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EXISTENCE OF SOLUTIONS FOR p-LAPLACIAN-LIKE
DIFFERENTIAL EQUATION WITH MULTI-POINT NONLINEAR
NEUMANN BOUNDARY CONDITIONS AT RESONANCE

LE XUAN TRUONG, LE CONG NHAN

ABSTRACT. This work concerns the multi-point nonlinear Neumann boundary-
value problem involving a p-Laplacian-like operator

(") = f(t,u, '), te€(0,1),
W) = (), S (1) =3 @i (&),
i=1
where ¢ : R — R is an odd increasing homeomorphism with ¢(+oo0) = +oo

such that N
s
0 < a(A) :=limsup ¢ +s)
s—+4o0 (Z)(s)
By using an extension of Mawhin’s continuation theorem, we establish suffi-
cient conditions for the existence of at least one solution.

< oo, for A>D0.

1. INTRODUCTION

In this article, by using an extension of Mawhin’s continuation theorem, we
obtain a solution for the p-Laplacian-like differential equation

(@) = f(t,u, '), te(0,1), (1.1)

associated with the multi-point nonlinear Neumann type boundary conditions
u(0) =u'(n), d(W(1) = aid(u'(&)), (1.2)
i=1

where n € (0,1), a; € R and &;, i = 1,2,...,m, are given numbers satisfying
0< & <& <+ <&y <1; ¢is an odd increasing homeomorphism from R onto
R and function f : [0,1] x R x R — R is Carathéodory.

We notice that problem — is always at resonance in the sense that the
associated boundary-value problem

(¢(u) =0, te(0,1),
W(0)='(n), ou'(1))= Zaﬂ(’u/(&)%
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has the nontrivial solution u(t) = ¢; and u(t) = ¢1 + cat, ¢1,c2 € R (arbitrary
constants) provided that Y.."; o; # 1 and ) ;" | a; = 1, corresponding.

The study of multi-point boundary-value problems in the case ¢ = Id was ini-
tiated by I’in and Moiseev in [IT), 2] and has been studied extensively by many
authors with different boundary conditions for both cases non-resonance and reso-
nance [2} [3, O] 10], [13] - [18].

Recently multi-point boundary-value problem involving p-Laplacian operator or
p-Laplacian-like operator (¢(u'))’ have been studied for both cases linear and non-
linear boundary conditions, see for example [5l [6, [7].

In [0, [7], by using topology degree arguments, Garcia-Huidobro, Gupta and
Manasevich have studied the p-Laplacian-like differential equations in (a,b)
with nonlinear boundary conditions

w(0) =0, 0(u'(1) = ) aib(u'(&))
i=1
where 0 be two odd increasing homeomorphisms from R onto R. In these setting,
the set of nontrivial solutions of the associated homeogeneous problem is isomorphic
to R.

Ge and Ren [§] gave an extension of Mawhin’s continuation theorem in order
to solve the abstract equation Mz = Nz when M is a noninvertible nonlinear
operator. And then they used this result to study the existence of solutions for the
boundary-value problem involving p-Laplacian operator at resonance of the form

() + f(t,u) =0, te(0,1),
u(0) = 0 = G(u(n), u(1)),

where ¢,(s) = |s[P72s, p > 1 and 5 € (0,1) is constant. By topology approach,
the boundary-value problems with one dimension p-Laplacian or p-Laplacian like
operator are usually reduced to fixed point problem. To avoid this reduction, the
approach of Ge and Ren seems to be very useful. However, in [§], the definition
of quasi-linear and M-compact operators in [8] have a little complicated and do
not generalize the notations of Fredholm operator of index zero and L-compact
operator [4, [17].

Motivated by these works, in this paper, we modify the Ge and Ren’s result
with some minor changes (e.g. Definition and Definition and then apply
them to handle the problem —. In our best of knowledge, most of the
previous papers are only considered the cases dimker M = 0 or dimker M = 1.
Complemented with these, in our setting, we deal with both cases dimker M = 1
and dimker M = 2 in which the most interesting occurs in the case dimker M = 2
due to some technical difficulties like constructing the projector (). In that case,
we have to use some more delicate arguments (e.g. Lemma .

This article is organized as follows. In section [2] we first modify an extension
of Mawhin’s continuation Theorem which was introduced by Ge and Ren [8] and
then present an abstract equation of the boundary-value problem — in
which we can apply this Theorem. In section [3] we apply the modified Theorem
to obtain several existence theorems for the boundary-value problem —
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and eventually illustrate some of our results by a simple example containing the
p-Laplacian operator.

2. PRELIMINARY RESULTS

We begin this section with slight modifications of an extension of Mawhin’s
continuation theorem which was given in [g].

2.1. An extension of Mawhin’s continuation theorem. Let X and Z be two
real Banach spaces with norms || - [|x and || - || z, respectively. We now introduce
some definitions.

Definition 2.1. An operator M : X Ndom M — Z is said to be quasi-linear if

(i) ker M := {x € X Ndom M : Mz = 0} is linearly homeomorphic to R",
n < oo, where dom M denotes the domain of the operator M;

(ii) there exists a subspace Z of Z possessing finite codimension such that
Im M is a closed subset of Z5 and

dim ker M = codim Z5.

