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NONLINEAR ELLIPTIC EQUATIONS AND SYSTEMS WITH
LINEAR PART AT RESONANCE

PHILIP KORMAN

ABSTRACT. The famous result of Landesman and Lazer [10] dealt with res-
onance at a simple eigenvalue. Soon after publication of [10], Williams [I4]
gave an extension for repeated eigenvalues. The conditions in Williams [14]
are rather restrictive, and no examples were ever given. We show that seem-
ingly different classical result by Lazer and Leach [II], on forced harmonic
oscillators at resonance, provides an example for this theorem. The article
by Williams [14] also contained a shorter proof. We use a similar approach
to study resonance for 2 X 2 systems. We derive conditions for existence of
solutions, which turned out to depend on the spectral properties of the linear
part.

1. INTRODUCTION

The famous article by Landesman and Lazer [10] considered a semilinear Dirich-
let problem at resonance (on a bounded domain D C R")

Au+Mu+g(u) = f(z), z€D, u=0 ondD. (1.1)

Assuming that g(u) has finite limits at +o00, and Ay is a simple eigenvalue of —A,
they gave a necessary and sufficient condition for the existence of solutions. This
nonlinear version of the Fredholm alternative has generated an enormous body of
research, and perhaps it can be seen as the beginning of the modern theory of non-
linear PDE’s. Soon after publication of [I0], a more elementary proof was given
by Williams [I4]. Both [10] and [14] were using Schauder’s fixed point theorem.
Williams [I4] has observed that one can also handle the case of multiple eigenval-
ues under a straightforward extension of the Landesman and Lazer condition. No
examples when this condition can be verified for repeated eigenvalues were ever
given. Our first result is to observe that another famous result of Lazer and Leach
[T1], on forced harmonic oscillators at resonance, provides an example for this the-
orem, for the case of double eigenvalues of the periodic problem in one dimension.
This appears to be the only known example in case A\ is not simple. It relies on
some special properties of the sine and cosine functions. Thus one has a uniform
framework for these results, into which the existence result of de Figueiredo and
Ni [2], its generalization by Iannacci et al [5] (and our two extensions) also fit in
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nicely. We review these results, and connect them to the recent work of Korman
and Li [9], and Korman [g].

We use a similar approach to give a rather complete discussion of 2 x 2 elliptic
systems at resonance, in case its linear part has constant coefficients. Requiring
that finite limits at infinity exist, as in Landesman and Lazer, appears to be too
restrictive for systems. Instead, we use more general inequality type conditions,
which are rooted in Lazer and Leach [11]. We derive several sufficient conditions
of this type for systems at resonance, which turned out to depend on the spectral
properties of the linear part.

2. AN EXPOSITION AND EXTENSIONS OF KNOWN RESULTS

Given a bounded domain D C R”, with a smooth boundary, we denote by A
the eigenvalues of the Dirichlet problem

Aut+iu=0, z€D, u=0 ondD, (2.1)
and by ¢k (z) the corresponding eigenfunctions. For the resonant problem
Au+dgu=f(z), z€D, u=0 ondD, (2.2)

with a given f(z) € L?(D), the following well-known Fredholm alternative holds:
the problem (2.2)) has a solution if and only if

/ f(@)pr(z)dz=0. (2.3)

D

One could expect things to be considerably harder for the nonlinear problem
Au+Mu+g(u) = f(z), z€D, uwu=0 ondD. (2.4)

However, in the classical papers of Lazer and Leach [I1], and Landesman and Lazer
[10] an interesting class of nonlinearities g(u) was identified, for which one still has
an analog of the Fredholm alternative. Namely, one assumes that the finite limits
g(—o0) and g(o0) exist, and

g(—o0) < g(u) < g(oo), forallue R. (2.5)
From (2.4),

| stw@yene)ds = [ fayola)de, (2.6)
which implies, in view of (2.5)),

g(—OO)/ O d:c+g(00)/ o, d
Pr>0 Pr<0

</Df(33)90kd50<9(00) /W>0 Pk derg(*OO)/ ordx.

pr<0

This is a necessary condition for solvability. It was proved by Landesman and Lazer
[10] that this condition is also sufficient for solvability.

Theorem 2.1 ([10]). Assume that A\, is a simple eigenvalue, while g(u) € C(R)

satisfies [2.5)). Then for any f(x) € L*(D) satisfying , the problem (2.4) has
a solution u(x) € W»2(D) N Wy (D).
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We shall prove the sufficiency part under a condition on g(u), which is more
general than . This condition had originated in Lazer and Leach [I1], and it
turned out to be appropriate when studying systems (see the next section). We
assume that g(u) € C'(R) is bounded on R, and there exist numbers ¢, d, C and D,
with ¢ < d and C' < D, such that

g(u)>D foru>d, (2.8)
glu) < C foru<ec.
Define

ngD/ @kdx—&—C’/ i dx, L1:C/ cpkdx—i-D/ i dr .
pr>0 ®r <0 Pr>0 ©r<0

Observe that Ly > Lj, because D > C. We shall denote by pi the subspace of
L?(D), consisting of functions satisfying (2.3)).

