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ROBUST EXPONENTIAL ATTRACTORS FOR
COLEMAN-GURTIN EQUATIONS WITH DYNAMIC BOUNDARY
CONDITIONS POSSESSING MEMORY

JOSEPH L. SHOMBERG

ABSTRACT. Well-posedness of generalized Coleman-Gurtin equations equipped
with dynamic boundary conditions with memory was recently established by
the author with C. G. Gal. In this article we report advances concerning the
asymptotic behavior and stability of this heat transfer model. For the model
under consideration, we obtain a family of exponential attractors that is ro-
bust/Hélder continuous with respect to a perturbation parameter occurring in
a singularly perturbed memory kernel. We show that the basin of attraction of
these exponential attractors is the entire phase space. The existence of (finite
dimensional) global attractors follows. The results are obtained by assuming
the nonlinear terms defined on the interior of the domain and on the bound-
ary satisfy standard dissipation assumptions. Also, we work under a crucial
assumption that dictates the memory response in the interior of the domain
matches that on the boundary.

1. INTRODUCTION TO THE MODEL PROBLEM

In the framework of [23], let us only consider a thermodynamic process based
on heat conduction. Suppose that a bounded domain €2 C R™, n > 1, is occupied
by a body which may be inhomogeneous, but has a configuration constant in time.
Thermodynamic processes taking place inside {2, with sources also present at the
boundary I', give rise to the following model for the temperature field w:

Ou — wAu — (1 —w) /00 k(s)Au(z,t — s)ds + f(u)
oo ’ (1.1)
+a(l —w) /0 k(s)u(z,t — s)ds =0,

in Q x (0,00), subject to the boundary condition

Ot — wATU + whu + (1 — w) /OO k(s)Onu(x,t —s)ds
0
(=) [ R (-Br + Buliest = 9)ds-+ 9(u) =0
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on I'" x (0,00), for every « > 0, 8 > 0, w € [0,1), and where k : [0,00) — R
is a continuous nonnegative function, smooth on (0, c0), vanishing at infinity and
satisfying the relation
o0
/ k(s)ds =1,
0

On represents the normal derivative and —Ar is the Laplace-Beltrami operator.
The cases w = 0 and w > 0 in are usually referred as the Gurtin-Pipkin and
the Coleman-Gurtin models, respectively. The literature contains a full treatment
of equation only in the case of standard boundary conditions (Dirichlet, Neu-
mann and periodic boundary conditions). In light of new results and extensions for
the phase field equations (see, e.g., [2 [I6] and references therein), we must consider
more general dynamic boundary conditions. In particular, we quote [22]:

In most works, the equations are endowed with Neumann boundary
conditions for both [unknowns] v and w (which means that the
interface is orthogonal to the boundary and that there is no mass
flux at the boundary) or with periodic boundary conditions. Now,
recently, physicists have introduced the so-called dynamic boundary
conditions, in the sense that the kinetics, i.e., 0;u, appears explicitly
in the boundary conditions, in order to account for the interaction
of the components with the walls for a confined system.

The derivation of ([1.2)) in the context of (|1.1)) can be derived in a similar fashion
as in [IB, 25] exploiting first and second laws of thermodynamics. Let w € [0,1)
be fixed. It is clear that if we (formally) choose k = dy (the Dirac mass at zero),

equations (1.1))-(1.2) turn into the system
Ou — Au+ f(u)+ a(l —w)u=0, in Q x (0,00), (1.3)
O — Aru+ Opu + g(u) + f(1 —w)u =0, onT x (0,00). (1.4)

The latter has been investigated quite extensively recently in many contexts (i.e.,
phase-field systems, heat conduction with a source at I', Stefan problems, etc).
Now we define, for € € (0, 1],

1 s
kE(S) - Ek(E),
and we consider the same family of equations —, replacing k with k.. Thus,
ke — 09 when € — 0. Our goal is to show in what sense does the system —
converge to (L.3)-(L.4) as e — 0.

Such results seem to have begun with the hyperbolic relaxation of a Chaffee-
Infante reaction diffusion equation in [28]. The motivation for such a hyperbolic
relaxation is similar to the motivation for applying a memory relaxation; it alle-
viates the parabolic problems from the sometimes unwanted property of “infinite
speed of propagation”. In [28] however, Hale and Raugel proved the existence of
a family of global attractors that is upper-semicontinuous in the phase space. A
global attractor is a unique compact invariant subset of the phase space that at-
tracts all trajectories of the associated dynamical system, even at arbitrarily slow
rates (cf. [29] and [36, Theorem 14.6]). In a sense which will become clearer below,
upper-semicontinuity guarantees the attractors to not “blow-up” as the perturba-
tion parameter vanishes; i.e.,

sup inf [z —yllx. =0 ase— 0",
zeA, Y€A0
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Unlike global attractors, exponential attractors (sometimes called, inertial sets)
are compact positively invariant sets possessing finite fractal dimension that attract
bounded subsets of the phase space exponentially fast. It can readily be seen that
when both a global attractor A and an exponential attractor 9 exist, then 4 C 90
provided that the basin of attraction of 9 is the whole phase space, and so the
global attractor is also finite dimensional. When we turn our attention to proving
the existence of exponential attractors, certain higher-order dissipative estimates
are required. In some interesting cases, it has not yet been shown how to obtain the
appropriate estimates (which would provide the existence of a compact absorbing
set, for example) independent of the perturbation parameter (cf. e.g. [I1} [18]). Tt
is precisely because we are able to provide a higher-order uniform bound for the
model problems here that we do not give a separate upper-semicontinuity result
for the global attractors. An appropriate uniform higher-order bound will essen-
tially /almost mean that a robustness result may be found (but it is not guaranteed).

Robust families of exponential attractors (that is, both upper- and lower-semi-
continuous with explicit control over semidistances in terms of the perturbation pa-
rameter) of the type reported in [20] have successfully been shown to exist in many
different applications, of which we will limit ourselves to mention only [2I] which
contains some applications of memory relaxation of reaction diffusion equations:
Cahn-Hilliard equations, phase-field equations, wave equations, beam equations,
and numerous others. The main idea behind robustness is typically an estimate of
the form

[1Sc(t)x — LSo(t) x| x, < CeP, (1.5)

for all ¢ in some interval, where x € X, Sc(t) : X — Xc and Sp(t) : Xo — Xo
are semigroups generated by the solutions of the perturbed problem and the limit
problem, respectively, II denotes a projection from X, onto Xy and £ is a “lift”
from X into X., and finally C,p > 0 are constants. Controlling this difference in a
suitable norm is crucial to obtaining our continuity results (see (C5) in Proposition
3.24). The estimate means we can approximate the limit problem with the
perturbation with control explicitly written in terms of the perturbation parameter.
Usually such control is only exhibited on compact time intervals. Observe, a result
of this type will ensure that for every problem of type —, there is an
“memory relaxation” of the form — (1.2) close by in the sense that the difference
of corresponding trajectories satisfies (|1.5)).
We carefully treat the following issues:

(1) Well-posedness of the system comprising of equations (1.1))-(1.2]) and (|1.3)-
(L.4).

(2) Dissipation: the existence of bounded absorbing set, and a compact absorb-
ing set, each of which is uniform with respect to the perturbation parameter
€.

(3) Stability: existence of a family of exponential attractors for each ¢ € [0, 1]
and an analysis of the continuity properties (robustness/Hélder) with re-
spect to €.

(4) The basin of attraction for each exponential attractor is the entire phase
space, and in demonstrating this result we see that the semigroup of solution
operators also admits a family of global attractors.

Concerning Issue 1, the well-posedness for a more general system, which includes
the one above, was given recently by [I7]. The relevant results from that work are
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cited below in Section 2. In this article we explore Issues 2, 3, and 4 in much more
depth; in particular, the existence of an exponential attractor for each € € [0, 1],
and the continuity of these attractors with respect to €.

As is now customary (cf. [3, 6] [7, 27]) we introduce the so-called integrated past
history of u, i.e., the auxiliary variable

1) = [ Cu(t—y) dy,

0
for s,t > 0. Setting

u(s) = —(1—w)k'(s),
formal integration by parts into (1.1])-(1.2) yields

(1-w) /000 k-(s)Au(z,t — s)ds = /000 pe(s)An'(z, 5) ds,

(=) [kt - 5)ds = [ oo ds

(1—-w) /°° ke(s)Onu(z,t —s)ds = / e (8)0nn' (z, 5) ds,

0 0
(1-w) / Fe(s)(—Ar + B)u(e,t — 5)ds = / 1e(8) (—Ar + B)n'(z, 5) ds,

where )
nels) = Sul2). (1.6)

For each € € (0, 1], the (perturbation) problem under consideration can now be
stated.

Problem 1.1. Let o, 8 > 0, and w € (0,1). Find a function (u,7) such that

Opu — wAu — / pe(s)An'(s) ds + a/ pe(s)n'(s)ds + f(u) =0 (1.7)
0 0
in 2 x (0,00), subject to the boundary conditions

Oru — wAPU + wpu + / pe(8)0nn'(s) ds
0

N (1.8)
i / pe(s)(=Ar + B)n'(s) ds + g(u) = 0
0
on I' x (0,00), and
Ot (s) + 9sn'(s) = u(t) in Q x (0,00), (1.9)
with
7'(0) =0 in Q x (0, 0), (1.10)
and the initial conditions
uw(0)=uy inQ, u0)=vy onT, (1.11)
n°(s) =m0 := / uog(z, —y)dy in Q, for s >0, (1.12)
0

n°(s) = & = / vo(x,—y)dy on T, for s > 0. (1.13)
0
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We will also discuss the problem corresponding to ¢ = 0. The results for this
problem may already be found in works in parabolic equations and the Wentzell
Laplacian (see [12} T3] [14] [T9]). The singular (limit) problem is

Problem 1.2. Let o, > 0 and w € (0,1). Find a function u such that

Ou—Au+ f(u)+a(l —w)u=0 (1.14)
in © x (0,00), subject to the boundary conditions
O — Aru+ Ohu+ g(u) + f(1 —w)u=0 (1.15)
on I' x (0,00), with the initial conditions
uw(0)=wup inQ and wu(0)=vy onT. (1.16)

Remark 1.3. It need not be the case that the boundary traces of uy and 7y be equal
to vy and &g, respectively. Thus, we are solving a much more general problem in
which equation is interpreted as an evolution equation in the bulk € properly
coupled with the equation on the boundary I'. Finally, from now on both 7g
and &y will be regarded as independent of the initial data ug and vy. Indeed, below
we will consider a more general problem with respect to the original one. This will
require a rigorous notion of solution to Problem (cf. Definitions 2.4),
hence we introduce the functional setting associated with this system.