It follows from (i) and (ii) that there exist the continuous projectors P : X — X
Q : Z — Z such that

ImP=kerM and ker@ = Zs.

And hence we have the decompositions X =ker M @ ker P and Z =Im Q & Zs.
We now let 2 be an open bounded subset of X and let N : X — Z. Then for
each X € [0, 1], we put
Sy={r€Q: Mz =Nz}

Definition 2.2. The operator N is said to be M-compact in Q if there exists
R : Q x[0,1] — ker P being completely continuous such that

(a) the map QN : Q — Z is continuous and QN () is bounded in Z,
(b) R(-,0) is the zero operator and R(-,\)|s, = (I — P)|s,,
(c) M[P+ R(-\)] = M(I - Q)N.

Let J : Im@Q — ker M be an isomorphism. We define Sy : Q@Ndom M — X,
A €0,1] by
Sx =P+ JQN + R(-, \).
Then S), is a completely continuous mapping.

Remark 2.3. In the Definition [2.1] if M is a linear operator, then M is a Fredholm
operator of index zero by taking Z5 = Im L. On the other hand, we notice that the
assumption on continuity of the operator M (in [§]) is unnecessary.

Moreover, the continuity assumption on Ny in [§] is not enough to ensure that
S is a completely continuous operator. To overcome this situation, we need the

assumption (a) in Definition

Lemma 2.4. Let X and Z be Banach spaces, 2 C X an nonempty open and
bounded set, M be a quasi-linear operator and N be a M-compact operator in .
Then the abstract equation Mx = ANx is equivalent to the fized point equation
z = Sz, for A € (0,1] and z € Q.
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Theorem 2.5. Let X and Z be two Banach spaces with the norms || - |x and
I - llz, respectively, and Q@ C X an nonempty open and bounded set. Suppose that
M : X NndomM — Z is a quasi-linear operator and N : Q — Z is M-compact. In
addition, if the following conditions hold:

(1) Mx # ANz for every (x,\) € (02 Ndom M) x (0,1);
(2) deg(JQN;QNker M,0) # 0, where J : Im@Q — ker M is an isomorphism,

and Q) : Z — Z is a projector given as above.

Then the equation Mz = Nz has at least one solution in dom M N Q.

The proof of Lemma [2.4]and Theorem [2.5|are similar to the proof of Ge and Ren
[8] with some minor changes. However, for the sake of completeness, we present
the proofs here.

Proof of Lemma[2-4 Let x € Q and X € (0, 1] such that Mz = ANz, then we have
Nz e Im M C Zy = ker @, that is, QNx = 0. And therefore, we obtain

JQNz =0, (2.1)

where J : Im Q) — ker M is an isomorphism.
On the other hand, since N is M-compact in €2, we deduce from (b) of Definition
2.2] that

R(z,\) = (I — P)x. (2.2)
It follows from and that
x = Pz + R(x,\) = Px + R(z,\) + JQNz.
And hence, z is a fixed point of Sy in Q; that is,
=258z, zcQXec(0,1]
Conversely, we assume that 2 € Q satisfies
x =Sz, Ae(0,1]. (2.3)

Since N is M-compact on , we have PR(z,\) = 0. And therefore, we deduce
from (2.3)) and the Definition of operator Sy that

Px = PS\z = Pz + P(JQNz),
which implies JQNz = 0 and QNz = 0. Hence, from , we obtain
x = Pz + R(x,\).
From (c) of Definition we obtain
Mz = M[Px + R(x, \)]

=AI—-Q)Nz
= ANz — AQNzx
= ANzx.

The proof is complete. O
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Proof of Theorem[2.5. By Lemma [2.4] the equation Mz = ANz is equivalent to
the fixed point equation

r = Sy,

for all z € Q, A € (0,1]. Furthermore, it is obviously that Sy is a completely
continuous mapping for (z,\) € Q x [0, 1] due to the M-compactness of N in Q.

To apply the Leray-Schauder degree, we need to prove that Sy does not possess
any fixed point on 9. In fact, by Lemma and condition (1) of Theorem [2.5
we obtain

x# S\e, A€ (0,1),x € 00.

Furthermore, without loss of generality, we can assume that x # Syx for = € 9.
Since if it is not valid, there exists xg € 0f2 such that zg = Syxo. By Lemma
we obtain Mxzo = Nzg for 2o € 9Q C Q. So the Theorem is verified for this
case.

For A = 0, assumption (2) of Theorem implies z # Spzx for x € 0. In fact,
if there exists z € 9N satisfying x = Spx, then © = Pz + JQNx € ker M. So we
obtain Px = Pz + P(JQNz) which implies JQN = 0 for € 9Q Nker M. This
contradicts to the condition (2) of Theorem Thus, we gain

x # S, ANe0,1],z € I0.
By the invariant property of homotopy and condition (2), one has
deg(I — S1,Q2Ndom M, 0) = deg(I — Sp, 2 N dom M, 0)
=deg(I — P — JQN,Q2Ndom M,0)
=deg(I — P — JQN,QNker M,0)
= deg(—JQN, Q2 Nker M,0) # 0.

