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GROUND STATES OF LINEARLY COUPLED
SCHRODINGER. SYSTEMS

HAIDONG LIU

ABSTRACT. This article concerns the standing waves of a linearly coupled
Schrédinger system which arises from nonlinear optics and condensed mat-
ter physics. The coefficients of the system are spatially dependent and have
a mixed behavior: they are periodic in some directions and tend to positive
constants in other directions. Under suitable assumptions, we prove that the
system has a positive ground state. In addition, when the L°°-norm of the
coupling coefficient tends to zero, the asymptotic behavior of the ground states
is also obtained.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Nonlinear Schrodinger systems of the form

.0
—Za\l’l = A‘I’l — Vl(x)\lf1 + [L1|\I/1‘2\I/1 + ﬂ|\112‘2\111 + ’}/\I/Q

0
—z&\pg = AUy — Vo (2) Uy + pp|Ws|* Ty + BT |2 Ty + 4T, (1.1)
zeRN, t>0,

\I/j:\Ifj(LE,t)GC, t>0,j:1,2

model several interesting phenomena in physics. Physically, ¥; are two components
of a quantum system, p; and (8 are the intraspecies and interspecies scattering
lengths, ~ is the Rabi frequency related to the external electric field. The sign of
the scattering length § determines whether the interaction is repulsive or attractive.
We refer to [1, [16, 17, 18, 29] and references therein for more information on the
physical background of .

To study standing waves of the system (L)), we set W;(z,t) = eu;(z) for
7 =1,2. Then is reduced to the following elliptic system

—Aup + (Vi(x) + Nug = il + Bugui +yue  in RY,
—Auy + (Va(x) + Nug = piou3 + Buiug +yu;  in RY, (1.2)
uj(z) — 0 asz|] — o0, j=1,2.

In the presence of only nonlinearly coupling terms (i.e., v = 0), (1.2) has been
studied extensively in recent years for the existence, multiplicity and asymptotic
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behavior of nontrivial solutions. We make no attempt here to give a complete survey
of all related results and only refer the reader to [4, [7 [8, 2], 23 24, 27, 28], [30] and
references therein. However, In the presence of only linearly coupling terms (i.e.,
B =0), has not been much studied and we are only aware of a few papers in
this direction (2] 8] Bl [T}, 12} 20]).

On the other hand, the single elliptic equation

— Au+ V(2)u = p(z)|ulP~?u, (1.3)

has been deeply studied in the literature. Among other solutions, ground states are
physically and mathematically of particular interest. We refer the reader to [6, 0, [10,
13, 14, 15, 19}, 22, 25, 26, [31), 32] for related results. Here we only mention that
has a positive ground state if 0 < V(z) < lim|;)—o V(7) < 00, 0 < limjg| o () <
w(z) ([14, 19, 22, B1]) or if V,u are positive and periodic in each variable ([I3]
19]). The potentials considered in [10] have a mixed behavior. More precisely, the
potentials are periodic in some directions and tend to positive constants in other
directions.

Partially motivated by [3,[10], we deal with in this paper ground states of linearly
coupled Schrodinger equations in which all of the physical parameters are spatially
dependent, i.e., we will consider the system

