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NULL CONTROLLABILITY FOR LINEAR PARABOLIC
CASCADE SYSTEMS WITH INTERIOR DEGENERACY

IDRISS BOUTAAYAMOU, JAWAD SALHI

ABSTRACT. We study the null controllability problem for linear degenerate
parabolic systems with one control force through Carleman estimates for the
associated adjoint problem. The novelty of this article is that for the first time
it is considered a problem with an interior degeneracy and a control set that
only requires to contain an interval lying on one side of the degeneracy points.
The obtained result improves and complements a number of earlier works. As
a consequence, observability inequalities are established.

1. INTRODUCTION

This article is devoted to the analysis of control properties for linear degenerate
parabolic systems in one space dimension, governed in the bounded domain (0, 1)
by means of one control force h, of the form

up — (a1(2)ug)g + b11(t, x)u = h(t,x)l,, (t,z) € Q,
vy — (a2(x)vz )z + b2 (t, )0 + boy (t,x)u =0, (t,z) € Q,
u(t,0) =wu(t,1) =v(t,0) =v(t,1) =0, te(0,7T),

.1
2
3
w(0,2) = uo(x), ©v(0,2) =vo(z), z€(0,1). A4
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where w is an open subset of (0,1), T > 0 fixed, @ := (0,T") x (0, 1), the coefficients
bi; € L>((0,T) x (0,1)), 4,5 = 1,2, h € L*((0,T) x (0,1)), and every a;, i = 1,2,
degenerates at an interior point x; of the spatial domain (0,1) (for the precise
assumptions we refer to section . 1., denotes the characteristic function of the set
w.

The study of degenerate parabolic equations is the subject of numerous articles
and books (see e.g., [3 10, 11l 12} 13| 14} 16, 23] 27]). As pointed out by several
authors, many problems coming from physics (boundary layer models in [9], models
of Kolmogorov type in [5], models of Grushin type in [4]), biology (Wright-Fisher
models in [28] and Fleming-Viot models in [20]), and economics (Black-Merton-
Scholes equations in [I8]) are described by degenerate parabolic equations.

On the other hand, the fields of applications of Carleman estimates in studying
controllability and inverse problems for degenerate parabolic coupled systems are
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so wide that it is not surprising that also several papers are concerned with such a
topic, see [T, 2 [7, 15, 26].

In most of the previous papers, the authors assume that the functions a; degen-
erates at the boundary of the space domain, e.g., a;(z) = (1 — z;)%, x € [0,1],
where k; and k; are positive constants.

To our best knowledge, [22] is the first paper that studies Carleman estimates for
degenerate operators when the degeneracy is in the interior of the domain. Recently,
in [21], the authors analyzed control properties for interior degenerate non smooth
parabolic equations and studied different situations in which the degeneracy point is
inside or outside the control region in order to obtain an observability inequality for
a degenerate parabolic single equation. For related systems of degenerate equations
we refer to [6], where lipschitz stability for the source term from measurements of the
component u is also treated, but using a locally distributed observation w C (0, 1),
which contains the degeneracy points.

For this reason, in the present paper we focus on carleman estimates (and, con-
sequently, null controllability) for parabolic system 7 with a control set
w such that, there exists a subinterval w’ CC w C (0,1) lying on one side of the
degeneracy points x;. We think that this latter situation is much more interesting.
Indeed, our approach has an immediate application also in the case in which the
control set w is the union of two intervals w;, ¢ = 1,2 each of them lying on one side
of the degeneracy points and thus it permits to cover more involved situations.

Finally, let us emphasize the fact that the proof of Theorem can be adapted
to the case of a single equation in which way it unifies the results of 21| Lemma
5.1 and 5.2], and one does not need to distinguish between the different situations
in which the degeneracy point is inside or outside the control region w.

To study the controllability problem of linear degenerate parabolic system ([1.1])—
, we use the developed Carleman estimates for the internal degenerate parabolic
equations in [22] to show a global Carleman inequality and deduce an observability
estimate for the adjoint system. To prove our Carleman estimates, a crucial role is
played by the following Hardy-Poincaré inequality.

Theorem 1.1 ([22] Proposition 2.1]). Assume that p is any continuous function
in [0,1], with p > 0 on [0,1] \ {z0}, p(zo) = 0 and such that there exists ¥ € (1,2)
‘x]i(;?lﬂ is mon-increasing on the left of v = x¢ and
nondecreasing on the right of x = xg. Then there exists a constant Cyp > 0
such that for any function w locally absolutely continuous on [0,20) U (xo, 1] and

satisfying

so that the function v —

w(0) =w(l)=0 and /0 p(x)|w'(z)? dr < oo,

the following inequality holds

1 1
/0 (xp—(xm)o)Qw%x) dr < C’Hp/o p(2)|w ()| dx.

The rest of this article is organized as follows. In Section 2 we give the precise
setting for the weak and the strong degenerate cases and discuss the well-posedness
of the system f. The Carleman estimate is proved in Section 3. Finally,
in Section 4, by the Hilbert Uniqueness Method (HUM, [I7, [25]), we deduce null
controllability result by showing that the adjoint system is observable. In appendix,
we give summarized proof of a Caccioppoli inequality corresponding to our context.
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2. ASSUMPTIONS AND WELL-POSEDNESS

To study the well-posedness of the system (|1.1)—(1.4), we consider two situa-
tions, namely the weakly degenerate (WD) and the strongly degenerate (SD) cases.
Towards this end, as in [22], the associated weighted spaces and assumptions on

diffusion coefficients are the following:
Case (WD)

H, (0,1) == {u € L*(0,1) : w is abs. cont. in [0, 1],
Vi, € L(0,1), u(0) = u(1) = 0},
where the functions a;, i = 1, 2, satisfy:

Jx; € (0,1), i =1,2, s.t. a;(2;) =0, a; > 0in [0,1]\ {2:}, a; € C*([0,1]\ {=,}),
JK; € (0,1) s.t. (z — z;)a; < K;a; a.e. in [0,1].