Hence, S has a fixed point zg € 2, that is, Mxzg = Nxg. This completes the proof
of Theorem 2.5 0

2.2. Abstract equation of the boundary-value problem (|1.1)-(1.2]). To apply
the Theorem [2.5] we shall rewrite the boundary-value problem (L.1})-(1.2]) as an
abstract operator equation in the form of

Mu = Nu,

where M is a quasi-linear operator and N is a M-compact operator.
Let us introduce the spaces X = C'[0, 1] with the norm

llufl = max{lulloc, l4'[loc }
and Z = L'0,1] with its usual norm |julj; = fol |u(s)|ds. Let By : Z — R and
By : Z — R defined by
n 1 m &i
Bi(z) z/ z(s)ds, and Ba(2) :/ z(s)ds — Zai/ z(s)ds. (2.4)
0 0 P 0

Then it is not difficult to show that B; and By are linearly continuous operators.
We now consider two cases:
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Case 1: Y ", a; = a # 1. We define the operator M; : X NdomM; — Z by
Miu := (¢(u'))’, where

dom M; = {u € X :¢9(u') € AC[0,1], ' (0) = u'(n), ¢(u'(1)) = Zaiqb(u’(gi)),
i—1

Zai =a# 1}.
i=1
Then it is not difficult to see that
ker M1 ={u € X :u(t) = c1,t € [0,1],¢1 € R},
and
ImM; ={z€ Z:Bi(z) =0}. (2.5)

Indeed, let z € Im M7, then there exists © € dom M; such that Myju = z. It follows
that
t

o(u (£)) = S (0)) + / 2(s)ds, t € [0,1].

0
Since u € dom M;, we have v/(0) = u'(n), ¢(uv' (1)) = it a;p(uw/(&)), and
> o = a # 1. And therefore, we obtain

n
Biz = / z(s)ds = 0. (2.6)
0
Conversely, if z € Z satisfies (2.6]), then it is not difficult to see that z = Mju,
where u € dom M; defined by
t s
u(t) = aJr/ {d)*l(gb(b) +/ z(1)dr)]ds,
0 0

with a € R, b satisfying (o — 1)¢p(b) = Ba(z). This shows that z € Im M;. Thus,
(2.5) is valid.

Case 2: )" a; = 1. We define the operator My : X Ndom My — Z by Mou :=
(¢p(u"))’, where

dom My = {u € X : (i) € AC[0, 1], v/ (0) = (), Pp(u/ (1)) = Zam(U’(Ei)L

Zai = 1}

i=1
By using similar argument, it is not difficult to show that

ker My = {u € X : u(t) =1 + cat,t € [0,1],¢1,c2 € R},
and
ImM; ={z € Z:Bi(z) =0 and Bz(z) = 0}. (2.7)
Next, we have the following useful lemmas.
Lemma 2.6. Let o; € R satisfy Z:’;l a; =a#1 and u € dom My. Then we have
o([v'lloo) < ClIMrulls,

where C =1+ ﬁ(l + 37 asl).
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Proof. Let u € dom M;. Then we have

i
b (&) = 6/ (0) + [ Myu(s)ds, i=1,2,....m,

(/' (1)) = ¢(u/(0)) + / Myu(s)ds.

Because u holds the condition ¢(u/(1)) = Y27, (' (&) with a; € R satisfying
S a; =a # 1, we obtain

(o = 1)p(u'(0)) = Ba(Myu).
It follows from the definition of the operator Bs that

B O] < (1D loul) M1

la —1] :
=1

On the other hand, from the identity

o (1)) = d(u (0)) + / Mu(s)ds,

we obtain

16 ()] < [ (0))] + / |Myu(s)|ds

1 m
SR a1
=1

forallt € [0,1]. Since ¢ is an odd increasing homeomorphism, we obtain ¢(||u']|«) <
C||Myully, where C =1+ 25 (1+ 377, o). 0

Lemma 2.7. Let o; € R, i=1,...,m satisfy Y .-, a; = 1. Then the set

S={neN: U(l - i%’ﬁ?“) - 77n+1<1 - i%&) =0},
1=1 =1

is finite.

Proof. Suppose that S is an infinite set. Then there exists a sequence {n;} such
that n; < n;4 and

m m
77(1 - Zai§?j+1) — ittt (1 — Z Oéifi) =0.
i=1 i=1

Let n; — +oo with noting that n € (0,1), & € (0,1), for all ¢ € {1,2,...,m} and
Yot a; = 1, we obtain a contradiction 7 = 0. This completes the proof. ]

In the case Y ;- a; = 1, by setting ¢1(t) = 1 and @o(t) = t*, t € [0,1], with
k > max{n : n € S}, then straightforward calculation gives us

Bi(pr) =n, Ba(p1) =1- ai&,
i=1
1

1 m
Bi(p2) = =g Balea) = 1 (1= D™,
i=1
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It follows from Lemma 2.7 that
K = Bi(p1)B2(p2) — Bi(p2)Ba(p1) # 0.
Next, we define the operators Q3 : Z — R and Q3 : Z — R as follows
Q3(2) = K [Ba(2)Bi(2) — Bi(02)Ba(2))], (2.8)
Q3(2) = K [Bi(p1)Ba(2) — Ba(1)Ba(2)]. (2.9)

Then Q3 and Q% are continuous mappings by the continuity of the operators B,
By. Furthermore, from the linearity of the operators B; and Bs, it is not difficult

to see that
Q3(Q5(2)¢1) = Q3(2),  Q3(Q5(2)p2) =0,
Q3(Q3(2)p1) =0,  Q3(Q3(2)p2) = Q5(2).

