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DEFOCUSING FOURTH-ORDER COUPLED NONLINEAR
SCHRODINGER EQUATIONS

RADHIA GHANMI, TAREK SAANOUNI

ABSTRACT. We study the initial value problem for some defocusing coupled
nonlinear fourth-order Schrédinger equations. We show global well-posedness
and scattering in the energy space.

1. INTRODUCTION

This manuscript is concerned with the initial value problem for some defocusing
fourth-order Schrodinger system with power-type nonlinearities

iy + A%+ (D afunl”) g~ = 0
k=1 (1.1)

Uj(o, ) = wja

where u; : R x RY — C for j € [1,m] and a;, = ax; are positive real numbers.
Fourth-order Schrodinger equations have been introduced by Karpman [9] and
Karpman-Shagalov [I0] to take into account the role of small fourth-order disper-
sion terms in the propagation of intense laser beams in a bulk medium with Kerr
nonlinearity.
The m-component classical coupled nonlinear Schrédinger system with power-
type nonlinearity

m
iy + Auj = :I:Zajk|uk|p\uj|p72uj, (1.2)
k=1
arises in many physical problems. This models physical systems in which the field
has more than one component. For example, in optical fibers and waveguides, the
propagating electric field has two components that are transverse to the direction
of propagation. Readers are referred to various works [8, 27] for the derivation
and applications of this system. For mathematical point of view, well-posedness
issues of (CNLS), were investigated by many authors. Indeed, global existence of
solutions and scattering hold [19] 3, 26 24 [25].
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System (1.1) is a mixture of the two previous problems. A solution u :=
(u1,...,up) to (1.1 formally satisfies respectively conservation of the mass and
the energy

M) i= [ () do = Mw);

1 — 1
E(u(t)) := 3 Z/RN |Au;|? da + % Z ajk /RN luj(t, z)|Pug(t, )| de
E

i=1 jk=1

To use the conservation laws, it is natural to study in H2, called energy space.
Problem is a natural extension of the classical one component fourth-order
Schrodinger equation which was first studied in [5], where various properties of
the equation in the subcritical regime were described. Related references [2] gave
sharp dispersive estimates for the biharmonic Schrédinger operator which lead to
the Strichartz estimates. The model case given by a pure power nonlinearity is of
particular interest. Indeed, the question of well-posedness in the energy space H?
was widely investigated. We denote for p > 1 the fourth-order Schrédinger problem

it + A%utuluft =0, u:RxRY —C. (1.3)

This equation satisfies a scaling invariance. Indeed, if u is a solution to (1.3) with

data ug, then uy := )\zv%lu(/\4 -, A+) is a solution to with data )\P‘Ljuo(/\ -). For
Se 1= % — p4T17 the space H*c whose norm is invariant under the dilatation u — uy
is relevant in this theory. When s. = 2 which is the energy critical case, the critical
power is p. 1= %, N > 5. Pausader [20] established global well-posedness in the
defocusing subcritical case, namely 1 < p < p.. Moreover, he established global
well-posedness and scattering for radial data in the defocusing critical case, namely
p = p.. The same result without radial condition was obtained by Miao, Xu and
Zhao [17], for N > 9. See also [I5], for similar results in the more general case
S¢ > 1. The focusing case was treated by the last authors in [16]. They obtained
results similar to one proved by Kenig and Merle [12], 1] in the classical Schrodinger
case. See [23] in the case of exponential nonlinearity.

In this note, which seems to be one of the first papers studying a system of
nonlinear coupled fourth-order Schrodinger equations, we combine in some meaning
the two problems and (CNLS),. Thus, we have to overcome two difficulties.
The first one is the presence of a bilaplacian in Schrédinger operator and the second
one is the coupled nonlinearities. It is the purpose of this manuscript to obtaining
global well-posedness in the energy space and scattering of via Morawetz
estimate.

The rest of the paper is organized as follows. The next section contains the
main results and some technical tools needed in the sequel. The third and fourth
sections are devoted to prove well-posedness of . In section five, scattering
is established. In appendix, we give a proof of Morawetz estimate and a blow-up
criterion.

We close this section with some notations. Define the product space

H:= H*RY) x --- x H*(RY) = [H*(RM)|™,
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where H2(RY) is the usual Sobolev space endowed with the complete norm

ey 2= (W) + 1003
Let us denote the real number
.S N> 4
b= {oo if1<N <4
We mention that C' will denote a constant which may vary from line to line and if A
and B are non negative real numbers, A < B means that A < CB. For 1 <r < oo

and (s,T) € [1,00) x (0,0), we denote the Lebesgue space L" := L"(R"™) with the
usual norm || - [l == [| - [+, |- [ == [| - [|2 and

T 1/s +oo 1/s
vy = ([ e " e = ()

For simplicity, we denote the usual Sobolev space W*?P = W*P (RN ) and H® :=
W2, If X is an abstract space Cr(X) := C([0,7T], X) stands for the set of contin-
uous functions valued in X and X,y is the set of radial elements in X, moreover
for an eventual solution to , we denote T > 0 its lifespan.

]

2. BACKGROUND AND MAIN RESULTS

In what follows, we give the main results and collect some estimates needed in
the sequel.

2.1. Main results. First, local well-posedness of the fourth-order Schrédinger

problem (1.1)) is claimed.

Theorem 2.1. Let 1 < N <8,2<p<p* and ¥ € H. Then, there exist T* > 0
and a unique mazimal solution to (1.1)), uw € C([0,T*), H). Moreover,

8

(1) we (L 7 (0,77, w22r))™;

loc
(2) u satisfies conservation of the energy and the mass;

(3) T* = oo in the subcritical case (2 <p < p*).

Remark 2.2. The artificial condition p > 2, which is due to some technical diffi-
culty, requires the restriction N < 8.