Theorem 2.2. Assume that A, is a simple eigenvalue, while g(u) € C(R) is
bounded on R, and satisfies (2.8) and [2.9). Then for any f(x) € L*(D) satis-
fying

L < / f(@)prdr < La, (2.10)
D
problem ([24) has a solution u(x) € W2(D) N W,*(D).

Proof. Normalize ¢ (x), so that [, ¢i(z)de = 1. Denoting Ay = [, f(2)¢ dz,
we decompose f(x) = Agpr(z) + e(z), with e(z) € @i (where ¢; is a subspace
of L?(D)). Similarly, we decompose the solution u(z) = &pr(z) + U(x), with
U(z) € pi-. We rewrite 7 and then 7 as

/D 9(Expr(@) + U(2)) () do = Ay, (2.11)
AU 4+ MU = —g(&ppr + U) +‘Pk/Dg(§k<Pk +U)prdr+e, x€D

U=0 ondD.
Equations (2.11)) and (2.12)) constitute the classical Lyapunov-Schmidt reduction of

(2.12)

the problem (2.4]). To solve this system, we set up a map T : (g, V) — (&, U),
taking the space R x cpﬁ into itself, by solving the equation

AU 4+ MU = —g(npor + V) + @k/ g(eer + V)erdr +e, x € D (2.13)
D )

U=0 ondD,
for U, and then setting

€=+ Ay — /D g(meo() + U(2))n () da. (2.14)

The right hand side of is orthogonal to ¢, and so by the Fredholm alternative
we can find infinitely many solutions U = Uy + cpg. Then we can choose ¢, so that
U € or.

Assume first that f(z) € L°°(D). By the elliptic theory, we can estimate
|Ullw2»py by the LP norm of the right hand side of plus ||U||z»(py, for
any p > 1. Since the homogeneous equation, corresponding to , has only
the trivial solution in cpi‘, the ||U||»(p) term can be dropped, giving us a uniform
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estimate of ||U||w2»(p). By the Sobolev embedding, for some constant ¢ > 0 (for p
large enough)

|Ulp(py < ¢ uniformly in (n, V) € R x ¢} . (2.15)

This implies that if n, is large and positive, the integral in is greater than L.
When 7y is large in absolute value and negative, the integral in is smaller
than L;. By our condition , it follows that for 7 large and positive, & < 7,
while for 7, large in absolute value and negative, £, > 7. Hence, we can find a large
N, so that if gy € (=N, N), then {, € (—N,N). The map T : (n,V) — (&, U)
is a continuous and compact map, taking a sufficiently large ball of R x <pé- into
itself. By Schauder’s fixed point theorem (see e.g., Nirenberg [13]) it has a fixed
point, which gives us a solution of the problem . (A fixed point of is a
solution of (2.11)).)

In case f(z) € L?(D), a little more care is needed to show that the integral in
is greater (smaller) than Ay, for ny positive (negative) and large. Elliptic
estimates give us

|U|l2(py < ¢ uniformly in (ny, V) € R x ¢y . (2.16)

Set G = sup,ep, uer |9(w)pr ()], and decompose

/ o(kon () + Ua)) i () di = /
D

gk dr + / gord . (2.17)
»r>0 ¢r<0

The first integral we decompose further, keeping the same integrand,

/ dzz/ dx—|—/ dx + de=6L+ I+ 13,
©r>0 0<prp <8 Ay As

with Ay = (¢ > 6) N (JU] > ), and A3 = (¢ > 0) N (U] < 2£=). Given any
€, we fix 0 so that the measure of the set {0 < ¢i(z) < d} is less than e. Then
|I1] < eG. In Iy we integrate over the set, where |U| > %‘s. Since U is bounded
in L? uniformly in 7, the measure of this set will get smaller than e for 7 large,
and then |Iz| < eG. In I3 we have g(u) > D for n; large, and we integrate over the
subset of the domain Dy = {z : ¢i(x) > 0}, whose measure is smaller than that of
D, by no more than 2¢. Hence I3 > D f%>0 or(x) dx — 2¢G, and then

/ gprdx > D or(x) dr — 4eG.
®r>0 Pr>0
Proceeding similarly with the second integral in (2.17]), we conclude that

/D 9k (x) + U(x))pr(z) de > Lo — 8¢G > Ay,

if € is small, which can be achieved for 7, > 0 and large. Similarly, we show that
this integral is smaller than Ay for nr < 0 and large. O

In case Ay has a multidimensional eigenspace, a generalization of Landesman and
Lazer [10] result follows by a similar argument, under a suitable condition. This
was observed by S.A. Williams [T4], back in 1970. Apparently no such examples
in the PDE case for the Williams [14] condition were ever given. We remark that
Williams [I4] contained a proof of Landesman and Lazer [10] result, which is similar
to the one above, see also a recent paper of Hastings and McLeod [4]. Our proof
below is a little shorter than in [14].
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Theorem 2.3 ([14]). Assume that g(u) satisfies (2.5), f(x) € L*(D), while for
any w(z) belonging to the eigenspace of A

/Df(x)w(x) dz < g(o0) /w>0wd:c+g(—oo)/ wdx. (2.18)

w<0

Then problem (2.4) has a solution. Condition (2.18)) is also necessary for the exis-
tence of solutions.