Lemma 2.8. The mappings M; : X NdomM; — Z, j = 1,2 are quasi-linear
operators.

(2.10)

Proof. 1t is clear that ker Mj; is linearly homeomorphic to R7, j =1,2 and Im M ;i C
Z. Furthermore, since By and B, are linearly continuous operators, we gain Im M},
j =1,2 are closed subspaces of Z. We consider two following cases

Case 1: o; € R, i =1,2,...,m with >/ a; = a # 1. We now define the
operators P, : X — X and Q1 : Z — Z as follows

Pu(t) = u(0), Qix(t) = % /O " (s)ds.

Then, it is not difficult to show that P; and )1 are linearly continuous projectors
and

ImP, =kerM; and ker@, =1ImM,.

Therefore, we have X = ker M7 @ker P; and Z = Im Q1 ®Im M;. Furthermore, it is
obviously that dimker M; = dimIm @y = 1. Hence, there exists a closed subspace
Im M, of Z and dim ker M; = codim Im M7 = 1. Thus M, is a quasi-linear operator.

Case 2: o; € R, i =1,2,...,m with Z?ll a; = 1. We define the operators
P,: X — X and Q2 : Z — Z as follows

Pou(t) = u(0) +u'(0)t,  Qaz(t) = Qa(2)p1(t) + Q3(2)pa(t),
where Q3(z) and Q%(z) are defined by and (2.9). Then it is clear that P; is
a linearly continuous projector satisfying Im P, = ker My. Furthermore, it follows
form that @2 is also a linearly continuous projector and ker Q2 = Im M.
Hence, we have X = ker My @ ker P> and Z = Im Q2 & Im M> and we also have
dimker My = dimIm Qs = 2. As a result, we can find a closed subspace Im M
of Z satisfying dimker My = codimIm Ms = 2. Thus, M> is also a quasi-linear
operator. U

In the sequel, we assume that f : [0, 1] xR? — R satisfies Carathéodory condition;
that is,
(a) f(-,u,v) is measurable for (u,v) € R?,
(b) f(t,,-) is continuous on R? for almost every where ¢ € [0, 1],
(c) For each compact set K C R? the function mg(t) = sup{|f(¢, u,v)| :
(u,v) € K} defined on [0, 1] satisfies myx € L[0,1].
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With each function f : [0,1] x R? — R satisfying conditions above, we associate
its Nemytskii operator N : X — Z defined by

N(u)(t) = f(t,u(t),u'(t)).
Then problem (|1.1)-(1.2]) can be written as the operator equation
Mj;u = Nu,

where j = 1,2 provided that ", a; # 1 and ) .-, a; = 1, respectively.

By using the assumption on f and dominated convergence theorem, it is not
difficult to see that N is continuous mapping and takes bounded sets into bounded
sets.

Next, we define the operator Ry : X x [0,1] — ker P, as follows

R ) = [ o e+ [TAN@E) - Qo Nu)r)ar]as

where c¢ is a constant depending on (u, \) and satisfying
(o —1)e=AB2oN(u) — AB2 01 0 N(u).
And define the operator Ry : X x [0, 1] — ker P, as follows

ratw) = [ o[ [ 2 - 50 o Nl (r))dr + d(u/(0)]
i=1

—/(0)t.

Then, it is not difficult to show that Ri(u,\) € C[0,1], Ro(u,\) € C*[0,1] and
Ri(u,A\)(0) = 0 and Ra(u,A\)(0) = Ra(u,A\)’(0) = 0 hold by using ¢~ 1(0) = 0.
Hence R; and Rs are well defined. Furthermore, by the continuity of operators
composing Ry, Ro, we deduce that R; and R, are continuous.

Lemma 2.9. R; : X x[0,1] — ker P;, j = 1,2 are completely continuous operators.

Proof. We first prove that R; is completely continuous operator. By the arguments
above, it suffices to prove that R; takes bounded sets into relatively compact sets.
Let © C X be a nonempty and bounded set. Then there exists a positive constant
r such that ||u|| < 7. From the hypotheses of the function f we deduce that there
exists a positive function m, € Z such that, for all u € Q,

V()] = [ u(t) o (1) < me (), ¥ € [0,1]. (2.11)
Let .
g0 = e+ [ NN@(s) - @i o Nw(s)lds, 1€ 0,1
where c is a constant deper?ding on (u,A) and satisfying
(o —1)e=AB2o N(u) — AB2 0 Q1 o N(u).
It follows from and the definition of the operator B, that

1 1 =
g < (14 )1+ =g+ > il =G, (212)

for all ¢ € [0,1],u € Q. Hence, we can find a positive constant C; such that

|Ri(u,\)(t)| < C1, and |Ri(u,)\)'(t)| <C1, Vtel0,1], ueQ.
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Thus, R;(Q x [0,1]) is bounded in X. On the other hand, for any ¢,,t, € [0, 1],
ty <tg, u € Q, X €[0,1], we infer from (2.12)), the increasing property of ¢—!, and
the definition of the operator R; that

ta
[Ra(w V(t) ~ R ()] < [ 16716 lds,
t1
which implies {R;(u, ) : u € Q} are equicontinuous on [0, 1]. Further, we also have
[Ra(u, N)'(t1) = Ri(u, A)'(t2)] < |67 0 g(u)(t1) — ¢ 0 glu)(t2)].