Second, system (1.1)) scatters in the energy space. Indeed, every global solution
of (1.1]) is asymptotic, as t — +00, to a solution of the associated linear fourth-order
Schrodinger system.

Theorem 2.3. Let 4 < N < 8 and 2 < p < p*. Take u € C(R, H) be a global
solution to (1.1). Then

u € (L¥050 (R, W22e)) ™
and there exists (Y, ... %) € H such that

. 3 2 ) 2
Jlimfu(t) — (7 ) e = 0.

Remark 2.4. When proving scattering, the intermediate result Proposition [:2]
gives a decay of global solutions to ([L.1)), in some Lebesgue norms.
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Finally, in the critical case, global existence and scattering for small data hold
in the energy space.

Theorem 2.5. Let 4 < N < 8 and p = p*. There exists ¢ > 0 such that if
U= (P1,...,¥m) € H satisfies §(P) := 3770, [on |AY;|? dx < e, system (L.1)

possesses a unique global solution u € C(R, H), which scatters.
In the next subsection, we give some standard estimates needed in the paper.

2.2. Tools. We start with some properties of the free fourth-order Schrédinger
kernel.

Proposition 2.6. Denoting the free operator associated to the fourth-order frac-
tional Schridinger equation
eimQUO = fﬁl(emyﬁ) * U,
yield
(1)
(2)
()

(4) €2 is an isometry of L2.

it uo is the solution to the linear problem associated to (|1.3));
Ay :szot el t=)2%y|u[P=1 ds is the solution to the problem (T.3);
(eztA )= e—itA%.

(&
6

Now, we give the so-called Strichartz estimate [20].

Definition 2.7. A pair (gq,r) of positive real numbers is said to be admissible if

4 1 1
QSQaTSOOa (Q7T7N)7é(2aooa4) and 5:N(§_;)

Proposition 2.8. Let two admissible pairs (q,r), (a,b). There exists a positive
real number C := C4q , such that for any T > 0,

el wery < C(lluollz + i + A%l g o) ): (2.1)

JAullg 2y < C (Il Auollzs + it + A%u] (2:2)

L;(Wl’%))
The following Morawetz estimate which is essential in proving scattering, is
proved in the appendix, in the spirit of [I7], [1§].
Proposition 2.9. Let 5 < N <8, 2 <p <p* andu € C(I, H) be the solution to
(T). Then,
(1) if N > 5,

. 2
RN xRN ‘x - y'
(2) if N = 5,

> / / u;(t, z)[*dzdt <, 1. (2.4)
=171 /RS

Let us gather some useful Sobolev embeddings [I].

Proposition 2.10. The continuous injections hold

(1) WeP(RN) — LYRY) whenever 1 <p<g<oo,s>0and : <1+

)

2o

11
P —q
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(2) Wor (®Y) = WGP RY) if 1< pr <o < oc.
Now, we give some fractional Gagliardo-Nirenberg inequality [7].
Lemma 2.11. Let 1 < p,p1,p2 < 00, 8,81 € R and p € [0,1]. Then, the fractional
inequality
el ron S Nzt Nl

holds whenever

N N N
——s=(1—-p)— +u(— —s51) and s< us;.
p bo b1

We close this subsection with some absorption result.
Lemma 2.12. Let T >0 and X € C([0,T],Ry) such that
X <a+bX% on [0,T],
where a,b>0,0>1, a < (1 - §)— 1 and X(0) < —L—. Then

(0v) e (ob) -1

X <

g1 on [0,T].

Proof. The function f(z) := bz? —z+ a is decreasing on [0, (b8) T7] and increasing
on [(bH)ﬁ,oo). The assumptions imply that f((bG)ﬁ) <0and f(z%a) <0. As

f(X(t) >0, f(0) >0 and X(0) < (be)ﬁ, we conclude the proof by a continuity
argument. O

3. LOCAL WELL-POSEDNESS

This section is devoted to prove Theorem [2.1} The proof contains two steps.
First we prove existence of a unique local solution to (1.1)), second we establish
global existence in the subcritical case.

3.1. Local existence and uniqueness. We use a standard fixed point argument.

(1) Subcritical case 2 < p < p*. For T, R > 0, we denote the space
8p
Brp = {u e (Cr(H?) 0 LY (W22))0m

Jul + Ay < RJ

__8p __8p
(Lo (L)L N @~ (L2p))(m) (L2 (L2)NLN ®=D (L2p))(m)

endowed with the distance

m

afa,v) =3 (Il = village ey + s = vl

8p ).
N(p—1
= A (p—1) (L2p)

Define the function

m ¢
p(u)(t) = T(t)V — zz ajk/ T(t—s) <|uk|p|u1|p_2u1, ce |uk|”\um|p_2um> ds,
k=1 0

where T(H)U = (e"A ¢y, ... e™y,,). We prove the existence of some small
T, R > 0 such that ¢ is a contraction of Er g.
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o First step 3 < N < 8. Take u,v € Ep g, applying the Strichartz estimate (2.1)),
we obtain

m
d(p(u), ¢(v)) j;l el it~ us = ol logl 2ol s oo
To derive the contraction, consider the function
Fik i C™ = C, (w1, ...y um) = Jugl?|ui [P~ 2u;.
With the mean value Theorem,
|fie() = fik(v)]
L e O e A s (R

Using Hélder’s inequality, Sobolev embedding and denoting the quantity

(Z) = [lfj6(0) = fin(v )||

2 b
(s N”N(L pﬁl)

we compute via a symmetry argument

@ S el P )= vl e

8p— 2N(p 1)

ST la=vll <

p—1y, |p—1 Py, .|P—2

BT (2 ] HL%"(Lﬁ)
< (p p—1

T u v Miigl)(m(\|uk\|mm ot 172 oy

el o 172 Lzm)

4p— N(p

ST ||u—V||

p—1 p—1
1) (L2p) (HukHL%c(Hz)HUJHL%O(HZ)

-2
ko g2y s i;omz))-

Thus
I fix() = fix(V)]

4p— N(p 2 1
< T )%,

8p 2p
P(8—N)+N (L21’7—1)
(3.2)
=l e
NE (za)
Then
4P—N’(I’—1) 2(p—1)
d(¢(u),¢(v)) ST = R d(u,v).

