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GLOBAL AND LOCAL BEHAVIOR OF THE BIFURCATION
DIAGRAMS FOR SEMILINEAR PROBLEMS

TETSUTARO SHIBATA

ABSTRACT. We consider the nonlinear eigenvalue problem
u (@) + Au@)P —u®)?) =0, wu()>0, —-1<t<l,
u(l) =u(—-1) =0,
where 1 < p < ¢ are constants and A > 0 is a parameter. It is known in [13]
that the bifurcation curve A(a) consists of two branches, which are denoted
by A+ (a). Here, a = ||ux|loo. We establish the asymptotic behavior of the
turning point ajp of A(«), namely, the point which satisfies d\(cy)/do = 0 as

p — q and p — 1. We also establish the asymptotic formulas for A4 («) and
A_(a) as a — 1 and a — 0, respectively.

1. INTRODUCTION

We consider the nonlinear eigenvalue problem

u' () + Mu(t)? —u(t)?) =0, tel:=(-1,1), (1.1)
u(t) >0, tel, (1.2)
u(1) =u(-1) =0, (1.3)

where 1 < p < ¢ are constants and A > 0 is a parameter.

Nonlinear elliptic eigenvalue problems have been studied by many authors from
the standpoint of bifurcation analysis . We refer to [II, 2] [3] [4} [5] (6] [7, 8, [12] [14] and
the references therein. In particular, it is quite significant to study the equations
which have fine structures of the bifurcation diagrams. Among other things, (1.1])—
is well known as the model equation which has the parabola-like bifurcation
curve (cf. Figure[I] below). More precisely, it has been proved in [9, Theorem 2.15]
and [13] Theorem 6.19] the following basic properties of the structure of bifurcation

diagram for (L.1| .

Theorem 1.1 ([9, [13]). Assume that 1 < p < q. Then there exists a critical Ao
such that . . has no positive solution for 0 < A < Ag, exactly one positive
solution at A = Ao, and ezactly two positive solutions for X > Ag. Furthermore, all
solutions lie on a smooth solution curve, and X\ is parameterized by « := ||Jux] oo
as X = Ma). Further, A(«) consists of two branches Ay («) and is a parabola-like
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curve with exactly one turn to the right at @ = a,, € (0,1), namely, oy, is the unique
point which satisfies N (o) = 0. Furthermore,

A_(a) w00 asa— 0, (1.4)
u—(X\,0) — 0, (1.5)

Ap(a) 00 asa—1, (1.6)
ur(Mt) =1 (tel) as A — oo, (1.7)

where ux (A, t) is a solution of (1.1)—(1.3) corresponding to A = Ay ().

1 </ﬂ . A (a)
f — A-(a)
0] o A

FIGURE 1. Bifurcation curve Ay («)

On the other hand, if p = 1, then we know from [I] that the shape of the
bifurcation curve looks as in Figure

@]
! Aa)
0 72 /4 A

FIGURE 2. Bifurcation curve for p =1

Consider now the relationship between Figures [[] and 2] It is quite natural to
expect that if p — 1, then the shape of the graph in Figure [I] will approach to the
graph in Figure [2| in some sense. To obtain the evidence of this expectation, it is
important to investigate the asymptotic behavior of the graph in Figure(ljas p — 1.
Related to the observation above, it is worth studying the asymptotic behavior of
the graph in Figure[I]as p — gq.

Now we study the global behavior of At («).

Theorem 1.2. Let 1 < p < q be fized constants. Let an arbitrary 0 < § < 1 be
fized. (i) Asa—1,

VAL(a) = ﬁa + 0(8))a 7P/ 2| 1og(1 — a?7P)| + O(67Y). (1.8)

(i) As a — 0,

VA_(a) = ’L; La0=P2 (5 4 bjatP 1 0(a20 D)), (1.9)
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where

1
1
bo= | ———ds, 1.10
0 /0 — (1.10)

p+1 b - gotd
b = ds. 1.11
1 mq+1yé 1 —srripr® (L11)

Our main purpose is to study the local behavior of 0 < oy, < 1, which is the
turning point of A\(«). We show how Figure [1] tends to Figure[2]as p — 1. To do
this, we establish the asymptotic formula for o, as p — 1.

Theorem 1.3. Let ¢ > 1 be a fized constant. Then asp — 1,
bo(q +1)

al™P=_— 2"~ _(p—1)+0((p—1)?), 1.12
b ko(p+1)(qu)( )+ Ol —1)7) (1.12)

where

Lo —gatt
Furthermore,

May) = Dy(p — 1) 7P/ @2 (55 + O(p - 1)), (1.14)

where

[p+1r  bolg+1)  qa-p/ea-p)
D, = . 1.15
g 2 [ko(p+1)(q—p)] (L15)
Clearly, as p — 1,

D, —1, (p—1)A»/Car) 1 py g (1.16)

Therefore, we see from (1.14) that A(a,) — 72/4 as p — 1, and the shape of the
bifurcation curve when 0 < p — 1 < 1 is as shown in Figure

! @
apl <ﬁ A (a)
0 n2/4 A

Ficure 3. Bifurcation curve for 0 <p—1 <1

Finally, we establish the asymptotic formula for oy, as p — g.