For t1,t3 € [0,1], t; < t2, u € Q, we have
ta

l9(u)(t1) = g(u)(t2)| = | [ AlNf(u)(s) = Qo Ny(u)(s)]ds|

ty
< / (Ime(®)] + Lo ) ds.
t1 n

It follows from m,. € L'[0,1] that {g(u) : u € Q} are equicontinuous on [0, 1]. Since
¢! is uniformly continuous on [-G,G], we obtain that {R;(u,\)’ : u € Q} are
equicontinuous on [0,1]. Thus, R; is a completely continuous operator by Arzela-
Ascoli’s theorem. By similar arguments, we can be able to prove that Ry is a
completely continuous operator. O

Lemma 2.10. Let Q be a nonempty, open and bounded subset of X. Then N is
M;-compact in Q, j =1,2.

Proof. Since N is a continuous operator and takes the bounded sets into bounded
sets, so do @Q;N, ¢ = 1,2. By Lemma the operators R; : Q x [0,1] — ker P},
j = 1,2 are completely continuous. It follows from the definitions of R; that
Rj(u,0) =0 forallu € X, j=1,2. Let u € 35 := {u € Q: Mju = ANu}. Then
we have v € dom My, ANu € ImM; = ker @1 and (¢(v')) = AN(u). It follows
that

R0 = [ o7 e+ [ ottyaras

0
- / 6~ e+ olu'(s)) — S (0))]ds.

On the other hand, since u € dom M;, we have ¢(u/(1)) = >, a;p(v/(&;)) and
therefore ¢ satisfies

(a —1)e = A\By o N(u)
! ! ! G gi ! !
- / CCEITEED / (6 (' (5))]'ds
— (a— )6/ (0)).
Therefore, we obtain that
Ra(w V(O = [ 67+ 0u'(s) - o(u (0))ds
0
=u(t

) — u(0)
= (I - Py)u(t).
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Further, for u € X, we have
Mi[Pru+ Ry(u, M)|(t) = AN (u)(t) — AQ1 o N(u)(t) = A — Q1) Nu(t).

Thus, by Definition N is M;-compact in Q. Similarly, let u € Z ={ueQ
Msu = ANu}. Then we have ANu € Im My = ker Q2 and (¢(u')) = AN (u).
follows that

Ry(u, A)(t) = /O ¢_1[/Os(¢(U'(T)))'dT +¢(u/(0))]ds — v/ (0)¢
= u(t) —u(0) — v/ (0)t
= (I — P)u(t).
And, for u € X, we have

2
Ms[Pou+ Ra(u, A)](t) = AN (u)(t) — A Z Q%o N(uw)ps(t) = MI — Q2)Nu(t).
Thus, N is also My-compact in . This completes the proof. (|

3. EXISTENCEOF SOLUTIONS

In this section we use Theorem [2.5]to prove the existence of solutions for problem

(L.1)-(1.2) in both cases Y ;" a; =a #1and Y ;- a; = 1.
We first prove the existence of solutions in the case Y ;- a; = « # 1. For this
purpose, we assume that the following conditions hold:

(A1) there exists a positive constant A such that for each u € C[0,1] with
mingepo,17 |u(t)| > A, we have

/fsu /())ds # 0

(A2) there exist non-negative functions a, b, c € Z satisfying ||al|1a(A) + ||b]lx <
&, with C'is constant defined by Lemma [2.6|such that

£ (t,u,0) < a(t)(|ul) + b(E)([v]) + (t),

for a.e. t € [0,1] and for all u,v € R;
(A3) there exists a constant p; > 0 such that for all ¢; € R with |¢1| > p1, then
either

c1 /77 f(s,c1,0)ds < 0, (3.1)
0

or )
01/ f(s,¢1,0)ds > 0. (3.2)
0
Then we have the following lemmas.

Lemma 3.1. Let QO = {u € dom M; : Myu = ANu,A € (0,1)}. Then Q} is
bounded in X.

Proof. Let u € Qf. Then there exists A € (0, 1) such that AQ1 Nu = 0. This implies
Q1 Nu(t) =0 for all ¢t € [0, 1], that is,

/ f(s,u(s),u(s))ds = 0.
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It follows from the assumption (A1) that there exists ¢ty € [0, 1] such that
lu(to)| < A.
On the other hand, since u(t) = u(to) + ftto u/(s)ds, we obtain
lu(t)] < A+ ||u'||oo, VE € [0,1]. (3.3)
It follows from , the increasing property of ¢, the assumption (A1) and Lemma
2.6l that
¢(v'llo) < ClIMiully < C[Nullx
< Cllallié(llulloo) + lollié(ll o) + liella] (3.4)
< Cllalli (A + [[v'lloo) + IBl1d (1 lo) + llella]-

Furthermore, because [|al|1a(A) +b]l1 < &, we deduce from (3.4)) that there exists
a positive constant K7 such that

[u'floe < K. (3.5)
Hence, it follows from (3.3]) and (3.5)) that Q1 is bounded in X. This completes the
proof. ([l

Lemma 3.2. The set QL = {u € ker My : Nu € Im M;} is a bounded subset in X .