Moreover, taking v = 0 in the previous inequality, yields

4p—N(p—1) _
lp(u)]| s S|\l +T7 % R
(L5 (L)LY P~ (L2p))m)

It remains to estimate the quantity
(4) := HA(fj,k(u))II
S D) (a )Aull

S (1) + (o).
Via Holder inequality and Sobolev embedding, we obtain

(T1) S (| eere [P~ g [P+ g P | P2 |

(8 N)+N (Lgsgl)

e, ¥ IIVulD?(f.1) (w)|

P(S N)+N (Lﬁ

__8p 2p
LFE (it

8 p
L;P*QN(D*U (L p—1 )
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4p— N(p

ST “ | Au]

1
e (el o I

+ k|7 sz)nujnmm))

4p— N(P 1)

ST 1Aull

(T sy oy
D (1) ’

. HZ)nujnL;o(Hz))

4p— N(p 1) 2 1
ST s N )
(L2»
Using the interpolation 1nequahty IV - ||2p S ll2pllA - f2p, we obtain

S IVl (P~ [P+ fug]? | P72

|||VU\2(fj,k)u(U)llL 2

D
2p—1
x

D
21
L;

S IVl (a2 g 173+ s 220 s 1252
2 2
< [ Au| 2 a2
This implies that
2 2
(2) < a2

(8 N)+N
4p— N(P 1) 2p—92
<T A LR
~ | u|| )(L2p)||u||LT (H)
Then
[o(a)]l s +AGW)] s
(Loo(Lz)mLN(Pfl) (L2p))(1n) || ( H(Lé\f(pfl) (L2P)OL$(L2))<7”)

< (Wl + T R,

Choosing R > C||¥||g and T > 0 sufficiently small via the fact that 2 < p < p*, ¢
is a contraction of Ep g.

e Second step 1 < N < 3. In this case, we use the Sobolev embedding H? < L.
Applying Strichartz estimate to u,v € Ep g yields

d(G(w), 6(v)) S > sl P~ — [ok v P05 Ly (12
jk=1

S > Mk g P+ Pl P2 g o) e = Vs ey (3.3)
k=1
S Tl 32 gy 0 = vl e (12)
< TR*P=Yd(u,v).
It remains to estimate
(B) = [|A(fjx (@)l Ly, (22)
SID(fj)(u )AuHLl 22y + [Vl *D*(fjk )(u)HLlT(m)-

Thanks Holder and Sobolev inequalities, we obtain

ID(fi) (@)A1 2y S 1AWz gy P~ ug P+ JulP g P72 (| Lo oo
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2(p—1
S T\ A g o) [l 72 %)
STR*
Using the Sobolev injection H? < W%, we obtain
IV al(fi)a (@ Ly 2y S MV QunlP72 ug P70 4 furPlug[P2) [ L 22y
2p—3
S T||vu||L°°(L4)||u||Lp°°(H2
STR*
This implies

lo(w)l _s» + 1A(¢(w))]]

8p
(Ly @7 (L2P)NLge (L2)) (™) (Ly P79 (L2P)NLge (L2)) (™)
<c(|wlu + TR,

Choosing R > C||¥| g and T > 0 sufficiently small, ¢ is a contraction of Er g.
Finally, thanks to a classical fixed point Theorem, We deduce the existence of a
fixed point u € By (R), which is a solution to (1.1). Moreover, uniqueness follows

thanks to (3.2) and (3.3).

(2) Critical case 4 < N < 8 and p = p*. The proof follows by arguing as in the
subcritical case, where we take rather than Fr g, the complete space

Fro={ue @I @200 ul <p}
(Lp 77 (W22 o)
endowed with the distance

dlu,v) =|lu—v
) = v e

via the fact that limgp_q || T(¢) || 8p = 0 and the next result.
(L 770 (L2m)em

8p
Lemma 3.1. Let ¥ € H and suppose that u € (L; "V (W22P))(™) s a solution
to (1.1). Then, there exists 0 <T' < T such that u € Cr/(H).

Proof. Using the previous computation via Duhamel formula (second point in
Proposition [2.6)), yields
2(p—1)

oo < .
Il S 190+ EEGH e

The proof is complete thanks to Lemma [2.12] O

3.2. Existence of global solutions. We prove that the maximal solution of
is global in the subcritical case. The global existence is a consequence of energy
conservation and previous calculations. Let u € C([0,7%*), H) be the unique max-
imal solution of . We prove that u is global. By contradiction, suppose that
T* < oc0. For 0 < s <T* consider the problem

i0j + A%v; = ( |Uk|p)|vj|p_zvj;
; (3.4)

Uj(87 ) - uj(57 )
By the same arguments used in the local existence, we can find a real number 7 > 0
and a solution v = (v1,...,vp,) to (3.4) on C([s, s+ 7], H). Using the conservation
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of energy we see that 7 does not depend on s. Thus, if we let s be close to T such
that T* < s + 7, this fact contradicts the maximality of T™.

4. SCATTERING

This section we establish Theorem about the scattering of (l.1)). For any
time slab I, take the Strichartz space

S(I):=C(I,H*)N

- (Iv W2’2p)
endowed the norm

lullscry = llullpoe (1, m2) + HUHL%(LW?%Y
The first intermediate result is as follows.