Theorem 1.4. Let ¢ > 1 be fized. Then
_ q—p
al pzlfO(—) asp — q. 1.17
? |log(q — p)[*/* (17

It should be mentioned that as far as the author knows, the results such as
Theorems and [[4] seem to be new.

Our methods to prove Theorems|[I.2HI.4]are based on the precise and complicated
calculation of the time map.
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) "
—— /\, ()
0 Av(ap) A

FIGURE 4. Bifurcation curve for 0 < ¢ —p < 1

2. PROOF OF THEOREM
In this section, we let 0 < p — 1 < 1. We know that if (A\,u) € Ry x C?(I)

satisfies (1.1))—(1.3)), then

u(t) =u(-t), 0<t<1, (2.1)
u(0) = jlngaélu(t),
u'(t) <0, 0<t<l. (2.3)

We parameterize the solution pair by using the L> norm of the solution o = [lux ||
such as (A, u) = (A (@), uq) (0 < a < 1). By (L.1), for t € I,

[t () + Aua(t)” — ua(t)?)]ug () = 0.
This implies that for ¢ € I,

drl , 5 1
— | zul(t A( Pt - —— tq“)}zo.
Gt 507 A (a7 = ()
By this, (2.2) and putting ¢t = 0, for —1 < < 1, we obtain
1
! (t)? 2/\( at?’“——atqﬂ)
(0 + 2 (e 0 = — a0
1 1
= constant = 2)\(7&7“ — 70/”1).
p+1 q+1
By (2.3), for —1 <t < 0, we obtain
1
lt) = VN | @ = ua9H) - — e ). (24)
By this and putting as = u,(t), we obtain
1/ L (t
VA = —/ ta(?) dt
V2 (@t —u (0P [(p+ 1) — (g + D (@7 = ua(8) /(g + 1)
_ [PEL aope /1 L ds.
2 o V=5~ Dar 7 (L= s ) /(g + 1)
(2.5)
‘We put
! 1
A (a) = / ds. 2.6
e 0 V1Pt —(p+1)at=r(l—s741)/(q+1) 20
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Furthermore, we put for 0 < s <1,
+1
h(s) = 1— sp+l — B qamp(q — o+, 2.7
(5 a1 =) (2.7

It is clear that

W(s)=—@+1)s" + (p+1)s%a??,
h'(s) = (p+1)s"" (gs?Pa?™P — p). (2.9)

Lemma 2.1. Let an arbitrary 0 < § < 1 be fized. Then as a — 1,

2

Aplo) = (p+1)(¢—p)

(14 0(0))|log(1 —a?™P)|+0(571). (2.10)

Proof. In what follows, C' denotes various positive constants independent of a and
0. We apply the argument of [T5, Theorem 1.1] to the proof of (2.10). By (2.6)), we
put

1

= /1_6 #ds + !
o Vh(s) 1-5 \/h(s)

We first calculate K. For 0 < s < 1, we have

Ap(Oé) =K+ K>:

ds. (2.11)

pt1

h hi(s) :=1— st —
(s) > ha(s) 8 1

(1 —s7Th), (2.12)

Then for 0 < s <1,
Ri(s)=(p+1)sP(-1+s977) <0 (2.13)

This implies that for 0 < s < 1 — §, by Taylor expansion,
h(s) > hi(s) > hi(1 —§) > C&%. (2.14)

By this and (2.11]), we obtain

1-6
1 _ —1

We next calculate Ks. By (2.8]), (2.9) and Taylor expansion, for 1 — ¢ < s < 1,
there exists s < & < 1 such that

() = h(1)+ K (1)(s = 1) + SH"(E)(s — 1)?

