Crandall, Rabinowitz and Tartar [I5], Fulks
and Maybee [16] derived that problem has a unique solution u € C***(Q) N
C(Q). Moreover, in [I5], the following result was established: If ¢; € C[0, 8] N
C?(0,80] is the local solution to problem

—¢1(t) = g(d1(t)), ¢1(t) >0, 0<t<do, ¢1(0)=0, (1.4)
then there exist positive constants ¢; and ¢y such that
c101(d(x)) < u(zx) < copr(d(x)) near 0.
In particular, when g(u) = =7, v > 1, u has the property
e1(d(2))¥ ) < u(x) < ep(d(z))? Y near 99, (1.5)
Later, for b =1 on Q, g(u) = v~ with 4 > 0, Berhanu, Cuccu and Porru [5]
obtained the following results on a sufficiently small neighborhood of 9€2;
(i) for v =1,
u(z) = ¢1(d(x)) (1 + Ax)(— ln(d(m)))_ﬁ) near 0f),
where ¢; is the solution of problem (1.3) with v = 1, ¢1(t) =~ tv/—2Int
near t =0, 3 € (0,1/2) and A is bounded;
(ii) for v € (1,3),
(1 +~)2\1/0+7) 5 _
— (=T d /) (1 & A(2) (d(2))2—D/0+) o0:
u@) = (5ooy) @@ (14 A ) ) near 09;
(iii) for v =3,

u(x) = \/2d(z) (1 — A(z)d(z) In(d(x))) near OQ.
For v > 3, McKenna and Reichel [25] proved that

u(z) (14 7)2\1/0+7)
(d(x))2/(+7) (2(7 - 1)) ’

On the other hand, Cirstea and Radulescu [9] [10, 1] introduced a new unified
approach via the Karamata regular variation theory, to study the boundary behav-
ior and uniqueness of solutions for elliptic problems. Later, using this approach,
Zhang [35] and the author [27] continued to prove the second-order asymptotic be-
havior of solutions to problem . However, the investigation of the second order
expansion of viscosity solutions to problem is just getting started.

With motivation from the above works, in this article we want to consider the
two-term asymptotic expansion of the viscosity solution u of problem near 0}
for suitable conditions on b(z) and f(u).

Let 8 > 0, we define

< eq(d(x) 0/ A+ pear 9Q.

a m) _Ck> = Dij, € R};

— i _ B
Mip={ke A’tlir&( Int) (dt( k(t)
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. o d K@) B
Az ={keA, lim ¢ 1(a(m)—ck) = Dy, € R}.

The key to our estimates in this paper is the solution of the problem

#(t) ds
/0 W:u t>0. (1.6)

Our main results are summarized as follows.

Theorem 1.1. Let (H1)-(H5) be satisfied. Suppose that k € Ay g, n > 0 in (H5)
and Ci(v+ 3) > 4, then for the viscosity solution u of problem (L.1) and all x in a
neighborhood of 0X), it holds that

u(z) = Lo (K**(d(@))) (1 + Ao(~In(d(2)) ™7 + o((~In(d(x))) 7)), (1.7)
where ¢ is uniquely determined by and

3

D,

Cr(v+3)—4
Theorem 1.2. Let (H1)-(H5) be satisfied. Suppose that n =0 in (H5) and Cr(y+
3) > 4.

(i) If k € A1 g and
(H6) there exist o € R such that

v+ 3 )1/(3+v) 3

L Ag=—(} (1)

lim (—Ins)?f(s) = o,

s—0

where [ is the parameter used in the definition of Ay g.
then for the viscosity solution u of problem (1.1]) and all x in a neighborhood
of 092, it holds that

u(z) = Lop(K**(d(@))) (1 + Ar(=In(d(2)) "7 + o((~In(d(x))) 7)), (1.9)
where ¢ is uniquely determined by , &o s in and

(3)3D1k — Ag

A= -2 =
! C’k(”y+3)—4

4 _
with Ay = A0 ((3)' 0+ )72 +§ g,
Az = 47P(Cr(y + 3))".
(ii) Suppose that k € Ao, then (i) still holds, where

3ya_ Ao

A=) Cr(y+3)—4

Remark 1.3 ((Existence and uniqueness [6] Cor. 6.3]). Let g : (0,00) — (0,00)
be non-increasing and b € C(Q2) be a positive function such that sup,cq b(z) < oco.
The singular boundary value problem (|1.1)) admits a unique solution.