(2.1)
Case (SD)
ML (0,1) = {u € L2(0,1) : wis La.c. in [0,1]\ {z;},
Jaiug € L2(0,1), u(0) = u(1) = o}
and
Jz; € (0,1),i=1,2, s.t. a;(z;) =0, a; > 0in [0,1] \ {z;},
a; € CH([0,1]\ {z:}) N Wh*(0,1),
1K, € [1,2) s.t. (.2? — xi)a; < K,a; a.e. in [O, 1],and if K; > 4/3, (2.2)
then exists p; € (0, K] such that | di e is non-increasing on
T — T

the left of x; and non-decreasing on the right of ;.
In both cases we consider the space
H2 (0,1) == {ueH, (0,1):au, € H'(0,1)}

with the norms

HUH?{}I = ||U||%2(0,1) + ||\/a7ux||2L2(071),
||U||%fgi = ”u”'%-{}li + (@ita) 17201y

We recall from [22] that, for ¢ = 1,2, the operator (A;, D(A;)) defined by A;u :=
(aitg)q, with u € D(A;) = H2 (0,1) is closed self-adjoint negative with dense
domain in L?(0,1).

In the Hilbert space H = L?(0,1) x L2(0, 1), the system (L.I)—(L.4) can be trans-
formed in the Cauchy problem (CP)

X'(t)=AX(t) — BX(t) + f(1),
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X = ng;) A= (%1 122) . D(A) = D(A,) x D(As),

2= (o ) 10=("")

As the operator A is diagonal and since B is a bounded perturbation, the fol-
lowing well-posedness and regularity results hold.

Proposition 2.1. (i) The operator A generates a contraction strongly continuous
semigroup (T(t))t>o0-
(ii) for all h € L*(Q) and ug,vo € L*(0,1), there exists a unique weak solution

(u,v) € C([0, T]; H) N L0, T; HY, (0,1) x HE(0,1)) of (LI)~(L.4) and
2 2 2
s )+ [ (||¢aux||p<o,1> Ve o )

t€[0,T)
< Cr(|l(uo, vo) iy + 1RlI72(g))

for a positive constant Cp.
(iii) Moreover, if (ug,vo) € Hy, x H}

ag’?

HY (0, T;H)NL(0, T3 HZ, (0,1) x H2,(0,1))NC([0, T]; He, (0,1) x He, (0,1)), (2.4)

(2.3)

then (u,v) is in the space

and there exists a positive constant C' such that

sup ( u, ) (1) )
te[0,7] It )()||H51(071)XH312(0,1)

T

[ (oo + (ara)es (aae).) ) e (25)
0

< € (1o, v0) 3 0.1y74s, 01) + NlE() -

3. CARLEMAN ESTIMATES FOR THE ADJOINT CASCADE SYSTEM

The goal of this section is to establish a Carleman estimate for the homogeneous
adjoint system of (1.1))~(1.4)). Thus, let us consider the problem

Ui — (a1(2)Uy)y + b11(¢,2)U + b1 (t,2)V =0, (t,z) € Q, (3.1)
Vi — (a2(2)Vy)s + boa(t,2)V =0, (t,2) € Q, (3.2)
U(t,1) = U(t,0) = V(t,1) = V(£,0) =0, te (0,T), (3.3)
U(0,2) = Up(x), V(0,z2) =Vy(x), z€(0,1). (3.4)

Towards this end, we define the following time and space weight functions. For
z €10,1],

— 1 o Ty -
9(75) T [t(T _ t)]47 wz(x) =G [/xl ai(y) dy - dz]
For z € [A, B:

where
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where

Y R e
Cz(x)_/z ma pz—TzCz(A)'

Here the functions a;, i = 1,2, satisfy (2.1) or (2.2) and the positive constants ¢;,
d;, r; and p; are chosen such that
dy > d{, do > 16d§, P2 > 21n(2),
e2P1 _ oP1 > e2r2 _ 1,

e2rr — 1 4 .,

——— < g < —(e*P2 — ef?), 3.9

do—ds = 3, ¢ ) (3:9)
62p1 -1 CQdQ
dy —dy’ dy —di

dy ::sup/ y— L dy
[0,1] Jz; a;(y)

1, (3.10)

and ¢ > max{

where

Remark 3.1. The interval
[e2p2 —1 4(e?2 — 692))
do —db’ 3ds
is not empty. In fact, from py > 2In2, and dy > 16d5, we have
d; 1 1 1 4d}

2< o
d ~16 7153 34

Cpp 1 4d3

e < § — %
e — 1 4(dy — d3)
e2r2 — P2 < 3ds
ez — 1 4

T (2P2 _ P2
©d2—d§<3d2(e eP?).

From (3.7)-(3.10), we have the following results.
Lemma 3.2. (i) For (t,x) € [0,T] x [0,1],

p1 <2, =01 <P, @ < -0y (3.11)
(ii) For (t,x) € [0,T] x [0,1],
404 (t, ) + 3pa(t, z) > 0. (3.12)

Proof. (i)

(1) o1 < o: since @ > 0 it is sufficient to prove 1 < 9. By the choice
of ¢; we have ¢; > %. Then, max{11(0),¢1(1)} < —cads. Hence,
Y1(z) < Po(w).

