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GLOBAL CARLEMAN ESTIMATE FOR THE PLATE EQUATION
AND APPLICATIONS TO INVERSE PROBLEMS

PENG GAO

ABSTRACT. In this article, we establish a Carleman estimate for the plate
equation in order to solve an inverse problem retrieving the zeroth-order term
for a plate equation from boundary measurements. We prove the local stability
result for this inverse problem. Our proof relies on Carleman estimate.

1. INTRODUCTION

In this article, we discuss the local Lipschitz stability in determining a coefficient
of the zeroth-order term for a plate equation from boundary measurements. Phys-
ically speaking, we are required to determine a coefficient p(z) from measurements
of boundary displacement. The stability result for the inverse problem is based on
a global Carleman estimate for a plate equation.

Inverse Problem: Determine p(z) for « € I such that
Utt + Uggze +Pu =0 in @Q,
u(0,t) =0=wu(1,t) in (0,7,
uz(0,8) =0 =wuy(1,¢t) in (0,7), (1.1)
w(z,0) =a(x) in I,
ug(z,0) =b(z) in I,

from the observed data u|{1}x(o,r), where I = (0,1), T > 0 and Q = I x (0,T).
The inverse problem for the wave equation has drawn the attention of many
authors. In [22] it is discussed the global Lipschitz stability in determining a co-
efficient of the zeroth-order term for a wave equation from data of the solution
in a sub-domain over a time interval. In [2], uniqueness and Lipschitz stability
are obtained for the inverse problem of retrieving a stationary potential for the
wave equation with Dirichlet data and discontinuous principal coefficient from a
single time dependent Neumann boundary measurement. Doubonva citeD1 solved
an inverse problem of retrieving a stationary potential for the wave equation with
Dirichlet data from a single time-dependent Neumann boundary measurement on
a suitable part of the boundary. The uniqueness and the stability are also proved
for this problem when a Neumann measurement is only located on a part of the
boundary satisfying a rotated exit condition. Bellassoued [4] studied the global
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logarithmic stability in determination of a coefficient of the zeroth-order term in a
wave equation from data of the solution in a subboundary over a time interval. The
similar inverse problems for parabolic equations can be found in the survey paper
by Yamamoto [35] and the references therein. The inverse problem for dispersive
equations is also interesting and was studied in [3] [5] [29] for Schrédinger equations.
Baudouin [I] studied the same problem for the Korteweg-de Vries equation. To our
best knowledge, very little work is concerned with the inverse problem for plate
equations, our work is motivated by [22]. The key ingredient we follow here to
determine the coefficient relies on a Carleman estimate for the plate operator.
In this article we use the following assumptions:

(H1) 20 <0, 8 €(0,1), T > sup,¢; |z — xol.
We define the functions
(o t) = (2 — 20 — B2, ol b) = D),
Iz, t) = Ap(z,t), 0=€®D,
Let
L3r(I) =A{p € L=(Dlllpllp>~ 1y < M}
Let P be the operator Py := Yyt + Ypzze + py with domain
U= {y € CL(—T,T; H*(I)) N C*(~T,T; L*(I)) N C(~T, T; H(I)) :
y(£,0) = y(t,1) = 42 (£,0) = 9 (t,1) = 0, t € (=T, T),
y(£T,2) = y(£T,2) =0, z € I, Py € L2(—T,T;L2(I))},

where p € L>°(I). Throughout this paper, C stands for a generic positive constant
whose value can change from line to line.

(H2) a € HZ(I) satisfies |a(z)| > ro > 0 for all z € I, b € L*(I).

The main result in this paper is the following local stability for the inverse
problem.

Theorem 1.1. Let assumptions (H1), (H2) be satisfied. Then there exists a con-
stant C* = C*(T, zg,a,b, M) > 0 such that for all p,q € L (I), we have

T
Ip = dqllz=y < C*/O [(w(p) = u(@))aar + (ulp) = u(@)Zaei] (1, t)dt (1.2)

where u(p),u(q) are the solutions of (1.1)) depending on p,q.