Here below is the framework used to prove Hadamard well-posedness for Problem
(1.1). Consider the space X2 := L?(€2,du), where

dp = dz|q @ do,

where dz denotes the Lebesgue measure on €2 and do denotes the natural surface
measure on I'. Tt is easy to see that X2 = L?(Q,dz) @ L*(T,do) may be identified

under the natural norm
ul2: = / fuf? dz + / fuf?do.
Q T

Moreover, if we identify every u € C(Q) with U = (u|q,ulr) € C(Q) x C(T),
we may also define X2 to be the completion of C(Q2) in the norm || - [|x=. In
general, any function v € X2 will be of the form u = (Z;) with u; € L?(Q, dx)
and us € L?(T',do), and there need not be any connection between u; and us.
From now on, the inner product in the Hilbert space X? will be denoted by (-, -)x2.
Hereafter, the spaces L?(Q, dz) and L*(T', do) will simply be denoted by L?(Q2) and
L3(T).

Recall that the Dirichlet trace map trp : C*°(Q) — C*°(T), defined by trp(u) =
u|r extends to a linear continuous operator trp : H" () — H"~'/2(T), for all
r > 1/2, which is onto for 1/2 < r < 3/2. This map also possesses a bounded
right inverse trp~! : H"~Y/2(I') — H"(Q) such that trp(trp~'4) = 1, for any
¢ € H"1/2(T"). We can thus introduce the subspaces of H"(Q) x H"(T),

V"= {(u,0) € H™(Q) x H'(T) : trp(u) = 9}, (1.17)

for every r > 1/2, and note that we have the following dense and compact embed-
dings V" < V"2 for any r1 > r2 > 1/2. Finally, we think of Vi~ HY(Q)® HY(T)
as the completion of C'(Q) in the norm

ull2: ::/(|Vu|2+a|u|2)dx+/(|VFu|2+5|u\2)da (1.18)
Q T
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(or some other equivalent norm in H'(Q2) x H'(T')). Naturally, the norm on the
space V" is defined as

lullZr = llullzr ) + llull ) (1.19)

For U = (u,ulr)™ € V!, let Cq > 0 denote the best constant in which the
Sobolev-Poincaré inequality holds

[ = (u)r|[Le @) < CalVul
for s > 1 (see [37, Lemma 3.1]). Here

7
wr ;= — [ ul|rdo.
(w) T J; |

Let us now introduce the spaces for the memory variable n. For a nonnegative
measurable function 6 defined on R and a real Hilbert space W (with inner product
denoted by (-,)w), let L2(R;; W) be the Hilbert space of W-valued functions on
R, endowed with the following inner product

(D1 62) L3 ) = / 0(5) (1 (), 62(5))w ds. (1.21)
Consequently, for » > 1/2 we set

M L2 (Ry; V") for e € (0,1],
c {0} when ¢ = 0,

Ls(9)> (1.20)

and when » = 0 set

MO L2 (Ry;X?) fore € (0,1],
{0} when ¢ = 0.

One can see from [2I] Lemma 5.1] that for e > &2 > 0 and for fixed » = 0 or
r > 1/2, there holds the continuous embedding M7 < M . As a matter of
convenience, the inner-product in M. is given by

(&) @D
Z/O pe(8)((Vnm1(s), Vnz(s)) 2 (o) + a(m(s),n(s)) r2(a)) ds (1.22)

+ /000 pe(8)((Vréi(s), Vréa(s)) L2 ry + B(61(8), &2(5)) L2(ry) ds.

When it is convenient, we will use the notation
H? = X2 x M! (1.23)
HL =V x M2 (1.24)

Each space is equipped with the corresponding “graph norm,” whose square is
defined by, for all € € [0,1] and (U, ®) € H:, i = 0,1,

I, )30 = [Ullz= + 12l3  and [[(U, @)[3 := [IU][50 + @]
For the kernel p, we take the following assumptions (cf. e.g. [7, 23, 24]). Assume
peCR)NLYRY), (1.25)
u(s) >0 forall s>0, (1.26)
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W (s) <0 forall s>0, (1.27)
w'(s)+du(s) <0 forall s > 0 and some & > 0. (1.28)

The assumptions — are equivalent to assuming k(s) be a bounded, posi-
tive, nonincreasing, convex function of class C2. Moreover, assumption guar-
antees exponential decay of the function p(s) while allowing a singularity at s = 0.
Assumptions — are used in the literature (see [3} [7, 23] 27] for example)
to establish the existence and uniqueness of continuous global weak solutions to a
system of equations similar to (1.7, , but with Dirichlet boundary conditions.
In the literature, assumption is used to obtain a bounded absorbing set for
the associated semigroup of solution operators.
For each ¢ € (0, 1], define

D(T.) = {® € M!:0,® € ML, ®(0)=0} (1.29)

where (with an abuse of notation) 9,® is the distributional derivative of ® and the
equality ®(0) = 0 is meant in the following sense

lin [[@(s)[|x= = 0.

Then define the linear (unbounded) operator T, : D(T.) — M. by, for all ® €
D(T.),

T.® = —%q).
For each t € [0,T], the equation
0,®" = T.®" + U(t) (1.30)
holds as an ODE in M! subject to the initial condition
P = oy € ML (1.31)

Concerning the solution to the IVP (1.30))-(1.31]), we have the following proposition.
The result is a generalization of [27, Theorem 3.1].

Proposition 1.4. For each € € (0,1], the operator T. with domain D(T.) is an
infinitesimal generator of a strongly continuous semigroup of contractions on M.,
denoted eT<t.

We now have (cf. e.g. [35, Corollary IV.2.2]).

Corollary 1.5. When U € L'([0,T]; V') for each T > 0, then, for every ®; € ML,
the Cauchy problem

0;®" = T.®' + U(t), fort>0,
oo (1.32)
— *0,

has a unique solution ® € C([0,T]; ML) which can be explicitly given as (cf. [T,
Section 3.2] and [27, Section 3])

@t(s):{f;U(t—y)dy, for 0 < s <t,

1.33
<I>0(sft)+ng(tfy)dy, when s > t. (1.33)

(The interested reader can also see [1, Section 3], [23] pp. 346-347] and [27, Section
3] for more details concerning the case with static boundary conditions.)
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Furthermore, we also know that, for each ¢ € (0,1], T is the infinitesimal
generator of a strongly continuous (the right-translation) semigroup of contractions
on M! satisfying below; in particular, Range(I — T.) = M.

Following (1.28), there is the useful inequality. (Also see [T, see equation (3.4)]
and [27, Section 3, proof of Theorem)].)

Corollary 1.6. There holds, for all ® € D(T.),
)
(T, )y < — [ (1.34)

Even though the embedding V! — X2 is compact, it does not follow that the
embedding M. — M? is also compact. Indeed, see [34] for a counterexample.
Moreover, this means the embedding H! < H? is not compact. Such compactness
between the “natural phase spaces” is essential to the construction of finite dimen-
sional exponential attractors. To alleviate this issue we follow [7} 21I] and define for
any ¢ € (0,1] the so-called tail function of ® € M? by, for all 7 > 0,

L= [ ek ds
(0,1/7)U(T1,00)
With this we set, for € € (0,1],
K2 :={®ec M?:0,0 € M2, &(0) =0, suprT.(7;®P) < c0}.
T>1
The space K2 is Banach with the norm whose square is defined by

1@]1kz = 1 @[3qz + £ll0:@[I7g0 + SI;I;TTE(T; ). (1.35)

When ¢ = 0, we set K2 = {0}. Importantly, for each ¢ € (0,1], the embedding
K2 — M. is compact. (cf. |21, Proposition 5.4]). Hence, let us now also define the
space
V=V x K2,
and the desired compact embedding V! < H? holds. Again, each space is equipped
with the corresponding graph norm whose square is defined by, for all € € [0, 1] and
(U, @) € VI,
(U, )31 = U1 + 1®]I2-

In regards to the system in Corollary above, we will also call upon the

following simple generalizations of [7, Lemmas 3.3, 3.4, and 3.6].

Lemma 1.7. Let ¢ € (0,1] and &g € D(T.). Assume there is p > 0 such that, for
allt >0, |[U#)||vr < p. Then for allt >0,

T2 < ce T + o il e - (1.36)

Remark 1.8. The above result will also be needed later in the weaker space MY
(see Step 3 in the proof of Lemma [3.13). The result for the weaker space can be
obtained by suitably transforming (1.32))-(1.33)) and applying an appropriate bound
on U.

Lemma 1.9. Let e € (0,1] and o € D(T.). Assume there is p > 0 such that, for
allt >0, |[U@)||v: < p. Then there is a constant C > 0 such that, for allt >0,

sup 7T (73 ) < 2(¢ + 2)e % sup 7T (3 o) + Cp>. (1.37)
T>1 T>1
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Finally, we give a version of Lemma [I.9] for compact intervals.

