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DETERMINATION OF THE ORDER OF FRACTIONAL
DERIVATIVE AND A KERNEL IN AN INVERSE PROBLEM
FOR A GENERALIZED TIME FRACTIONAL DIFFUSION
EQUATION

JAAN JANNO

ABSTRACT. A generalized time fractional diffusion equation containing a lower
order term of a convolutional form is considered. Inverse problem to determine
the order of a fractional derivative and a kernel of the lower order term from
measurements of states over the time is posed. Existence, uniqueness and
stability of the solution of the inverse problem are proved.

1. INTRODUCTION

Subdiffusion processes in porous, fractal, biological etc. media are described
by differential equations containing fractional time (time and space) derivatives
1, 2, 13} [14] 7).

In many practical situations parameters of media or model are unknown or
scarcely known. They can be determined solving inverse problems for governing
differential equations.

Analytical and numerical study of inverse problems for fractional diffusion equa-
tions is undergoing an intensive development during the present decade. Series of
papers are devoted to problems to determine unknown source terms [4, [19] 22 25|
28], boundary conditions [§], initial conditions [12], coefficients [3] 15l I1], orders
of derivatives [3] [7, [15] [18] and nonlinear terms [9} 20] 2T} 23].

Fractional time derivatives in diffusion models result from postulating the power
law waiting time density of a stochastic processes going on in micro-level. However,
there are no convincing arguments that the waiting time density has to be exactly
of the power law. In the present paper we consider a more general model that is
governed by an equation that involves “almost” fractional time derivative. Namely,
we replace the power function ¢~ occurring in the fractional derivative by the
sum of t*~! and a convolution of #*~! with an arbitrary kernel m.

We pose an inverse problem to reconstruct § and m from measurements of the
states over the time. We prove the existence and uniqueness of the solution of the
inverse problem and establish a stability estimate for m with respect to the data.
Results are global in time. Moreover, we deduce an explicit formula for § and
present a numerical example. The analysis is implemented in the Fourier domain.
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2. FORMULATION OF DIRECT AND INVERSE PROBLEMS

Continuous time random walk models of subdiffusion with power law waiting
time densities yield in macro-level differential equations that contain fractional
derivatives of order between 0 and 1. The simplest equation of such kind is [T} 2|
14, 27]

uy(z,t) = DY Pug, (1),

where ¢ is the state variable, z is the space variable, ¢ is the time and

d [ (t—r7)1
DY Pu(x,t) = —/ ——u(x,7)dr
@)y T
is the Riemann-Liouville fractional derivative of the order 1 — 8 with 0 < 3 < 1.
An equation that corresponds to general waiting time densities is [2, Eq. (10)]

t
Uy = i/ M(t — T)thye (x, T)dT, (2.1)
dt J,

where M is an arbitrary function. Because of the physical background, M is pos-

itive, decreasing and has a weak singularity at ¢ = 0. Let us suppose that the
function M has the form

M) = L it 22)

t) = + *m(t 2.2

) 1K)

with some kernel m, where % denotes the time convolution; i.e.,

vy *x va(t) = /0 vy (t — T)va(7)dr.

Then the equation reads uy = DY 7P (U + M * Usy).

Our aim is to pose and study an inverse problem to determine the order of the
fractional derivative 8 and the kernel m in this equation. But before we proceed,
we generalize this equation a bit:

Uy = DY P (U + Mk Uy + m® ¥ upy) + 6. (2.3)

The function g is a source term. The inclusion of the addend with m° has a math-
ematical reason. Namely, the study of stability in Section 7 requires a previously
proved existence result for an inverse problem that contains the additional term
with m®. Therefore, it makes sense to incorporate this term already from the
beginning. On the other hand, m® can be interpreted as an initial guess for an
unknown kernel of the form m® + m. In this case, the perturbation part m of the
kernel is to be determined in the inverse problem.

Next we transform the equation under consideration to a more common in the
mathematical literature form. To this end we introduce the operator of fractional
integration I* defined by the formula

a—1 t a-1

I%v(t) = ;(704) xv(t) = /0 (t}(Ta))v(T)dT.