The outline of this paper is as follows. In section 2 we give some preparation.
The proofs of Theorems and [1.2] will be given in section 3.
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2. PRELIMINARIES

Our approach relies on Karamata regular variation theory established by Kara-
mata in 1930 which is a basic tool in the theory of stochastic process (see [32, ?]
and the references therein.). The theory of regular variation has been applied in
Tauberian theorems, Abelian theorems, analytic theorems, and analytic number
theorems etc.. The regular variation theory enables us to obtain significant infor-
mation about the qualitative behavior of large solutions in a general framework.
In this section, we give a brief account of the definition and properties of regularly
varying functions involved in our paper (see [32] [33]).

Definition 2.1. A positive measurable function g defined on (0, a), for some a > 0,
is called regularly varying at zero with index p, written as ¢ € RV Z,, if for each

& >0 and some p € R,

9E) _ ¢p
Jim o) =£°. (2.1)

In particular, when p = 0, g is called slowly varying at zero.

From the above definition we easily deduce that if L is slowly varying at zero,
then t*L(t) € RV Z,. Some basic examples of slowly varying functions at zero are
(i) every measurable function on (0, a) which has a positive limit at zero;

(ii) (—Int)? and (ln(—lnt))p, p € R;
(iii) e-D" 0 <p< 1.
Definition 2.2. A positive measurable function f defined on [a,0), for some

a > 0, is called regularly varying at infinity with index p, written as f € RV, if for
each £ > 0 and some p € R,

L 1)

im

= &P, 2.2
s—o0 f(s) 22)
In particular, when p = 0, f is called slowly varying at infinity.

Proposition 2.3 (Uniform convergence theorem). If g € RV Z,, then (2.1)) holds
uniformly for & € [c1,ca] with 0 < ¢1 < ¢ < a.

Proposition 2.4 (Representation theorem). A function L is slowly varying at zero
if and only if it can be written in the form

ai
L(t) = y(t) exp ( Mdu), t € (0,a1), (2.3)
‘ v
for some ay € (0,a), where the functions f and y are measurable and for t — 07,
f(t) = 0 and y(t) — co, with co > 0.
We say that
; “ fv)
L({t) = cexp ( —du), te(0,a1), (2.4)
¢ v
is normalized slowly varying at zero and
g(t) = cot?L(t), te€ (0,a1), (2.5)

is normalized regularly varying at zero with index p (and written g € NRV Z,).
A function g € RV Z, belongs to NRV Z, if and only if
tg'(t)

g € CY(0,a;) for some a; > 0 and tli%1+ o) p- (2.6)
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Proposition 2.5. If the functions L, L, are slowly varying at zero, then

(i) L? (for every p € R), ey L+ coLy (¢1 >0, ¢ >0 with ¢y +¢2 >0), Lo Ly
(if Li(t) — 0 as t — 0T) are also slowly varying at zero.
(i) For every p >0 andt — 07,

tPL(t) — 0, tPL(t) — oo.
(iii) For p € R and t — 0%, In(L(t))/Int — 0 and In(t’L(t))/Int — p.

Proposition 2.6. If gy € RVZ, , g2 € RVZ,, with lim;_o+ g2(t) = 0, then
g1 0092 € RVZppo.

Proposition 2.7 (Asymptotic behavior). If a function L is slowly varying at zero,
then fora >0 and t — 07T,
(i) fys”L(s)ds = (p+ 1)~ L(t), for p> —1;
(ii) [ sPL(s)ds = (—p — 1)"H'*° L(t), for p < —1.
Next, we recall the precise definition of viscosity solutions for problem (|1.1)).