Proof. Let E C L?(D) denote the eigenspace of i, and let 1, ©a,..., o, be its
orthogonal basis, with [, ¢7(z)de = 1, 1 < i < m. Denoting A; = [}, f(x)p; d,
we decompose f(z) = > it Aipi(z)+e(x), with e(z) € E+ (where E* is a subspace
of L?(D)). Similarly, we decompose the solution u(z) = Y"1, &i(x) + U(z), with
U(z) € E+. We have

/D 9 &+ Ula)pila)do = As, i=1...om, (2.19)

AU + MU = —g(Z&%JrU)JrZ%/ 9> &ipi+U)pida+e
i=1 i=1 D

P (2.20)

U=0 ondD.
Equations 2.19: and (2.20]) constitute the classical Lyapunov-Schmidt reduction
;

of problem . To solve this system, we set up a map T : (1,...,9m, V) —
(é1,...,&m,U), taking the space R™ x E* into itself, by solving the equation

AU+ MU ==Y mgi + V) + Y soi/ 9> mipi+V)pidz + ¢
i=1 i=1 D

=1

(2.21)
U=0 ondD,

for U, and then setting
&=mn+ A — / g(z nipi(x) + U(x))pi(z)dz, i=1,...,m. (2.22)
D=

The right-hand side of is orthogonal to all ¢;, and so by the Fredholm
alternative we can find infinitely many solutions U = Uy + >, ¢;¢p;. Then we can
choose ¢;, so that U € E+.

As before, we get a bound on ||U||2(py, uniformly in (91,...,7m, V). Denoting

L= [, 90 migi(z) + U(x))pi(x) de, we have

m

SE=Dnr+2> m(Ai—L)+> (A —L)*. (2.23)
i=1 i=1 i=1

i=1

Denoting w = we have

m i )
=
Zm(Ai—Ii)Z\/n%+~-~+n3n(/ fwdx—/g(\/n%—i—'--—knﬁlw—}—U)wda:)
i=1 D D

< mefni g
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for some € > 0, when /n? + --- + 12, is large, in view of condition ([2.18)). If we
denote by h an upper bound on all of (A4; — I;)?, then from (2.23)

Y &< Zn?—2em+mh< > ot
=1 =1

i=1
for \/n? + -+ n2, large. Then the map T is a compact and continuous map of a

sufficiently large ball in R™ x E* into itself, and we have a solution by Schauder’s
fixed point theorem. ([l

Condition implies the Landesman and Lazer [10] condition . Indeed,
if A\, is a simple eigenvalue, then w = byy. If the constant b > 0 (b < 0), then
(2.18]) implies the right (left) inequality in .

In the ODE case a famous example of resonance with a two-dimensional eigen-
space is the result of Lazer and Leach [I1], which we describe next. We seek to find
27 periodic solutions u = u(t) of

u” +nPu+g(u) = f(t), (2.24)
with a given continuous 27 periodic f(¢t) = f(t + 27), and n is a positive integer.
The linear part of this problem is at resonance, because

u +nfu=0
has a two-dimensional 27 periodic null space, spanned by cosnt and sinnt. The

following result is included in Lazer and Leach [I1].

Theorem 2.4 ([I1]). Assume that g(u) € C(R) satisfies (2.5). Define
27 2m

A= f(t)cosntdt, B= f(t)sinntdt. (2.25)
0 0

Then a 2w periodic solution of (2.24)) exists if and only if
VA% 4+ B? < 2(g(o0) — g(—00)) . (2.26)

The following elementary lemma is easy to prove.

Lemma 2.5. Consider a function cos(nt — §), with an integer n and any real d.
Denote P = {t € (0,2n) : cos(nt — ) > 0} and N = {t € (0,2) : cos(nt — ) < 0}.
Then

/ cos(nt — 0) dt = 2, / cos(nt — 0)dt = —2.
P N

We show next that Theorem of Lazer and Leach provides an example to
Theorem of Williams. Indeed, any eigenfunction corresponding to A\, = n? is
of the form w = acosnt 4+ bsinnt, a,b € R, or w = va? + b? cos(nt — §) for some
6. The left hand side of is aA + bB, while the integral on the right is equal
to 2va? 4+ b2 (g(o0) — g(—o0)), in view of Lemma We then rewrite in

terms of a scalar product of two vectors

(x/a2a+ b2’ \/a2b+ b2> (4, B) <2(g(00) = g(—00)) for all a and b,

which is equivalent to the Lazer and Leach condition (2.26)).
Another perturbation of a harmonic oscillator at resonance was considered by
Lazer and Frederickson [3], and Lazer [12]:

u” + glu)u' 4+ n’u = f(t). (2.27)
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Here f(t) € C(R) satisfies f(t + 27) = f(t) for all ¢, g(u) € C(R), n > 1 is an
integer. Define G(u) = [, g(t)dt. We assume that the finite limits G(co) and
G(—00) exist, and

G(—0) < G(u) < G(oo) for all u. (2.28)
Theorem 2.6. Assume that holds, and let A and B be again defined by
(2.25). Then the condition

VA2 + B? < 2n(G(c0) — G(—0)) (2.29)
is necessary and sufficient for the existence of 2 periodic solution of (2.27)).