Lemma 4.1. For any time slab I, we have

[u(t) — e sy < lull, YE L full Y
(Loo(I,L2p)) (L Np—D (I)W2,2p))

(m)?

where €A’ (Uq,...,0,,) = (e“Az\Ifl, L ettA? U,,).

Proof. Using Strichartz estimate, we have

_itA? < S )
[u(t) — ™= ¥l(syyem S Z Hfg,k(u)HLM}%

2'2551 ’
) (r,w )
Jk=

Thanks to Holder inequality, we obtain

sl S gt~ e, S s s 75
Letting 6 := %ﬁ, we obtain the inequality
1 1
—<0<p-—-.
g =" =735

The left part of the inequality follows from p < p*. Denoting X := p — 1, the right
part of the claim is equivalent to

T(X):=NX?4 (N -4)X —4>0.

T has two roots X; = -1 <0 < Xg = N,
X =p—12> X,. This proves of the inequality.
Now, using an interpolation argument, write

£ (W]

LPE=—NFN N)+N([L2p T)

S |HIUkHsz||uJI|sz I

since 2 < p < p*, it follows that

L5 RTN )

= N A O [ Huuku Pl |
(ILP) JllLee (1,027) L2e W77 L2P L2E=N)+N (])
1 0—5
S HukHLoo(] L2p)HuJHL°°(I sz)HUkH sl e

NGED (I,L2P) LNG-1) (1, LZP)
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Then
||fj,k(u)HLp(8}%(1 Lz%)
p—1-0 0-’1—2 0—1
u u u Uj
S k”Loo IL2P | J||L°° I,12v) [[ul L (I Lo )” J”LN(iz:l) 7.1%)
o+2 i (4.1)
NHuHhmgL%ﬂWMI T |Wﬂ| ILbﬂmﬂ|Nwlu1wm
2pN]\§1é) 1%) 8p 8PNEV(P1)1)
< r u e .
~ || || (LOO(I7L2P))(m) H || (LN(iL—l) (I,LQP))(m)
It remains to estimate the quantity (Z) := ”A(fj’k(u))”[,p(sfgﬁHN([7L%). We
write

)£ IAu(fuiu)

20¢£..3..
LR (1,050 vl (f]’k)”(u)”u@j%(l,mﬁ%l)
S (Th) + (Zo).

Using Holder inequality, we obtain

|Au(fjr)i(u) = N ||A11(|”Ltk|p*1\UjVF1 + |Uk|p|uj\p72)

< Nl g (25 s 12+ N 2p||uj||L2p)

Letting p := %@1—)1), we obtain the inequality
p
<=<p-1.
n= 9 = p
Note that
8p—2N(p—1)
P22 P> —
N(p—1)

& Np(p—1)>8p—2N(p—1)
ST(X:=p—1):=NX?+ (3N -8)X -8>0.
T has two roots p; < 0 < py. Since T(1) =4(N —4) >0and X =p—1>1. The
inequality is proved.
Now, using Holder inequality
(@) [l gy (2ot 182+ el s 52|
S [|Auf

8p
LprB=N)+N

8p
(L Nip—1) (I,LQP)) (m)

1— 1—
(e e 1 3 PP 0

2 2n
a2 oy 12 o e 25 )

~ ”Au”(L%(LL%))(m)

1— 1—
(HUka 1oy 1517 e (7 oy w1 [

N( 1) (I,L2p) LN(p N(p-1) (I,L2p)
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—2
Il 2 oy sl oy ).
( D (I,L2p)
Then, A:=37" HAu(fj’k)Z(u)HLp(s—%\‘;)-f-N o satisfies
m
<18 (w2
A u”(LN“’ o (1,120)) " k=1 H%HLOC(I’L%)H%H NG (1,L20)
m
1—
X Z ||UJ||I£oc(1,ML2p)||uJ”
j=1 1) (I,L2pP)
m m
2 -2
5 Nunll222 o sl >l 2 o) )
1 LN®G=1) (1,L2p) =1
So,
2pNJ\§§J 1;) 8p %@1)—1)
A< JJu P u v . 4.2
~ H || (LN( =y (I W2.2p )( ) H( (I L2p ))(m) || || (L N(ip—l) (I7L2p))(m) ( )
Similarly
m
— 2029,
= Z MVl FindiaCll ey ) oo
J,k=1
m
< Z 2( p—2y,, |p—1 P .p—3)
S 3 N9l (ol 4 TPl | s
k=1
Using the interpolation inequality ||V - [|3, < || - [[2p]|A - [|2p, we obtain

R e e T
< IVl (el 252 s 172+ uukHLzPuu]anp)

2p—3

S [1Auaf 2 flull 2o [[al[ s,

2p—2
S 1Aul| 2o ([l

Thus, arguing as previously, we obtain

P u Yo . 4.3
|| (Loo (I,LQT)))("L) || H (LN( ) ([ 12p ))(m) ( )

Finally, thanks to (4.1)—(4.3)), it follows that

|| H(LN(P ) (I w2 2p))(7u) u

A2 2;DNA$€711))78;D SP]\*](N(PI*)I)
u et P u ’ e :
Ia(0) = 4Bl S all T bl T

The next auxiliary result is about the decay of solutions.
Proposition 4.2. For any 2 <r < 4, we have

Jimn [[u(t) |y = 0.
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Proof. Let x € C5°(RY) be a cut-off function and ,, := (¢7, ..., ") be a sequence
in H satisfying sup,, ||¢n|lgr < oo and

on — @ = (p1,...,om) € H.
Let u,, := (uy,...,ul) (respectively u := (u1,...,u,)) be the solution in C(R, H)

s Y'm

to (1.1) with initial data ,, respectively ¢). In what follows, we prove a claim.
Claim. For every € > 0, there exist T, > 0 and n. € N such that

lIx(u, — u)||(L%o€(L2))(m) < e forall n>n.. (4.4)