Remark 1.2. Stability estimates play a special role in the theory of inverse prob-
lems of mathematical physics that are ill posed in the classical sense. They de-
termine the choice of regularization parameters and the rate at which solutions of
regularized problems converge to an exact solution.

Remark 1.3. From Theorem we can obtain the mapping p — u(p)|{1}x(0,1)
is one to one, and the mapping u(p)|{1}x(0,7) — p is continuous.

To obtain the stability of (|1.2), the following Carleman estimate is essential.
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Theorem 1.4. There exist three constants pug > 1, A\g > 0 and Cy > 0 such that
for p = po and for every A > Ao and y € U, we have

T
/ /I M2 00%s 0 + Nt 202 y2, + N p0 00 yS + NP7 0%y?
-7
+ M uteP0%y? + M\ p0%y2,) da dt (1.3)
T T
<ol [ePoPdndes [ O00S0E, + Mgty (1.0t

Carleman estimate is an L2-weighted estimate with large parameter for a solution
to a PDE and it is one of the major tools used in the study of unique continuation,
observability, and controllability problems for various kinds of PDEs. Its history
may date back to Carleman [6] for a two-dimensional elliptic equation. Then, many
authors have considered this estimate such as Egorov [9], Hérmander [19]20], Isakov
[24, 28], 26], Tataru [31], Taylor [32] and Treves [33]. There have already been rich
amounts of work for the Carleman estimates of second order parabolic equations,
see [111 23] B5]. Global Carleman estimate for fourth order parabolic equation we
established in[12] 13| [T4] 15 18, [36]. A similar estimate for the hyperbolic equation
can be found in [I0, 2I]. In [I7, B0] there is a Carleman estimate for the KdV
equation without the interior observation. Then a global Carleman estimate for the
KdV equation was established in [7]. In [I6] there are global Carleman estimates for
forward stochastic fourth order parabolic equation and backward stochastic fourth
order parabolic equation.

The remainder of this article is organized as follows. In Section 2, we establish
the Carleman estimate , Section 3 we prove Theorem [1.1

2. PROOF oF THEOREM [L.4]

As in [28], it is sufficient to prove l) for ﬁy = Yyt + Yzzwe With y € Y. In fact,
assume that we have proved (|L.3]) for Py, we have

/92|15y\2dxdt§/ 92|Py|2dxdt+||pllioom/ 02y* dx dt.
Q Q Q

By choosing A\g = Ao(u,T) > 0 large, when A > Ag, it is possible to absorb
||p||%oo(1) fQ 0%y? dz dt with the left-hand side of (1.3), concluding that also
holds for Py.

Set u = Oy, ﬁy = f. Direct computations show that

O(Yet + Yrwwa) = wee + Aous + Aru + Aguz + Aztze + Agtizes + Uszaa
where
Ag= =21y, Ay =17 — bt + Iy + Halozs — loawa — 63100 + 313,
Ay = 1201y — A — 4y, Az =612 —6lyy, Ay=—4l,.
Set
I = uggas + Bru + Bugs + u,
Iy = Byuy + Baugge + au + Boug,
Ru=0f—1, — I = Sou + S1us + Sotzy,
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where
a=—121%l,,, Bo= —2l;, By =1

By = —413, B3y =6l2, By=—4l,,
SO = l? =l + Holowr — lzeze + 6lila::1: + 3130@7
S1 =120l — Alyyy, So = —6ly,.