This result was proved in Lazer [I2] for n = 1, and by Korman and Li [9],
for n > 1. Observe that the condition for solvability now depends on n, unlike
the Lazer and Leach condition (2.26]). Also, Theorem does not carry over to
boundary value problems, see [9], unlike the result of Lazer and Leach.

Next, we discuss the result of de Figueiredo and Ni [2], involving resonance at
the principal eigenvalue.

Theorem 2.7 ([2]). Consider the problem
Au+ Mu+gu)=e(z), z€D, u=0 ondD. (2.30)
Assume that e(x) € L (D) satisfies [, e(x)p1(x) dex = 0, while the function g(u) €

C(R) is a bounded function, satisfying
ug(u) >0, forallueR. (2.31)
Then the problem has a solution u(x) € W2P(D)N Wol’p(D), for any p > 1.
If, in addition to , we have

liggiol.}fg(u) >0, and limsupg(u) <0, (2.32)

Uu——00

then the previous Theorem applies. The result of de Figueiredo and Ni [2]
allows either one (or both) of these limits to be zero.

Proof of Theorem[2.7. Again we follow the proof of Theorem As before, we
set up the map T : (n1,V) — (£1,U), taking the space R x o7 into itself. We use
(2.13)), with £ = 1, to compute U, while equation (2.14) takes the form

€ =m— /D g(mer(z) + U(x))gr (z) da. (2.33)

Since ||U||zo(py is bounded uniformly in (71, V), we can find M > 0, so that for
allx € D

Gipi(z) +U(z) >0, for & > M
&o1(z)+U(x) <0, for& <—M.
Hence, & < my for 1 > 0 and large, while & > n; for 71 < 0 and |n;| large. As
before, the map T : (n1,V) — (£,U) is a continuous and compact map, taking a

sufficiently large ball of R x @i into itself, and the proof follows by Schauder’s fixed
point theorem. ([l

This result was generalized to unbounded g(u) by Iannacci, Nkashama and Ward
[5]. We now extend Theorem to the higher eigenvalues.
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Theorem 2.8. Consider the problem
Au+Nu+g(u)=e(x), z€D, u=0 ondD. (2.34)

Assume that Me, k> 1, is a simple eigenvalue, and e(x) € L*°(D) satisfies
Ipe(@)pr(z)dz =0, whzle the function g(u) € C(R) is a bounded function, satis-

fymg and [2:32). Then the problem ([2:34) has a solution u(x) € W2P(D) N
Wol’p(D), for any p > 1.

Proof. We follow the proof of Theorem replacing problem ([2.34)) by its Lyapunov-
Schmidt decomposition (2.11)), (2.12)), then setting up the map 7', given by (2.13)

and
Sk =Mk — /Dg(nkQOk(x) + U(x))pr(x) de.

Since g(u) is bounded, the L estimate (2.15) holds. By our conditions on g(u),
§k <k (§e > nr), provided that g, > 0 (g, < 0) and || is large. As in the proof
of Theorem [2:2] we conclude that the map T has a fixed point. O

We now review another extension of the result of Iannacci et al [5] to the problem
Au+Mu+gu) =per+e(x) onQ, uwu=0 ondD, (2.35)

with e(z) € 7. Decompose the solution u(z) = &1¢1 + U, with U € . We
wish to find a solution pair (u, u1) = (u, pt1)(&1), i.e., the global solution curve. We
proved the following result in Korman [g].

Theorem 2.9. Assume that g(u) € C*(R) satisfies

ug(u) >0 forallu e R,
g ) <y<X—XA forallueR.
Then there is a continuous curve of solutions of (2.35): (u(&1), p1(&1)), w € HA(D)N
HY(D), with —0o < & < o0, and fD (&)1 dx = &1. This curve exhausts the solu-
tion set of - The continuous function p1(&1) is positive for & > 0 and large,

and py(€1) < 0 for & < 0 and |&1] large. In particular, ui(€9) =0 at some €9, i.e.,
we have a solution of

Au+ X u+gu)=e(x) onD, u=0 ondD.

We see that the result of Tannacci et al [5] corresponds to just one point on this
solution curve.

3. RESONANCE FOR SYSTEMS

We begin by considering linear systems of the type
Autau+bv=f(z) z€D, u=0 ondD

3.1
Av+cu+dv=g(x) z€D, v=0 ondD, (3:1)

with given functions f(z) and g(z), and constants a, b, ¢ and d. As before, we
denote by A\ the eigenvalues of —A with the Dirichlet boundary conditions (see
(2.1)), and by ¢ () the corresponding eigenfunctions. We shall assume throughout
this section that [}, ¢f(z)dx = 1.
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Lemma 3.1. Assume that

(a—=Ap)(d—=Ap) —bc#0, forallk>1,

i.e., all eigenvalues of —A are not equal to the eigenvalues of the matriz {CCL Z}

Then for any pair (f,g) € L*(D) x L?(D) there exists a unique solution (u,v), with
u and v € W»2(D) N W, *(D). Moreover, for some ¢ > 0
lullw22(0y + [vllw220y < e (Iflle2py + lgllL2(py) -

Proof. Using Fourier series, f(z) = 32, frpr, 9(x) = 32, 960k, u(z) = X322 uppr
and v(z) = £3° vk, we obtain the unique solution (u,v) € L?(D)x L?(D). Using
elliptic estimates for each equation separately, we obtain

lullw=2(p) +[lvllwz2py < e (lullLz) + [vllz2py + 1 fllz20y + llgllz2(py) - (3-2)
Since we have uniqueness of solution for (3.1)), the extra terms |lu|2p) and
lv]|L2(p) are removed in a standard way. O

The following two lemmas are proved similarly.