(2) —(1)1 S —@2 :
since ¥, is increasing, it is sufficient to prove that min ¥y (x) > max s (x).
Indeed ¥y (0) = €2t — M1 (0) > 202 1 = Wy(1).

(3) i < —®;: since ¢; > e;%;;, it follows that max{;(0),%;(1)} < —,;(1)
and the conclusion follows immediately.
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(i) 4P5(t, z) + 3pa(t,z) > 0: This follows easily by the assumption 3cady <
405 (0). O

We show now an intermediate Carleman-type estimate which could be used to
show the null controllability for parabolic systems with two control forces. As a
first step, consider the adjoint problem

U; — (al(.ﬁ)Ug;)g; + bll(t, J?)U + bgl(t,$>v =0, (t, 33) € Q,
Vi — (a2(2)Vy)e + boo(t, )V =0, (¢, z) € Q,
Ut,1)=U(0) = V(1) =V(t0) =0 te(0,7T),
U(0,2) = Up(z) € D(A?), V(0,2) = Vo(x) € D(A3),

(3.13)

where D(A?) = {u € D(Ai)’Aiu € D(Ai)}, for i = 1,2. Observe that for i = 1,2,
D(A?) is densely defined in D(A;) for the graph norm (see, e.g., [8, Lemma 7.2])
and hence in L?(0,1). As in [21] or [22], letting (U, Vo) vary in (D(A%),D(A%)),
we define the class of functions
W := {(U,V) is a solution of (3.13)}.
Obviously (see, e.g., [8, Theorem 7.5]) W C C*([0,T]; D(A)) C V C U, where
V:=L2(0,T; D(A)) NH'(0,T;H, (0,1) x H,_(0,1)),
U :=C([0,T);H) N L*(0,T;Hy, (0,1) x H2,(0,1)).

To prove the forthcoming theorems we use the following Carleman estimate
proved in [22] Corollary 5.1].

Theorem 3.3. Let w € L*(0,T;H2(0,1)) N H'(0,T;HL(0,1)) solution of
wy — (awy), +cw=H, (t,z)eQ,
w(t,0) =w(t,1)=0, te(0,T),
w(0,2) = wo(z), € (0,1),

where ¢ € L™(Q) and a satisfies Hypothesis or and H € L*(Q). Then,
there exist two positive constants C' and sg, such that, for all s > s,

T o1 )2
/ / (s@awi + 8393Mw2)625“’ dx dt
0Jo a

T (1 T
< C(/ / H?e**? dx dt + sc, / [afe?s% (x — xo)widt]izé).
0Jo 0

Remark 3.4. In this article, we are interested in the case where the control sub-
domain w is such that, it contains a subinterval lying on one side of the degeneracy
points x;, more precisely: ' = (o, ) CCw C (0,1), such that 0 < 21 < 29 < a <
8 <1

Now we are ready to state Carleman estimates related to (3.13)).

Theorem 3.5. Let T > 0 be given. There exist two positive constants C' and sg
such that, every solution (U, V) €W of (3.13)) satisfies

/T/l[SH(t)al(m)Ui(t,x) + 5393(t)MU2(t,x)]er“"l(t’”“') dx dt
00 a1 (x)
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+ / T/ 1[89(t)a2(96)Vf(t,:c) + 3303(15)va,gg)]emz(f?” dz dt
0J0 ag\(T

T
<c / / SOt 7) + V2(E, 2)]e 2200 4y gt
0 Jw’

for all s > sq.

For the proof of the above theorem, we shall use the following classical Carleman
estimate in suitable interval (A4, B) [22].

Proposition 3.6. Let z be the solution of
2t — (azg)y +cz=h, xe€ (A B),te(0,T),
2(t,A) =2(t,B) =0, te(0,7),

where a € CY([A, B]) is a strictly positive function and ¢ € L>. Then there erist
two positive constants r and Sg, such that for any s > sg

T /B T B
// s@ernge*%q)dxdt—k// $393e37¢ 2267 25® d dt
0JA 0/Aa

T B T =B
< 2 —2sP _ Na2(+ No—25D(t,)
< C</0/A hZe dx dt /0 [U(t, )z2(t,-)e L:A dt),

for some positive constant c. Here the functions 0, ® and  are defined, as in
(B-5)-([3-6), with o(t,z) :=rs0(t)e™*®), forr,s > 0.
Proof of Theorem[3.5, Let us suppose that 0 < 21 < 22 < a < 8 < 1 (the proof
is analogous wehn we assume that 0 < o < 8 < 1 < z2 < 1 with obvious
adaptation). Also set A := % and v := %, so that o < A < < 3. Now, we
consider a smooth function 7 : [0,1] — [0, 1] such that

n(@) =1, =z¢€y1]

n(x) =0, z€]l0,A].
Then, define p = nU and § = nV, where (U, V) is the solution of (3.13).

Hence, p and ¢ satisfy the system
ﬁt - (alﬁf)z + bnﬁ = 7621@ - (alan)x - nmalea (ta Z) € Qa
G — (a2Gz)z + b22q = —(a2n:V)z — 202V, (t, 1) € Q,
ﬁ(ta Oé) = ﬁ(tv 1) = qA(tva) = Q(ta 1) = Oa te (O?T)

Applying the classical Carleman estimate stated in Proposition [3.6] with A = «
and B =1, one has

(3.14)

T 01
/ / (596”41]33; + 539363T1C1ﬁ2)€_28©1 dx dt
0 Ja

T r1 T
< c// GPe 25 dxdt+C’//(U2+U§)e’2“I’l da dt,
0 Ja 0Jw

for all s > so with @ = [A,7]. Let us remark that the boundary term in z = 1
is nonpositive, while the one in z = « is 0, so that they can be neglected in the
classical Carleman estimate.