Applying the operator I'=7 to the equation , we reach the equivalent equation
+=8

I'{1-p)

0
* Uy — G] = Uge + Mk Ugy + M * Uyy.
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We mention that the left hand side of contains the Caputo derivative of the
order 3 of u, i.e. F(tl;_ﬁﬂ) * Uy,

Let us formulate the following initial-boundary value problem for this equation
in a bounded domain (x1, z3) x (0,7T):

I‘(715—ﬁﬂ) * (2, t) — g(2,1)] = Upe (2, 1) + M * tpe (2,8) + MY * Uy (2, 1),

(.’E,t) € (xlax2) X (OVT)a (24)
u(z,0) =up(x), =z € (x1,z2),

Blu(-,t) = bl(t), BQU(',t) = bg(t), te (0, T),

where B; and Bs are boundary operators at * = x; and = x, respectively. More
precisely,
for any j € {1;2} either Bjv = v(x;) or
ij = 1}/(.’1?]‘) + ij(acj) with 9j € R, (—1)j9j > 0.
Here and in the sequel we use for z- and t-dependent functions v(z,t) the al-
ternative notation v(-,t) that means a function of ¢ with values as functions of
x.
To formulate an inverse problem, let us introduce an observation functional ®
that maps functions defined on the interval [z1, 23] onto R. For instance, ® can be
defined as follows:

(2.5)

x2
®lv] = v(zg) or P[] =0 (zg) +Jv(xg) or @[] :/ k(z)v(z)dz,
1

where zg € [x1,22], ¥ € R, k: (21, 22) — R are given. It is natural to assume that
® does not coincide with any of the boundary operators, i.e. ® # By and ® # Bs.

Now we are in a situation to formulate the inverse problem. Given g, m°,uq, b
and by, find the pair (8, m) such that the solution ¢ of the (direct) problem
satisfies the additional condition

Bu(-, 1) = n(t), te(0,T), (2.6)

where # is a prescribed function (observation of the physical state u).

It is more convenient to deal with a problem with homogeneous boundary con-
ditions. Then it is possible to interpret the second order space derivative in the
equation as a linear operator in some functional space. Let &7 be a func-
tion satisfying the nonhomogeneous boundary conditions, i.e. Biyz(-,¢) = by (t) and
Boti(+,t) = by(t) for t € (0,T). Performing the change of variables u = & + u, we
obtain the following equation and conditions for w:

+—8
I'-p)
= U (T,8) + f(2,8) + M % [Uge(x, 1) + Pz, )] + MmO % upe (2, 1),

* [ut(fvvt) - g((E,t)]

(@,8) € (21, 22) x (0,T), (2.7)
u(z,0) = p(x), € (x1,22),
Blu(-,t) =0, BQU(',t) =0, te (0, T),
and
Plu(-,t)] = h(t), te(0,71), (2.8)

where g = ¢ — Uy, ¥ = Uya, f = Upz +m® % Uyy, o = o —u(-,0) and h = w — ®[u].
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The relations form a direct problem for u. The inverse problem consists in
determining (3, m) such that the solution u of satisfies the additional condition
23).

In this article we prove well-posedness results for the inverse problem with the
component m in spaces L,(0,T"), where p € [1,00). This covers as particular cases

functions M of the form M(t) = % + Y0 eitsiTl where s; > 3 (for with

such M, see [7]). Then m(t) = > i, lf(i_(f%))tsi_ﬂ_l. Another example of m is
the exponentially decreasing flux relaxation (memory) kernel m(t) = Y1 | c;e™ i,

where o; > 0 [24].

3. ABSTRACTION AND REFORMULATION IN FOURIER DOMAIN

Let X be a Hilbert space and A : D(A) — X be a linear operator with the
domain D(A) € X. Moreover, let g, f, v : (0,T) — X, m°,h: (0,T) — R, be given
functions, ¢ € X a given element and ® : D(A) — R a given linear functional.

In the abstract inverse problem we seek for a number 3 and a function m :
(0,T) — R such that a solution u : [0,7] — X of the (forward) problem

t=h ,
=g [w'(t) — g(t)]
= Au(t) + £(t) + mx [Aut) + () + mO % Au(t), te©T1), OV
u(0) = ¢
satisfies the additional condition
Olu(t)] = h(t), te(0,T). (3.2)

Firstly, let us formulate a theorem that gives sufficient conditions for the well-
posedness of the abstract direct problem (3.1)).