Lemma 1.10. Let e € (0,1], T > 0, and &g € D(T.). Assume there is p > 0 such
that

T
| w@ar <o
Then there is a positive constant C(T') such that, for allt € [0,T],

sup 7T (7; ") < C(T) (p + sup 7T, (7: D) ).
>1 721

We now discuss the linear operator associated with the model problem. In our
case it is given by the following (note that in [7} Section 3.1] the basic tool is the
Laplacian with Dirichlet boundary conditions; in our case, the analogue operator
turns out to be the so-called “Wentzell” Laplace operator).

Proposition 1.11. Let Q be a bounded open set of R™ with Lipschitz boundary T.
For a, 8 > 0, define the operator A{';‘}ﬁ on X2, by
—A+al 0
A%P = 1.
W ( an() _AI‘ +BI)7 ( 38)
with
D(A%P) = {U = (u1,u2)" € V!: —Auy + aur € L2(Q),
(1.39)
Ont1 — Arus + Pug € LQ(F)}

Then, (A%}B,D(A%\’,ﬁ)) is self-adjoint and nonnegative operator on X* whenever
a, >0, and A%‘\}ﬁ > 0 (is strictly positive) if either « > 0 or 3 > 0. Moreover, the
resolvent operator (I—&-A%‘\}B)_l € L(X?2) is compact. If the boundary T is of class C2,
then D(A%’,’B) =V? (see, e.g., [2 Theorem 2.3]). Indeed, for any o, 3 > 0, the map
U:U A%}BU, when viewed as a map from V? into X2 = L?(Q) x L*(T), is an
isomorphism, and there exists a positive constant Cy, independent of U = (u, )%,
such that

CTUU e < W) s < CullU s, (1.40)

for allU € V? (cf. Lemma .

We can refer the reader to [4] for an extensive survey of recent results concerning
the “Wentzell” Laplacian A%}ﬂ .

For the nonlinear terms, assume f,g € C!(R) satisfy the growth assumptions:
there exist positive constants ¢; and ¢35, and r1,7r2 € [1, %) such that for all s € R,

[f'(s)l < ta(1+ |s|™), (1.41)
|9'(s)] < (1 +s]™). (1.42)
We also assume there are positive constants My and M, so that for all s € R,
f'(s) > =My, (1.43)
g'(s) > —M,. (1.44)

Consequently, (1.43)-(1.44]) imply there are k; > 0, i« = 1,2,3,4, so that for all
s € R,

f(s)s > —k1s® — ko, (1.45)
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g(s)s > —k3s® — Ky. (1.46)

Remark 1.12. Observe that here we do not allow for the critical polynomial growth
exponent (of 5) which appears in several works with static boundary conditions (cf.
e.g. [3L 7). Indeed, in order for us to obtain a notion of strong solution (see
Definition below), the arguments in the proof of Theorem do not allow for
r; >5/2,i=1,2.

We can follow [7), Section 4] or, more precisely [23] 24] to deduce the existence
and uniqueness of weak solutions in the above class exploiting both semigroup
methods and energy methods in the framework of a Galerkin scheme which can
be constructed for problems with dynamic boundary conditions (see, [2, Theorem
2.3]).

Constants appearing below are independent of € and w, unless specified other-
wise, but may depend on various structural parameters such as «, 5, ||, [T, £¢
and {4, and the constants may even change from line to line. We denote by Q(-) a
generic monotonically increasing function. We will use | B||w := supy¢g [|T|lw to
denote the “size” of the subset B in the Banach space W.

2. REVIEW OF WELL-POSEDNESS AND REGULARITY

Here we provide some definitions and cite the relevant global well-posedness
results concerning Problem . For the remainder of this article we choose to set
n = 3, which is of course the most relevant physical dimension.

Below we will set F : R?2 — R2,

f (U))
FU):=|=% , 2.1

= (50 >y
where g(s) := g(s ) wfs, for s € R. (To offset g, the term wPBu will be incorporated
in the operator AW as Ag(,ﬁ.)

Definition 2.1. Let € € (0,1], w € (0,1) and T > 0. Given Uy = (ug,vo)" € X?
and ®g = (1o, &)™ € ML, the pair U(t) = (u(t),v(t))"™ and ®! = (nt, &) satisfying
U € L>([0,T]; X*) N L*([0, T]; V1), (2.2)

we L™(Qx[0,17), (2.3)

ve L™(T x[0,7]), (2.4)

® e L([0, T]; My), (2.5)
0:U € L2([0,T]; (V')*) @ (L™ (2 x [0,T]) x L™ (T x [0, T1)), (2.6)
01D € L2([0,T); H (R V1)), (2.7)

is said to be a weak solution to Problem if, v(t) = ulp(t) and & = nf|r

for almost all ¢ € [0,7], and for all = = (,¢|p)™ € VI N (L™(Q) x L™(T)),
I = (p, plr)™ € ML, and for almost all t € [0, 7], there holds,

QU (1), D)x2 + w(AY U (1), E)xe + (D', E) par + (F(U (1)), E)xe> = 0, (2.8)
(0:9", 1) pq2 = (T @' T aqx + (U (), 1) pqe,

in addition,
U(0)=Uy and ®° = d,. (2.10)
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The function [0,7] > t — (U(t), ®") is called a global weak solution if it is a weak
solution for every T > 0.

Remark 2.2. When we have a weak solution to Problem (1.1)), the above re-
strictions u|r(t) and n|h are well-defined by virtue of the Dirichlet trace map,

trp : HY(Q) — HY?(T). However, this is not necessarily the case for d,U.

Remark 2.3. The continuity properties U € C([0, T]; X?) follow from the classical
embedding (cf. e.g. [38, Lemma 5.51]),

{x € L*([0,T]; V), dx € L*([0,T];V")} — C([0,T]; H),
where H and V are reflexive Banach spaces with continuous embeddings V —
H — V', the injection V — H being compact.
Definition 2.4. The pair U(t) = (u(t),v(t))" and ®* = (nt, )™ is called a (global)
strong solution of Problem (|1.1)) if it is a weak solution in the sense of Definition
2] and if it satisfies the following regularity properties:

U € L™=([0,00); V) N L2([0, 00); V?), (2.11)
® € L>([0,00); M2), (2.12)
O:U € L*([0,00); X%) N L2([0, 00); V1), (2.13)
Or® € L>([0,00); ML). (2.14

Therefore, (U(t), ®!) satisfies the equations (2.8)-(2.9) almost everywhere, i.e., is a

strong solution.

Theorem 2.5 (Weak solutions). Assume (1.25)-(1.27) and (1.41)-(1.44) hold. For
each ¢ € (0,1], w € (0,1) and T > 0, and for any Uy = (ug,v0)"" € X? and
Do = (10,&0)"" € ML, there exists a unique (global) weak solution to Problem
in the sense of Definition|2.1| which depends continuously on the initial data in the
following way; there exists a constant C > 0, independent of U;, ®;, i = 1,2, and
T > 0 in which, for all t € [0,T], there holds

UL (8) = Uz (8) |13 + 1|9 = @5l arz < ([U1(0) = Ua(0) |2 + || BT — D3| gz )e " (2.15)
Proof. Cf. [T, Theorem 3.8] for existence and [I7, Proposition 3.10] for (2.15). O
We conclude the preliminary results for Problem (|1.1)) with the following result.

Theorem 2.6 (Strong solutions). Assume (1.25)—(1.27) and (T.41)-(T.44) hold.
For each ¢ € (0,1], w € (0,1), and T > 0, and for any Uy = (ug,vo)™ € V! and
Dy = (09, &0)"" € M2, there exists a unique (global) strong solution to Problem
in the sense of Definition [2.7)

For a proof of the above theorem see [I7, Theorem 3.11]. Here we recall some
important aspects and relevant results for Problem (|1.2). The interested reader can
also see [12] 13| [14], 19] for further details.

Definition 2.7. Let w € (0,1) and T > 0. Given Uy = (ug,v0)"" € X2, the pair
U(t) = (u(t),v(t))™ satisfying

U e L*=([0,T); X?) N L%([0, T); V1), (2.16)

ue L™(Qx[0,T)), (2.17)

ve L™ (T x [0,T7)), (2.18)
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QU € LA((0,T]; (V')") & (L™ (@ x [0,T]) x L75(T x [0,7])), (2.19)
is said to be a weak solution to Problem (1.2) if, v(t) = u|r(t) for almost all
t € [0,T], and for all 2 = (,s|r)™ € VN (L™ (Q) x L™(T)), and for almost all
t € 10,1, there holds

OU(1),Z)ee + (AU (1), Do + (FU(D), Sy =0, (2:20)
with
U(0) = Up. (2.21)
The function [0, T] 3 t — U(t) is called a global weak solution if it is a weak solution
for every T > 0.

We remind the reader of Remark on the issue of traces. We conclude this
section with the following result.

Theorem 2.8 (Weak solutions). Assume (1.41))-(1.44) hold. For each w € (0,1)
and T > 0, and for any Uy = (ug,vo)"™ € X2, there exists a unique (global) weak
solution to Problem in the sense of Deﬁm’tion which depends continuously
on the initial data as follows: there exists a constant C' > 0, independent of Uy and
Us, and T > 0 in which, for all t € [0,T], there holds

103 (t) = Ua(®)llx2 < [[U1(0) — U2(0) 12" (2.22)
For a proof of the above theorem see [I3, Theorem 2.2].

3. ASYMPTOTIC BEHAVIOR AND ATTRACTORS

3.1. Preliminary estimates. Concerning Problem (|1.1)) and following directly
from Theorem we have the first preliminary result for this section.