Analogously, one can prove that ¢ satisfies

T r1
/ / (s@eT2C2 qf + 53933202 42)6—25% dx dt
0 Ja
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T
< C/ /(V2 + V2)e 25%2 dg dt.
0Jw

Thus combining the last two inequalities, it follows that

T 01
/ / (596”41]33 + 839363”(1}52)6728@1 dx dt

/ / 396”@ di + 33t9363”<"’(22)6_2“"<D2 dx dt

gé/

Q\

T
—2s® dxdt+C/ /(U2+Uf)e’25¢’1 dz dt
0 Jo

\
S

/ (V2 4+ Ve 2% dg dt.

w
Taking s such that C' < 1s36%¢372¢2, using —®; < —®, and Caccioppoli’s inequality
. we obtain

1
/ (s@e”ﬁﬁi + 530363“(1]32)6725@1 dx dt
«

S—
)ﬂ

T 01
+ / / (896T2<2 in + 839363”42(}2)6_23@2 dx dt
0 Ja

T
<C / / $202[U% + Ve 2%2 dz dt.
0 Jw!

Then, by Lemma one can prove that there exists a positive constant C' such
that for every (¢,z) € [0,T] x [o, 1]

— )2
a;(z)e2s?i(h2) < Ceritio=2s®: (z — @)

25p,(t,x) <C 3riC; 725<I>i' 3.15
(@) e < Ce e ( )

Consequently,
/ T/ 1 (sealpx + 5393ﬂp2) 2501 dt
/ / sGagqm + 3393( - )2 2) 2592 (v dt
<C /O / / s20%[U?% + Ve 252 dx dt.

By the definition of p and ¢, we obtain

// 89a1U2 —|—8303( z1)* U2> 2501 dg: dt

2
+// (89a2V2 + 3393%\/2)@2”2 dx dt (3.16)
2

< c// §20%[U? + V2]e 2% dy dt,

for a positive constant C' and for s large enough.
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On the other hand, by the properties of the weight functions, calculations show
that

5393M623“‘” < Cs*0%e %2 VY(t,z) € (0,T) x (\,7) (3.17)
al — ) ) ) 7’)/ *

for a positive constant C'. In addition, arguing as in the proof of Caccioppoli’s
inequality one can easily show that

T rv T
/ / sO[U2 + V2]e **2dpdt < C / / SO U2 + Ve P2 dxdt,  (3.18)
0

for some constant C' > 0.
By (3.17)) and (3.18]) we can find a positive constant C' such that

/ / 39a1U2 + 5393( ) U2) 2501 gz dt

/ / 39a2V2+3303( 22)" V2) 252 dg dt (3.19)
<C / / s’ 0° (U2 + V2}e—28‘1’2 da dt.

Thus - and (3.19)) imply
/ / (stenU2 L n) ) U?)e2 9 du dt
( — 23)° 2\ 2s
+// seazvﬁ sl 2y )e P2 dg dt (3.20)
0 JA az

T
<C / / $303[U% + Ve %P2 dz dt,

for a positive constant C' and for s large enough.
To complete the proof, it is sufficient to prove a similar inequality on the interval
[0, A]. To this aim, we follow a reflection procedure. Consider the functions

_JUt,z), we]0,1], ) Vi(tz), we(0,1],
Wit,z) = {U(t, ), zel-1,0, Z0¥= {V(t, —2), zel-1,0],

where (U, V') solves (3.13)), and

o fwte), =01

Yi(z) = { f_x z*;) dy —d;], =€[-1,0],
~ - ai(x), VS [0’ 1]a bii(x) 1= bij(m)’ TE [07 1]7
ai(w) = {ai(—x), x € [-1,0], biy(@) = {bij(_w)a z € [-1,0]

Therefore, (W, Z) solves the system
Wy — (@ Wo)e + b1 W = —bo1 Z, z € (=1,1), t € (0,T),
Zy —(42Z2)0 + 022 Z =0, x€(=1,1), t € (0,7T), (3.21)
Wi(t,—-1)=W(t,1)=Z(,—1)=Z(t,1) =0, t € (0,T).
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Now, we consider a smooth function 7 : [—1,1] — [0, 1] such that

(2) = 1, ze[-x1/3,)\,
0, e, -2/ U,

and define the functions p = 7W and ¢ = 77, where (W, Z) is the solution of
(3.21)). Then (p, q) satisfies

Pt — (@1P2)z + buip = —bnq — (@17 W)y — 7e@1 W, € (—1,1), t € (0,7T),
Gt — (&QQx)m + 522@ = _(d27xz)z — TpQ2Zy, T € (_L 1); te (OaT)7

B 2z 2z _

Bt —=7) = p(t.1) = 4t - 57) = 4(,1) =0, te€ (0,7).
Now, define @; := (t)t;(x), where v; is defined as above. Using the analogue of
Theorem for the first component p on (_T7 ) in place of (0,1) and with ¢;
replaced by ¢;, by the equalities p.(t, —m) = p.(t,1) = 0 and the definition of