Step 1. We shall prove the equality
Loh= bl bl b Lo )

+{}x+{}x:c+{}ﬁcxw+{}xﬂcmw+{}t+{}tta
where
— § 2 _ § 2 1 2 2 _ 2
{}z= {2B2muw 2Bgum + 2B4umx +dazuy — 2a355u
1 2 3 2 3 2 1 2
—|— Boutuwm + §B1B2u + 5(3134)1114 — §BlB4u$ —|— §BQB3HZ
1 2 2 1 2 3 2 3 2
+ §B3B4ua:x — (aBg)xu + BoBsusu, — §B2Ut - §B4mut + §B4ul.t}m,

3 3 1 3
{ Ve = {—iBqui + 3agu® — 2aui - 5(3134);51;2 + 5a33u2 + §B4xut2}m,
1 1 1
{' o }z'pr = {7321/% - 2amu2 + 7B1B4u2 - 7B4ut2}mfcxa
2 ’ 2 2
1
{' o }mmrx == {iauz}$zmm;
1 21 2 Lo o 2
{h= {§BOB1U — iBoBgur + Bougug, + iBout — aiu” + Bauptgey
1
T }tt = {§GU2}H,
) , 1 1 1
u { . } =u {iazzzm - (B1B2)x - §(BIB4)mxz + aBl - §(BOBl)t
1 1
+ E(aB?))mm + 5att}7

1 3 1 1
2{' o } = ui{_§B2mwz — 204, + *(BIBAL);E - 5(3233)35 —aBs + §(BOB3>t},

U, 5
2 2 (3 1
ua:w{ o } = uww{§B2w +a— §(B3B4)w}a
1
1 1 1
“f{ )= U?{532x - §B0t —a+ §B4xwa:}a

3
(e} =2 (- B,
umtuwﬂﬂﬂi{' o } = umtuzxm{_BO},
utiz{- -+ } = wpuy{—(BoBs)s — Bat},

Utuzxm{’ t } = utumzm{_B4t - BOz}
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Indeed, (2.1) can be obtained from the following equations

1 3 3
uwzowQUw - §(B2ui)wa:w - §(BQwui)a:w + §(BQ$mui - BQUim)w
1
+ §Bquiz - §B2xmxuiv

1
Ugzre Ballpze = 5[(B4u§a:x)x - B4$u§aﬁx]7

1
Ugrrr AU = i(au2)wx;ﬂx - Q(quQ)www + (3azwu2 - QGUi)xw

1
2 2 2 2 2
+ (dagus — 2a42,u" )y + auy, — 20,05 + 3 Gazastl,

1 1
UzgraDUzy = i(buix)m - (bxuix)x - buazcx;c + §bmu§x,

umzwaOut - (BOutuwww)m - BOxutuxzw - BOua:tuwa:I7

BluBgum = [(BlBQU2)z — (BlBg)z'U?},

3 3 1
+ 5[(B1B4)a::ru2 - BIB4ui]z + §(B134)zui - Q(BIB4>xzzu27

1 1
Biubug, = §(bBlu2)m — [(bBy)u?], — bByu? + §(bBl)mu2,
1

Bl’U,Bo’U,t = §[<BoB1u2>t — (BQBl)tu2],

1
B3uww32uw = 5[(B2B3u2)1€ - (B2B3)$ui]7

B3uge Batiggs = %[(B3B4uiz)l — (B3By)gul,),
Biug.au = %(CLB?,UJQ)Mc — [(aB3),u?], — aBsu? + %(aBg)WUQ,
B3y, Bouy = —(BoB3) s uu, + %(BOBZ%)tUi - %(BOB:SUi)t + (BoBzugut),
gy Boug = (Baugtiy)y — Bagtiyug — %[(BQUtz)m — Baguf],

[(Boug)s — Bogui],

1
uge Bouy = 5

1 1
U aU = 5(047.142)“ — (atu2)t — GU? + iatt'l_l?,

1 3
uttB4uzxx = (B4utuzmx)t - B4tutumzx - §(B4u§)x9:m + §(B4zu%):r:v

3 3 1
- §[B4zzu? - B4u§;t]x - §B4zu§;t + §B4xmxu?u

1 1
Uptbzy = (DUpUszg )t + bpptpuy — ibttui + i(btui)t

1 1
— (brupug)y — §(bu?)m + (bwuf)m + buit — §bmu§
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Step 2. We shall prove the estimate
T
/ / M2 00%ys 0 + Nt D y2, + NS00 ys + NP7 0%y
-TJI
+ Nt o0yl + P p0y2,) da dt