=p+1)[1—-a”P)(1-s)+ %(p + 1)EP (€T PP — p)(1 — 5)? (2.16)
=di(1—8)* +da(1 — s),

where

di= S+ DE @ p), b= (DI —at). (217)
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By this, (2.16)) and putting x = 1 — s, we obtain

Ky = ——dz
2 / vV d1$2 =+ dQCL'
[log |2d1x + d2 + 2\/ d1 dlxz + d21’ |]

T
_ ) _ 2.18
\/CTl(log(2d15 + dy +21/d1 (d10% + d2d)) — log |d2\) (2.18)
= 7(| log(C'd + C(1 —a?™"))| —log(p +1) + |log(1 — a®?)|)
N
1
= — logd|) + |log(1 — a?7P)]).
\/(Tl( (Iog d]) + [log( )
We have
1 2 2
= +4/ L, 2.19
Vi \w+Da—p) " Vp+1 (2.19)
where
1 1
L, := — . 2.20
1 \/S’s’l(q@?”ag” -p) Va-p (220
Then by direct calculation, as « — 1, we obtain
L <C1l—-a%P490)<C6. (2.21)
By this, (2.11), (2.15), (2.18) and (2.19)), we obtain (2.10). The proof is complete
(]

Proof of Theorem- By (2.5), (2-6) and Lemma we obtain We next
prove . By (2.6 . and Taylor expansion theorem, for I<ak 1 we obtaln

1
1
Ap(o) :/ ds
VI= 5T\ 1 - Baori=sng

2.22)
p+1 150t ol (
/ m{ 1)aq pl — gptl +0(*7) }ds

= by + bia? P + O(oﬂ(q P)).
By this and ([2.5)), we obtain ([1.9)). Thus the proof is complete. O

3. PROOF OF THEOREM [[.3]
In this section, we study the asymptotic behavior of a,, as p — 1. We put
1 —satt
V= T G T e T T

By this, and -, we have
1 —1 1)(qg —
(V@) = ,/p;; a~(Hp)/2f pT Ay(a)+ PEVa=P) B,(a)a? "}, (3.2)

2(g+1)

ds. (3.1)

Lemma 3.1. a, = 0 asp — 1.



EJDE-2016/201 GLOBAL AND LOCAL BEHAVIOR 7

Proof. Since X (o) = 2y/A(a)(y/A(@))', by (3.2), we consider the equation

p—1 (p+1)(g—p)
= Ap(ep) + T2+

5 By(ap)ad™ = 0. (3.3)
Then there are three cases to consider. Let an arbitrary 0 < § < 1 be fixed.

p

Case 1. Assume that there exists a subsequence of {«a,}, denoted by {a,} again,
and constants ¢y and c¢; such that 0 < ¢y < oy < ¢1 < 1 for A > 1. Then for

O0<p—-1x1,
1-6 +1 1 +1
1—s4 1—s4
B = ———d ——d
on = [ S |

=: Il + 12 (3 4)
1-6 :
(¢g+1)0
>1 > C/ s
T B0l PR
= 01’5 > 0.
By , we also obtain
-5 4 1 1
Ap(ay) = Ky 4+ Ko := ——ds+ ds
plop) = Ko+ Ky Jh(5) 15 \/h(s) (3.5)

< Cos5 + Kos.
By Taylor expansion and (2.8), for 1 — § < s < 1, we have
h(s) =h(1) +h'(3)(s = 1) = (p+ 1)3P(1 — a7P597P)(1 — s)
>+ -0)P(1—af )1 -s) (3.6)
>(p+1)A=6)"(1-cf )1 -s),
where s < § < 1. By this and , we obtain
A, < Co5+ Ko

! 1
< Chst ds = Cs5. 37
6 [5¢@+nu—®wvw%%a—@ :

By this and (3.3), we obtain

p—1 p—1 P+ =p) 5 4p_ (P+D(g—p) -

—C35>—A, =" Bal™P>—— "2 _2C ;P (3.8
9 3,0 2 P 2(q + 1) pp 2((] + 1) 1,6Cg ( )

This is a contradiction, since 0 < p — 1 < 1.

Case 2. We assume that o, — 1 and derive a contradiction. By (2.18), (3.4),

Taylor expansion and putting x = 1 — s, we obtain

1)
I > C/ d1x3+d2x de
[ 2da(q + 1)z 10
BVda F dorlo
2C(q+1)6
doV/d16%2 + dad
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By this, (2.17) and (3.2)), as oy, — 1, we obtain
1

0= (y/Aap)) > =Cllog(1l — af™P)| 4 Cs ———=; — o©. (3.10)
1—ap™®

This is a contradiction. Thus the proof is complete. O

Proof of Theorem[1.3, By (2.7), Lemma and Taylor expansion, we obtain

By(ay)
! 1— 0ttt
= - ds
b G e -
) )
1—gatt 3(p+1) 1—sat!
_ q—p 2(q—p)
/o Tt U gy 8 T O
=ko+ k1a? P + O(a2<q*p)),
where kg is a constant defined in ([1.13) and
3p+1) /1 (1—s71)?
k1= ds. 3.12
YT o e 12
By this, (2.22) and (3.3)), for 0 < p — 1 < 1, we obtain
_ bo(q+1) 2
ai-r— Ty L o((p—1)2). 3.13
P k‘g(p-l-l)(q—p)( ) ( ") ( )
This implies (1.12)). Finally, we show (1.14). By (3.13]), as p — 1, we obtain
1
log %()1—;;)/2 = P log o,
o (3.14)