—Auy + Vi(z)ur = p(2)|ur [P %ur + y(z)ug  in RY,
—Auy + Va(2)ug = po () |ua|P~2ug + y(x)u; in RY, (1.4)
uj € H'RY), j=1.2,
where N > 2,2 < p < 2% 2* =2N/(N —2) for N > 2 and 2* = +oo for N = 2,
and the coefficients V;, u;, 7 are continuous functions on RY.
For system ([1.4), a nontrivial solution is a solution (uy, uz) with (uy,us) # (0,0).
A nontrivial solution of (|1.4)) will be called a ground state if it has the least energy
among all nontrivial solutions. A positive ground state means a ground state with
each component being positive. We remark that each component of a nontrivial
solution of (|1.4) must be nonzero. Write N = k41 with 1 < k¥ < N —1 and
= (2/,2") € R* x Rl = RY. We study (1.4) under the following assumptions.
(H1) The five functions Vj, pt;, are 7;-periodic in z;, 7, > 0,7 =1,..., k.
(H2) 0 < Vj(z) < Vjoo :=lim|pr| o0 Vj(2) < 00 for all z € RN, j =1,2;
0 < joo = limpr| oo prj(x) < pj(w) for all 2 € RN, j=1,2;
0 < Yoo := lim|gr| 0o V(@) < y(2) for all z € RN,
(H3) |y(V1V2)~Y/2|__ <1, where |- |o is the usual norm in L**(RY).
The first main result in our paper is as follows and is for the existence of ground
states of (1.4)).
Theorem 1.1. If (H1)-(H3) hold, then (1.4]) has a positive ground state.

We assume (H3) to guarantee that the Nehari manifold is bounded away from
zero, see Lemma [2.1] for details.

The second aim of our paper is to describe the asymptotic behavior of ground
states when L°°-norm of the linearly coupling coefficient of tends to zero. For
this purpose, we replace (H1), (H2) and (H3) with

(H1’) The functions Vj, u;, v, are y-periodic in @;, 7, > 0, i =1,... k.
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(H2") 0 < Vj(#) < Voo := limypr| oo Vj(z) < 0o forall z € RN, j =1,2;
0 < fjoo = Mg | oo prj(x) < pj(w) for all 2 € RN, j=1,2;

0 < Ynoo := liM|p|—oe Tn(7) < Yn(x) for all x € RV, n=1,2,....
(H3") |vnloo — 0 as n — oo.

Under the assumptions (H1’), (H2’) and (H3’), we see from Theorem that,
for n sufficiently large, (1.4 with v = ~, has a positive ground state (un1,un2).
Next we show that one component of (unl, Ung) converges to zero in H 1(]RN )

Theorem 1.2. Assume (H1’)-(H3’) are satisfied. Let (un1,un2) be the positive
ground state of (1.4) with v = ~,, then we have either u,; — 0 in H*(RYN) or
Upa — 0 in HY(RY).

This article is organized as follows. In Section 2, we prove some preliminary
results including basic properties of the Nehari manifold. Section 3 is devoted to
the existence of ground states for 7 while Section 4 concerns the asymptotic
behavior of ground states when L°°-norm of the coupling coefficient tends to zero.

2. PRELIMINARIES
By (H1) and (H2),

1/2
falls = ([ (9 +viat)) 7, =12

are equivalent norms in HY(RY). Set H = HY(RY) x HY(RY) and, for @ =
(u1,u2) € H, denote

1/2
Jidl = (lleall3 + lluzl3)

Then || - || is equivalent to the standard norm in H. Throughout this paper, the
notation || - || will always refer to this norm.

It is well known that solutions of correspond to critical points of the energy
functional I : H — R defined by

N 1, . 1
uw:wa—f/ mmmwume—/ -~
2 P RN RN

Denote by A the so-called Nehari manifold associated with I, namely,
N ={adeH\{0,0)}: J(@) := (I'(7),7) = 0}.

Some useful properties of the Nehari manifold are given next.

Lemma 2.1. There exists 6 > 0 such that, for @ € N, ||d] > 4.

Proof. For @ € N, we use the Holder inequality and Sobolev inequality to deduce

(1= a2 Jla? < i =2 | v

— [ bl + paluzP) < e
R

which implies the desired result. [
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Note that for @ € NV,
1

1) = (5= D) (1 =2 [ qune) = (5 = 1) (1= v 2Ll
Therefore, as a consequence of Lemma [2.1] we have
Lemma 2.2. ¢ = infgzepn I(@0) > 0.
Lemma 2.3. If ¢ is achieved, then has a positive ground state.