Definition 2.8. A function u € C(2) is a viscosity subsolution of the PDE A, u =
—b(x)g(u) in Q if for every ¢ € C?(f), with the property that u — ¢ has a local
maximum at some xg € €, then

Acop(w0) = —b(w0)g(u(0))-

Definition 2.9. A function v € C(2) is a viscosity supsolution of the PDE A u =
—b(z)g(u) in Q if for every ¢ € C%(Q), with the property that u — ¢ has a local
minimum at some xq € €2, then

Acop(o) < =blzo)g(u(o))-

Definition 2.10. A function u € C'(2) is a viscosity solution of the PDE A u =
—b(x)g(u) in  if it is both a subsolution and a supersolution.

Remark 2.11. It is easy to prove that if u € C?(Q2) is a classical subsolution
(supersolution) of the PDE Asu = —b(z)g(u), then u is a viscosity subsolution
(supersolution) of the PDE A u = —b(z)g(u).

Our results in this section are summarized as follows.

Lemma 2.12. Let k € A. Then
D i K _ g} () _ =1y -
(i) limy_ o+ w = 0, imyor C. e, Ke NRVZCk 15

K(

(i) limy_o+ i) = 1255, ie., k € NRVZa_c,) 0., lim_oe 5000 =1 -
Ck;

(i) when k € Ay g, lim; o+ (— lnt)ﬂ(KggZ)(t) — (1= Ck)) = —Du;

(iv) when k € As, lim,_, o+ t_l(iKE;)g)(t) —(1=Ck)) = —Das.

The proof of the above lemma is similar to the proof of [35, Lemma 2.1], so we
omit it.
Lemma 2.13. If g satisfies (H3)-(H5), then:

(1) foa % < o0, for some a > 0;

(99))
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(i)

. s\ [t ds 4 : (9(2)) """ 3
tlir&((g(t)) )/0 (g(s))1/3_ v+3’ tli}(l),lJr t oy +3

Proof. (i) Assumption (H4) implies that ¢ € NRVZ_, with v > 1, so g(s) =
cos 7L(s), s € (0,a1), where L is normalized slowly varying at zero and ¢y > 0.

(i) is obvious due to Propositions 2.7)i) and [2.5[(ii).
(ii) Also we have

(9(t))

t

1/3

/t ds 3 7% 5 (L)’ 3
0 (g(s)"" 73 (L(

Lemma 2.14. Let g satisfy (H3)—(H5). If n =0 in (H5) and (H6) holds. Then
(i) limy o+ (—1n t)ﬁ(tgl(t) + ’y) = 01, where

g(t)
0, ifn>0,
g1 = .
—o, ifn=0;

t ds
lim (—Int)” Jo G S ) = 09;
t—0+ —t v+1 >
(g(t))*/3

{Q ifn >0,
09 =

where

—Gigz Un=0;

(iii)

im—n'B 1/3y, t ds ¥ —
Jim (<m0 ((00) " [ o )

where

0, if n >0,
o3 = - .
B CEEER if n=0;

. 9(6ot)  —(v+D)) _
tlir&(_lnt)ﬁ(fog(t) —& ) o

where

0, ifn >0,
0’ o
P —os T gy, ifn=o.
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Proof. When f € NRVZ, with n > 0, by Proposition (ii), it follows that
lim,_, o+ (—Int)?f(t) = 0, and when n = 0, by (H6), lim,_,o+ (—Int)f(t) = o.

(i) By tgl(g) +v = —f(t), we see that (i) holds.

(ii) By (H4) and a simple calculation, we obtain

S( 1 )’ I T (C))

1/3) 1/3 1/37
(9(5)) 3(g(s)) 3(g(s))
Since g € NRV Z_,, withy > 1, by Proposition (ii), we have lim;_, ¢+ W =

g(t)

ENS (O, al]. (27)

0. Integrating (2.7) from 0 to ¢, by parts, we obtain
t b4 I
VIR SOty S S Y R
g 0 (g o (

(9(t))"* O) g()""
i.e.,
ft ds — ft f(S)l/‘ ds
el™ s g PG
N
g g(t)
Since g € NRVZ_.,, f € NRV Z,, we obtain by Proposition [2.7] that
j‘ot f(S)l/st
lim (g(s)) = L
t—0+ ¢ f(?f)l/3 T4+n+1
(9()
Thus,
fg ds s
lim (flnt)ﬁ( (g(:)) _ 3 )
t—0+ (g(f))1/3 v+3
t s
1 0 (g(fs()))l/Sds
= ——— lim (~Int)?f(¢) & = 0y.
7+3tg(gl+( nt)”f(t) lim IO o9
(90))