Corollary 3.1. Problem (1.1)) defines a (nonlinear) strongly continuous semigroup
S:(t) on the phase space HY = X2 x ML by

S:(t) Yo == (U(t), @),
where Yo = (Ug, ®o) € H? and (U(t), ®!) is the unique solution to Problem (L.1)).
The semigroup is Lipschitz continuous on HC wvia the continuous dependence esti-

mate (2.15)).

The next preliminary result concerns a uniform bound on the weak solutions.
This result follows from an estimate which proves the existence of a bounded ab-
sorbing set for the semigroup of solution operators. This result provides a basic but
important first step in showing the associated dynamical system is dissipative (cf.
e.g. [ILB9]). It is important to note that throughout the remainder of this article,
whereby we are now concerned with the asymptotic behavior of the solutions to
Problem and Problem ,

(A1) we will assume that holds.

Additionally, we introduce a smallness criteria for certain parameters relating to
the linear operator A%}ﬁ and the nonlinear map F'.

(A2) Smallness criteria: Fix e € (0,1] and w € (0,1). Denote by Cg the positive

constant that arises from the embedding V! — X% i.e., ||U[3. < Cq||U|3..
The smallness criteria is that x1,x3,6 > 0 (cf. (1.38)) and (1.45)-(1.46)
satisfy

max{r1, k3 + 0} < wC%l. (3.1)
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As a final note, we remind the reader that all formal multiplication below can be
rigorously justified using the Galerkin procedure developed in the proof of Theorem

2:5in [17].

Lemma 3.2. Lete € (0,1] and w € (0,1). In addition to the assumptions of The-
orem assume holds and that k1, kK3, > 0 satisfy the smallness criteria
B1). For all R > 0 and To = (U, ®o) € H? = X x ML with | Yol < R
for all ¢ € (0,1], there exist positive constants vy = vy(w,Cq, k1, K3, 5,0) and
Py = Py(ka, ka,1p), and there is a positive monotonically increasing function Q(-)
each independent of €, in which, for allt > 0,

1T (), )7 < Q(R)e™" + Ro. (3:2)
Moreover, the set
B :={(U,®) € H : |(U, ®)|l30 < v/ Po+1}. (3.3)
is absorbing and positively invariant for the semigroup Sc(t).

Proof. Let e € (0,1] and w € (0,1). Let Yo = (Up, ®g) € H? = X2 x M_. From the
equations (2.8) and (2.9, we take the corresponding weak solution & = U(t) and
II(s) = ®*(s). We then obtain the identities

(O, Uhsz + w (AR U UYse + (84, U) ps + (F(U), Uz = 0, (3.4)
(0,2, ") 1 = (T @, @) pg1 + (U, @) g1

Observe that
_1d

(0U,Ux2 = §&||U||§§2, (3.6)

(AWU, Uz = | Vul|32(0) + IVrull3z ) + Bllull3zm, (3.7)
1d

(0", @) iy = 5 1930 (3.8)

Combining (3.4))-(3.8) produces the differential identity, which holds for almost all
t>0,

1d
5 U3 + 213, )

+ w(IVullfaa) + IVrulda + Bllul) (3.9)
— (T, 0" s + (F(U), Uy = 0.
Because of assumption (L.28), we may directly apply (1.34)) from Corollary[L.6} i.e.,
)
= (10", @) py > (|35 (3.10)
From (|1.45)) and (1.46)), we know that
(F(0), U >~ oy — (s + 08) ey — (s + )
> —k1||ul|Zagq) — (k3 + B)l|ullFery — (k2 + Ka) (3.11)
= —Cr|Ulfze — (K2 + Ka),
where Cp := max{k1, k3 + 3}. Finally, due the embedding V! < X2 we have
Cq ' lUN%= < U1 (3.12)
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for some Cg > 0. Hence, (3.9)-(3.12)) yields the differential inequality (minimizing
the left-hand side by setting ¢ = 1),

SN + 190} + 20005 — ORIU I + 018 ey < 2z + ).
By the smallness criteria there holds
wC%l —Cpg>0.
Thus we arrive at the differential inequality, which holds for almost all ¢ > 0,

d
T UITN%: + 197150} +mo(IUZ + [12°154) < C- (3.13)

where mg = rnin{?(u}C’ﬁ_1 —Cp),0} > 0, and C > 0 depends only on k2 and ky4.
(The absolute continuity of the mapping t — [|U(t)[|%. + [|®*[|3,: can be estab-
lished as in [39, Lemma III1.1.1], for example.) After applying a suitable Gronwall
inequality, the estimate follows with vy = mg and Py = n%; indeed,
yields, for all ¢ > 0,

J0@I: + 183 < ™™ (IUl12: + [1Doll3e: ) + Po- (3.14)

Now we see holds for any R > 0 and To = (Up, ®) € H? such that [[Tollpo <
R for all € € (0,1].

The existence of the bounded set B2 in H? that is absorbing and positively
invariant for S.(t) follows from (cf. e.g. [31, Proposition 2.64]). Given any
nonempty bounded subset B in HY \ BY, then we have that S.(t)B C B°, in ‘H,
for all t > ty where

1
to > —In (|| B30)- (3.15)
mo €
(Observe that to > 0 because || B|#o > 1.) This completes the proof. O

Corollary 3.3. From (3.2)) it follows that for each € € (0,1] and w € (0,1), any
weak solution (U(t),®') to Problem (1.1)), according to Deﬁm'tion 18 bounded
uniformly in t. Indeed, for all Yo € HY,

lim sup || S (£) Yol < Po, (3.16)
t——+o0

where ]50 depends on Py and the initial datum.

Corollary 3.4. Problem (1.1) defines a (nonlinear) strongly continuous semigroup
S:(t) on the phase space HY = X2 x ML by

Ss(t)TO = (U(t)’ (I)t)a

where Yo = (Uy, ®g) € H? and (U(t), ®!) is the unique solution to Problem (L.1]).
The semigroup is Lipschitz continuous on HY wvia the continuous dependence esti-
mate (2.15)).

Remark 3.5. Thanks to the uniformity of the above estimates with respect to the
perturbation parameter €, it is easy to see that there exists a bounded absorbing
set B) for the semigroup Sp : H) = X? — X2 generated by the weak solutions of
Problem . Moreover, we also easily see that Problem defines a semigroup
So(t) : HY = X% — X2 by So(t)Up := U(t). (See the references mentioned above for
further details.)
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3.2. Exponential attractors. Exponential attractors (sometimes called inertial
sets) are positively invariant sets possessing finite fractal dimension that attract
bounded subsets of their basin of attraction exponentially fast. This section will
focus on the existence of exponential attractors. The existence of an exponential
attractor depends on certain properties of the semigroup; namely, the smoothing
property for the difference of any two trajectories and the existence of a more regular
bounded absorbing set in the phase space (see e.g. [8,9,20] and in particular [7,21]).
The basin of attraction will be discussed in the next section.
The main result of this section is the following.

Theorem 3.6. For each ¢ € [0,1] and w € (0,1), the dynamical system (S, H?)
associated with Problem admits an exponential attractor M. compact in HY,
and bounded in V!. Moreover,
(i) For eacht >0, S:(t)M. C M..
(ii) The fractal dimension of M. with respect to the metric HC is finite, uni-
formly in €; namely,

dimp (M., HY) < C < oo,

for some positive constant C independent of €.
(iii) There exist o > 0 and a positive nondecreasing function Q such that, for
allt > 0,
distygo (S (1) B, M.) < Q(|Bllpg)e ",

for every nonempty bounded subset B of HY.

Remark 3.7. Above, the fractal dimension of 91, in H? is given by

In M., r
dimp (M., HY) := limsupM < 0
r—0 —Inr

where p130 (X, 7) denotes the minimum number of 7-balls from H? required to cover
X.

The proof of Theorem [3.6] follows from the application of an abstract result
reported here for our problem (see e.g. [7, 21]; cf. also Remark below).

Proposition 3.8. Let (S:, H?) be a dynamical system for each € € [0,1]. Assume
the following hypotheses hold:

(C1) There exists a bounded absorbing set B C V! which is positively invariant
for Sc(t). More precisely, there exists a time t; > 0, uniform in €, such
that

S:(t)B: C B
for all t > t, where B is endowed with the topology of HY.
(C2) There is t* > t1 such that the map S.(t*) admits the decomposition, for
each ¢ € (0,1] and for all To,Zg € BL,
Sg(t*)TO — Ss(t*)ao = LS(T(), Eo) + RE(T(), Eo)

where, for some constants a* € (0,%) and A* = A*(Q,t*,w) > 0, the
following hold:

[ Le(To,Z0)llre < a™[[To — Zollne, (3.17)

1R=(Yo,Z0)llv: < A™[[To — Zollno- (3.18)
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(C3) The map
(t, ) = S ()Y : [t*,2t*] x B! — B!
is Lipschitz continuous on Bl in the topology of H.
Then (S-, H?) possesses an exponential attractor M. in BL.
We now prove the hypotheses of Proposition and we again remind the reader
that for the remainder of the article, we assume that the smallness criteria

holds, in addition to the assumption (|1.28)). We begin with the perturbation Prob-
lem (L.1)). The results for the singular Problem (|1.2)) will follow.