Proof. We first claim that any minimizer of ¢ is a ground state of ([1.4]). Indeed, if
@ = (u1,uz) € N is a minimizer of ¢, then there exists A € R such that

I'(@) = \J'(u).
From (I'(@), %) = 0 and

(7 (@), ) = 2(||ﬁ||2 2 ) = [ Gulunl ¢ pafuel?)
RN RN
=21 =2 [ )
—2)(1- [y AV 2] )

~(p- 2(1—|7V1V2 )72 )8t <0

it follows that A = 0. Then I'(@) = 0 and so 4 is a ground state of (|1.4)).
Next we prove that (1.4) has a positive ground state. Assume @ = (u1,us) € N
is a minimizer of ¢ and let ¢ > 0 be such that (t|us|,t|uz|) € N. Then

-2 _ a]|* =2 fn | l|us| ]1? = 2 [on yurug _
Jan (palur]?P + polualP) = [on (ualuilP + polus|?)

which implies

9

1 1
¢ < Tl thl) = (5 = )¢ [ Gfunl? + paful?)
1 1 » »
<(5-2) [ (mlwal” + pafusl?”)
P JrN
=I(4) =c.

This means ¢t = 1 and (|uq],|uz|) is also a minimizer of ¢. From the above claim,
(Juzl, |uz|) is a ground state of (L.4). Note that none of |u;| and |uz| can be iden-
tically zero. Using the strong maximum principle, we have |u1| > 0 and |ug| > 0.
Therefore (|us|, |us|) is a positive ground state of (L.4). The proof is complete. [

3. PROOF OF THEOREM [L.1]

In this section we prove the existence of ground states of (1.4). From Lemma
[2:3] it suffices to prove that c¢ is achieved. For this purpose, we need to compare
the value of ¢ with

Coo = _inf I (@
 @EN o (@),

where the functional I, : H — R is defined by

1
I (@) = 3 /RN (|Vur]? 4+ Vieoud + [Vus|* + Vaoou3)
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1

1! / (roctn [P + 1o uz]?) — / ooty us,
D JrN RN

and
Noo ={@ € H\{(0,0)} : (I, (@), ) = 0}
is the Nehari manifold associated with .

Lemma 3.1. Assume that (H1)—(H3) are satisfied and suppose in addition that at
least one of the five functions Vj, j1;,7y is not a constant, then ¢ < Coo.

Proof. By [3l Lemma 3.2], ¢ is achieved at some o = (U100, U200) With each
component being positive. Let ¢ > 0 be such that ti,, € N. Then

Coo = Too(Uoo) 2 Too(ttin)
I
1) + 5 [ (Vi = Vi) + (Vi — Vi) ]
RN

tp

P Jry

+ tz / (’Y - '700) Uloo U200
RN

> [(tis) > c.

+ (11— p1oo) [U100 [P + (2 — H2oo) (U200 |F]

The proof is complete. O
Now we are in a position to prove the first main result.

Proof of Theorem[1.1, By Lemma it suffices to prove that the infimum
c= inf I(4@
ueN ( )
is achieved. If the five functions Vj, j1;,~ are all constants, then the result has been
proved in [3, Lemma 3.2]. In what follows we always assume that at least one of the

five functions Vj, p1;, is not a constant. By Ekeland’s variational principle, there
exists {@y,} C N with @, = (tm1, Uma) such that

(@) —c¢ and  (I|x) (@m) — 0 as m — oo.
Then there exists a sequence {\,} of real numbers such that
I'(0y) — A (W) — 0 as m — oo.
From (H3) and

" 1 1,/,-
1) = (5= 2) (Il =2 [ Ttmnena) = e+ of0),

we see that {u,} is bounded in H. Then
o(1) = (I'(tim) — A" (), ilm)
A=)l =2 [ emitina)
RN
= A (2pc + 0(1)),

which implies that A, = o(1) and so I'(@,,) — 0 as m — oo.
Since {u,,} C H is bounded, up to a subsequence, it can be assumed that

(Um1s Um2) = (u1,uz) inH,
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RN) x LP

(Wm1,s Uma) — (u1,u2) in LV b (RY),

loc
(U1, Um2) — (w1, uz) a.e. in RY,

Then @ = (uy,ug) is a critical point of I. We have the following two cases.
Case 1. @ # (0,0). In this case, @ € N and

. 1 1
c<I(i) = (5 - 5) /RN (palur P + poluz|?)
. 1 1
< lim (5 - *)/ (ﬂl'uml‘p +:U/2|Um2|p)
m—c0 p’ Jew
= lim I(d,) =-c

Then c is achieved by .