T T
< 01[/T/192\Py|2d1‘dt+/T(A3u3<ﬂ392y§x +/\u<p92y§m)(17t)dt]
Indeed,

W} = 10+ 1}, W} = (2 + ),
uTtuT’I"I'{ t } = urtummx{2lt}; utum{' c } = utu'r{24l"cfli + 24ltl'rlT'r};

utuzzx{' T } = utuxzx{Glmt}»

where

r1 = 6013, 4 180l lpalize + 3002 pnpe — 6lil? — 121,141 4,

. T
Now, we estimate the term [~ [;({--- }o4+{ - Yee+{  Jaza+{ * Jowaat+{ - }e+
{--}u)da dt in ([2.1)). Indeed, noting that

y(0,t) = y(1,t) = y(0,¢) = y.(1,¢) =0 Vte (-T,T),
y(x, £T) = yy(x, £T) =0 Vx eI,

this implies

w(0,t) = u(l,t) = u, (0,t) = u,(1,t) =0 Vte (-T,T)
w(z,2T) = w(x, £T) =0 Vx € l.

Thus
/i/l({"'}t+{"'}tt)dxdt:0,
/i /1({' e der 4 Yaee {0 Yawae) dudt (2.2)

- / (2, (102) + 02, (20} bt = V(1) — V(0).
-T
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If we choose A > Ao = \o(u1, T) with \g large enough such that Az~ > 1, then it
holds

1| < CNPul0® + NP pte® + N pPp®) < ONQ° (1® + p* + p®) < OXUPe®,
ra| < CNPul0® + NP pPp® + N pPp®) <ONTQT(1? + p* + p®) < OXTpToT,
‘SO|2 S C()\QILLQQO2 +>\2,LL4§02 +)\4,LL8904+A6,LL8§06 +A4,LL4904+A2,LL8§02)
SONQ (W2 +p~ + 1”0+ p+ ) (2.3)
< CN'pTeT,
1917 < C(X* bt + N plp?®) < CN P,
192> < ONpte® < ONpPp?
and
“?ct{ et uix;c{ S U S T T G W C(/\/ﬂ‘ﬂuf:xx + /\,u2<pu§t),
wp - Y+ u{ -} g} > COCp0%ul + Npteud), (2.4)
uim{ e+ U?{ c bt Ulgge o > C’(/\,u2<pu§xx + /\31144103“%)'

Since I1 + I = 0f — Sou — S1u, — Sauy,, it is clear that
T
2/,1.,/1[1]2 dmdt S ||Il +I2||%2(7T,T;L2(1))
= [0 + Sou + Siuz + Sauzs |72 (2.5)
T
<c / / (022 + S2u2 + S22 + S2u2, ) da dt.
—rJI
From (2.2)-(2.5)), we can obtain
T
/‘/Mﬁw%ﬁ%%%%é+ﬁff@+ﬂﬁﬂf+ﬁﬁﬁﬁ
-rJI
+ M pu?,) dx dt + V(1) — V(0)
T
< C/ /(92f2 F AU 0Tu? + NS pdu2 + Nudpdu?)) da dt.
—rJI
Noting that —V'(0) > 0 and that
T
VIO [ W, + g, (1)t
0
and choosing Ay large enough, when A > \g, we conclude that
T
/ /Oﬁwﬁm+xmw%i+k%%ﬂé+ﬂfw%2
-rJI
+ Nt uf + AP, da dt
T T
SCV /WFMﬁ+/(Vfﬁﬁﬁ%W@w0ﬁM-
—rJI 0

Returning u to 8y, we can obtain (|1.3)).
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3. PROOF OF THEOREM [I.1]

In this section, we use the Bukhgeim-Klibanov method to study the inverse
problem. We are now in a position to prove the stability result Theorem the
proof follows the ideas used in [22] [34]. The idea is to reduce the nonlinear inverse
problem to some perturbed inverse problem which will be solved with the help of
a global Carleman estimate. Firstly, we consider the system