Lemma 3.2. Consider the problem (here pi is a constant)
Au+Mu=f(z) z€D, u=0 ondD 23
Av+pmpw=g(x) z€D, v=0 ondD, (3:3)

Assume that u # X\, for alln > 1, f(z) € g5, g(x) € L*(D). One can select a
solution such that u(z) € i, and v(z) € L*(D). Such a solution is unique, and
the estimate (3.2]) holds.
Lemma 3.3. Consider the problem

Au+Igu=f(z) z€D, u=0 ondD

4
Av+Apv=g(x) €D, v=0 ondD, (34)

Assume that f(z) € o3, g(x) € ;. One can select a solution such that u(x) € i,
and v(z) € . Such a solution is unique, and the estimate (3.2)) holds.

Lemma 3.4. Consider the problem
Au+Igu+v=f(z) z€D, u=0 ondD .
Av+ X Mv=g(x) z€D, v=0 ondD, (3:5)

a Assume that f(x) € ¢, g(x) € @;. One can select a solution such that u(z) €
o, and v(z) € pi-. Such a solution is unique, and the estimate (3.2)) holds.

Proof. The second equation in (3.5)) has infinitely many solutions of the form v =
vo + cpr. We now select ¢, so that v € pi-. The first equation then takes the form

Au—f—)\ku:f—vo—apkE(pé.
This equation has infinitely many solutions of the form u = uy + c1p. We select
c1, so that u € . O
We now turn to nonlinear systems
Au+au+bv+ f(u,v) =h(z) x€D, u=0 ondD

3.6
Av+cu+dv+g(u,v)=k(z) z€D, v=0 ondD, (36)
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a with given h(z), k(z) and bounded f(u,v), g(u,v). If there is no resonance,
existence of solutions is easy.

Theorem 3.5. Assume that (a — Ap)(d — Ay) —bc # 0, for alln > 1, and f(u,v),
g(u,v) are bounded. Then for any pair (h,k) € L?>(D) x L*(D) there exists a
solution (u,v), with u and v € W*2(D) N Wy *(D).

Proof. The map (w, z) — (u,v), obtained by solving
Au+au+bv=h(z) — f(w,z) z€D, u=0 ondD
Av+cu+dv=Fk(z)—glw,z) z€D, v=0 ondD,

in view of Lemma (and Sobolev’s embedding), is a compact and continuous
map of a sufficiently large ball around the origin in L?(D) x L?(D) into itself, and
Schauder’s fixed point theorem applies. O

Next, we discuss the case of resonance, when one of the eigenvalues of the co-

a

efficient matrix A = is A\g. We distinguish the following four possibilities:

b
d
the second eigenvalue of A is not equal to \,, for all m > 1, the second eigenvalue
of A is equal to A\, for some m # k, the second eigenvalue of A is equal to A,
and the matrix A is diagonalizable, and finally the second eigenvalue of A is equal

to Mg, and the matrix A is not diagonalizable. By a linear change of variables,

(u,v) — (uy,v1), Z =Q [:}Ll], with a non-singular matrix @, we transform the
1
system ([3.6) into
Uy —1 ur| -1 |k
s[n]reraafi] o
. . —1 . . . )\k; 1
with the matrix Q" AQ being either diagonal, or the Jordan block 0 A
k
us assume that this change of variables has been performed, so that there are three
canonical cases to consider.
We consider the system

Au+ Agu+ f(u,v) =h(z) €D, u=0 ondD
Av+ v+ g(u,v) =k(z) ze€D, v=0 ondD.

We assume that f(u,v), g(u,v) € C(R x R) are bounded on R x R, and there exist
numbers ¢, d, C' and D, with ¢ < d and C < D, such that

}. Let

(3.7)

flu,v) > D forwu>d, uniformlyinveR, (3.8)
fu,v) < C for u<e¢, uniformlyinve R.
Define
ngD/ prdr+C prdr, Ly =C @kdx—i—D/ Yg dx .
Pr>0 ¢ <0 Pr>0 pr<0

Observe that Lo > L1, because D > C.

Theorem 3.6. Assume that \ is a simple eigenvalue, p # A, for all m > 1, while

flu,v), g(u,v) € C(R x R) are bounded on R x R, and satisfy (3.8) and (3.9).
Assume that h(x), k(z) € LP(D), for some p > n. Assume finally that

Ly < /D h(z)pr(r)de < Ly. (3.10)
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Then the problem (B7) has a solution (u,v), with u,v € W2P(D) N Wy P (D).