Case 2. i = (0,0). In this case, we decompose R into N-dimensional intervals
{Qj}jenutoy with each of them having sides of size (71,...,7%,1,...,1) and chosen
in such a way that 0 is the center of Qy. For each m, we set

dp = sup [/ (Ml\“m1|p+ﬂ2|um2\p)}
jeNU{0} Qj
Then there exists n > 0 such that
dm >n>0 (3.1)

for all m. Indeed, using the Sobolev embeddings H'(Q;) — LP(Q;) and the bound-
edness of {u,,} C H leads to

2
Potetr o) = [ Guluml? + palunal?)
R

p—2
= Z/ (k1 fuma|” + pr2|umal?)
=07 Qi

1/p

= 2/p
<d? Z {/ (1 |um1]? + p2fumal?)
j=0 7@

J
< Cdb | ||?
< Cdb?,

which implies (3.1]).

From

o0
Z/ (afum1 [P + paluma|”) < C,
7=0 Qj
we see that d,, is achieved. Let 3, € RY be the center of the interval Q?, satisfying

1/p
do = [ Galuanl? + palunal?
Qrn

It follows from (3.1)) and (.1, umz2) — (0,0) in ‘H that {y,, } is unbounded. Without
loss of generality, we assume |y,,| — oo as m — oo. Set iy = umj(' + y) for
7 = 1,2 and assume that

(ﬂmlaam2) - (7113'&2) in H,

(amla '&/m2> i (a17a2) in Lfoc(RN) X Lfoc(IRN)7
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(amla ﬂm2) — (fbl,ﬂz) a.e. in RN.

Then (ty,u2) # (0,0) as showed by

1/p
Yy
Qr,

m—0o0

<C lim [/
m—oo LJQy,

_ ~ ~ 1/p
=C lim [/ (|tma |P + |Um2|p):|
Q

m—00
0

1/p
(ltma|” + [mal?) |

:c[/Q (sl + faatr) ] "

Next we claim that {|y,,|} is bounded. Suppose by contradiction that |y/,| — oo
as m — oo. Then, using (H2), we deduce from I’(um1, umz) — 0 that
I (a1,1u9) = 0.

Therefore, since (41, 2) # (0,0), (U1,42) € Ny and we have

o 11 i i
Coo < Ioo(ln, U2) = (§ B 1;) /RN (100U [P + p2oo|t2|?)
. 1 1 ~ p m p
< m (5 - *) (Mloo‘um1| + /1,200|Um2| )
m— oo P JrN

A
8
~
S
S
|
o

a contradiction to Lemma [3.11 R

Decompose RY into bigger N-dimensional intervals {Qj}jenutoy and assume
that Q*, C Q%, with (y.,,0) being the center of Q¥,. Setting tiyn; = tm;(-+ (3, 0))
for j = 1,2, we see from the assumption (H1) that

I(ﬁmhﬁmg) — C and I'(ﬁml,ﬁmQ) — 0 as m — 00.
Since {(tm1, timz)} is bounded in H, we may assume that
(ﬁmhﬂmQ) — (ﬁl, ﬁg) in 'H,

(i1, Umz) — (i1, G2)  in L2 (RY) x LP (RM),

loc
(amly ﬁm2) - (al,ﬂg) a.e. in RN.
Then (4, is) is a critical point of I. Furthermore,

1/p
0<n< tim [ [ Guluml + palunal’) |
Q%

m—00

) 1/p
<C tim [ [ (] + funal)|
Qn

m— 00

. A ) 1/p
=C lim |:/ (‘Um1|p + |’Unn2|p):|

m— 00
0

)

1/p
—c[ [ (P + i)
Qo
which implies (41, 42) # (0,0). Using the same arguments as in Case 1, we see that
2).