Yt + Yzzaa + DY = G in Q7
y(0,1) =0=y(L,t) in (0,T),
y.(0,8) =0=y,(1,t) in (0,7), (3.1)
y(z,0) =0 in I,
ys(2,0) =0 inT.
Proposition 3.1. Let assumptions (H1), (H2) be satisfied. Assume that there
exists a function gy € L*(0,T) such that

G e H'(0,T; L*(I)), 1GellL2@) < M,

(3.2)
go(t)|G(.7J,0)| > |Gt<x’t)|’ (.’)S,t) € Q
Then there exists a constant Chy = C1(M,T,ro) such that
T
HG||H1(O,T;L2(I)) < Cl/ (y:%:rt + ygrzt)(lat)dt (33)
0

Proof. Setting y; = y, we have

Yiet + Yizwes + Y1 = G In Q,
y1(0,8) =0=y1(1,¢) in (0,7,
Y12(0,1) =0 =y1,(1,t) in (0,7),
y1(2,0) =0 in I,
y1¢(z,0) = G(z,0) in .
Since y(x,0) = y¢(z,0) = 0, from [27] we have
y € C([0,T), H* (1)) nC*(0, T; H*(I)) N C%(0,T; L*(1))

and there exists a constant C' = C(T, M) > 0 such that

Iyl 21 0,7)) < CNG 10, 7522(1))-

We extend the function y from I x (0,7T) by the formula y(z,t) = y(x, —t), (z,t) €
I x (—=T,0) and denote the extension by the same symbol y. We know y €
C([-T,T), H{(I))NCY([-T,T); H*(I))NC?([-T, T); L*(I)) and there exists a con-
stant C = C(T, M) > 0 such that

19l 21 (~1,1)) < ClNGl 1 0,7522(1)-

We extend the function G; on I x (=T, T) as the even function in ¢ and denote the
extension by the same symbol G;. Then G; € L?(~T,T; L*(I)).

By assumption (H1), there exists a 3 € (0,1) such that 8 > sup,¢; |v — zo|/T>.
Therefore, by definition of v, ¢, we have

p(,0) 21, oz, -T)=¢(@T) <1, z€[01]
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Therefore for given € > 0, we can choose a sufficiently small § = 6(¢) > 0, such that
p(x,t) = 1—¢, (2,t) €[0,1] x [-4,4],
olx,t) <1-=2¢, (x,t)€[0,1] x ([-T,-T +25] U[T — 26,T)).

To apply Theorem we introduce a cut-off function y satisfying 0 < x < 1,
x € C*(R), and
(1) = 0, [-T,-T+U[T—-46T)
MU= era28, - 24).
We set
T
U = ewaytv W = XVYt, D(y) = / (y:%zt + ya%mzt)(la t)dt
0

Direct computations show that

— AN Para) F 20NQ0sus + Up (AX3Q2 — 120201000 + 4ANPraz)

+ U (60202 + 6XP0n) + Usaa - 4APr + € Xurye + 26 X1y + X Gy
Multiplying Pu by u; and integrating it over I x (—T,0), it follows that

0
1 1
/ /Pu~ut dz dt = f/ut(x,O)Qd:E—l—f/uiz((),x)dx
-7JI 2 Jr 2Jr

1 1
> */ut(m,O)Qda: = f/G(J;’o)%?Aso(nO)dx.
21 2 Jr

On the other hand, by the Cauchy inequality, we have

0
/ /Pu~utdxdt
—TJI

0
< C[/T /I(G?x292 + 0*x57 + 0°X7y7,) dadt

(3.4)

0
+ / / A pPpTu? + N ple*ul + Nt Pug, + APpus,,
T J1
+ N ptoPul + \Pul,) dedt] =: Jy 4 Jo.