_ P (loe(n — o (Pla+ DA +o(D))\y
_2(qu)(lg(p 1)+1g( ko(p+1)(q — p) )) O

This implies that o' /% — 1 asp — 1. By this, (.9), [2-5) and (3.12)), we obtain
\/)‘(O‘p) = \/)‘f (ap)

_ Jprlr ble+1) 5.1 (1=p)/(2(a=p))
B \/T[ko(p:— (g —p) (p—=1)+0(p-1) )}
x (bo +brag P+ O(ap ) (3.15)

_Ip+1 [ bo(q+1) (1-p)/(2(q—p))
Vo2 Lko(p+1)(g - p)

x (p— 1)1=P/ =) (hy + O(p — 1)).

The proof is complete. O

4. PROOF OF THEOREM [I 4]

In this section, we prove Theorems by following the strategy of the proof of
Theorems [[2] and

Lemma 4.1. a, = 1 asp — q.
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Proof. As in the proof of Lemma [3.1] we consider (3.3). There are two cases to be
considered.

Case 1. Assume that there exists a subsequence of {a,}, denoted by {a,} again,
and constants ¢y and ¢; such that 0 <cp < op <cp <lforA>1. Let 0 <ok 1
be a fixed constant. By (3.1]), we obtain

1 1 — st
Bp(ap) < /0 o T DI P A )G T 1) ds<C.  (4.1)

Since A,(ap) > Cy 5 by (3.5), by (3.3) and (4.1), we have

(p+1)(q—p)
2(g+1)
(p+1D(g—p

+
9 4 2(q+1)

By, (O‘p)agip

)C<0.

This is a contradiction.

Case 2. Assume that there exists a subsequence of {a,}, denoted by {a,} again,
such that o, — 0. Then clearly, we have

1 1 — gatl
Ap — A \/ﬁd& — / 1 — Sp+1 3/2d (4.3)
This implies
p—1 (p+1)(g—p) _
) Ap(ap) + WBp(ap)ag P <. (4.4)
This is a contradiction that completes the proof. 0

Proof of Theorem[1.4. We calculate By(a,) by using (3.4). Let 0 < §p < 1 be a
fixed constant. Then for 0 < § < &g, we put

1—-8¢ 1 _ Sq+1 1-6 1 _ sq+1
I =1 I, = —d ———ds. 4.5
1 1,1+ 112 /0 ABEE s+/1_60 h(5)2 s (4.5)

It is cleat that I; ; = O(1). By (2.16)), (2.17)), (2.18) and Taylor expansion, we have

do
(¢g+ 1)z
L,<C ———=d
1,2 / d1$2+d2$)3/2 X

50 50
(¢g+ 1z 1 _1/ 1 (4.6)
<C de < Cé —d
/ dy2? + dox \/d1 2% + doz = s Vdiz? + dax *
< C5 Y logd|.

By mean value theorem, for 1 — ¢ < s < 1, we have

s =14 (g+ )ni(s — 1), (4.7)
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where 1 — 0 < ns < 1. By this, (2.16) and (2.17)), we obtain
1
)nd(1 —
Y LTI
125 (di(1 = 8)2 + da(1 - 5))3/2

:/‘S (g+Dngx
o (

d1Z2 + d21’)3/2

QdQCL‘ 6
=(qg+1D)([1+006))| ——me—m— 4.8
(a4 D1+ 00| 5] (48)
)
=2(q+ 1)1+ 000))—F——m—
(a+1)(1+0(0)
2(g+1
- (g )H (1 + O(8))Ms,
p+1)1—ap ")
where
Ms = # (4 9)
O VdZ Fdp '
By this and (3.3), we obtain
p— 1 aq—p _
P Aplay) = (- p) (Mgl_”7 +0(57! | log))). (4.10)
This implies
_ 1 (¢ —p)M;
al™P = =1-0(———). 4.11
Y 1+ 0((q — p)Ms/Ap) ( Ap ) ()
By (2.17) and (4.9), we have
) 1
Ms <4/ — < (C—mememe——. 4.12
o= dy — 1—odP ( )
Y P
By this, Lemma (2.17) and , we obtain
- (g —p)*?
1-al™?<C . (4.13)
P
[log(1 —ap™")|\/1— oy "
This implies 1 — a7 < C(q — p) < 1, namely,
1
<C : 414
[log(1—a3 7]~ [log(a—p) (1)
By this and (4.13]), we obtain Theorem Thus the proof is complete. ([
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