W, we obtain

// Sealpm +8303( xl) ) 2591 dz dt
21}1/3

<c// b2, 2 e** % dx dt
2x1/3

N T
+c// (W2 + W2)e2ser dxdtJrC// (W2 + W2)e?1 da dt
Tl 0 JA

< C// b2, 2 e** %1 dx dt
2x1/3
2 Ty
+c// (U? + U2)e*s%r dxdtJrO// (U? + U2 du dt.
o JxL 0JA

J

To absorb J, let ¢; > 0 be small enough. Since inf,¢jo 77 0(t) > 0, inf,cpz o ay(zx) >
0 and inf, ez =, (Z:EUI‘))Q > 0, for s large enough, it follows that

T
// (U? + U2)e** dx dt

< 61// 89a1U2—|—8393( r1)* U?)e?s#1 dg dt

<€1// 39a1U2—|—8303( ) U?)e$%t dy dt.

Therefore,

2
// 89a1px +8393( —Z ) 2) 2s5p1 dz dt
2x1/3

go// b2, szldxdt—i—C// (U? + U?)e?% da dt
0J—22,/3
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+e1// 59a1U2+s395( ) U?)e?? dg dt.
Using similar arguments, for the second component g, we obtain
—x
/ / (sBasq® + 303 ——=1 (= 2) G?)e* P2 dx dt
2w1/3
< C/ / (V2 +V2)e?5%2 da dt
T A 2
T—z
+ 62/ / (s0as V2 + 8393(72)V2)628¢2 dx dt,
0Jo az

where €5 > 0 is taken small.
Combining the last two inequalities and using Lemma by Caccioppoli’s in-
equality we obtain

// (s, p> +s393( ml) p2)e%5 P da dt
2$1/3
2
// s@agqm—i—s?’é??’( —Z ) 2) 25p2 dx dt
2z /3
T r1 .
< C// s202(U? 4 V?2)e 2502 dmdt—i—C// b3, 32 dedt  (3.22)
W 2z1/3
T pA 2
+61// (39a1U§+3303MU2)623“’1 dx dt

+62// 89a2V2+s393( ) V2)e25%2 dg dt.

On the other hand, using that ¢1 < @2, we have

T 1 -
// b3, 32> du dt
0 72x1/3

~ T 1 ~
< Hbzlllio//2 /3(@65“"2)2d1¢dt
o,
~1/3

_ 1/4 L \3/4
T // (& w2l T g2eneen) (7| W) o) drar (329
2I1/3

as(x) T — 39|23

2 — ~
< Hb21||oo / / .’E~ $2| q2628¢2 dx dt
4 2¢,/3 Q2 (z)

3 b 2 ~1/ 5
|| 21” // ) 3q 262592 (1 dt.

2z1/3 |£L’ - .’ﬂ2|2/

Now, define w(t, ) := e*?2(t:®)g(t, 2), one has

iy *(2) 5 iy *(2)
G2e*?2 do dt = // —=—— —wdzdt.
//2T1/3 |90—952|2/3 221 /3 |9C—flc2|2/3
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First observe that, since w(—2z1/3) = w(0) = 0, by the classical Poincaré inequal-

ity, one has
2
w” dx dt
//2301/3 ‘x _1.2|2/3

< max // w? dx dt

ze[— 221 0] {|x—$2\2/3} 221 /3

<Cp max { 23}// w dz dt
ze[- 221 0] \$*$2| / 21/3

~1/3
<CCp max {|xz22/3}//2 /Bazw 2 d dt,
1

ze[—22L 0]
where Cp is the Poincaré constant.

Now, to obtain an estimate on (0,1), we distinguish between two cases. First,

if K < 3, we consider the function p(z) = |z — Z5|3. Obviously, there exists

€ (1,3%) such that the function I ffiz)lq is non-increasing on the left of © = x5
and nondecreasing on the right of x = z5. Then, we can apply the Theorem
obtaining

1/3
// |a:—332|2/3w dxdt<;£%)§ a2 // |x—x2|2/3w 2 dxdt
= max a // 22wl dxdt
z€[0,1] |ac—1:2|2

< max a2 CHP// pa(x w dx dt

z€[0,1]

= max a2 C’Hp// |x—z2| dedt

z€[0,1]

< max a2 CHpCl// agw dx dt,
z€[0,1]

4
where C'y p is the Hardy-Poincaré constant and C; = max (aQ?SO)’ (16&233 ) In the
|z—2o|"

previous inequality we have used the property that the map z — - ( ) is non-
increasing on the left of x = x5 and nondecreasing on the right of z = x5 for all
> Ko, see [22, Lemma 2.1].

If Ky > 4/3, we can consider the function po(x) = (az(x)|x — x2|*)'/3. Then

pto) = aalo) () < (o),
where
Oy e 23 a3 (1= 22)% 2/ A 1C)
L max{(@(())) 3 as(1) ) } |z — 2223~ (z—22)%
Moreover, using Hypothesis one has that the function ‘ fjgz)lqv where ¢ =

H?” € (1,2), is non-increasing on the left of z = x5 and nondecreasing on the right
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of © = x9. The Hardy-Poincaré inequality implies

1/3
de dt = wide dt
//mwzﬁ“w ! //1x—x2 g
SCHP// pg(:ﬂ)widmdt
0Jo
T 1
SCHPC1// agwidmdt,
0 Jo

where Cyp and C; are the Hardy-Poincaré constant and the constant introduced
before, respectively. Thus, in every case,

1/3 T ,1
// |x_x2|2/3w2dxdt§0/o/0 asw? da dt, (3.25)

for a positive constant C.