Proof. Denotlng Ak = [p h(z)py dz, we decompose h(z) = Appr(z) + e(x), with

e(z) € pi (where ;- is a subspace of L?(D)). Similarly, we decompose the solution
u(z) = &ppr(z) + U(z), with U(x) € ¢p. Multiply the first equation in by
¥k, and integrate

/ f&rpr(z) + U(x),v)pr(x) de = Ay . (3.11)
D
Then the first equation in (3.7)) becomes

AU—"A]CU:_f(fk()Ok_FUaU)_'_SOk/ f(é.k@k—f-U,'U)@de)—f-@,l'eD
D
U=0 ondD.

(3.12)

Equations (3.11)) and ) constitute the classu:al Lyapunov-Schmidt reductlon of

the first equatlon in 1 7 To solve (3.11] -, 3.12) and the second equation in ,
we set upamap T : (ax, W, Z) — (&, U, V), taking the space R x @it x L*(D) into
itself, by solving (separately) the linear equations

AU+)\kU:_f(ak§0k+mZ>+§0k/ flarpr + W, Z)pp dx + e,
D

AV + 1V = —g(arpr + W, Z) + k(z) (3.13)
U=V =0 ondD,
and then setting
bp =+ Ap — / flakpr + U, V)pr(z) dx . (3.14)
D

By Lemma the map 7" is well defined, and ||U|w2r(p)y and ||V ||w2.»(py are
bounded, and then by the Sobolev embedding ||U||¢1(py and ||V ||¢1(py are bounded
uniformly in (ay, W, Z). This implies that if oy is large and positive, the integral in
is greater than Ly > Ajx. When qy is large in absolute value and negative, the
integral in is smaller than Ly < Ag. It follows that for ay, large and positive,
&k < ay, while for ay large in absolute value and negative, £ > «. Hence, we
can find a large N, so that if ax € (=N, N), then & € (=N, N). The map T is a
continuous and compact map, taking a sufficiently large ball of R x @é‘ x L?(D)

into itself. By Schauder’s fixed point theorem it has a fixed point, which gives us a
solution of (3.7]). |

We consider next the system
Au+ Mu+ f(u,v) =h(z) z€D, u=0 ondD
Av+Apv+g(u,v)=k(z) z€D, v=0 ondD,

a which includes, in particular, the case m = k. Assume that there exist numbers
c1, di, C7 and Dy, with ¢; < dy and Cy < Dy, such that

(3.15)

g(u,v) > Dy for v >dy, uniformlyinuée R, (3.16)
g(u,v) < C; for v < ¢y, uniformly inué€ R. (3.17)
Define

Mgle/ gamda?+cl/ ©m dx,
©m>0 ©m <0
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Mlzcl/ <pmda:+D1/ Omdx .
©m>0 ©m <0

Observe that My > My, because Dy > (.

Theorem 3.7. Assume \; and A, are simple eigenvalues, while f(u,v), g(u,v)

belong to C(R x R) are bounded on R x R, and satisfy (3.8), (3.9) and (3.16),
(3.17). Assume that h(x), k(x) € LP(D), for some p > n. Assume finally that

L, < /Dh(x)cpk(m) dr < Lo, and M; < /D k() pm(z) de < Ms . (3.18)

Then problem (3.15) has a solution (u,v), with u,v € W2P(D) N WyP (D).

Proof. Denoting Ay = [, h(z)prdz and B, = [, k(z)emdz, we decompose
h(z) = Arer(z) + e1(x) and k(z) = Bpmpm(z) + ea(r), with e1(z) € ¢ and
ea(x) € 7. Similarly, we decompose the solution u(x) = &vpr(z) + U(x) and
v(T) = Nmem(z) + V(z), with U(z) € ¢ and V(z) € ¢L,. As before, we write
down the Lyapunov-Schmidt reduction of our problem

/ F(&pr + Unmpm + V)pr(z) de = Ay,
D

D
AU + /\kU = _f(kaDk + Ua NmPm + V)

+ ‘Pk/ J(&ror + U, mom + V)pp da + e,
D
AV + 20V = —g(&r + U, impm + V)

+ @m/ 9(&pr + U, mom + V) om dx + e,
D
U=V =0 ondD.

To solve this system, we set up a map T : (ag, W, Bm, Z) — (&, U, nm, V), taking
the space (R x i) x (RX ¢.) into itself, by solving (separately) the linear problems

AU + MU = —f(arpr + W, Bnpm + Z)
+ Yk / f(akQOk + VV,ﬂm@m + Z)Sok dr + ey,
D
AV + 2V = —glarpr + W, Brom + Z)

+ Spm/ g<a/€@k + I/V)ﬁmsom + Z)‘Pm dx + €2,
D
U=V =0 ondD,
and then setting

& =ap+ Ap — /D flarer + U, Brnom + V)i (x) do
(3.19)