Theorem 3.1. Assume that A is closed and densely defined in X and satisfies the
following property:

p(A) > S(Br/2), IM >0:||(A— A < % VA€ X(Br/2),  (3.3)

where p(A) is the resolvent set of A and () = {\ € C: Jarg\| < 0}. Let X4 be
the domain of A endowed with the graph norm ||z||x, = ||z|| + ||Az||. Moreover,
assume p € Xa, f,0,9 € WL((0,7); X) and m,m° € L'(0,T). Then has
a unique solution in the space C([0,T); X4) and F(%fﬁ) xu € C([0,T); X). The
solution continuously depends on @, f,v,g,m and m° in norms of the mentioned
spaces.

The above theorem follows from [I7, Theorem 2.3 and Proposition 1.2].
Remark 3.2. Define X = Lo(z1,22). Then the operator A = % with the domain
D(A) = {w: 2z € Wi(x1,22), Biw =0, Bow =0} (3.4)

satisfies the assumptions of Theorem (3.1 (see [I0, Theorem 3.1.3]). Consequently,
Theorem applies to the problem (2.7]).
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Our next step is to reformulate the abstract inverse problem (3.1)), (3.2) in the
Fourier domain. Let us further assume that

the spectrum of A is discrete, the eigenvalues \;, i = 1,2,... of
the operator —A are nonnegative, ordered in the usual manner,
ie. 0 < A < X < ... and the corresponding eigenvectors v;,
i=1,2,..., form an orthonormal basis in X.

(3.5)

Remark 3.3. It is well-known that the operator A = % with the domain (3.4))
satisfies the property (3.5).

We expand the functions involved in (3.1)), (3.2)) as follows:

u(t) =Y wiltyor, g(t) => git)oi, f(O) =D filt)vs,
i=1 i=1 i=1
- o (3.6)
Y(t) = Z%(t)% = Z%’Ui,

where u; : [0,T] = R, g, fi,¥: : (0,T) — R, ¢; € R are the Fourier coefficients.
Moreover, let us denote

v =9, i=1,2,....

Taking the inner product of the equalities (3.1) with the elements v;, i = 1,2, ...,
and inserting the series of u into (3.2), we obtain

t=5 ,
=) * [ug () — gi(t)] + Aiui(t) 3.7)
= fit) +m o [ (t) — Mg (t)] — m® « Nug(t), t€(0,T), u;(0) =i,

where i = 1,2, ...,
> viui(t) =h(t), te(0,T). (3.8)
i=1

The relations (3.7)) represent the direct problem, reformulated in the Fourier do-
main. The corresponding inverse problem is stated as follows.
Inverse Problem (IP). Given g;, fi,%i, @i, i = 1,2,... and m°, h, find 8 and m such
that solutions u; of (3.7)) satisfy the condition (3.8]).

4. NOTATION AND PRELIMINARIES

Let us introduce the Bessel potential spaces
H;(0,T) = {v|[07T] tv € Hy(R) = {w: FH(+ |w|2)%.7:w) € LP(R)}}
for 1 < p < 00, s > 0 and their subspaces
0H,(0,T) = {vljo,7] : v € Hy(R), suppv C [0,00)}.

Here F is the Fourier transform and the symbol v|jg 7] stands for the restriction
onto [0, 7] of a function defined on R.
In case n € N the space H;(0,T) coincides with the Sobolev space

W(0,T) = {w:w € L,(0,T), j=0,...,n}.
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Remark 4.1. When s € (0,1), p € (1,1/s) it holds ¢H,[0,7] = H,(0,T7). On
the other hand, when s € (0,1), p € (%, o0) the space H;(0,T) is embedded in the
space of continuous on [0, T'] functions C[0,7] and w € H;(0,T) < w = w(0) + w,
w(0) € R, w € oHy(0,T) (see [26, p. 27-28]).

We use of the following abbreviation for the norms in Lebesgue spaces L, (0, T'):

lwllp = l[wllz, .-

Let us formulate a lemma that describes the functions % *m where m € L,(0,T).

Lemma 4.2. . Let s € (0,1), p € (1,00). The operator of fractional integration of
s—1

the order s, given by I°z = ?(—9) * z, is a bijection from L,(0,T) onto oH,(0,T),

the inverse of I° is the Riemann-Liouville fractional derivative D® = %1175 and

[|w |s,p = || D*wl|,

is a norm in oHy(0,T).