Lemma 3.9. Condition (C1) holds for each € € (0,1] and w € (0,1). Moreover,
for all R > 0 and To = Uy, ®9) € VI = V' x K2 with || Tolly: < R for all e €

(0,1], there exists a positive constant Py = Py (v, ﬁo) and a positive monotonically
increasing function Q(-), each independent of €, such that, for all t > 0,

U (1), @)} < Q(R)e™ ™™V (¢ +1) + 2P, (3.19)

Proof. Let € € (0,1], w € (0,1) and Yo = (Up, ®g) € V! = Vl x k2. For all s,t > 0,
let Z(t) = A%PU(t) and ©%(s) = A% ! (s). In equations (2.3 . take = = Z(t)
and II = ©!(s). Proceeding as in [17) proof of Theorem 3. 11] (however, this time
we are able to enjoy the uniform bounds ), we obtain the identities

(0U, Z)x2 + (AR U, Z)x2 + (84, Z) s + (F(U), Z)x2 = 0, (3.20)
(0", 0°) p1 = (T0,0") i1 + (U, 0") pp1. (3.21)

These two identities may be combined together after we observe that, from the
definition of the product given in (1.22)),

(B, Z) g1 = / T (5)(BY(5), Z)on ds

/ ) (AL D! (s), Z)x2 ds
0

- () (ANP D (5), AL U g ds
/o pel (), AW Ul (3.22)

/ 11 (s)(0(s), A%PU ) x> ds
0

S ACICIOR
0
={U, @t>/\/1
Now inserting (3.22) into (3.20) and adding the result to (3.21)), we obtain the
identity
(O:U, Z)x2 + w(AY U, Z)xo + (8,91, 0% v (3.23)
— (T®", 0" p2 + (F(U), Z)x2 = 0. '

Next we write

N 1d
(U, Dy = QU AY U)ze = QU U = 5 U, (3.24)
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w(A%&BU, Z>X2 = w((Vu, VZ>L2(Q) + <VF’U,, VFZ>L2(F) =+ ﬂ<1}7 Z>L2(F))
= w(AGU, Z)x2 — walu, 2) 120 (3.25)

= w[| Z|lz= — walu, 2)2(q),

and

oo

<8t<I>t @t /,LE 8tq)t ) @ ( )>V1 ds

5)(9,0"(s), 0% (s) )y ds (3.26)

=
/ ) (OAG B (5), 01 (5))se ds
/

£ 0% o

t
- dtn@ -

Combining (3.23)-(3.26]) brings us to the differential identity, which holds for almost
all t >0,

2SI + 10y} + 21 — (T,0% s + (F(U), )

= wa(u, 2)12(Q)-

(3.27)

With assumption (|1.28]) we are able to obtain

(8.0 a0 = [ 9 (T2, ©1(6)) s
-/ T (TGP B (5), 0! (5))se s
-/ T e ()(T.0"(s), 04(s) 52 ds
— [0 0 9 s
1

IR LN e
——3 | w5 1e )l s

= 2/000 L ()04 ()3) ds +3 /OOO L (5)]|©(3)| 2 dis

=0
5 o0
<=5 [ noles)z ds
0

1
=~ 216" 3e-
(3.28)
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Multiplying the nonlinear term by Z in X? produces, with an application of inte-
gration by parts,

(F Z)x2

(),
:/f(u)(iAquO‘u)deF/g(“)(*Aru+8nu+ﬂu)do
Q r
:/f’(u)|VU|2dx+/'j’(u)|VFu|2dU (3.29)
Q r

—|—a/9f(u)udx+ﬁ/F§(u)udo—&—/F(E(u) — f(u))Onudo.
Directly from and , we see that
| r@ivakda+ | §@)rade = =MVl ~ Myl Fruls. (330
and from —, we obtain
a/ng(u)udx+ﬁ/r'§(u)uda

:a/ f(u)uds—l—ﬁ/g(u)udo—/w52u2da (3.31)
Q r r

> —ar|ulfaq) — are = Brsllulliery — Bra — wB?llullfs(ry

> -C(|Ul% +1),

for some constant C' > 0, independent of t. For the last term in (3.29]) we recall [17]
Proof of Theorem 3.11]. Due to the assumptions (1.41)-(1.42) it suffices to bound
boundary integrals of the form, for some r < %,

I::/uTH@nudo.
r

Indeed, thanks to the trace and regularity embeddings, for all w € (0,1) and for
some C, ~ % >0,

T w T
I < ||0null grase oyl -2 ry < Z”“H?{z(g) +Cullu +1||%171/2(r)- 3.32)

(
To bound the last term in (3.32) we will employ the Sobolev embeddings (recall
T is two-dimensional) HY/?(T') — L*(I") and H'(T") — L*(T'), for any s € (%, 00).
Then, by employing some basic Holder inequalities

22y = sup (W ) 2y |2 (3.33)
WEH2 (D)0l 11 /2y =1

< sup ™ )| 3 (339
WEHV2(D):[pl] 1172,y =1

< lllze oyl 2oy o0

S C||UH?{1(F)HU||%27(F)7 (336)

for some positive constant C' and for sufficiently large s € (%,oo), where § =
4s/(3s —4) > 4/3. Next we exploit the interpolation inequality

1/2r 1-1/2r
el o oy < Clluall o lull s
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provided that » = 1+ 2/35 < 5/2, where we further infer from (3.36) that

b s nqry < Clalii oyl il
2(2r—1) (3.37)
< 77||U||H2 +C, ||u||H1 F)(nuum o35 "),

for any n € (0,1]. Inserting into and choosing a sufficiently small
17 =w/C,, by virtue of (1.40] -7 we easily deduce

2(2r—1)
1< 20218 + Culluli r)(||u||H1(r)||“||L(2(r) ). (3.38)

Together, (3.30] —- 3.38)) provide the following bound on (3.29) for all w > 0, and for

some positive constants C' and C, ~ %7

w
(F(U), Z)x2 > =C(IUIZ + 1) = 11213

) I (3.39)
= Cllulys oy (ullgs oy Il 355 7).
Also with Young’s inequality,
w
walu, 2)r2(Q) < WCVZHU”%z(Q) + Z”ZHQL?(Q) (3.40)

w
< waQIIUII%z(Q) + *IIZHiz-

Applying the estimates , ) and (| - ) to 7 we arrive at the differ-

ential inequality, which holds for almost all ¢t > 0, and for 0<r<5/2,

d
2 T + 107150} + wl| 2% + 011 o

2(2r—1
< C(IU 32 + 1) + Collullr oy (el oyl 7505 )

(3.41)

On the left-hand side, we estimate the term w||Z||%, using
U115 = (U, AR Ul = (U, Z)se2 < CollU 2 + ]| Z - (3.42)
Finally, with (3.42)) and the uniform bounds (3.16)), we now obtain from (3.41),

with m; := min{1,4} > 0,
d
U + 101540} + ma (101155 + 11671340
< Co(U+ ullin @)U IR + 10" 13ue) + C,

where C,, > 0 depends on Py from (3.16)). Now from (3.9)), we immediately find the
following dissipation integral

(3.43)

t+1
w/ U [2adr < C, (3.44)
t
and we may apply a Gronwall-type inequality (see e.g. Proposition below) to
(3.43). We also recall ([1.40) yields, for some C\ > 0,
O 2 < AR B = [0 a0 < Cull @ . (3.45)

Hence, there are constants M; > 1 and P; > 0, both uniform in ¢, such that for all
t >0, (3.43) produces, for all t > 0,

TR + 123z < Mie™™ (| Vo]l + [1Polls2) + Py

oy (3.46)
< MiRe™™7" + P,
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where the last inequality follows because ||®g||a2 < [|Pollx2 < R.
To show (3.19) holds we need to control the last two terms of the norm (1.35).
First, it is easy to see from (3.46|) that for all ¢ > 0

U@ < NIU@ + 12342 < MR+ P (3.47)
Then the conclusions of Lemmas and given above now take the form
e Te®* |30 + sup TTe(7; @)
< e (2| Teo 3o + 25up 7T (73 Do) (¢ 4 2) ) + My Re ™™ + Py
e +2sup (3.48)
<e ™Y R(M;+1)+QR)(t+ 1))+ Py
<Q(R)e ™ (t+ 1)+ P
Together, the estimates and show that holds.

The existence of a bounded set B! in V! that is absorbing and positively invariant
for S.(t) follows from (3.19)). Indeed, define

Bl :={(U,®) e V}: (U ®)|y: <2P +1}.
Then, given any nonempty bounded subset B in H2\BZ, and after possibly enlarging

the radius of B! in HY due to the embedding V! — H?, we have that S.(t)B C B,
in HY, for all t > t; where t; = t;(R) > 0 is such that there holds

. 1
— min{4§,1}¢;
e t1+1) < . 3.49
1)< 5 (3.49)
This establishes (C1) and completes the proof when ¢ € (0, 1]. O

The following result refers to the strong solutions developed in [I7, Theorem
3.11] (see Theorem above) whose initial data is now taken in V! C HY.

Corollary 3.10. For all Y = (Uy, ®o) € H! = V! x M2, it follows that any strong
solution (U(t), ®) to Problem (L.1)) is bounded, uniformly int and e; indeed, thanks

to (3.19) there is a constant Py > 0, depending on the bound Py and the initial
datum, but independent of t and €, in which,

limiup 18- (£)(Uo, ®o) |1 < Pi. (3.50)

We can now give a decay estimate for ®¢ in M.

Lemma 3.11. There holds, for all e € (0,1], w € (0,1), To = (Up, ®g) € V2, and
for allt >0, _
1930 < [®ollGare* + C(Ro)e. (3.51)

Proof. Let € € (0,1], w € (0,1) and Yo = (Up, ®g) € HY. As in the proof of Lemma
take II = ®%(s) in equation (2.9) to obtain

| 0@84(5). A5 0)) 0 05

_ /0 " e (5) (Tt (5), ASP D (5))ga dis + /O 1o (8) (U, A%P D (5)) o ds.