(iii) By a simple calculation, we have

tgr&(_1nt)‘3(((g(t))1/3>//0t (9(38)1/3 * 713)

f()t ds —
s 1tg'(t) (9(8)) vy
tlir&(_l t)ﬂ<§ g(t) N + v+ 3)
(g(t))
fot ds -
o tg'(t) (9() 3
_tlir&( hlt)ﬂ(g( g(t) )( ( (§)1/3 'y—|—3)
t ds
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Hence, by (i)-(ii), we obtain

s (600" [ S 5) =

(iv) When &, = 1, the result is obvious. Now suppose that & # 1. By (H4), we

obtain .
g(€ot)  —(v+1) _ o—(r+1) f)
- = ex —Zdv) —1).
0) $o % ( P ( ot V ) )
Note that
lim @ =0 and lim f(ts) = g7!
t—0t S t—0+ f(t)s
uniformly with respect to s € [1,&] or s € [&o, 1]. So,
t 1
lim Mall/ = lim Mds =0
t—0+ fot 1% t—0t o S
and ) )
t
lim / 1 (ts) ds = / s 1ds = x,
t—0+ £o f(t)s &o
where

) —In&, ifn=0;
Tla-gn. itn>o.

Since e” — 1 ~ r as r — 0, it follows that

9ot) (1) vy [T FW) .
€09 (1) o o i v dv ast 0.
Hence,

g (9t) (1)

tli%%f( ) (fog(t) " )

1
=&, O™ lim (—Int)P£(2) 1i /
%0 ti%l+( nt) S )ti%l+ ¢

fles)
F(D)s ™ ="

Lemma 2.15. Let g satisfy (H3)-(H4) and ¢ be the solution to the problem

#(t) ds
— =1, Vt>O0.
/0 (g(s))1/3
Then

(i) &'(t) = (9(6(1)""*, $(t) > 0, £ >0, $(0) = 0 and
1 _1

¢'(t) = 3(9(6(1) *g'(6(1)), t>0;
(i) ¢ € NRVZ 4 ;
5
(iii) ¢ € NRVZ_ o ;
) s ST 2 oty B 2
(v) lim,_q+ = 11141&3 _ Ck('7+3)’ ifk € A;
n(¢(K1/3(t))) 4
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Proof. By the definition of ¢ and a direct calculation, we can prove (i).
(ii) Let u = ¢(t), by Lemma we have

1 60) ey [fds 4
t£0+ ¢'(t) 7315L04r (g(d)(t)))% uLOJr <(g( ) > /0 (g(s))1/3 ry_l,_?,’

and

) _ iy M: lim (9(w)"” /" ds 3
t—0t o(t)  t—o0t o(t) w—0+ u 0 (g(s))1/3 Nt 3

ie, ¢ =gogpe NRVZ,ﬁ and ¢ € NRVZ% and (iii) follows.

(v) Since K € NRVZC; and ¢ € NRV Z3,(,13), we see by Proposition (iii)
that (v) holds.

(vi) By (iv) and Proposition po K3 e NRV Zy/ ¢ (y+3)) and m €
NRV Z o, (v+s)-a. Since Ci(y + 3) > 4, (vi) follows by Proposition (ii).

Cr(v+3)

Lemma 2.16. Suppose that (H1)-(H5) are satisfied, and Cr(v+3) > 4. Ifk € Ay g,
1 >0 in (H5) and ¢ is the solution of the problem

#(t) ds
— =t Vt>0,
/0 (g(s)*/3

then
(1) . (_ lnt)ﬁ(K4/3(t)¢”(K4/3(t)) N v ) e
= JEAE) T yes) 0
(i)
. g(E0d (K3 ) ey
tliI&(*lnt)ﬁ(m *fo( * )) =0.