Combining ({3.24) and (3.25| -, we obtain

~1/3
2
—= ——wdzxdt
//211/3 |.T_(L‘2‘2/3
~1/3 1/3
2dedt 2dx dt
//2x1/3 |$_$2|2/3w T —‘r// ‘x—x2|2/3w T

~1/3
<CCp max 2/3 // Gows dxdt—l—C// aow 2 dx dt
ze[- 221 0] |$—9€2| 271 /3

< C// dgwi dz dt
0 —211/3

T r1
< C// aoq2e”* dacdt+0// 202|x 2af* G2e%*?2 dx dt.
0 J—2x,/3 2z,/3 az()

(3.26)
From ((3.23) and (3.26)), it results that
T p1 -
/ / b3,G% > dx dt
2o/ (3.27)

<C// a qz+s292| ol ) 5?2 dy dt,
211/3 ( )

for a positive constant C.
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Taking s large enough, by (3.27), one can estimate in the following way

2
// (s, p> +53937( ) p2)eX 4 d dt
2I1/3
// (s0a2q> +5393( :1:2) G?)e* %2 dx dt
2m1/3
<C / / s20%(U? + V2)e 2% dr dt (3.28)
+el// 39a1U2+s393( 7)* U?)e?%1 d dt

+ 62/ / (s0as V2 + 5393ﬂ\/2)625“’2 dx dt.
0J0 a2

Hence, by (3.28)), the definition of W, Z, p and ¢, we obtain
/ / (s0a, U2 + 3393( 331) U?)e?s#1 da dt

// 59a2V2+s393( ) V) e?s2 dy dt
// 89a1W2—|—3303( ) W2)e2se da dt
// 50a2Z2—|—8393( ) Z%)e*502 dx dt
// 50a1W2+s393( ©)* W?2)e? 1 dy dt
/ / (s0a2 22 + 3393“72)22)628@ dz dt
- as
3 3( —21)? 5 5
// (sBa,p> + 530 p2)e%5 P d dt (3.29)
_ 2 _
// s@dgqi—i—sg@s%q&)ez% dx dt
_Zz1 ag
3
// sealpx +8393( xl) ) 2541 dxdt
211/3
// (s0asq> +5303( $2) G?)e** P dx dt
2$1/3
gc// s202(U? + V2)e 252 dy dt
+61// 39a1U2+3393( ) U?)e$%1 dy dt

+ 62/ / 89&2V2 + 5393( ) V2)e25°2 dg dt.
Adding up (3.20) and -, we finally obtain Theorem a
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To study the null-controllability of the parabolic system (1.1)—(1.4) with one
control force, we need to show the following Carleman estimate.

Theorem 3.7. Let T > 0. Moreover, assume that
bor > >0 onl0,T] x wi, (3.30)

for some wi CC Ww'. Then there exist two positive constants C and sy such that, for
all s > so, the solution (U, V) € W of (3:13) satisfies

/ / 50a1 U2 + 33 (z — )’ UZ) 2801 o dt

+ / / sea2V§+s3e3mv2)e%deﬁ (3.31)
0Jo ag

T
gc// U? dz dt.
0 Jw’

Theorem is a consequence of Theorem applied to w| and of the following
Lemma.

Lemma 3.8. For each € > 0 there is C: > 0 such that

T T
/ / 303V 2e2522(b%) g dt < eJ(v) + C- / / U? dx dt,
0 Jwi 0 Jw’

where € > 0 is small enough, s is large enough and
/ / (s0as V2 + 3393( 22)” V2)e%52 dg dt.

Proof. The choice of the weight functions given in Lemma@wﬂl play a crucial role.
We will adapt the technique used in [2]. Let x € C*°(0,1), such that supp(x) C '
and x = 1 on wj. Multiplying the first equation of system by s303xe= 22y
and integrating over @), we obtain

/83031221)(6725@2(9:)‘/2 dzdt:—/ 8393X672S(I>2(I)UtVd93dt
Q Q
+/ 8393X6_23‘I’2($)(a1Uz)xVdxdt (3.32)
Q
—/ sgﬁgbuxe_%%(r)Udedt.
Q

Integrating by parts and using the second equation in (3.13)), we obtain

/ 203 xe 222V, dx dt

Q

:/ 5393agxe*28%(w)UgEVx dx dt
@ (3.33)

—|—/ 8393a2(xe_23¢2(w))wUVw dx dt
Q

+/ [53931722 + 254939W2(z) — 353029] X€728¢2(E)VU dx dt,
Q
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and

/3393xe_23¢’2(’”)(a1Uw)$Vdxdt: —/ 5393a1X6_23¢’2(”€)VxU1 dx dt
Q Q

+ / $*0%a1(xe @), VU dedt  (3.34)
Q

—|—/ 5203 (a1 (xe25%2®)) ), VU da dt.
Q

So, combining (3.32)-(3.34)), we obtain
/ $303bo1 xe 2@ V2 dudt = I + Ir + I,
Q

where

L =— /Q s30%(ay + ag)xefzs%(x)UxVac dz dt,
I = ‘/623393(@ — ag)(Xe_%%(g”))xUVx dx dt
— /Q (339?’)(’ — 28494\112735(37))() (a1 — ag)e_Qs%(m)UVz dx dt,
I3 = /Q (352020 — 530 (b11 + bao) — 2510305 ()] xe P2 UV du dt