Nm = Bm + Bm — / g(ak@k +U, Bm@m + V)‘)Dm dx.
D

By Lemma the map 7' is well defined, and ||U||c1(py and |[V]|c1(py are
bounded uniformly in (ax, W, By, Z). This implies that if oy is large and positive,
fD flarpr + U, Bnom + V)prp de > Lo > Ai. When « is large in absolute value
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and negative, this integral is smaller than L; < Ag. It follows that for ay large
and positive, £ < ay, while for oy large and negative, £ > . Hence, we can
find a large N, so that if o, € (=N, N), then & € (—N, N), and arguing similarly
with the second line in , we see that if 8, € (=N, N), then n,, € (—N, N)
(possibly with a larger N). The map T is a continuous and compact map, taking a
sufficiently large ball of (R x i) x (R x ¢;-) into itself. By Schauder’s fixed point
theorem it has a fixed point, which gives us a solution of . ([

We now turn to the final case
Au+dgu+v+ f(u,v) =h(z) z€D, u=0 ondD

3.20
Av+ Ao+ g(u,v) =k(xr) z€D, v=0 ondD. (8:20)

Assume that there exist numbers co, do, Co and Do, with ¢ < dy and Cy < Do,
such that

g(u,v) > Dy for u > dy, uniformly inv € R, (3.21)
g(u,v) < Cy for uw < ce, uniformlyinve R. (3.22)

Define

N2:D2/ gokd:r—i—Cg/ i dx, N1:Cg/ gokdm—i—Dg/ pr dx .
>0 R <0 >0 <0

Observe that Ny > Ny, because Dy > Cs.

Theorem 3.8. Assume that N\, is a simple eigenvalue, while f(u,v), g(u,v) €

C(R x R) are bounded on R x R, and g satisfies (3.21)), (8:22). Assume that h(z),
k(x) € LP(D), for some p > n. Assume finally that

N, < / k(x)er dx < Na. (3.23)
D

Then problem (3.20) has a solution (u,v), with u,v € W2P(D) N W, P (D).

Proof. Denoting Ay = [, h(x)¢r dz and By = [}, k(x)¢y dz, we decompose h(z) =
Appr(x)+e1(x) and k(x) = Brpg(x)+ea(x), with e1, ea € @i, and also decompose
the solution u(x) = &pk(z) + U(z) and v(z) = nrpk(x) + V(z), with U,V € or.
The Lyapunov-Schmidt reduction of our problem is

Mk +/ f&rpr + U nrpr + V)pr(x) do = Ay,
D

/ 9(&kpr + U, nrpr + V)pr(x) de = By
D

AU+ MU +V = —f(&ror + U, +V)

3.24
+<Pk/ f&reor + U nepr + V) da + e, (3.24)
D

AV + MV = —g(&eor + U, mepr + V)

+ @k/ 9(&or + U, ek + V) or dx + e,
D
U=V =0 ondD.
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To solve this system, we set up a map T : (ag, W, Bk, Z) — (&, U, nk, V), taking
the space (R x i) x (R x ¢3) into itself, by solving the linear system

AU + MU +V = —f(onpr + W, Bror + Z)

+ ‘Pk/ flaror + W, Brpr + Z)pr dx + ey,
D
AV + MV = —g(owpr + W, Bror + Z)

""Pk/ glarer + W, Bror + Z)pr dx + e,
D
U=V =0 onoD,

and then setting

& = op + By, — / glanpr + U, Bror + V)i () dx

p (3.25)

e = Ag — / flarpr + U, Brpr +V)or dx .
D

Fixed points of T' give us solutions of (3.24]), and hence of (3.20). By Lemma
the map 7" is well defined, and ||U||c1(py and ||V c1(py are bounded uniformly in

(ag, W, Bk, Z). This implies that if oy, is large and positive, fD g(arpr + U, Brpr +
V)pr dz > Ny > By. When oy is large in absolute value and negative, this integral
is smaller than Ny < By. It follows that for a4 large and positive, & < aj, while
for o large and negative, £ > «i. Hence, we can find a large N, so that if
ay € (=N, N), then & € (=N, N). Since the right hand side of the second line in
is bounded, we see that if 8, € (—N, N), then nx € (=N, N) (possibly with
a larger N). The map T is a continuous and compact map, taking a sufficiently
large ball of (R x ¢i-) x (R x i) into itself. By Schauder’s fixed point theorem it
has a fixed point, which gives us a solution of . O

4. APPENDIX: A DIRECT PROOF OF THE THEOREM OF LAZER AND LEACH

Many proofs of this classical result are available, including the one above, and
a recent proof in the paper of Hastings and McLeod [], which also has references
to other proofs. In this appendix we present a proof which is consistent with our
approach in the present paper.

Proof of Theorem[2 Let L2 = {u(t) € L*(R),u(t+27) = u(t) for all ¢: fozﬂ u(t) cosnt dt =

fo% u(t) sinnt dt = 0}. As before, we decompose

A B
flit)y= p= cosnt + ?cosnt + e(t) (41)

u(t) = Ecosnt +ncosnt + U(t),
with e(t),U(t) € L2. Multiply (2.24) by cosnt and sin nt respectively, and integrate
2m
/ g (§cosnt +ncosnt + U(t)) cosntdt = A
0

o (4.2)
/ g (§cosnt +mncosnt +U(t))sinntdt = B.
0
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Using these equations, and the ansatz (4.1) in (2.24))
U" 4+n*U = —g (€ cosnt +ncosnt + U(t))

1 27
+;(/0 g(fcosnt+ncosnt+U(t))cosntdt) cosnt (4.3)

1 27
+ - (/ g (Ecosnt +ncosnt + U(t))sinnt dt) sinnt + e(t).
0

s

Equations (4.2)) and (4.3) provide the Lyapunov-Schmidt reduction of (2.24)).