Indeed, denoting the functions v,, := yu, and v = (v1,...,v,) := xu, we compute
v (0) = x¢! and

0] + A%} = APyul + 2VAXVU] + AxAu] + 2VXVAU}

N
+2(VAY VU] + VXVAU) +2) " VoixVou})

=1
m
+x (O g P lupP=2ul).
k=1

Similarly, v;(0) = x¢; and
iv; + A2v; = A2y, + 2VAYVu; + AxAu, + 2V VA,

N
+2(VAXVu; + VxVAu; +2> VoixVo,u,)

i=1

m
() k[Pl P 2uy).
k=1

Denoting w,, = (w},...,wk) :=v, —v and z, = (27,...,2") := u, — u, we have
Wy + Azw? = AQXZ? +4AVAXV2] + AxAz] +4VXVAZY
N m m
£ 43 VOO + x (3 Pl — 3 Pl 2.
i=1 k=1 k=1

Thanks to Strichartz estimate, we obtain

W
IVl T )

S Ix(en = @)l z2yom + 182Xzl (L1 (L2y)em + IVAXVEZR| (L1 (£2))0m
+ HVXVAZHH(Ll(Lz))(m) + ||V8ixV8izn||(L1(L2))<m>

m
# 3 PP = o)t
Thanks to the Rellich Theorem, up to subsequence extraction, we have
e:= [Ix(pn —9)llLz =0 asn — oo.
Moreover, by the conservation laws via properties of x;,
T = | A%X2all (zr.z2yyom + IVAXV 2l (£1 p2y)om + VXV Az (11 (12))0m

+ [VO:ixV0izn| (L1 (L2y)om
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S lzallzr z2yom + 11VZall Ly z2yyom S CT,

where
C = [[ull(oe ®, m2yyom + [[Unll (oo (&, 12)) 0 -
Arguing as previously, we have

p2n

Io = [Ix(lug ]l ] =l [ fu; [P~ %u;) |

__8p 2p
Lq}:(g—N)+N (L2P7—1)
< n|p—1y, nip—1 _ Dlg, . |P—2 _

S I 7 = el =l s

< _ ) n
< I u)HLM}%((Lw)(m))(||uk|| LQP)HU HLOO(L%

o ol e oyt 252 )

8p— 2N(p 1)

spm2Ap—) 2 1 2 1
ST 0ol ey (el e e
P ((L2e)m)
2(p—2
+ e 2 HZ)nujanz(HL))
4p— N(p 1)
ST Il .
D) em)

As a consequence

(W]

Sy SR CTHT IIWnII
(L?(LQ)OL;“V“’*U (sz)) )((L2p)(m))
< e+T .
~ 4p—N(p—1)

1-T &

The claim is proved.

By an interpolation argument it is sufficient to prove the decay for r := 2 + %.
We recall the following Gagliardo-Nirenberg inequality

2+ 4 4/N
les @513 < Cllus @l (suplls (Ol @uen) (45)

where @, (x) denotes the square centered at 2 whose edge has length a. We proceed
by contradiction. Assume that there exist a sequence (¢,) of positive real numbers
and € > 0 such that lim,,_, t,, = co and

[uj(tn)ll 244 >€ forallneN. (4.6)

By (4.5) and ({.6)), there exist a sequence (z,,) in RY and a positive real number
denoted also by € > 0 such that

lwj(tn)llL2(Q: () = € for all m € N. (4.7
Let ¢%(x) := u;(tn, T + ). Using the conservation laws, we obtain

sup \|¢§L||H2 < 0.
n

Then, up to a subsequence extraction, there exists ¢; € H? such that ¢} conver-
gence weakly to ¢; in H?. By Rellich Theorem, we have

. n o . =
Jim 167 = 65l @uop =0
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Moreover, thanks to (4.7) we have, H¢§LHL2(Q1(0)) > €. So, we obtain

9ill2(qQ.(0)) > €

We denote by 4; € C(R, H?) the solution of with data ¢; and u} € C(R, H?)
the solution of with data ¢'. Take a cut-off function y € C§°(RY) which
satisfies 0 < x < 1, x = 1 on Q1(0) and supp(x) C Q2(0). Using a continuity
argument, there exists 7' > 0 such that

€
f > —.
tel[% 7] ||XUJ( )||L2(RN) =5

Now, taking account (4.4)), there is a positive time denoted also T" and n. € N such
that

for all n > n..

B~

Ix(uf — )l e r2) <

Hence, for all ¢ € [0,7] and n > n,
n — n _ €
i @)llzz = lxa; @lee = lIx (@) —a;) @)l = 7.

Using a uniqueness argument, it follows that u} (¢, z) = u;(t+tn, z+x,). Moreover,
by the properties of x and the last inequality, for all ¢ € [0,7] and n > n.,

€
luj (t +ta)llL2(@a(eny) 2 7
This implies that

w2 (Qa(an)) = > forallt € [ty,t, +T] and all n > n..