+/ 5303 (a1 (xe 2522 ,), UV dz dt.
Q
For € > 0, we have

|| = / (V/s0a2e°92 V) ((s0)% % (az) ™ (a1 + ag)xe *CP2@ ey ) dg dt
Q

2, .2
< 5/ s0aze®*?2V?2 dz dt + 1 / P05 Mx%*%(wz(:ﬂﬂoz)mﬁ? dx dt .
Q 2¢e Q an

L
The integral L should be estimated by an integral in U2. For this, we multiply
the first equation in by 3595%X26’25(2@2(1)+¢2)U and we integrate by
parts, obtaining
L =1L+ Ly+ L3+ Ly,

where

(a2 1 A2

L = 5/ (304 — 250° (W) + 1hr))i L1 22) 2
Q

% e~ 252®2(2)+02) 72 1 dt,

aipaz

aiaz

2 2
Ly = }/ 5595(a1((a1 + a2)X26—23(2<I>2(x)+g02))$>1U2 da dt,
Q
2 2
Ly = _/ 8595 ((11 + a2)X2b116—25(2®2(:c)+<p2)U2 dr dt7
Q aias

2., 2
Ly — _/ $56° (af + az)X2b21€—2s(2<1>2(x)+¢2)UV du dt.
Q a1a9
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Since |9| < (06? and supp(x) C «’, the functions a;, a%_, X, ¥i, ¥; and their
derivatives are bounded on w’ and also by1, by and bys. We deduce that, for
1€{1,2,3}

T
|Li| < c/ / 5707 25(2%2(@)Fe2) 72 o gt
0 Jw!
For 1 = 4 we have

_ s %(x_xQ)esgoQ s % 2 (a%—'_a%) e
i = [ [0} ey [y L

2
<e? / SBQSMezs‘“ V2dxdt
Q az

—(e 32y dy dt

2 2)2
+ L e ) aentsenyse g gy

4e2 Jq atas(r — 2)?
<é’ / 90022 a2 gy / / Te 2P 4802 72 iy it
Q a9 W’
Hence,
T
IL| < C. / / §T0Te™25(4®24302) 72 g gy
0 Jw’
2
—|—52/ 3393Me2s”’2\/2 dx dt.
Q a2
Furthermore

|I| < C. // 2542 4302) 172 g dt 4 e J (V).

Using the fact that x’ and x are supported in w’ and x5 & W', proceeding as before,
one has

|I| < c/ sY0(} + x)e UV, da dt
Q
<c / (v/50age™#2 V) (50)/2(a2)=3 (o + x)e= P9 U) dar it
Q
T
SE/ sGaQerQS“"Z dxdt—i—C’a// §707Te" 25202t 02) 12 g0 gt
Q 0 Jw’
|I5] < C/ PP (X" + X+ x)e XUV da dt
Q
22V ((s0)F V2 \F (X +X + x)e Pt d dt

Q \/ a2 xr —
2
< 5/ 5393(36_7962)1/2625‘” dx dt + C. / / sT0Te 2522t 02) 172 10 ¢
Q a2

So, thanks to Lemma[3.2] we have
6725(2¢2+¢2) < 6725(4¢2+3<p2) <1,

sup s"O"(t)e 2P H302) <o e R,
(tz)eQ
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Then, for ¢ small enough and s large enough, we have
T
| / 53031 xe 22 V2 dx dt| < C’E/ / U?dxdt + 3¢J(V).
Q 0 Jw’

Finally, by the definition of x and the previous inequality, it follows that

T T
u/ / 303222 dr dt < |/ / 303y e~ 2522V 2 g dt|
0 Jwi !

< |/ $303bo1 xe 25*2 V2 dx dt|

<c// U?dxdt +eJ(V).

This completes the proof. O

4. OBSERVABILITY AND NULL CONTROLLABILITY

In this section we prove, as a consequence of the Carleman estimates established
in the above section, observability inequalities for the adjoint problem (3.1))-(3.4]).

Theorem 4.1. Let T > 0 be given. Then there exists a positive constant Cp such

that every (U, V') solution of (3.1)-(3.4) satisfies
1 T
/ U2(T, ) + V(T, 2)Jdz < Cr / / U2(t, 2) dx dt.

0 0

To prove the above theorem we need the following result.

Lemma 4.2. Let T > 0 be given. Then there exists a positive constant Cp such
that every (U, V) € W solution of (3.13)) satisfies

1 T

/ [UX(T,z) + V*(T, z)]dx < CT// U%(t,z) dx dt.
0 0 Jw!

Proof. Multiplying the first and the second equations in the system (3.13]) respec-

tively by Uy and V;. Integrating over (0,1) the sum of the new equations, we obtain

1 1
0 :/ (U2 4+ V2] dx — [a1 (2)U U] — [ag(x) Vi Vil +/ b1 UU, dx
0 0
1

1
/ boo VVidx + / b1 VU, dr + — d [alUgf + GQVwZ] dx.