It is easy to see that

T —T+26 T—6
Ji < C[/ /G§X292dxdt+ (/ +/ )(y?er?t)ezdxdt}
-7 JI —T4+45 T—-26
T
< C[/T/IG§X292 dxdt+62)\(1_26)”yH?{Q(IX(fT,T))}

T
S C[/T/IG§X292 dxdt+62)\(1_26)||G||%{1(O,T;L2(I)):|'

Noting Pw = xG¢ + 2yu Xt + X¢tYt, from Theorem [T.4] it follows that

T
[ [ Ouetrute, + Xt b, 4 X0 P 4 N6
-TJI

+ N utp?02w? + A\t p0?w?,) da dt



10 P. GAO EJDE-2016/333
T T
<y {/ /92|Pw|2 dx dt +/ (N3 p30%w?, + Au@GQwimz)(17t)dt}
T JI 0
T
< C[/ /92\XGt + 2ysext + Xeeye|* da dt
T JI
T
+ / (W20 0%y + M0y ) (1, 1)dlE]
0
T
<l [ [@oavd+ NG g + DO
-TJI
thus
0
Jy < / / ATiPeTu® + X pboPul + NptePul, + M pul,,
-TJI
+ Nt uf + AP pu,) da dt
T
< / / W pTu® + N psp®ul + N ptoul, + Mt pul,,
-TJI
+ M utodu? + \ppu?,) de dt
T
S C/ /()\MQSOQQwiII + )\3[114@392’(1}31 + )\5/11690592“]5 + )\7/11890792102
-TJI
Nt P 02w? + AP pf?w?,) dx dt

T
<c[ [ [ dudi G gpn + D).

From the above estimates, we know that

0
/ /Pu~utdxdt
-TJI

T (3.5)
< C{/_T/IG%? dx dt + 62)\(1—25)||G||§{1(07T;L2(1)) + D(y)],
Consequently, and imply
%/IG(x’O)QeQ/\@(x,O)dm
(3.6)

T
< C{/T/IG?92 dﬁcdt+62)\(1728)||G||§{1(07T;L2([)) +D(y)]

Next we estimate the first term of the right-hand side of (3.6).

T
/ / G202 dx dt
-TJI
4 (@)
= [([1Gape? " )i
1 -T
g [(w—=20)?—pt%]
< [ (] mcoper " i)
1 T

T o2 342
I -T
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T Tr—x 2_ 2 r—x 2
:/ (/ [go(®) 2 e G, 0) 26290 )
I =T

r o—wg)2 . — 082
:/(/ |go(t)|262,\eﬂ( 07 (e=# —l)dt‘G(x’0)|262Acp(w,0))dx
I -T
T a2
< [ ([ im0r e D, o) a

I -T
T
= [( / h(t)dt|G(z, 0) 222 (@:0)) dy.
I T

We have that hy(t) is in L'(=7,T), and limy_ hx(t) = 0 for t # 0 and |hy(t)] <
lgo|? € LY (=T, T). Hence the Lebesgue theorem implies

T 2
/ lgo(t)]2e*Xe ™ ~Dat = o(1)
-T

as A — 00, so that

T
/ /G§92 dx dt = 0(1)/G(x,0)2ew<w>dx. (3.7)
—_TJI I
By the assumption in , we have
”GH?{l(O,T;LQ(I)) S C/IG(.TJ,O)Qd.’E (38)
Therefore (3.2)), (3.6) and (3.8) yield HG”%P(O,T;B(I)) < CD(y). O

Now we can prove Theorem In Proposition we set y = u(p) — u(g) and
G(z,t) = (p — q)u(q). Recalling that H(0,T; L*(I)) c C([0,T]; L*(I)), it is easy
to see that assumption ([3.2)) holds, and that (3.3)) implies

Ip = allzz2ry < Cli(p — @) (2)u(q)(0,2) || L2 (1)
<Cll(p— Q)U(Q)HC([O,T];L2(I))
< Cll(p = Qu(@) | ar0,7:22(1))
= C||G||H1(0,T;L2(1))

T
<c / (1o + 1200e) (1, )t

<c / [(u(p) — (@) + (u(p) — u@))2uae (L, ),

this completes the proof.
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