To prove the necessity part, we multiply the first equation in (4.2)) by ﬁ,

the second one by ﬁ, and add, putting the result in the form

27
/ g (Ecosnt + nsinnt + U(t)) cos(nt — §) dt =/ A% + B2,

0

for some §. Using Lemma [2.5] the integral on the left is bounded from above by
g(oo)/ cos(nt — d) dt + g(—oo)/ cos(nt — ) dt = 2 (g(o0) — g(—0)) .

P N
Turning to the sufficiency part, we set up a map T : (a,b,V) — (§,n,U), taking
R x R x L? into itself, by solving

U" +n*U = —g (acosnt + bsinnt + V(t))

1

2m
+;</O g(acosntersinntJrV(t))cosntdt) cosnt (4.4)

1 27
+ — (/ g (acosnt + bsinnt + V(t)) sinnt dt) sinnt + e(t)
0

T
for U, and then set

2T
E=a+A- / g (acosnt +bcosnt 4+ U(t)) cosnt dt
0
o (4.5)
n=b+B— / g (acosnt +bcosnt + U(t))sinnt dt .
0
The right hand side of (4.4)) is in L2, and hence (4.4) has infinitely many solutions

of the form U = Uy + ¢; cosnt 4 co sin nt. We select the unique pair (¢1, ¢2), so that
U € L2. By the elliptic theory, we then have (since g(u) is bounded)

UL <e¢, withsome ¢ > 0, uniformly in (a,b, V). (4.6)

We need to show that a sufficiently large ball in (a,b) plane is mapped into itself
in (¢,n) plane. We have

acosnt + bsinnt = v/ a? + b2 cos(nt — 61), for some 07 .
Then for a? + b2 large

2
aAerBfa/ g (acosnt +bcosnt + U(t)) cosnt dt
0
27
—b/ g (acosnt +beosnt + U(t)) sinnt dt
0

2m
< Va2 +1? [\/A2 + B2 —/ g (\/a2 + b2 cos(nt — d1) —|—U) cos(nt — 01) dt
0
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< —p\a?+ b, for some u >0,

because the integral in the brackets on a sufficiently large ball gets arbitrary close
to 2 (g(o0) — g(—0)) > VA% + B2, Since g(u) is bounded, we can find h > 0 so
that

2m 2
(Af/ g(acosnt+bcosnt+U(t))cosntdt) <h,
0

2m 2
(B—/ g(acosnt—l—bcosnt—l—U(t))sinntdt) <h.
0

Then from (4.5)
E€4+n?<a®+b*—2uva? +b2+2h < a® +b*,

for a? +b? large. Then the map T is a compact and continuous map of a sufficiently
large ball in R x R x L? into itself, and we have a solution by Schauder’s fixed point
theorem. (]

5. APPENDIX: PERTURBATIONS OF FORCED HARMONIC OSCILLATORS AT
RESONANCE WITHOUT LAZER-LEACH CONDITION

We present next a result of de Figueiredo and Ni’s [2] type for harmonic oscilla-
tors at resonance:

u” 4+ nPu+ g(u) = e(t). (5.1)
Theorem 5.1. Assume that g(u) € C(R) is a bounded function, and

ug(u) >0 forallue R, (5.2)
liminf g(u) >0, limsupg(u)<0.

Assume that e(t) € C(R) is a 2w periodic function, satisfying

27 2
/ e(t)sinntdt = / e(t)cosntdt =0. (5.4)
0 0
Then problem (5.1) has a 27 periodic solutions.

Proof. We follow the proof of Theorem As before, equations , with A =
B =0, and provide the Lyapunov-Schmidt reduction of (5.1]). To solve these
equations, we again set up the map T : (a,b,V) — (&,1,U), taking R x R x L? into
itself, by solving and then setting

2

«f:a—/ g(acosnt+bcosnt +U(t))cosntdt =a — I
0 (5.5)

2m

n:b—/ g(acosnt+bcosnt+U(t))sinntdt =b—Is.
0

As before,
U= <e¢, with some ¢ > 0, uniformly in (a,b, V). (5.6)

‘We have
E+n?=a>+b>—2(aly +bly) + I? + 12



EJDE-2016/67 NONLINEAR ELLIPTIC EQUATIONS 17

Using the condition (5.3]) and the estimate (5.6]), we can find a constant p > 0 such
that

2m
ali+bly = Va2 + b2 / g(\/ a? + b? cos(nt—§1)+U> cos(nt—01) dt > uv/a? + b2,
0

for

for

a® + b? large. Denoting by h a bound on I; and Iy, we have
E4n?<ad®+b>—2uVa2+b2+2h <a®+b%,

a®+b? large. Then the map T is a compact and continuous map of a sufficiently

large ball in R x R x L? into itself, and we have a solution by Schauder’s fixed point
theorem. m

(1
2]
(3]
[4]
(5]
[6]
7]
(8]
(9]
[10]
(11]

(12]

(13]
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