2 dt

Using the Young’s inequality we obtain

d 1 1 1
ﬁ/o [a1U§+a2Vg]dxg/0 bflUdeJr/o (b2, + b3,)V?dx,

< C/l[U2(t,z) + V2(t, x)] dz.
0

By [22, Lemma 2.1], the map = — (”a__é’i))z is non-increasing on [0, z;) and non-

decreasing on (x;, 1], then
2

(@—z)? iz _ oo m s (L=)? s
Cow ) =G o )
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Hence
d (! 2 2 ' 01/3( ) 2 aé/g( ) 2

where

= max v s (=2 o @8 viys (1-22)% 178
CO - {(al(o)) ? ( al(l) ) ) (a2<0)) ) ( az(l) ) }

Moreover, by the Hardy-Poincaré inequality, and proceeding as in (3.25]), one has

d 1
a [a1U2 + a2V ]d-fC < Cl / [alUi + a2vx2] dx.
0

Hence

d 1
a{e—clt/ (U2 + ayV?] da} < 0.
0

Consequently, the function t — e~ fol [a1U2 + a3 V2] dx is not increasing. Thus,
1 1
[ a@UA(0) 4 ax@ VAT do < O [ @U200) + ax(o)VE(E )] d
0 0

Moreover, by the fact that

inf she?s?i > 0,
(T.%)x(0,1)

integrating over [T'/4,3T/4], and using the Carleman estimate (3.31)), we obtain

/ [a1(2)U(T, ) + az(z)VA(T, z)] dz

2601T 3T/4
/ / ay () U2(t, ) + ag(x)V2(t, x)] do dt

aT/4 (4.1)
< CT/ / sO]ay (x) U259 + ag(x)V,2e*?2] du dt
< CT/ / U%(t, ) dx dt.
0 Jw’
On the other hand, applying the Hardy-Poincaré inequality one gets
1
/ [U(T,x) + VX(T,z)] dv
ot 3 1/3
< C’/ / U(T,z) + ﬂ‘ﬂ(]ﬂ z)] da (4.2)
(x —x1) 2/3 (x — 29)2/3 ’
<0 [ @V, 2) + ax(@VAT, ) de
0
for a positive constant C.
Combining (4.1]) and (4.2]) the conclusion follows. a

The proof of Theorem [4.1] is now standard using Lemma [£.2] and proceeding as
in [22] Proposition 4.1], but we give it for the reader’s convenience.
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Proof of Proposition [ Let (Up,Vy) € L?(0,1) x L?(0,1) and let (U,V) be the
solution of associated to (Up, Vp). Since D(A?) is densely defined in L2(0, 1),
there exists a sequence (UF, Vi'), C D(A}) x D(A3) which converge to (Ug, Vo)
in L?(0,1) x L?(0,1). Now, consider the solution (U,, V;,) associated to (U, V).
Since the semigroup generated by A is analytic, hence A is closed (e.g., see [19]
Theorem 1.1.4]), thus, by [19] Theorem I1.6.7], we obtain that (U,, V,,), converges
to a certain (U, V) in C([0,T]; H), so that

1 1
lim U(T,x)dx = / U(T, ) da
n——+oo 0 0

1 1
lim VAT, x)dr = / VAT, x)dz

n—-+oo 0

lir+n //U2txdxdt //Uthdxdt

But by Lemma [£:2] we know that

1 T
[+ vzl <or [ [ vt da

0 0 Jor
Thus Theorem [£:1] is now proved. O

By Theorem using a standard technique (e.g., see [24] Section 7.4]), one can
deduce the following controllability result.

Theorem 4.3. If the assumption [3.30 is satisfied, then the cascade degenerate
parabolic system (1.1))—(1.4) with one control force is null controllable.

5. APPENDIX

As in [T}, 2], we give the proof of the Caccioppoli’s inequality for linear cascade
systems with two interior degeneracies.

Lemma 5.1 (Caccioppoli’s inequality). Let " and o' two open subintervals of
(0,1) such that " C w' CC w C (0,1) and x; ¢ W'. Then, there exist two positive
constants C and so such that every solution (U, V) € W of the adjoint problem
(13.13)) satisfies

/ T/ U2(t,2) + V2(t )]e=2% da dt
0 Jwr (5.1)

T
<C / / S202[U%(t, ) + V2(t,))e2%2 da dt,
for all s > sq.

Proof. Define a smooth cut-off function £ € C*°(0, 1) such that supp(§) C w’ and
¢ =1onw”. Since (U,V) solves (3.13]), we have

0:/ / E2e5%2(U? 4 V?) dadt
o dt

:_2// sPoe2e25%2(U? 4 V2) da dt — 2 // €2 2%2q) (2)U? da dt
0

—2// ~25%2) ay (x)UU, dmdt—Q// E2e7 25 %2 by (1) V2 da dt
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T p1 Tl

—2// 526—25‘1”21)11U2dxdt—2// 27252, UV da dt
0 Jo 0J0
T o1 T r1

—2// 272 %2 0y (1) V2 dmdt—Z// (€2e725%2) Lay(2) V'V, da dt.
0.Jo 0J0

Then, integration by parts yields
T p1
/ / 526_25¢2 [alUgE2 + aQVﬂdmdt
/ / sDoe2e 252 (U? + V) da dt — / / ~25%2) (a,UU, + aaVVy)dx dt
// £2e72%2 (b U? 4 boy V?) da dt — // £2e725%2p, UV da dt
——// s<i>2§2e’25¢’2(U2+V2)dxdt+f// ((526*25%)”1) U2da dt
2 0 O T
T p1
// e~ 25%2), ag) V%zxdt—// €2e725%2 (b U? + byo V) da dt
T 0J0
- / / E2e725%2p, UV du dt.
0J0

Since z; € ', supp(§) C W', € = 1 on w” and |f| < ¢h? then, using the Young
inequality, we obtain

T

min {ax (), as(z)} / / =222 1 V2] dy dit
rEW! 0 Jw"

T r1
< / / 2e725%2[q U2 + ap V2| da dt

0J0

T .
< C/ / (14 5267 + 5(0))[U? + VZ]e 2%2 da dt
UJI

T
< C/ / s202[U% 4+ Ve 2% qz dt,

and the proof is complete. ([
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