B~ o

Moreover, as lim,, . t, = 0o, we can suppose that t,y1 —t, > T for n > n..
Therefore, thanks to Morawetz estimates (2.3)), we obtain for N > 5, the contra-

diction
t t
1>/ / st DB 5o
RN xRN |9U—?/|

tn+T
/ / a8, 2) Pl (8, )2 e dy
n tn 2 CEn XQQ(ZL’TL)

227

n

Using (2.4), for N = 5, we write

o 4
12 / Huj<t>||L4(Rs>dt

g Z/ 2t ()1 25 (@ ) B

tn+T

2 Z/ Gl (Qa ()t

This completes the proof of Proposition [
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Finally, we are ready to prove scattering. By the two previous lemmas, via the
fact that 2 < p < p*, we obtain

8p—N(p—1)
N(p—1)

listemn o S 120l + et all o T
where €(t) — 0, as t — co. It follows from Lemma that u € (S(R))™). Now,
let v(t) = e’“AQu(t). Taking account of Duhamel formula,

m t
v(t) =V +1 Z Qjk / e isA? (Juk|Plur [P~ us, . gl [um [P~ 2w, ds.
k=1 0

Thanks to (4.1)),(4.2) and (4.3)),
fj,k(u) c Lp(SSfN) (R’ WZ%)’
so, applying Strichartz estimate, for 0 < ¢t < 7, we obtain

V() = vl S Y sl [P~y

k=1

8p 2 _2p — O
LFE=N) (1), W™ 2T

as t,7 — oo. Taking u® := lim;_, 1, v(t), we obtain
lim Jlu(t) — 2 u¥| g2 = 0.
t—Zoo
Scattering is proved.

5. GLOBAL EXISTENCE AND SCATTERING IN THE CRITICAL CASE

We establish the existence of a global solution to in the critical case p = p*
for small data when 4 < N < 8 as claimed in Theorem [2.5] Several norms have
to be considered in the analysis of the critical case. Letting I C R a time slab, we
define the norms

lullarry == 1Au]| svis — 2vavea ;
L N-1T (I,L N2+16 )
lullw@ = VUl avie — 2xovis
[ N—4 (LLN272N+8)
lull ziry = llull 20ven  avea ;
L N=4 (I, N-1)
lullve = 1Vull . ) )

Let M(R) be the completion of C2°(RN*1) with the norm || - || as(r), and M (1) be
the set consisting of the restrictions to I of functions in M (R). We adopt similar
definitions for W and N. An important quantity closely related to the energy, is
the functional £ defined for u € H by

fw=> [ Iaufd
j=17RY
We give an auxiliary result.

Proposition 5.1. Let 4 < N < 8 and p = p*. There exists § > 0 such that for
any initial data ¥ € H and any interval I = [0,T], if

m o
> e sllwr <6,

Jj=1
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then there exits a unique solution u € C(I, H) of (L) which satisfies u € (M(I)N
2(N+4)

L™~ (Ix RN))(m). Moreover,

Z lujllw o < 26;
=1

m m
Nogd

> gl + D gl z2) < CU| 2 +6579).

j=1 j=1
Furthermore, the solution depends continuously on the initial data in the sense that
there exists 0y depending on &, such that for any 61 € (0,00), if Z;”:l v —@illm2 <
01 and v is the local solution of (1.1) with initial data ¢ := (Y1,...,9m), then v
is defined on I and for any admissible couple (gq,r),

||u — V”(LQ(I,LT))(W) S 061

Proof. The proposition follows from a contraction mapping argument. For u €
(W)™ we let ¢(u) given by

S0 =TV i3 ase [ 7= 9)(jun] Pl (o),
k=1 0

., |uk|%|um\%um) ds.

Define the set

m

Xy o= {u € (M(I))(m Z HUJHW(I) < 26, Z ||’U,]|| 20N +4) u L2(NN+4)) < QM}
Jj=1 ’

where M := C||¥||(f2ytm) and § > 0 is sufﬁmently small. Using Strichartz estimate,
we obtain

lo(u) — é(v )||( 2 14) ILz(N+4) m S Z || £k () fj,k(V)HL?(]lvvi;rgw 2(Nt4) -

Pyt (1L N¥57)
Using Holder inequality and denoting the quantity
J) = || () fj,k(V)HL%(LL%)’

we obtain

_4 _4 _N 8—N
() (T 77 a7 4 ] ¥ | 55 ) = || sy sy
Lyt *e (L N8 )

N—4 N 4
s||u—vuLw(LMNM)(nukn B SV (2] s SO

LM (L N=1) LN (LN

N
k] Vo s )
LQ%\]+4> LM) U L:%(L%)

By Proposition 2.10, we have the Sobolev embedding

T (

lull 2ovea  2ven S IVUll aovea IN(NED)
L N-% (I,L N-%) L N-% (],LN?-2N+8)

hence

_4 8
(D) Sl vl s soen (ol T3 + el sl )
Ly (L™~ )
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8
55N_4HU_VH 2(N+4) 2(N44) -
L, N (L™~

Then

[p(u) — d(v )||( 2(N+4) a L2<NN+4>))(m> N < ova [u— V||( WU L%))(m)-

)

Moreover, taking in the previous inequality v = 0, we obtain for small § > 0,

[¢(u )||( 2 +4) L [ 20 ))<m> < C||¥[(z2ym + 25 M

< (142673)M
< 2M.

2(N+44)

With a classical Picard argument, there existsu € (L=~ (I, L

to (1.1)) satisfying

2 ))™ a solution

my < 2M.
||u”(L2(1\17\7+4) (I,LZ(N+4)))( )

Taking account of Strichartz estimate we obtain

[ull arcryem S NAY] 2y + Y [V Fix()]]
jk=1

Let (J1) := ||ij,;,ﬂ(u)||L2 L8 Using Holder inequality and Sobolev embedding
T

5 2N .
LT(L N+2)

with, yields
4 4 N 8—N
(0) S 1) (el ¥ty 755 -+ fun 55 5% )|

R 2N
L2(L N+2)

<
~ HquL%(L%m) (||uk||L2(N+4) (Lz%\rj.f) ) HUJ ‘ L;%\Ij4> (L2<Z<7Vj—f) )
N

8—
+ ”uk‘ 2(N+4) || j||N24 2(N+4) )
e (L2(N+4) : LTN = (LZ(Nj»él) :

~

8—N
<l cyyom (e 0 oot 15y ol s )

Then

”uH(M(I))(m)

< - ¥ S

S+ Tl cyom (el gy sl + o5 sy

jik=1

S| + 67,

By Proposition M(I) — W(I) and
lullow e S Tl aecryyom - (5.1)

Thanks to Strichartz estimates, it follows that

m ot
Ju — "0 gy ryyom S Z/O T(t—s)(fre),. .., frmk (@) ds|lw(ry)om
k=1

m

SIS [ 2 = ) (Fraw) s (@) sy
k=

—1 /o
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<l

So, by Lemma [2.12]
lallow (ry)em < 26.