Proof. Let u € Q3. Since u € ker My, we can assume that u(t) = ¢, where ¢; € R.
Further it is clear that Q1 Nu = 0 because of Nu € Im M7 = ker ;. By the same
arguments as in the proof of Lemma [3.1} we can find a positive constant k; such
that ||u]] < k1. Thus, Qs is bounded in X. O

Lemma 3.3. Assume that Q3 = {u € ker My : —Au+ (1 — X\)J1Q1Nu =0, €
[0,1]} and

Qs+ = {u€ker My : du+ (1 —\)J1Q1Nu =0, € [0,1]},

where J1 : Im Q1 — ker My is the linear isomorphism defined by Jl_l(cl) = ¢y,
c1 €R. Then QL and Qi are bounded subsets in X provided that (3.1) and (3.2),
respectively.

Proof. First we assume that (3.1) holds. Let u € Q3. Then, since u € ker M,
there exists ¢; € R such that u(t) = ¢1, for all ¢ € [0,1]. Further, we have

A (er) = (1= NQuN(er), ¥t € [0,1],
which is equivalent to

Aep = (1 — )\)% /077 f(s,c1,0)ds.

If A = 1then ¢; = 0. And therefore, 23 is bounded. On the other hand, if A € [0,1)
and |c1| > p1 then, by assumption (3.1]), we obtain a contradiction

U
0<nAe? =(1— )\)cl/ f(s,c1,0)ds < 0.
0

Therefore, [Jul = |e1] < p1. Thus, Q1 is bounded in X. If (3.2) holds then by
using the same arguments as above we are able to prove that Qé+ is also bounded
in X. ]
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Theorem 3.4. We assume that the assumptions (A1)-(A3) hold and «; € R,

i=1,2,...,m with >.;" oy = a # 1. Then problem (L.I)-(L.2) has at least one
solution in X.

Proof. We shall prove that all conditions of the Theorem are satisfied, where !
is an open and bounded such that U3_;Q} c Q. Then we have M is a quasi-linear
operator by Lemma and N is M;-compact on Q! by Lemma It is clear
that the condition (1) of Theorem [2.5|hold by using Lemma And therefore, it
remains to verify that the second condition of Theorem [2.5]holds. For this purpose,
we apply the degree property of invariance under a homotopy. Let us define
Hi(u,A) = u+ (1= X)J1Q1Nu.
By Lemma [3.2] and Lemma[3.3] we obtain that H; is a homotopy and Hy(u, ) # 0
for all (u, \) € (ker M7 N 9QY) x [0,1]. So
deg(J1Q1N; Q' Nker My,0) = deg(H;(-,0); Q' Nker My, 0)
= deg(H,(-,1); Q' Nker M, 0)
= deg(+1d; Q' Nker My,0) = £1 # 0.

Thus, Theorem [3.4] is proved. O
Next, we establish the existence result for (1.I)-(1.2)) in the case > ", a; = 1,
with a; € R, ¢ =1,2,...,m. To gain this, we assume the following conditions:

there exist a positive constant B such that for each u € , 1] satistying

A4) th i iti B h that f h cto,1 isfyi
lu(t)| + v/ (t)] > B, for all t € [0,1], we have Q2N u(t) # 0;

(A5) there exist positive functions a,b,c € Z with |lalia(B) + ||b]]1 < 1 such
that

|£(t,u,0) < a(t)(|ul) + b(E)([v]) + (t),
for a.e. t € [0,1] and for all u,v € R.
(A6) there exists a positive constant py such that if ¢1,co € R with Z?:l lei| >

p2, then there exists ¢ € {1,2} such that either

ciQ5N(cy + eat) <0 (3.6)
or .

CiQ%N(Cl + Czt) > 0. (37)

Then we have the following lemmas.

Lemma 3.5. Let O} = {u € dom My : Mou = ANu,\ € (0,1)}. Then Q3 is
bounded in X.

Proof. Let u € Q3. Then there exists A € (0,1) such that AQ2 Nu = 0. This implies
Q2Nu(t) =0 for all ¢t € [0,1]. By using the assumption (A4), there exist to € [0, 1]
such that

u(to)| + |u'(to)] < B.
Then, from ¢ begin increasing homeomorphism and the identity

B/ (1)) = Blu! (1)) + / Moyu(s)ds,

we infer that
o([u'(t)]) < ¢(B) + [|[Maul|y < ¢(B) + |[Nul1, Vte[0,1]. (3-8)
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On the other hand, since u(t) = u(to) + f; u'(s)ds, we obtain
[u(t)| < B+ ||t ||oo, Vt€[0,1]. (3.9
Combining , and the assumption (A5), it follows that
o(lu'(®)]) < o(B) + llall1é(lullse) + bl d(l[2 o) + llell2
< llallié(B + [[u'llse) + Bl ([lu'[lo0) + llelly + ¢(B), Vit € [0,1].
This implies
P[0 loo) < llallid(B + [[tlloc) + Bl ([l loo) + llcllr + &(B). (3.10)

Because ||a|1a(B) + [|b]|1 < 1, we deduce from (3.10) that there exists a positive
constant K5 such that

[t/]loc < Ko (3.11)
Thus, it follows from (3.9) and (3.11)) that Q? is bounded in X. O

Lemma 3.6. The set Q3 = {u € ker My : Nu € Im Ms} is a bounded subset in X .