Combining (I:34), (33), (), and (B-10), we obtain
1d

)
S 10 + o9 < (U8 . (3.52)
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Estimating the product on the right-hand side with Young’s inequality,

(U, ") p1 = /OOO pe () (U, @)y ds

< / e () U [ |91 dis

(3.53)
< NU v 12 vz
1 1)
< SUNG + E”q)t”,%\/l;a
we combine (3.52)) and (3.53)) to find that, for almost all t > 0,
d 1 1
S B + 1920 < 51013 (354)
Thus, applying a Gronwall type inequality whereby integrating (3.54]) over the
interval (0, ¢), recalling the uniform bound (3.50)), produces (3.51)). O
Corollary 3.12. From Lemma|3.11| we obtain the limit, for each t > 0 fized,
lim [ @[ p2 = 0. (3.55)
£—

In addition, since e=%t/%¢ < e=0/2%/2 < 9T/2 for gll e € (0,1] and for all t in the
compact interval [0,T], for some T > 0, then inequality (3.51)) is estimated by,

@14 < max { @031, C(Po) } (/2 + ).

Define the constants Ay = max{||<I>0H3V[16’5T/2,C(f’o)}l/2 and py = min{?F, 1}.
Then, for all e € (0,1] and for all t € [0,T], there holds
@]z < AgePe.

We now go on to establish the next condition of Proposition [3.8
Lemma 3.13. Condition (C2) holds for each e € (0,1] and w € (0,1). The con-
stants t* and £* depend on w,d and the constant due to the embedding V' — X2,
Proof. Let ¢ € (0,1] and w € (0,1). Let Yo = (Uy,®0),Z0 = (Vo,¥o) € Bl
Define the pair of trajectories, for t > 0, T(t) = S.(t)To = (U(t), ®!) and =(t) =
S:(t)Z0 = (V(t), ¥!). For each t > 0, decompose the difference A(t) := T(t) — Z(¢)
with Ag := YTy — =g as follows:

0,0 (s) = T. 0 (s) + V (1), (3.56)
T(0) = Yo — Zo,
and
DTV (8) + wALPT (1) + / 1o (5)ASPB () ds + F(U () — F(V(£)) = 0,
0

9,0'(s) = T.O(s) + W(t),
2(0) = o0.
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Step 1. (Proof of (3.17).) By estimating along the usual lines, after multiply-

ing (3.56); by V in X2 and multiplying equation (3.56)2 by A%’,B\T!t in M2 =
ng (R4;X?), we easily obtain the differential inequality,

1d

_ _ s
5 3 UVIBe + 11 } + CF @l VIiZ + 5110 <o, (3.58)

where the constant Cg > 0 is due to the embedding V! — X% ie., [[V[2, <
CollVI3.. Set mg = min{2C’§_1w,6} > 0. Thus, (3.58)) becomes, for almost all
t>0,

d . ~ ~ . ~
T UIVIE: + 197150 )+ ma(IVIE: + [197]54) <0,
After applying a Gronwall inequality, we have that for all t > 0,
V@), ¥9)llre < [Bollge="/2. (3.59)

Set t* := max{t1, miz In4} (recall t; was defined in (3.49)) in the proof of Lemma
3.9). Then, for all t > t*, holds with L = Y(¢*) = (V(¢*), ®""), and

* 1
0F = e~ mat /2 Z
e < 5

Before we show that (3.18) holds, we need to establish a crucial bound.

Step 2. (A preliminary bound for W and (:jt) We claim, for each 0 < T' < o0,
there holds

W e L>([0, T);X2) n L2([0, T); V1), (3.60)
0! e L>([0,T); M}). (3.61)

To show this, we multiply equation (3.57)); by W in X2 and multiply equation
B57)2 by A% 6! in M?. Summing the resulting two identities produces,

1d,, — . N o
5 UW I + 1014} + (AW, Whie — (T0",8") res
+(F(U) = F(V), W)y (3.62)

=0.

The first of the three products above can be re-written, using the definition of the
V! norm (see (1.18)), as

w<A3{,ﬁ/V[7, W)Xz = w<A3\}BW7 /V[7>X2 - wa(@, fU\>L2(Q)
= w|[Wn - wal| @72 (3.63)
= w(IIVlE2) + V@l + BlD Iz )-

As with the above estimate (3.28]), we have

PN 5 ~
(T0",0") a1 < —§||@t||34;- (3.64)
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Using assumptions (1.41)) and (1.42) with data in the bounded set B! and the

uniform bound (3.16]), we now estimate the nonlinear terms as follows
(f(u) = f(v), W) 2(0) < [I(f(w) = f(0)@llL1(e)
< [1f(w) = F @)l o5 ) 1@]] Lo (o)
< Gl (u =) (1 + u =[] oss o) 1 W]l Lo (o) (3.65)
< liflu—v|pso) (1 + [lu— vl 2137»1/2(9))”@”L6(Q)
< Cllwll g (),
where C = C(¢1,9Q, 150,1"1) > 0 and the last inequality follows from the fact that

HY(Q) — L%(Q) and HY(Q) — L3"/2(Q) because 1 < r; < 3. Similarly for §

(here the estimate is easier because H'(I') — LP(T') for 1 < p < oo as I is two
dimensional),

(g(u) — g(v), W) p2(ry < ClW| g1 (ry- (3.66)
Thus, (3.65) and (3.66) show that
o~ _ W=~
(FU) = F(V),W)xz| < CollAolF + §HW||%/1, (3.67)

where C,, ~ % Together (3.62)-(3.67)) yields the differential inequality, which holds
for almost all t > 0,

d . —~ ~
U1 + 163}

+w((IV@|32(q) + V0@ 32y + BI@I22(ry) + 311030 (3.68)
< Cull Dol

Now integrating (3.68)) with respect to ¢ in [0, 7], for some fixed 0 < T < oo, we
obtain

t
IW @l + 19150 + / («(IvBE 20

+ IV @) 320y + BIB eqry ) + 6107 34 ) ar
< Cul[Boll, T

Using ([3.69)), we easily deduce the claim (3.60))-(3.61)).

Step 3. (Proof of (3.18])) We begin by multiplying equation (3.57); by K = A%\}BW
in X2, then, after applying A%‘\’,ﬁ to equation (3.57)2, we multiply the result by
At = A%}ﬁGt in M2 = L? (Ry;X?). This leaves us with the two identities,

(OW, Kz + w(AG W, K)xe + (AR 0", K) ppo

(3.69)

(3.70)
+(F(U) = F(V),K)x2 = 0.
and R R e
(OAG B! A" ppo = (AG TN A o + (AW W A 0. (3.71)
Observe that R -
(AR O, K)o = (A, AR W) po. (3.72)
Hence, combining (3.70) and (3.71) through (3.72]),
(W, K)xz + w(AWW, K)xe + (0,A570", A" p0 (.73

— (AGITO" M) o + (F(U) = F(V), K)x2 = 0.
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The first three products can be re-written as follows,

(OW, K)x2 = (O,W, ASPW)xo = (0,W, W)in ||W||V1, (3.74)

T2 dt
WASPW, Kz = w(ASPW, K2 — wol@, k) 120
, ~ (3.75)
= w||K|lx2 — wa(, k>L2(Q)a
<atAaﬁét,A Yo = (AT, A) g0 = 5&”At”M° (3.76)

Insertlng into ( gives us the differential identity
{IIWllw + HAtHMO} +||K|[F2 = (T8, AY) a0 + (F(U) = F(V), K2

2 dt
= walW, k) 12()-
(3.77)
Similar to (3.28)), we have
~ 0
(AW'T-0, M) mio < 3 1IA" 1o (3.78)
and in a similar fashion to (3.67)), we find
— w
(F(U) = F(V), K)x2| < CollBollze + 5 1K (3.79)
where C,, ~ =. We also estimate
wald, k)a(o) < wa? [ W + S K| (3.80)

Together (3.77)-(3.80)) yields the differential inequality, which holds for almost all
t>0,

T UW I + 1A} + @IAT W2 + 811A" o
< o|[WlZ + Cul[Bol3o.

Now integrating (3.81) with respect to ¢ in [0,7], for some fixed 0 < T < oo, we
obtain

(3.81)

t
W) 30 + 1A 30 + / WIASIW ()2 + 5T R )dr  (3:82)

t
< [ allP(r) adr + CulBolBe . (389
0

where the right-hand side of the inequality makes sense thanks to (3.60). Now
omitting the second and third terms from the left-hand side of (3.83)), the following
bound follows easily with Gronwall’s inequality

WOl < CollBoll3pTe, (3.84)

and with this
A Bagp < CullBo 3T, (3.85)
also follows.

To obtain the desired bound from (3.84) and (3.85]), first recall that there is
Cy > 0 (cf. (1.40)) such that

1A e = A% 0" 30 > C IO [3ee-
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Thus, letting T = ¢* (from Step 1), we obtain, for some positive monotonically
increasing function Ms(+),

(W (), 8% )l < Ma(t*)[| Do o (3.86)

Now it suffices to show that for some positive constant C(T"), there holds for all
t€[0,T],

1613 < C(T)[Bo[30- (3.87)

First, we see that with an application of Lemma [1.10| with (3.84) and [3.85| there
holds, for all ¢ € [0, T,

sup 7T (73 0") < C(T) || B340, (3.88)

T>1

and secondly, by applying the weak form of Lemma (see Remark , we find
that for all ¢ € [0, T,

eI e < O] Boliy. (3:89)

Together (3.88)-(3.89)) establish (3.87). Therefore, inequality (3.18)) now follows
with R = Z(t*) = (W(t*),0Y) and p* = My(t*) > 0 (for a suitably updated
function Mz). This completes the proof of (C2). O

Lemma 3.14. Condition (C3) holds for each € € (0,1] and w € (0,1).