The above lemma follows from [26, Corollary 2.8.1].
In our analysis we will use the Mittag-LefHler functions Fg and Eg g in case
B € (0,1). The functions Eg and Eg  are defined by the following power series:

Ep(t) = kzzom, Eg,(t) = kzzom

Note that Eg is a generalization of the exponential function. Indeed, in case 3 =1
it holds Ejs(t) = e'. Like the exponential function, E3 and Ejg . are also entire
functions. Moreover, Eg(—t) and Eg ~(—t) are completely monotonic for ¢ € [0, c0)

and
1 1
Eg(0)=1, Ezp(0)=——, E;=-F 4.1
5(0) 5,5(0) ) 5= glos (4.1)
(see [A]).
Next we prove a lemma that will be applied in a treatment of the direct problem

BD.

Lemma 4.3. Let z € H75(0,T) with some 8 € (0,1), r € (Lﬁ) and y €

L1(0,T), A\,wo € R. Then the Cauchy problem
= ()Nt = (1), e (0.T), w(0) = wo (4.2)
r(1-0) r(1-p) ’ o C

has a unique solution w in the space W} (0,T). This solution has in case y = 0 the
representation

w(t) = onﬁ(—Atﬁ)Jr/o (t — )P EBg g[-A(t — 7)°]2(1)dr. (4.3)

Proof. By Lemma Remark and the relation w = I''w’ + wy, [#.2)) is equiv-
alent to

w' (t) +y s w'(t) + ADYP (I (t) +wo) = DY P2(t), te (0,T), w(0) = w.
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Since DAY = D'=P1'=B[B —= IP the obtained equation for w’ is the Volterra
equation of the second kind

t (t _ T)ﬁfl
' (t) +/ [yt =)+ A | ()
0 L(B)
(1 (4.4)
= D' P2(t) — Mwg——, te(0,T).
(1)~ oopes, e (0.T)
The right-hand side DPz — )\wo% belongs to L,-(0,T). By well-known results

for the Volterra equations of the second kind [6], the equation has a a unique
solution w’ € L,.(0,T). This proves the existence and uniqueness assertions of the
lemma.

It remains to prove the formula . From [B, p. 172-173], it follows that the
second addend in , ie.

w(t) :== /0 (t— T)B_lEg”g [—)\(t - T)B]Z(T)d’r

solves the equation D%w + Aw = z. Since w(0) = 0 we have D°w = F(tllﬁﬁ) * w'.
Consequently, we obtain the relation

t=8

—— %W (t) + () = 2(t), t€(0,7), w(0)=0. 4.5
S O X0 = ). e (0.7), w(0) (45)
Further, by [5] (4.10.16)], the function ¢(t) := Eg(—At?) solves the equation
=8
DPp+Np= —.
r1-p)
This yields F(tl;fﬁ) « ¢/ (t) + A\p(t) = 0. Moreover, ¢(0) = 1. Therefore, for the first
addend in (£.3), i.e. x(t) := woEs(—At’) the relations
t=~ ,
—_— t t) = t T = 4.
are valid. The summa w = w + x solves (4.2) with y = 0. Summing the formulas
of w and x we obtain (4.3). O

Let us introduce further auxiliary material. We use the following family of
weighted norms in the spaces oH,(0,7) and L,(0,T):

||w||s,p;0 = ||€_UtDsw||Lp(0,T)7 and ||w||p;0 = ||e_gthLp(0,T)’
where o > 0. Evidently, the equivalence relations

e wlls.p < [wlls e < lwllsp. e wlly < [wlpo < Jwlly (4.7)

are valid. Moreover, by the dominated convergence theorem, in case p < oo,
lwlls,po — 0 and |lw|lpe — 0 as o — oo. (4.8)
Lemma 4.4. Let 8 € (0,1). Then the functions
Egi(t) = t°7 By 5[~ \it”] (4.9)
satisfy the following estimates:

[XiEg,q

1;0 S 1 (410)
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CB,e
o< -, 0<e<], 4.11
;o0 = O'ﬁe € ( )

I\ gl

fori=1,2,..., where cg. is a constant independent of o and i. The symbol || - | 1,0
denotes the norm || - ||p.oc in case p=1.