Proof. (i) By the definition of ¢, Lemma (iii) and Lemma (iv), we arrive
at

. K500 (K1) | o
Jim, (= lnt)ﬁ( FEBD) a4 3)

= im o ((ttouc o) [ Ay

B(KY2(t)) d
= lim (—1n 4/3 B8 1/3 4/3 / S v
Jim (oK) (6 2 w)) [ @@»u3+7+3)

. Int
x lim

B
e (ln¢(K4/3( ))) =0
(ii) By Lemma[2.14] (iv) and Lemma (iv), we infer that
(€o¢(K4/3( ) §—<v+1>)
og(d(K13(1)))
B

4/3
= lm, (= n(o(K () (LS — )

lim (—Int)? (

t—0t
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x lim

n B
t—0+ (1n qﬁ(;(‘lt/?’( ))) =0
(]

Lemma 2.17. Suppose that (H1)—(H5) are satisfied, and Cyp(y+3) > 4. If n=10
in (H5), (HG) holds and ¢ is the solution to the problem

#(t) ds
e ———E )
/o (g(s)*/3

then

K3 (¢" (K3 (1) | v )__ Aso

lim (—1Ht)5< & (KY3(2) T3 T T

t—0t

. 9(&d(K* ()  —(+1) (v+1)
t£%1+(—1nt)ﬁ(m & ) ~A306, "V In g,

where Az = 478 (Ci(3 +))”.

Proof. (i) By the definition of ¢, Lemma (iii) and Lemma (iv), we find
that

KPR (¢" (K2 () | )

lim (—lnt)ﬁ( D) +7+3

t—0t+
P(KY3(1))

— lim (—Int)? 4/3 1/3\’ ds y

S (((g(¢(K ) ) /0 (9(s))"* +7+3>

BK*/3(t))
= lim (—1In 4/3 B 4/3 1/3)’ ds v
= Jim (o))" (((o(0(K*°(0)) )/0 (9(8))1/3+7+3)
Int B
% tlir& (W)
B Ag(f
(y+3)%

(ii) By Lemma[2.14] (iv) and Lemma (iv), we obtain that
t
lim (_ h’lt) ( (&)QS( ( ) 50 ('Y+1)>

—))
g £09(o(KT3(1)))
L & EKY3W) iy | nt 8
= Jlim (~In (Kt W(,go(z(—(t)))*fo ) Jim ()

= —A308, " Ing,.
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3. PROOFS OF MAIN RESULTS

In this section, we prove Theorems and First we need the following
result.

Lemma 3.1 (The comparison principle [6, Lemma 4.3]). Suppose that f : QxR —
R is continuous, f(x,t) is non-decreasing in t. Assume further that f has one sign
(either positive or negative ) in Q x R. If u,v € C(Q) are such that

Asu > f(z,u), Asv < f(z,v), u<vond,
then u < v in Q.

3.1. Proof of Theorem [1.1} Fix ¢ > 0. For any § > 0, we define Q5 = {z € Q:
0 < d(x) < d§}. Since Q is 02 smooth, choose §; € (0, (50) such that d € C%(Qs,)
and

\Vd(z)] =1, Ad(z)=—(N - 1)H(z) +o(1), VaeQs,. (3.1)

where, for € Qs,, & denotes the unique point of the boundary such that d(x) =
|x — Z| and H(Z) denotes the mean curvature of the boundary at that point.
If h is a C%-function on (0, d;), a simple computation shows that

Assh(d(x)) = (W (d(x)))*h" (d(2)).
Let
we = Eo¢(K*(d(x))) (14 (Ao £ )(~In(d(x))?), = € Qs,.
By the Lagrange mean value theorem, we obtain that there exist Ay € (0,1) and
O (d(x)) = Eod(KY*(d(2))) (1+ As(Ao £ )(— In(d(x))) ")
such that for z € Qs,,
g(wx(x))
= g(&od(K**(d(x)))) + (Ao £ &) (K (d(2)))g' (®+(d(2)))(~ In(d(x))) 7.
Since g € NRV Z_.,, by Proposition we obtain
oy JCO(KP(d()) _ . g (God(K P (d(2))))
dx)—0  g(Px(d(x))) dx)—0 g (Px(d(x)))
Define r = d(x) and