Proof. Let € € (0,1] and w € (0,1). Let R > 0 and Yo = (Up, ®p) € V! where
[Tolly: < R. Directly from (3.50)), there holds,

IS=(1) Yollv: < Pr,

but where now the size of the initial data, R, depends on the size of BL. Hence, on
the compact interval [¢t*,2t*], the map ¢t — S(¢)Yy is Lipschitz continuous for each
fixed Yo € BL. This means there is a constant L = L(t*) > 0 such that

[Se(t1) Yo — Se(t2)Yol[o < Lits — taf.

Together with the continuous dependence estimate (2.15)), (C3) follows. O

Remark 3.15. According to Proposition for each € € (0,1], the semigroup
S:(t) : H? — HY possesses an exponential attractor, 9. C Bl, which attracts
bounded subsets of B! exponentially fast (in the topology of H?). Moreover, in light
of the results in this section — which are uniform in the perturbation parameter
— we now simply accept the corresponding results for the simpler limit Problem
(L:2). In this setting we use the notation for the compact absorbing set Bf and the
exponential attractor 9y admitted by the semigroup Sp(t) : HY = X2 — X2,

Remark 3.16. To show that the attraction property (iii) in Theoremalso holds
— that is, to show that the basin of attraction of M. is all of HY — we appeal to
the transitivity of the exponential attraction in Proposition [£.2] and Theorem [3.17]
below.
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3.3. Basin of attraction (and global attractors). The main result in this sec-
tion has two purposes: primary, per the above remark, it will help us show that
the exponential attractors we seek attract every bounded subset in H? (not just
Bl). This property is sometimes not obvious because of the difficulties using spaces
involving memory (we refer the reader to Section 1 of this article and to the rate
of attraction of B! as found in Lemma . However, we overcome this problem,
partly, by proving a condition on the solution semigroup S. that is also essential for
the existence of global attractors (also called a universal attractors); we refer to the
asymptotic compactness/smoothing of S., which happens to occur in our case with
an exponential rate. Together, the asymptotic compactness os S. (Theorem
below) and the existence of an absorbing sets in H? (Lemma will guarantee
the existence of a global attractor that is compact in H? and bounded in V..

Theorem 3.17. For each ¢ € [0,1], there is a positive constant o1 and a mono-
tonically increasing function Q(-) in which for every nonempty bounded subset B
of HY there holds, for all t >0,

distyey (S-(1) B, BY) < QU Bllrg)e®"

Proof. Because of the smoothing properties of the associated with the Wentzell
parabolic Problem (cf. [13]), we limit ourselves to the case when € € (0,1].

Let € € (0,1] and B be a nonempty bounded subset of H?. By recalling Lemma
we already know that there is a bounded absorbing set that is exponentially
attracting in ‘H?, i.e., for all ¢ > 0 there holds

distrep (S-(1) B, BY) < QU Bllrg)e ™",

so owing once again to the transitivity of exponential attraction (cf. Proposition
below) it suffices to show that, for all ¢ > 0,

distyo (S-(H)B2, BY) < Q(Po)e ", (3.90)

for some positive constant gg and for some positive monotonically increasing func-
tion Q(-), each independent of . (Recall from (3.3]) that /Py + 1 is the radius of
B°.)

To prove (3.90)), the idea is to show that for each e € (0, 1] and for each Yo € HY
we can decompose the semigroup

S-()To = Z.(1)To + K.(t)To

where the operators Z. are uniformly (exponentially) decaying to zero and K.
are uniformly compact (bounded in V!) for large ¢. This is done in the following
lemmas. (]

The following decomposition and subsequently more general lemmas, as we will
allow the datum to belong to any bounded subset of the phase space H?, can be
seen to follow [7, Theorem 6.10-Lemma 6.12] with obvious changes to account for
the dynamic boundary conditions with memory. Hence, we will limit the proofs to
sketches of the most important details.

First, choose a constant Mz > 0, based on (1.43)), (1.44), and (2.1)), so that the
map defined by, for all s € R,

Fo(s) :=F(s) + Mps,
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satisfies, for every s € R,

Fl(s) > (8) (3.91)

Next, let Yo = (Up, ®g) € HY. Then rewrite Problem (I.1)) into the system of
equations in (V,¥) and (W, ©), where (V,¥) + (W, 0) = (U, D),

BV () + wASPV (1) + / " H()ALPU () ds + Fo(U (1)) — Fy(W(8)) = 0,

00 (s) = T U (s) + V (1),
(V(0), ¥°) = Yo,

(3.92)

and

QW (1) + wARP W (1) + /0 h 112 ()AL O (s)ds + Fo(W(t)) — MpU(t) = 0,

0,0 (s) = T.O0"(s) + W(t), (3.93)
(W(0),0%) = 0.
In view of Lemmas [3.18) and below, we define the one-parameter family of
maps, Kc(t) : HY — HY, by
Ke(t)Yo := (W(t),0"),

where (W, ©) is a solution of (3.93). With such (W, ©), we may define a second
function (V, V) as the solution of (3.92). Through the dependence of (V,¥) on
(W,0) and (U(0),®°) = Yy, the solution of defines a one-parameter family
of maps, Z(t) : H? — H?, defined by

Z.()Yo = (V(t), ¥h).
Notice that if (V,¥) and (W,0) are solutions to (3.92) and ([3.93)), respectively,

then the function (U(¢),®") := (V(t), V") + (W(t),0") is a solution to Problem
(1.1).

The next result shows that the operators Z. are uniformly decaying to zero in
He..

Lemma 3.18. For each ¢ € (0,1] and Yo = (Uy, ®g) € HY, there exists a unique
global weak solution (V,¥) € C([0,00); HY) to problem (3.92). Moreover, given
R >0, then for all To € H2 with || To|lne < R for all e € (0,1], there exists vy > 0,
independent of €, such that, for allt >0,

12 (8) Yol < Q(R)e™". (3.94)

Proof. The existence of a global weak solution to follows as the proof of [I8]
Theorem . It remains to show that holds.

The proof is very similar to the proof of Lemma [3.2] save that the assumptions
1.43)-(1.44) become crucial. Indeed, the constant C' on the right-hand side of
3.13)) vanishes because nonlinear terms now satisfy the bound

(Fo(U) = Fo(W),V)x2 >0
as here V.=U — W and (3.91)) holds. O

The following lemma establishes the uniform compactness of the operators KC..
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Lemma 3.19. For each ¢ € (0,1] and Yo = (Uy, ®g) € HY, there exists a unique
global weak solution (W,0) € C([0,00); HY) to problem (3.93)). Moreover, given
R >0, then for all Yo € H? with || Tollyo < R for all e € (0,1], there holds for all
t>0,

[K(t)Yollv: < Q(R),

Furthermore, the operators K. are uniformly compact in H2.

Proof. Again, in light of [I8, Theorem 7 it remains to show that the operators
K. are uniformly compact in H2.

This time we appeal to Lemma [3.9] whereby only trivial changes are required in
the proof in order to show Lemma holds. O

Remark 3.20. These results — with datum contained to the absorbing set BY
— complete the proof of Theorem Consequently, the existence of a (finite
dimensional) global attractor A., € € (0, 1], for S. follows.

Theorem 3.21. For each ¢ € (0,1], the semigroup S. admits a unique global
attractor

[ WA
Ae = w(BY) i= NgsoUs>S-(H)BY*
in HC. Moreover, the following statements hold:
(1) For eacht >0, S:(t)A. = A., and
(2) For every nonempty bounded subset B of H,

Jim disty (S (1) B, A.) = 0. (3.95)

(3) The global attractor A. is bounded in V! (hence, compact in HC) and tra-
jectories on A. are strong solutions (in the sense of Definitions .
(4) The fractal dimension is bounded, uniformly in e, i.e.,

dimp (Ae, H?) < dimp (M., HY) < C < oo,
for some constant C > 0 independent of .

Proof. The existence and boundedness of the global attractor for Problem
can be found in [I2] Theorem 2.3] and the references therein. Thus, it suffices to
show the result for the perturbation Problem (L.1)), with € € (0, 1]. By referring to
the standard literature (cf. e.g. [1,[39]) and Lemma [3.2] Lemma [3.9] and Theorem

3.17] the proof is complete. O

3.4. Robustness and Hoélder continuity of the exponential attractors.
What remains in this section is to show that the family of exponential attrac-
tors is robust, or Holder continuous with respect to the perturbation parameter €.
As a preliminary step, we follow, for example [6, see p. 177] among others, and
define the so-called canonical extension map, £ : X? — M., by

EWU)=0. (3.96)
With this, define the lift mapping, £X? — H?, by
L(U) = (U,EU)) = (U,0). (3.97)
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Theorem 3.22. Let the assumptions of Theorem[3.6) be satisfied. For each ¢, the
semigroup of solution operators, Sc(t) admits an exponential attractor M. in which
the family of compact sets (Mc)ceo,1) defined by

M. = {ﬁimo fore=20

M. foree (0,1] (3.98)

is Holder continuous for every e € [0,1], i.e., there exist constants A > 0, T €
(0,1/2] independent of e, such that, for every 0 < ey < g1 < 1, the symmetric
Hausdorff distance satisfies

dist;yé? (M., M.,) < A(eg —e2)". (3.99)

Remark 3.23. The symmetric Hausdorff distance between two subsets A, B of a
Banach space X is defined as

disty™ (4, B) := max{distx (A4, B),distx (B, A)}. (3.100)

More precisely, the condition given in ([3.99)) implies the family of attractors is both
upper- and lower-semicontinuous (thus, continuous) at each value of the perturba-
tion parameter ¢ € [0,1).

To prove Theorem [3.22| we develop the main assumptions of the abstract results
found in the seminal works [20, 2I]. As in Proposition above, the assumptions
suited specifically for our needs appear in [7, (H2) and (H3) of Theorem A.2].