Proof. Using the positivity of Eg g(—t) for ¢ > 0 and (4.1)) we deduce
T
1XiEs,ill1:0 :/ e~ Nt B (= Ait?)dt
0

T
< / NtP L Eg g(—\itP)dt
0

dt
Since Eg(—t) is positive for ¢ > 0 and Eg(0) = 1 we reach (4.10)). Further, taking
the asymptotical relation Eg g(—t) = O(t~2) as t — oo (see [16, Thm. 1.2.1]) into
account, we have ()\itﬁ)[sEﬁﬁ(—)\itﬁ) < C}M fort > 0and 0 < § < 2 with some
constant cé, s- Thus, for 0 < e <1 we deduce

T a
= —/ — Eg(—A\it?)dt = E5(0) — Eg(—=\T7).
0

T
—ermn — l1—e _
I Eailie = [ et )T B -aa
0
T
36}3,175/0 e 7Pt

Cé 1 oT
— ’76/ e SgPe g
0

oPe
Cl 1 %)
< b/ e s s,
056 0
This implies (4.11)). O

Finally, we point out the Young’s theorem for convolutions that will be an im-
portant tool in our computations:

1 1
l[wy % wallp, < [lwillp, lwallp,, where —4 — =1+ —. (4.12)
P11 P2 p3

5. RESULTS FOR DIRECT PROBLEM IN FOURIER DOMAIN
In this section, we prove two propositions for the direct problem (3.7).

Proposition 5.1. Let 3 € (0,1), m,m° € L1(0,T) and f;,xp; € H}P(0,T),
gi € L.(0,T) with some r € (1, ﬁ) Then the problem (3.7)) has a unique solution
u; € W0, T). Moreover, the following assertions are valid:

(i) if
(5.1)

DN | =

[mll1e + [Im°[|1e <
then the estimate
lrio + Ailltilli— .o < Co[Nil@il + I filli—g o + 10illi-girie + lgillre]  (5:2)

holds, where Cy is a constant independent of o and i;

[
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(i) if (5.1)) is satisfied and fi,0; € Loo(0,T), I'Pg; € Loo(0,T) then the
estimate

>\i||UiH<>0;0 <Ci [/\i‘%'| + ||fi||00;0 + ||¢i||00;0 + ||Iliﬁgi||<>0;0] (5.3)
holds, where C is a constant independent of o and i.

Proof. Since m,m" € L1(0,T), the Volterra equation of the second kind
y(t) + (m+m®) = y(t) +m(t) + m°(t) =0, te(0,T),

has a unique solution y € L1(0,T) (see [6, Theorem 3.1]). From this equation we
obtain the operator relations

(ZT+yx) T+ (m+m°) )= T+ m+m°)*)(T+yx) =1,

where 7 is the unity operator. Applying the operator Z + y* to the equation in
(3.7) we obtain the problem

=8

Ta=p"* [} (1) +y * ul ()] + Nws(t) = fit), e (0,7),

(5.4)

where f;(t) = f;(t) +y* fi(t) + " Pgi(t) +yx ' Bgi(t) + (m + y * m) * ;(t).
Conversely, applying the operator Z + (m +m9)* to the equation in , we reach
(3-7). Therefore, problems and are equivalent. From the assumptions of
the proposition, Lemma and Remark [4.1] we have

fi(t) = fi(t) +y * ﬁ « DYPfi(t) + I Pgy(t)

t—ﬁ -3
ra—p) "o+ v yem) g

= fi(t) + 1" Pgi(t) + * [y x DO Li(t) + y * gi(t)

+y* *Dl_ﬁwi(t)

t—8
(1 —p)
+(m+yxm)x* Dl_ﬁwi(t)],

where y % DY f; + y « g; + (m + y * m) * D'"P; € L.(0,T). This implies f; €
H}!=8(0,T). In view of Lemma the problem has a unique solution in
W2L(0,T). This proves the existence and uniqueness assertion of the proposition.