=1

B 4 KBS (EE) | A Kk (r)
Il(T) = (_ ln"")ﬁ<(§) ¢'(K4/3( )) (5)3 kQ(’/‘)
G(Ead (K3 (r)))
+ Gl ®A) 9 53"
(

KD EPE) | A KR

It (r) =3(Ap e )((3) & (K73(r)) +(§)3k27(r)
1 g'(P(r))  (E3(r)g (Cop(KY3(r)) 4 4.5\,
+ 350 g (Cod(KA3(r))) (¢’(K4/3(7")))3 + 9(3) ),
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Isi(r) = (%)25(140 ig)z(—lnr)_ﬁ ((AO ie)(—lnr)_ﬁ + 3)

4/3 (V! (K43 (r A (r
X((4)2K (r)¢" (K ())+4K()k()+4)

3 ¢ (K4/3(r)) 3 k() 9
+ 2(;1)35;((:)) r2(—Inr)~? (1 + (Ag £ e)(— lnr)*’g) :

9 4/3(p ,
Lax(r) = (%)2(140 +)B (1+ (Ao £)(—Imr) ") K4/j(§“[)(¢/(l((4)/)3(r)) fl(fir))

K(r 2 KB (e (KA (r
x((Aoie)rk((r))—i-g(—lnr) (4 ;'(;?4/(3(@)( )
16K (r)k'(r)
MR T )E )
s o £SO G
Isi(r) = (Ag £ ¢)?B%(— lnr) F=2(1+ (Ag£e)(—Inr)~7)
S (r 2 K(r % 4 s K3 (r)" (K43 (r)
% (K4/3 Yo' ( K4/3 )) ( k(r) ( &' (KV/3(r))
4 AK(rK'(r)y 8 K(r)ys 8 K(r) 3 1
9 T3(k(n)2 )- §(rk(r)) T3t )(rk(r))( inr)~!)

5, 9(EBEY(r)

o G ()
- pal | SV N2 K(r)\s
Iox(r) = (Ao £)°0% (= Inr) ™ 3(K4/3(r)¢’(K4/3(r))) (rk(r))

8 L Q)  K(r)
« <§+ (B+1)(=Inr)~' 1) K4/3(r) ¢! (K4/3(r)) rk(r ))

By (2.1), (2.6), Lemmas [2.12] 2.15] and [2.16] combining with the choices of &, Ao
in Theorem [I.1] we obtain the following lemma.

Lemma 3.2. Suppose that (H1)—(H5) are satisfied, and C(y+3) > 4. Ifk € A1 g
and n >0 in (H5), then
(i) limy—o I1(r) = —3 D1x;
(i) lim,—o J2+(r) = (3)*(Ao £ €)(4 — Ci(y +3));
(iii) limg(z)—o I3+ () = limg(yy—o Lo+ (r) = limgz)—o L5+ (1) = limg(y)—o Lo+ (r)
=0;
(iV) hmd(m)—»o (Il (T) + IQi(T) + I3+ (7") + Iyt (T) + I5:t(T) + I(;i(r))
= £(3)%(4 — C(v +3)).

Proof of Theorem[I.1l Let v € C({2) be the unique solution of the problem
—Apv=1, v>0, z€Q, wvlgpg=0. (3.2)
By [6, Theorem 7.7], we see that
ad(z) <v(z) <cod(z), VreQ near O (3.3)

where ¢y, ¢y are positive constants.
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By (H1), (H2), Lemma [2.12)and K € C[0,dy) with K(0) = 0, we see that there
exist d1¢, 0. € (0, min{1, 51}) (which is corresponding to ) sufficiently small such
that

(i) 0 < K*3(r) < 01c, 7 € (0,022);
(i) k*(d(2))(1+ (Bo — €)d()) < b(z) < k*(d(2))(1 + (Bo +€)d(2)), x € Qs,.;

(iii) I1(r) + Toy(r) + I3 (r) + Lag (r) + Isy (1) + Iy (r) < 0, for all (x,7) €

Qs,. % (0, 02¢);
(iv) Ii(r) + Lo (r) + I (r) + It—(r) + Is_(r) + Is—(r) > O for all (z,7) €
leg X (0,525).