As above, the number L > 0 shown below is used to denote the (local) Lipschitz
constant of the mapping F : V! — X2,

Proposition 3.24. Let the assumptions of Proposition[3.8 be satisfied. In addition,
assume the following:
(C4) The canonical extension map &|p X2 — HO given by is Lipschitz
continuous.
(C5) There is a constant Ay = A1(L,Q,t*) > 0 such that, for all t € [t*,2t*] and
fOT all Ty = (UQ,(I)Q) S B;,

|S=(t) Yo — LSo(t)PTo[[30 < Arv/e. (3.101)
Here, P : H? — HY denotes the projection defined by, for all ¥ = (U, ®) €
H,
PY =U.

(C6) There is a constant Ay = Ao(L,Q,t*) > 0 such that, for all t € [t*,2t],
To = Uy, ®o) € Bgl C H;l and, for all0 < eq <e1 <1,

182, (8)To = Sey (1) Yoll2a0, < Aa(er —e2)'/2. (3.102)

Then, the family of exponential attractors (M:).cjo,1) is Hélder continuous for
every € € [0,1] in the sense of Theorem .

Remark 3.25. Condition (C6) below does not appear in [7], but rather we now
borrow [21], (H7) of Theorem 4.4], cf. also [32] (P4) of Theorem 2.1].

Lemma 3.26. Condition (C4) holds.
Proof. Based on the definition of £ given in (3.96)), the result is vacuously true. O
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The following lemma proves condition (C5) of Proposition It shows that
the difference between the semigroups S.(t) and the lifted limit semigroup £So(t)
in HY, on finite time intervals, is of order gl/2,

Lemma 3.27. Let T > 0. For all ¢ € (0,1], w € (0,1) and Yo = (Uy, ®g) € H°
such that || To|lne < R for all ¢ € (0,1], there ewists a positive constant C(T'),
independent of e, but depending on w and T, in which, for all t > [0,T],

IS=(£) Yo — LSo(t)PTollwe < C(T)e'2. (3.103)

Proof. Let T(t) = (U' (1), EI\>’5) denote the solution of Problem P, corresponding to
the initial data Yo = (Up, ®g) € B! and let U(t) denote the solution of Problem Py
corresponding to the initial data PYg = Uy € Bi. With the solution U(t), define
the function ®* by the solution to the Cauchy problem
0@ = T.®" + U(t)
=QYy = dy € M2

With the (unique) solution to (3.104) (cf. Corollary [L.5), define Y(t) := (U(%), ®!)
for all £ > 0. Let

(3.104)

At) = (2(1).0) - =T (1) - Y (1)
= ([0(1),®") - (U), ")
=(0()-U(t), 8 - ")
hence, A(t) = (Z(t), ©') satisfies the system

0, Z(t) +wARP Z(1) + / e (5)ALPO (s) ds + F(T(1) — FU())

0
= —/0 ME(S)A%’,ﬂ(I)t(S) dS7 (3105)
0,0"(s) = T.O!(s) + Z(t),
(2(0),0") = 0.

Multiply ([3.105); by Z in X2 and (3.105))2 by A%}ﬂ@t in LZE (R ;X?), summing the
resulting identities and estimating as in the above arguments, it is not hard to see
that there holds, for almost all £ > 0,

S 12150 + 1630y} + w20 + 5163
. 00 (3.106)
S —<F(U) — F(U), Z)XQ + UJO&HZ“%2(Q) — / M5(8)<A€;\}B(bt(8), Z>X2 dS
0
Recall that with (1.43) we obtain
—(F(U) - F(U), Z)x> < Mp| Z|2. (3.107)

For the remaining term on the right-hand side, we apply the definition of the norm
and Young’s inequality to find

- / " e ()(AG B (5), Z) ds = — / T e($)(@(s), Zyn ds
0 0

<12l (12| am
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1
<w|Z|I3 + —[1®" 30
S
Recall that, by (3.51)), for all t > 0,
1820 < Dol e/ + C, (3.108)

where C' > 0 depends on the bound ﬁo, but is uniform in € and t. Collecting

(3.106))- (3-108) yields,
d
@{IIZH?@ + 10130} + 01634
< 2wa + Mp)|| Z|lz= + Cel| Z[3 + Co (I ®oliae™ > +e¢).

Integrating ((3.109) with respect to ¢ on the interval [0,7], for T > 0, and then
applying the initial conditions (3.106))s, as well as the uniform bound (3.16), we

have

(3.109)

t
1Z(t) 5= + 10130 < / ClZ(7)|zedr + C(T)e. (3.110)
0
Next we seek an appropriate bound on the term with Z. It follows from (|3.110))
and Gronwall’s inequality that there holds, for all ¢ > 0 and for all € € (0, 1],
1Z(t)||z < C(T)e, (3.111)
where C' > 0 depends on w, §, and of course T, but not €.
Returning to (3.110)), we now see that there holds, for all ¢ € [/, T] and for all
e € (0,1],
1(Z(1), 030 < C(T)e. (3.112)
Therefore (3.103)) follows. This finishes the proof. O
We will establish the Holder continuity with the following lemma. With regard

to [21], in particular, hypothesis (H7) of Theorem 4.4 there, we do not perform an
e-scaling of the memory variable.

Lemma 3.28. Condition (C6) holds.

Proof. Assume 0 < g5 < g1 < 1. Let To = (Up, ®°) € BL. Let Y(t) = (U(t), D)
denote the solution of Problem P., corresponding to the initial datum Y and let

2(t) = (V(t), ¥) denote the solution Problem P, corresponding to the same initial
datum Y. Let

At) = (Z(1),0") : = T(t) - (1)
)

07 +wAR Z + / fie, (5)A%P O (s)ds + F(U) — F(V)
0

= /Ooo(uaz(S) — pe, () AR W (5) ds (3.113)
9,0 (s) = T.,0'(s) + Z(t)
Z(0)=0, ©°=o.
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Observe, by the definition of T., (T., — T,,)¥(s) = 0. We proceed in the usual

fashion by multiplying (3.113); by Z in X2, and multiplying equation (3.113))» by
A&}g Ot in Liq (R, ;X?), summing the results, we arrive at the identity

1d
3@
- / (1ea (3) — p1ex () (F(s), Z () s

—(F(U) = F(V), Z)x> + wallZ|72(q)-

{1213 +18130g, } + <l 21 / e, (5)(T, 6'(s), A0 (5))2 ds

(3.114)
We estimate from here along the usual lines to obtain, for almost all ¢ > 0,

o0 - — 5 —
[ e (6)(12 8. A () ds < 5B (3.115)
0 1 o

‘We know there is a constant Mg > 0 in which

~(F(U) = F(V), Z)x2 < My Z|[3, (3.116)

and finally, with the fact that Ul is uniformly bounded in B!

€17

/0 " (1ea () — p1es () (B (5), Z (1)) s

i / " () (B (5), Z(1)) 2 ds

€1€2
E1 — &2

(3.117)

<C 1212 19 || pa
€9 1

g1 —¢€ 1, ~
< 2Q(Ry) + 1172,
[S) 2

where Ry > 0 is the radius of the absorbing set B;l. After applying (3.115])-(3.117]),
we obtain the differential inequality,

d . ~ ~
U215 + 19715,

- R (3.118)
<2(My +w+1|Z]% + ClIO" R +

€1 — &2

Q(Ry),

€2

where M3 := max{2(Ms +w + 1),C} > 0. We now integrate (3.118]) with respect
to t over [0,T] which in turn yields the Gronwall-type estimate, for all ¢ € [0,T]

€1 — €2 Q(Rl)(€M3T - 1)
[Sp) M3 '

1(Z(5), 8", <

Therefore, (3.102)) follows. (I

Remark 3.29. In conclusion, by Theorem the semigroup S. generated by
the solutions of Problem (1.1)) admits a robust family of exponential attractors
(M ):efo,1] in ‘HY, Holder continuous at each e € [0,1].
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4. APPENDIX

For the reader’s convenience we report some important results that are needed
in this article. The following lemma is from [I5, Lemma 2.2]. It is in the spirit of
the H*-elliptic regularity estimate that can be found in [30, Theorem I1.5.1].

Lemma 4.1. Consider the linear boundary value problem
—Au+au =11 in
—Aru+ Oqu+ Bu =1y onT.
If (1, 02)™ € H*(Q) x H¥(T), for s > 0 and s+ & € N, then the following estimate
holds for some constant C > 0,
ull zrs+2(0) + lullgsr2ry < CUlVrllas ) + Y2l r))- (4.2)

The following result is the so-called transitivity property of exponential attrac-
tion from [I0, Theorem 5.1]).

(4.1)

Proposition 4.2. Let (X,d) be a metric space and let Sy be a semigroup acting
on this space such that

d(Six1, Spxe) < C’eth(:cl, x2),

for appropriate constants C and K. Assume there exists three subsets Uy, Us,Us C
X such that

distx(StUh U2) S Cle_alt, distx(StUg,Ug) S Cge_agt.

Then )
diSt;\{(StUl, U3) S C/e_o‘ t,

r_ f— __aian
where C" = CCy + Oz and o = 2%~

The following statement refers to a frequently used Gronwall-type inequality that

is useful when working with dissipation arguments. We also refer the reader to [5,
Lemma 2.1], [26] Lemma 2.2] and [33, Lemma 5].

Proposition 4.3. Let A : Ry — Ry be an absolutely continuous function satisfying

d
ZA() +20A(8) < h(DAD) +F,
where n > 0, k > 0 and fst h(r)dr < n(t —s)+m, for allt > s > 0 and some
m > 0. Then, for allt >0,
k m
A(t) < A(0)eme " 4 ~S
n
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