)
¢ is achieved by (1, @
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In both cases we reach the conclusion. The proof is complete. O

4. PROOF OF THEOREM

In this section, we describe the asymptotic behavior of the ground states of
when the L°°-norm of the coupling coefficient tends to zero. To underline the
dependence on the coupling coefficient, for with ¥ = 7, the corresponding
functional and the Nehari manifold will be denoted by I, and N, respectively.
Then we see from Theorem that, for n sufficiently large, the infimum

UEN v,
is achieved at (un1,un2). We also use the functional Iy : H — R defined by
1

I ST
(i) = g7 = [ Gl + el )

and its corresponding Nehari manifold
No = {i e H\{(0,0)} : {5(@), @) = 0}
Define ¢g = infze g, Io(4), then we have

= 1 (b -
= Ay )

where ) .
O - I

and w; is the positive ground state of the single elliptic equation
—Au+ Vju = pjluP"2u  in RY,
Lemma 4.1. ¢,, — ¢y as n — oo.

Proof. Since (w1, 0) and (0, ws) are contained in A, , we have

¢y, <min{l,, (w1,0),1,,(0,w2)} = min @;(w;) = co. (4.1)
je{1,2}

Then it is easy to see that {(un1,un2)} is bounded in H.
We define a sequence {t,} of positive numbers by

2 _ [[(wn1, un2)||” .

" Jan (1 |un1|P + po|uns|P)

Then (t,un1, tptne) € Ng. We claim that ¢, = 1+ o(1) as n — oo. Indeed, since
(un1,un2) is a positive ground state of (|1.4) with v = ~,,, we have

(1= P (VaVe) /2] ) s, o) P

<t )| — 2 / ot tin
RN

— / (it [P + pizlttnal) < Cllumy, n2) .
RN

Then, since |yn|ee — 0, we see that [|(un1, un2)||? and [ou (1]un [P + pr2]una|?)
have a positive lower bound. From this, it can be seen that ¢, = 1+ o(1) as
n — o0o. Therefore,

1 1
c < IO(tnunlytnunZ) = (7 - 7)#,)1/ (M1|un1|p + N2|un2|p)
2 p RN
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1 1
(5= ) [ Gnlumsl? + palunal”) + o)
2 P RN
= C’Yn + 0(1)7
which combined with (4.1)) completes the proof. O

Proof of Theorem[I.3. We use an argument of contradiction and, up to a subse-
quence, suppose that

[unjll; = a >0 (4.2)
for j = 1,2. Define two sequences {s,} and {t,} of positive numbers by
S (70 PO A
n n

B f]RN ﬂ1|un1‘p7 B fRN ﬂ2|un2‘p.

Since (un1, un2) is a positive ground state of (1.4) with v =, and |yn|e — 0, we
have

”unl”% = /N ,U'1|U'n1|p+/N YnUn1Un2 = /N,ul‘unﬂp—FO(l),
R R R

||Un2||§ = / p“2|un2|p +/ YnUnl1Un2 = / HZ‘un2|p + 0(1)a
RN RN RN

which combined with (4.2)) implies that s,, = 14 0(1) and ¢, = 14+ 0(1) as n — oo.
Then we have

2¢cy < q)l(snunl) + cI)2<tnun2)

1 1 1 1
— (2 _ Z)gP P AW P
(2 p)s"/RN [t [P+ (2 p) n/RN p2|tnz2]
1 1
= (5 --) / (1 |un1 [P + pr2lunz|?) + o(1)
b JrN
= C’Yn + 0(1)7
which contradicts the result in Lemma This contradiction implies that either
Up1 — 0 in HY(RY) or u,s — 0 in HY(RY). O
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