Now we define
e = &O(KY?(d(x))) (1+ (Ao + &) (= In(d(2)) "), @€ Q..
Then for x € Qj,_,
9(ti(z))
= g(&d(K*?(d(x)))) + (Ao + ) (K (d(x)))g' (@4 (d(2)))(~ In(d(x))) 7,
where Ay € (0,1) and
©. (d(2)) = Eo(K P (d(@))) (1+ A (Ao +e) (= In(d(2))) "), @€ Q..
By Lemma(3.2|and a direct calculation (h = ¢(£9K*/3(t))), we see that for x € Qj,_,
Aotz (x) + k*(d(2))(1 + (Bo + e)d(@))g (T (x))
= €3(¢/(K*/*(d(2)))) K (d(@)) (= In(d(2))) 7 (L (r) + Lo (r) + L4 (7)
+ Ly (r) + Isy (1) + Ig4.(r)) <0,

where r = d(z), i.e., 4. is a classical supersolution of (1.1]) in Qs,_. Hence, @, is a
viscosity supersolution of (|1.1)) in Qs,_.
In a similar way, we show that

u. = &(K Y (d(2)) (1+ (Ao — ) (= In(d(2))) "), =€ Qs

is a classical subsolution of (1.1} in §25,.. Hence, u_ is a viscosity subsolution of

[T in Os,..
Let w € C(2) be the unique solution to problem (1.1)). We assert that there
exists M large enough such that
u(z) < Mu(z) + a.(x), u.(z) <ulx)+ Mo(z), =€y, (3.4)
where v is the solution of problem ({3.2]).
In fact, we can choose M large enough such that
w(z) < @e(z) + Mu(z) and wu.(z) <wu(z)+ Mu(z)

on {z € Q:d(x) = §}. By (H3) we see that @.(z) + Mv(z) and u(x) + Mv(x) are
also supersolutions of equation (|1.1)) in Qs,.. Since v = a.+Mv =u+Mv=u_ =0
on 02, (3.4) follows by (H3) and Lemma Hence, for z € s, _,

M@ m@@)? e )
Ao e = = ety S OO (aommggy; — L)
u(z) Mo(a)(~ In(d())*

<Ag+e+

—In(d(2))’ ( —— —
(—In(d(z))) (§0¢(K4/3(d(:c))) 1) C0p(K4/3(d(x)))
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Consequently, by (3.3) and Lemma [2.15] (v),

Ao == < mint (—0(d)” (e~ 1)
im sup(— In(d(z)))” % _
{Mj(”“m(mmwwm>0§“+a

Thus, letting ¢ — 0, we obtain (L.7). O

Proof of Theorem As before, fix € > 0. For any § > 0, we define Q5 = {x €
Q:0 < d(z) < &}. Since Q is C?-smooth, choose &1 € (0, dg) such that d € C?(;,)
and (3.1)) holds. Let

wy = Ep(K*3(d(x))) (1 + (Ay £ €)(—In(d(2))™?), = € Qs,.
By the Lagrange mean value theorem, we obtain that there exist Ay € (0,1) and
04 (d(x)) = Lod(KY3(d(x))) (1+ As(Ar +&)(=In(d(x)))7)

such that for x € Q5,,

g(wx(z))
= g(&op(K*3(d(x)))) + &o(A1 £ e)p(K*3(d(x)))g (£ (d(x)))(— In(d(x))) .

Since g € NRV Z_.,, by Proposition [2.3] we obtain

. 9(&op(K*/*(d(2)))) _ i 9'(50¢(K4/3(d(95)))):1
dz)~0  g(Px(d(x))) dz)—0  g'(Px(d(x))) '

Define r = d(x) and

_ 4, KY3(r)g " (K43(r)) 43 K(r)k (r)
Ii(r) = (—lnr)ﬁ<(§)4 ¢>’(K4/3( ) +(§)3 k2(r)
9(&d(K*/3(r)))
+ BatarT o3
/(7")¢ (K4/3( ) | A K(r)E (r)
Ipi(r )*3(1403‘:5)(( ) (K ( ) +(§)3 k2(r)
g(@x(r)  G(E3(r)g (&o(K*3(r))) 4(