Further, let us prove (i). For this purpose, we represent the solution of by
means of the formula . Using the abbreviation we have

t B
ui(t) = @i B (=Nt + [ Epi(t — )| fi(T) + =—— * gi(7)
+ 1); * m(T)} dr — /o E',a,i(t — )X * [m(7) + m°(7)]dr.
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In view of the relation Z = I'=#D'=# = F(tlf_ﬁm * D=8 that holds in H!~7(0,T)
we obtain
t
ui(t) = (piE,g(—)\itﬁ)—F/ Eg,i(t — T)
0
T_B T

T (D' ) T« D' Py, dr (5.6
X[F(l—ﬂ)*( f(T)+g(T))+F(1_B)* z/;*m(r)} 7 (5.6)

=B

— /0 E‘gﬂ-(t — T))\im x D' Py, « [m(T) + mO(T)]dT.

. _ p-1 . . s-1 e
Applying the operator D% = %’;(5) * and taking the relations ?(76) * ﬁ =1
and

d ~
2 gy (-xt?)= ~AiEana(0), (5.7)
following from (4.1)) and (4.9), we reach the expression
) = gy [ Bat =) e+ o
D_uit =—i<pi/E7it—T ’T+<,0i
o’ r(3) r(3)

+ /Ot Ep(t = 7)[D' P fi(r) + ga(r) + D'~y ()| dr

t
- / Egi(t — )N\ D Puy x [m(7) + mP(7)]dr.
0
Next we multiply this equality by A;e~°%, bring the factor e~ inside the integrals
and use the relation
e 7wy (t) * wa(t)] = e twy (t) * e~ Trws ().

Thereupon we estimate the obtained expression in the norm || - |- and apply (4.12).
As a result we obtain

~ 61
MID il < Nl (Bl + 1) 555 o

+ 1B illio 1DV + illo + 1D il ) %)
+ B il Ml D Pl [l 1o + 1m°1:0]-
Using we obtain
Ailltilli-gro < 2650 Xil@i] + 1 filli-grio + 19illro + 1illi-grollmllie
+lImllse + [1m°lls0] - Ailluilli-prio
where é, = ||%HT In case (5.1)) is valid, we estimate ||m| 1, and ||m| 1.0 +

[m°||1,6 by %, bring the term 3A;||u;||1-g,;0 to the left-hand side and multiply the
obtained inequality by 2. This results in

Ailluilli—g,ro < CalXileil + 1 fillizgirio + %illi—g,ro + 1illro], (5.9)

where Cy is a constant.
Further, applying D'=? to (3.7) we deduce

wj = —ND'"Pu;+ DL f; 4 gi+ (D Py = N DV Py ) kem— A DY P . (5.10)
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Here we used that
d d 71
D (f*m)_dtI (f xm) dt(F(,B)*f*m)

d 51 -1

= 3 gy * Dt gy ) Olemo -

D' P fsm+ (tﬁ_1 * 7 * DA 1) (1)
= m+ (o % = —0-m

T(8) T(1-p) t

=D'" Pfsm+ (I'D'"Pf)(#)|t=o -m =D"Pfxm
is valid for any f € H!=?(0,T). Assuming (5.1) and using (5.9) from (5.10) we
obtain
[willrio < Ailluilli-grio + I filli-g.ri0 + 19illrio
+ (I¥ilh=prio + Xilluilli-g,m0) Ml + Xllwilli-g o lm® 150 (5.11)
< Cs[Ailwsl + | filli-irio + 1illi-g.r50 + 1gillrio]

with a constant C5. Adding (5.9) and (5.11)) we reach (5.2)).
Finally, let us prove (ii). To this end, let us return to the equality (5.5]). Multi-

plying (5.5) by A\je™ ¢ and estimating the result we obtain
Moo < Al + 10 Es o (1 + 1 g3l + [l i Iml1)
+ I\ B ill o Nilluillooso Ll 0+ [1m°[l1;0]-

Observing (4.10) and (5.1]) we deduce ([5.3). O
Proposition 5.2. Let 3 € (0,1), m,m® € L,(0,T) with some p € (1,00) and
fi e Wy(0,7), ¢y € WH(0,T), g; € OHg(O,T). Then uj; + qs,; € OHﬁ(O,T), where
u; s the solution of (3.7)) and

45.4(t) = (Nis — £i(0)) Eg 5 (—Xt?)t° ™t = (Nips — £i(0)) Epi(t). (5.12)

Moreover, in the case

p=1 1
T (Hm”p;a + ||mo||p;0)S 5 (5-13)
the estimates
Aillwf + qa,illpo < CallXiEg,ill10 (Az’|%‘| +[£:(0)]
(5.14)
+ ([0 (O) + 195l o) I llpio + 1fi llpio + Nl gil B,p;o’)a
It + s.lls e < Ca (Nilieal + 1£:(0)]
(5.15)

+ (1O + il Imllpse + 1 fillp:e + IIQiHB,p;a)a
hold, where Cy and C3 are constants independent of o and i.
Before proving Proposition we prove a lemma concerning the function gg ;.