Proof. Let u € Q3. Since u € ker My we can assume that u(t) = ¢; + cat, where
c1, ¢ € R. Further it is clear that Q2 Nu = 0 because of Nu € Im M. By the same
arguments as in the proof of Lemma [3.5] we can find a positive constant ko such
that ||ul| < k. Thus, 22 is bounded in X. O

Lemma 3.7. Assume that Q% = {u € ker My : —Au+ (1 — X\)J2Q2Nu =0, €
[0,1]} and
Q2. = {u€ker My: du+ (1 —)\)J2QaNu =0, € [0,1]},
where Jo : Im Q2 — ker My is the linear isomorphism which is defined by
TN er + eot) = c1o1(t) + capa(t), 1,0 €R,

where (p1(t), p2(t)) = (1,tF), with k defined in the previous arguments. Then
Qg, and Qé are bounded subsets in X provided that ¢;Q;N(c1 + cat) are negative
for some i € {1,2} and that ¢;Q;N(c1 + cot) are positive for some i € {1,2},
respectively.

Proof. First we assume that (3.6) holds. Let v € Q3_. Then, since u € ker Mo,
there exists ¢1, o € R such that u(t) = ¢1 + cof, for all ¢ € [0, 1]. Further, we have

)\J71(01 + Cgt) = (1 — )\)QQN(Cl + Cgt), YVt € [0, 1],

which is equivalent to

2 2
)\Zci%‘(t) =(1-=2) Z Q5N (c1 + cat)ps(t), V€ [0,1].

i=1

Hence, from the independence of system of vectors {1, p2} in Z, we deduce that
Ae; = (1 — )\)QiN(Cl + Cgt), Vi € {1,2}.

If A\ =1, then ¢; = 0 for all i € {1,2}. And therefore Q2_ is bounded. On the other

hand, if A € [0,1) and Zle |ci] > p2 then, by the assumption (3.6]), we obtain a

contradiction

0< A2 =(1-NeQiN(cr+cot) <0, Vie{l,2}.
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Therefore, we have [[u| = max{||u||sc, [|[/[|sc} < p2. Thus, Q3_ is bounded in X.
If (Ag) — (3.7) holds then by using the same arguments as above we can be able to
prove that Q?,)Jr is also bounded in X. O

Theorem 3.8. We assume that the assumptions (A4)—(A6) hold and a; € R,
i=1,2,....,m with >~ o; = 1. Then (L.I)-(L.2) has at least one solution in X.

Proof. We shall verify all conditions of the Theorem are satisfied, where 02 is
an open and bounded such that U?_;Q? C Q2. Then we have M, is a quasi-linear
operator by Lemma and N is Ms-compact on Q2 by Lemma It is clear
that condition (1) of Theorem holds by using Lemma And therefore, it
remains to verify that the second condition of Theorem holds. To gain this, we
apply the degree property of invariance under a homotopy. Let us define

Hg(u, )\) = t+)\u+ (1 — /\)JQQQNU

By Lemma and Lemma we obtain that Hs is a homotopy and Ha(u, A) # 0
for all (u,\) € (ker My N 9Q?) x [0,1]. So

deg(J2QaN; Q2 Nker My, 0) = deg(Ho(-,0); 2% N ker My, 0)
= deg(Ha(-,1); Q% Nker My, 0)
= deg(£Id; Q* Nker M,,0) = 1 # 0.
Thus, Theorem [3.8]is proved. O

We now give an example to illustrate our results.

Example. Consider the one dimension p-Laplacian differential equation

(I @) 2u'(1)" = ftu(t),w'(t), e (0,1), (3.12)
subjected to the multi-point nonlinear Neumann type boundary condition
1
W(0) = (3),
(3.13)
2 1 1 1 2 2

WP 2 (1) = =2 ()P (5) + Sl (5P (5),

where f(t,u,v) = 3=(1 4 t)]u[P~! + {5 sin(Jv[P~2v) + 2 + 1 and p > 1.
By setting ¢(t) = @p(t) = |t‘P*2t’ p>1 n = %’ a1 = 7%7 Q2 = %a 51 = %

and & = % Then the problem — is a particular case of the problem
(L3)-(T.2). Because of o = 2?21 o; = —¢ # 1, to show that (3.12)-(3.13) has one
solution, it suffices to verify the conditions of Theorem

First, we note that f(t,u,v) > 0 provided that |u| > ¢,(54), with ¢ > 1,

% + % = 1. Hence, choosing A = ¢4(54) > 0, then we have

1/2

f(s,u(s),u'(s))ds # 0

0

as mingepo,1] |u(t)| > A. So we obtain the condition (Al).
Next, by the definition of f, we obtain that f : [0,1] x R? — R satisfies
Carathéodory condition and

|f (&, u, 0)| < a(t)(lul) + b(E)d(|v]) + c(b),
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for a.e. ¢t € [0,1] and for all u,v € R, where

at) = =

It is not difficult to calculate

t
1+1), szij,<ﬁ)=1+ﬂ.