1
+ gﬁo g (Eod(K43(r))) (¢'(K4/3(7“)))3 + =

mm=éWMﬁ@Fmﬂ(%ﬁ@1M)+@

(
4, K43(r)g! (K*3(r)) 4 K(r)k'(r)
(3) & (K73(r) +3 3R 9)

#2032 ) (14 (o £ ) Tnr) )

3

W =

)2);

Ne)
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2 4/3(y r

K(r) 2, K00 )
X ((AO:IZE) (T)—Fg(—lnr) 1(4 & 7))
16K (r)k (r)
A TG

g(2(r))  UK3(r))g' (§d(K3(r)))
JEoEM) (M)
Isi(r) = (Ag £ €)*3*(—Inr) =P~ 2(1+(A0j:5) Inr)~7)
¢(K4/3( 4 K4/3 7“ (b// K4/3( )) 4
(K4/3( )¢'(K4/3 ) <( ) ( 9

+ faz(Ao +e)(By + s)r

¢’(K4/3 )) 9
AK(r)k'(r)\ 8 K(r) K(r)\3 .
IECOE ) 3(rk‘(r)) (ﬂ+ (- (T)) (—Inr)~ )

5, 8(E0U3(r)
T G (r)))

26— K43 (r 2/ K(r)\3
Toa(r) = (Ao & 2)°5°(~Inr) ™ 3<K4/j((7“)¢'(f<{4)/)3(7"))) €

8 1 G(KY3(r))  K(r)
% (§ +((B+ D) (=)™ - 1)K4/3(r)¢/(K4/3(r)) rk(r))'

By @.1), (2.6), Lemmas [2.12] 2.15] and 2.17, combining with the choices of

&, A1, As, As in Theorem we obtain the following lemma.
Lemma 3.3. Suppose that (A1)—(A5) are satisfied, and Ci(y+3) > 4. If n =0 1in
(H5), and (H6) holds. Then
(i) limy—o I1(r) = —(3)* D1k + Az, if k € Ay g;
(ii) limq—o I1(r) = Ag, if k € Ag;
(iii) limy—o Lo+ (r) = (3)*(A1 £ &)(4 — Cr(y + 3));
(iv) limg(g)—o I3+ (r) = limg(z)—o Lax(r) = limg(gy—o Is+ (1) = limgez)—o Lo+ (7)
=0
(v) limgezy—o (11(r) + Lo () + I3£(r) + Los(r) + L5+ (r) + Lo (7))
= £(3)%(4 = Cr(v +3)).
Proof of Theorem[1.4 As in the proof of Theorem suppose that
e = Ep(KY3(d(x))) (1 + (A1 +e)(— ln(d(m)))_ﬁ) , T €Q,..
Then, by Lemma [3.3 and a direct calculation, for = € Qs,_, we have
At (z) + k*(d(2)) (1 + (By + £)d(z)) g (e ()
3 _
= & (¢ (K2 (d(2)))) "k (d(@)) (= In(d(2))) "7 (11 (r) + Loy (r) + T34 (7)
+ Lus (1) + L5 () + Lo (1)) <0,
where r = d(z), i.e., 4. is a classical supersolution of equation (1.1)) in Qs,_. Hence,

U, is a viscosity supersolution of equation (|1.1)) in Qs,_.
In a similar way, we show that

u. = &K (d(2)) (1+ (A1 — &) (= In(d(2))) "), =€ Q,.,
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is a classical subsolution of (1.1} in §25,_. Hence, u_ is a viscosity subsolution of

@) in s,
As in the proof of Theorem for z € Q5,_, we obtain

M@ h@@) e )
e - ) < e (g ~ Y
1 N Mo(z)(— In(d(x)))?
(@) (g sty ~ 1) S At T s aw))

Consequently, by (3.3) and Lemma (v),

e < liminf(— g
A e < i (- In((@))" (g gy ~ 1)
el B u(z) _
tim sup(—1a(d())" (gt ~ 1) < A+
Thus letting ¢ — 0, we obtain . The proof is complete. O
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