Now, take an admissible couple (g,7) and denote (J2) := [[u — Vv||(La(r,Lry)om —
¥ — @ll(z2yom) - By Holder inequality and Strichartz estimate, we have

(J2)

m
SO k) = fix(v )||L2<;Vv++;> R
J.k=1
e _4 _4 N 8-N
S 30 1 (lae 7 s 75 e 7 s 5 ) Ju = | v ageen
; L N8 (I,L N¥8 )
J.k=1
m 4
5jk21 ||u_V||L2<N7N+4>(I,L2<N7N+4> (Huk” 2<N+4>( ’L2(N+4) HUJH 2(N+44) (I)Lz%vil@

N —N
+ [Juell Vs a 2N +a) Hu]HN2(‘JL\7+4) 2(N+4) )
L N (I,L N N-1 ([, N-1)

8
SoF=lu— v (L2<NN+4) a L 20 ))<m>-

)

The proof ends by taking ¢ small enough. O
We are ready to prove Theorem

Proof of Theorem [2.3. Denote the homogeneous Sobolev space H = (H?)(™). Us-
ing the previous proposition via (5.1)), it suffices to prove that ||u||g remains small
on the whole interval of existence of u, which is a consequence of the inequalities
N
lulff < E(u(t)) = E(¥) < C(§(0) +£(T) 7).
Now, we prove scattering. Let v(t) = e*imzu(t). Taking account of Duhamel
formula

m t
£) =W +i2/ e (k5 fur | 5 (5), g ¥ | ¥ ) s,
k=170

Therefore, for 0 <t < T,
m T 2 N 8—N N 8—N
V() = v =i 3 [ e (o)l ¥ ) s
k=171

Applying Strichartz estimate and Sobolev embedding, we obtain

m

v = vl S Do 10+ V) (77 g y)| 2

L2((t,r),LN+2
= (4:7),LNF2)

w2

2N

)HLz((t,'r),L N+2)

S8+ 190 (o 757 g 75 -+ | 755 g

S (1 + ||Vu|| 2(N+4) 2N (N+4)
L N—-4 ((t)-,—)LNZ—zNJrs)

_4
X (||Uk||N;<411\I+4> 20v+0) ||uy||N2<§v+4> 2(N+4)
L N=4 ((t,7),L N ((tym),L N=2")

)
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+ HukH 2<N+44)

2AN+4) ||UJ| 2<N+4> 2(N+4) )
t,7),L N-4 ((t,7),L N-4)

_8
<@+ ||u|\<w<t,7>><m>>||u|\;;;3wm.

Using the proof of Proposition we have u € (W(R))™. Hence,

v(t) = vl =0
Taking u := lim;_, 4 v(t), we obtain
itA

1 ’ -0
Jimu(t) — ¢ us|r = 0.

Scattering is proved. O

6. APPENDIX

6.1. Blow-up criterion. We give a useful criterion for global existence in the
critical case.

Proposition 6.1. Let 4 < N < 8, p = p* and u € C([0,T), H) be a solution of
(L.1) satisfying [[ull(z(0,17)yem < +00. Then there exists

K = K([Ya, [all zqo,r)em)
such that

all | 20ven) L2y + [Ju] o+ [all o, zpyyem < K (6.1)

T

(L an)
and u can be extended to a solution u € C([0,T"), H) of (L1)) for some T' > T.

Proof. Let 1 > 0 be a small real number and M := |[ul|(zjo,r7))m - The first step
is to establish (6.1). In order to do so, we subdivide [0, 7] into n slabs I; such that

M  2v+a)
n~(1+ 71) Y= and  lull g, y)em <0

Denote (A) := [[ull(arfe, ) om and I = [t;,¢;11]. For t € I, by Strichartz estimate
and arguing as previously,

(A) = lla(t)la < ZIIsz

i,k=1

(m)
(z2(ity,0,0%52)) "

m

S Z ||qu 2(N+4) 2N (N+4)
. L N

= =& ([t 4], LNZ-2N+s )

X

—~ 1

||uk‘|%+4> 20N+4) HU’JH 2(N+4) 2(N+4)
([t t,L N

—4 ([tjvt]7L N-4 )

8 N
+||“k|| 2(N+4) 2N+a) H“J| 2<N+4> 2(N+4) )
TN=% ([t; t],L N—4 ) N=4[t5 8], (L N=%)

S lallw ey <m>||“”<zatj ))0m)

< ”uH M([t;,t])) (m>||u||(z ([t5,8])) ™)~ 77N 4 Hu” (M([tg,t]))m) -
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Take (B) := Hu||( N <N+4)))(m). Applying Strichartz estimates, we ob-
g
tain

Cllult)llzzyom

) —
G N &N
SO Mk T fug | Mg | s 2(v+4)
it L NFE(t;0,L N¥E)
m 8 N
S > Ml Vi s | ™ lusll 20via) 2N +4)
~ (N 4) (N+4) J (N 4) (N+4) J
k=1 LIRS (L N LN (L Nt BN (gl )
8
< luall 75 ull, avea (N44) | (m
H || L2(J\va—+f>([tj,t],LQ(;’VJr‘f)))(m)H ||(L% . ’L%))( )

_8
SnvAull ey ANED) |\ (m)*
(L N (it L N )

If n is sufficiently small, the conservation of the mass yields

[[ull (LW([%J]’L%%H) ))<m> < CH‘I/H(Lz)(m)

and
allaee, e < Cllalty)|la-
Applying again Strichartz estimates, yields

my < i .
) S e

In particular, ||u(tj+1)/|a < Cllu(t;)||a. Finally,

m m < n .
||u||(Lm([tj7t]7H))( y + lall e )y <207 ¥]la < +oo

The first step is done. Choose tg € I, Duhamel’s formula gives

u(t):ei(tfto)A to —zZa]k/ et 5)A?