Lemma 5.3. The function qg,; satisfies the equations
t—B
Ta—p Faea TN Ygs.0 = Nigi — fi(0), (5.16)

Dﬁ%,z‘ + Xigs,i = 0. (5.17)
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(20

Proof. In case )\ = 0 we have gs,i(t) = —f:(0 ) ﬂ) and since F(l ﬂ * 7y = L the
relations and ( are immediate. Let A; > 0. By Lemma | the function

qi(t) = Eg( )\ tﬁ) isa solutlon of the equation F(l 7 7 * @ "+ X\;g; = 0. Multiplying
this equation by v (fl( ) — )\anl) we obtain

-B
ﬁ * A%(fz‘(O) = Xigi) @i+ (fi(0) = Xiwi) @i = 0. (5.18)

On the other hand, in view of and the definitions of ¢;, g, it holds the
formula /\% (fi(0)=Xig;) @, = qp,;- Integrating, multiplying by A; and observing that
q_,(O) = 1 we have another formula (fz(O) - Aﬂpz)@z(t) = )\211Qg71(t) + fz(O) - )\1@1
Using these relations in we arrive at . Finally, differentiating (5.16)) we
come to . (]

Proof of Proposztzon | Since W{(0,T) c H!=P(0, T) and oHP(0,T) C L.(0,7)
for r € (0, = 5) r < p, by Proposmon 1} problem (3.7] has a unique solution
u; € W(0,T). Differentiating (5.5) and observmg , we obtain

ui(t) + qp,i(t)

t

O Epai(t—7) ( )+Dﬁgi(7)+wi(0)m(7)+¢§*m(ﬂ}d7 (5.19)

— /0 E@i(t -7\ {goi (m(T) + mO(T))—i—u; * (m(T) + mO(T))} dr.

From u, € L1(0,T) and the assumptions of the proposition, the right-hand side
of this relation belongs to L,(0,T"). Therefore, v + gp,i € Lp(0,T). Multiplying
(5.19) by A; e*"t, representing u} as u, = —qg; + uj —|— gs,i at the right-hand side

and using (4 as well as the relation ||m|1,, < % Hm||p .« we obtain

)‘ZHUQ +qp,illpie < ||)‘iEﬁ,i ; (Hfz’”p;a + llgal B,p;o
+ [DiO)[[Imlpio + 1911150 1l o)
+ 1N Esille (Nl @il + Aillgg.illio) (Imllpo + [lm

0 p§0')

~ p—1
+ ”/\iEB,iHl;aT P )‘iHu; + QB,i”p;U(”m”p;a + HmO”p;G)-

Note that
Nillggillie < Ailws| + | £:(0)] (5.20)

by (4.10) and (5.12)). Thus, using (4.10) we deduce
v < INiBllio |1 + (1:(0)

+ [9illg.p0 + (2Ails] 4+ 1£:(0)]) (]

Nillui + g )Ml pio

0 |P§0')i|

po T [m
+ T (Imll o + 11 lpio) Al + gl o

In the case (5.13)), from this relation we obtain (5.14)).
Further, differentiating (3.7)) we have

DOl 4+ Nl = 1+ DPg; + (i(0) — Xis)m + (] — \udl)

0

5.21
— )\iapimo — )\zu; *m-. ( )
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Adding (5.21)) and (5.17) we obtain
Dﬁ(“é +4qpi) = *Ai(ug +4qp.i) + fi+ D'Bgi + (M(O) — )\i%)m (5.22)
+ (¢ — M) = m — Xjpym® — A = mP. '