2
1 20
C=1+—(1 D ==
g e =%
and to see a,b,c € L'[0,1] satisfying C(||all1c(A) + ||b]l1) = C(lalls + ||b]]1) =

2 (L + 5) < 1. Therefore, the condition (A2) holds.

Finally, it is not difficult to see that f(¢,¢,0) > 0 and f(¢,¢,0) < 0 provided that
¢ > py(54) and ¢ < p4(—54), corresponding. Therefore, by choosing p1 = ¢4 (54),
we obtain
1/2
c f(s,¢,0)ds > 0.
0
Hence, the condition (A3) holds. Thus the problem (3.12)-(3.13) has one solution.

REFERENCES

[1] A. Ben-Israel, Thomas N.E. Greville; Generalized Inverses: Theory and Applications,
Springer-Verlag, New York, 2003.

[2] W. Feng, J. R. L. Webb; Solvability of three-point boundary value problems at resonance,
Nonlinear Analysis TMA, 30(6), (1997), 3227-3238.

[3] W. Feng, J. R. L. Webb; Solvability of m-point boundary value problems with nonlinear
growth, J. Math. Anal. Appl. 212 (1997), 467-480.

[4] R. E. Gaines, J. Mawhin; Coincidence Degree and Nonlinear Differential Equations, vol. 568,
Lecture Notes in Math., Springer-Verlag, Berlin, 1977.

[5] M. Garcia-Huidobro, C. Gupta, R. Manasevich; Solvability for a non-linear three-point bound-
ary value problem with p-Laplacian-like operator at resonance, Abstract Appl. Anal. 6 (2001)
191-213.

[6] M. Garcia-Huidobro, C. P. Gupta, R. Manasevich; An m-point boundary value probblem of
Neumann type for a p-Laplacian like operator, Nonlinear Analysis 56 (2004), 1071-1089.

[7] M. Garcia-Huidobro, C. P. Gupta, R. Manasevich; A Dirichlet-Neumann m-point BVP with
a p-Laplacian-like operator, Nonlinear Analysis 62 (2005), 1067-1089.

[8] W. Ge, J. Ren; An extension of Mawhin’s continuation theorem and its application to bound-
ary value problems with a p-Laplacian, Nonlinear Analysis 58 (2004), 477-488.

[9] C. P. Gupta; Ewistence theorems for a second order m-point boundary value problem at
resonance, Int. J. Math. & Math. Sci. 18(4), (1995), 705-710.

[10] X. Han; Positive solutions for a three-point boundary-value problem at resonance, J. Math.
Anal. Appl. 336 (2007), 556-568.

[11] V.A. I'in, E.I. Moiseev; Nonlocal boundary value problem of the first kind for a Sturm-
Liouville operator, J. Differential Equations 23 (1987), 803-810.

[12] V.A. Il’in, E.I. Moiseev; Nonlocal boundary value problems of the second kind for a Sturm-
Liouville operator, J. Differential Equations 23 (1987), 979-987.

[13] N. Kosmatov; A multi-point boundary value problem with two critical conditions, Nonlinear
Analysis 65 (2006), 622-633.

[14] N. Kosmatov; A singular non-local problem at resonance, J. Math. Anal. Appl. 394 (2012),
425-431.

[15] S. Lu, W. Ge; On the ezistence of m-point boundary value problem at resonance for higher
order differential equation, J. Math. Anal. Appl. 287 (2003), 522-539.

[16] R. Ma; Ezistence results of a m-point boundary value problem at resonance, J. Math. Anal.
Appl. 294 (2004), 147-157.

[17] J. Mawhin; Topological Degree Methods in Nonlinear Boundary Value Problems, CBMS Series
No. 40, American Math. Soc., Providence, 1979.

[18] X. Zhang, M. Feng, W. Ge; Ezistence result of second-order differential equations with inte-
gral boundary conditions at resonance, J. Math. Anal. Appl. 353 (2009), 311-319.



EJDE-2016/206 P-LAPLACIAN-LIKE DIFFERENTIAL EQUATIONS 17

LE XUAN TRUONG
D1visiON OF COMPUTATIONAL MATHEMATICS AND ENGINEERING, INSTITUTE FOR COMPUTATIONAL
SCIENCE, TON Duc THANG UNIVERSITY, HO CHI MINH CITY, VIETNAM.
FACULTY OF MATHEMATICS AND STATISTICS, TON DuCc THANG UNIVERSITY, HO CHI MINH CITY,
VIETNAM

E-mail address: lexuantruong@tdt.edu.vn

LE CoNG NHAN

MATHEMATIC DEPARTMENT, AN GIANG UNIVERSITY, 18 UNG VAN KHIEM STR, AN GIANG, VIET-
NAM

E-mail address: 1lcnhanmathagu@gmail.com



	1. Introduction
	2. Preliminary results
	2.1. An extension of Mawhin's continuation theorem
	2.2. Abstract equation of the boundary-value problem (??)-(??)

	3. Existenceof solutions
	Example

	References