8—N
X (\uk|m|u1|mu1,...,|uk|m|um\mum) ds.

Thanks to Sobolev inequality and Strichartz estimate,

||ei(t—tO)A (tO)H(W( tO t] m < ||u||(W [to7 ))rn + C Z |||uk| N 4 |uj| uJHN( to t])
Jrk=1
N+4

< ||u||(W([t0,t]))m + CHU||(]1V/VT?[tO¢]))m

The dominated convergence theorem ensures that [[ul|w i, 77))= can be made ar-
bitrarily small as tg — T, then

6™~ u(to) | oy (1tg, ) < O,

where § is as in Proposition [5.1] n In particular, we can find ¢; € (0,7) and T/ > T
such that

=12 o) [ w gy 1y < 6.
Now, it follows from Proposition [5.1] that there exists v € C([t1,T”], H) such that
v solves with p = &5 and u(t1) = v(t1). By uniqueness, u = v in [t1,7)
and u can be extended in [0,7"]. O
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6.2. Morawetz estimate. In what follows we give a classical proof, inspired by
[4, [18], of Morawetz estimates. Let u := (u1,...,u;) € H be a solution of

m
ity + Au; + (Z ajkluk|p) Ju; P~ =0
k=1
in Nj-spatial dimensions and v := (v1,...,v,,) € H be a solution to

m
15 + Az’l}j + (Z (ljk:‘?]k:‘p) |Uj|p_2’l)j =0
k=1

in Na-spatial dimensions. Define the tensor product w := (u ® v)(¢, z) for z in
RVHNz .= Lz 9) 5.t xRV yec RN}
by the formula
(u®@v)(t,z) =ult,z)v(t,y).
Denote F(u) := (37" aji|ukl?)|u;|[P~2u;. A direct computation shows that w :=

(w1, ...,w,) =u® Vv solves the equation
ib; + A%w; + F(u) ® vj + F(v) @ uj := i + A*w; + h =0 (6.2)
where A? := AZ + A2. Define the Morawetz action corresponding to w by
ME =23 / Va(2).3(w & 0, (2)V (u; © v)(2)) d
J=1 RN1 xRN2

_9 /]R o VST (w)() de

where V := (V,, V,). It follows from equation (6.2) that
S(u’)]a,w]) = %(—zw]&w])
= —R((A%@; + Y aglusl?|a;[P20;0; + > agulvgl?|o;[P 20,1, 0wy );
k=1 k=1
%(ﬁ}jazwj) = %(—iwj(“)iu}j)
= R(O:(A%w; + > agklunlPlus [P Pujv; + Y agelorlPlos [P0 u,)w;).
k=1 k=1

Moreover, denoting the quantity {h, wj}p = %(hij - ijB), we compute

m m
{hw;} = ’ai(zajka\plﬂﬂp*zﬂﬂj + Z%kﬁklplﬁﬂpﬁﬁjﬂj)%

k=1 k=1
m m
+ (Z ajiolur P[P ugo; 4+ ajk|vk|p\vj|p_21’i“j)8iwj'
k=1 k=1
It follows that
m
MP? = 22/ 0iaR(w;0;A%w; — Ow; A*w;) dz
j=1 /RN xRNz

— 2JZ_:1/]RN1XRN2 Bia{h,wj}p dz
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= —22/ [AaR(w; A%w;) + 2R(0;a0;w; A%w;)] dz

N1 xRN2

~-¥ 2 Oia{h,w;}" d
32 [ Bt}
=1 +12722/ 8ia{h,wj};dz.
j=1

RN1 xRN2

Similar computations as those in [1§], give

A +IQ—2Z§R/ 2(0%, A ad;ti;Opuj|vj|* + 0%, Ay adiv;0kvj|u;|?)

Ny ><1RN2
- §(A§'- + A )alujo; P + (AZalVus?lv]? + Abal Vo, ?lus)?)
— 4(8lka6111u]3“kuj|vj| + 0%.a0;,:0;0;, v |u;]| )} dz.

Now, we take a(z) := a(x,y) = |v — y| where (z,y) € RV x RY. Then calculation
done in [18], yield

M®> <2Z%/

Hence, we obtain

A3 + A3)a|u]v]|2 28ia{h,wj}fg) dz

Ny ><]RN2

m.o T
Z/ /RN x ((Ai + Ai)a|ujvj|2 + 48ia{h,wj};) dzdt < sup |[M22].
. 1X 2

(0,17
Then
m
Z / Lo (@ Aol 400 = 28003 aulue Pl ol
RleRNz =1
P P ®a2
+4(1— A CLZCLJHUH [vj]P |y )dzdt< sup |M22.

k=1 (0,7
Taking account of the equalities Aya = Aya = (N — 1)|z — y|~! and
Alq = ASq = Co(z —y), ?fN:5;
3(N —1)(N —3)(N —5)|z —y|™>, if N>5,
when N = 5, choosing u; = v;, we obtain
Z/ / lu;(t,2)|* do dt < sup |MP2|.
0,7

If N > 5, it follows that

t
Z/ / s (. 2 | [uly, )" dr dydt < sup |[M22].
RN QRN y| [0,T]

This completes the proof.
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