By the assumptions of the proposition and the relations u, € L1(0,T), u; + gg,; €
L,(0,T), the right-hand side of belongs to L,(0,7T). Therefore, DP(u} +
qs:) € Lp(0,T). This implies the assertion uj + qg; € oHJ(0,T). Estimating
we have

||“2 + qﬁ;l’”ﬁ,p;ff
< Nl + a3l + 1o+ il + (RO + 1] Bl

p—
P

1
+ [ikeil + Aillgs.illio + T Al + gl | (I

Using (5-14) for Aif|w; + gillpo, @EIO) for [NiEgller (:20) for Aiflgsifl1o, and
estimating ||m|p.0 + [|[m°|p:e by %Tﬁ we obtain (5.15)). O

|p;a + ”mOHP%U)'

6. UNIQUENESS

In the sequel we use the notations u;[3, m] and w;[m] to indicate the dependence
of the solution of (3.7) on the pair (3, m) and m.

Theorem 6.1. Let f;,1; € H=51(0,T)NC[0,T], g; € L.(0,T), I'*~*2g; € L,[0,T],
i=1,2,... with some 51 € [0,1), s2 € (0,1], 7 € (1,00) and m® € L,(0,T). More-
over, assume

o0 o0 o0
Z [l Aileps] < o0, Z il fill 1=y, < 00, Z Pilll filloo < o0,
i=1 i=1 i=1

> illtilli—s e <oor > nlltille < oo, (6.1)
=1 i=1
> hilllgills <00, > Il gilloo < 00
=1 =1
and
D viligi = £i(0) # 0, > yiNigi — 1i(0)) # 0. (6.2)
=1 =1

If (Bj,m;) € (s1,82) x L1(0,T), j = 1,2, are solutions of the inverse problem, then
ﬂl = 52 and mp = Mma.

Proof. Without loss of generality we may assume r < min{ﬁ; 171,32 +. In view

of Proposition the problems with the data (8;,m;) € (s1,s2) x L1(0,T)
have unique solutions u;; := u;[3;,m;] € W(0,T) C C[0,T],i=1,2,...,j=1,2.
Due to there exists o > 0 such that ||m;||1,o + [|[m°||l1;0 < 3, =1,2. In view
of the estimates , (5.3]), the assumptions and the equivalence relations of

weighted norms (4.7) we have

oo o
> hildillugillee <00, > il il < oo (6.3)
i=1 i=1
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This implies Zfil 'yi)\ium € C[O,T], Z;)il ’yi)\iuj,i|t:0= Z;)il ’yi)\i(pi and
Sy yiuj; € Lir(0,T).
Moreover, frorn we obtain b/ = Y7, Y, j = 1,2. In view of this
relation, from we deduce the expressions
t=hi

(1*[3] 271%
Z )\u”—l-Z% Vi — N ;) *mj — Z%)\u“ ,

for j = 17 2. From the relatlons fi7 ¥; € C[0,T] and the thlrd and fifth inequality in
we have > :° 7 fi € C[0,T] and Y -, %wl 6 C[O T]. Therefore, the right-

hand side of (6.4) belongs to C'0,T]. We obtain F(l ﬁ 3 *(h' =302 vigi) € C[0,T7,
j =1,2. Taking the limit ¢ — 0T in (6.4)), we have

(6.4)

. t=hi = .
[Jim, F(T Z%gz ;%(ﬂ-(o) —Xipi), =12 (6.5)
Suppose that §; < B2. Then
t—P1 tB2—P1—1 t— P2
(1 — ﬂl Z%gz = ﬁ2 — /81) C(t) C(t) (1 — 62 Z'ngz

=1

Since ¢ € C[0, T] it holds lim,_q+ % «((t) = 0. Thus, lim;_ o+ r<1 ﬁl (W' —

> oo, vigi) = 0. But this with (6.5)) contradicts to the assumption (6.2). Similarly

we reach the contradiction in case (5 > 2. Consequently, 51 = (5.
Denote 3 := 51 = (2 and subtract the equalities (6.4) with j =2 and j = 1:

(oo}
Z%‘(% — Aju1 ) * Z% (u1,i — ug;) * (mg +m°)
‘ (6.6)
- Z% (u1,; —u2;:) =0.
The dlfferences v = U1, — U2, © = 1,2,..., solve the problems
t=h ,
V) A = — A0 % (mg + m®) + (1 — A i) * (my — ma),
1= 5) ( )+ ( ) * ( ) 6.7)
Let us consider the problems
t=h ,
o * w4 Aw; = —Aw; x (ma +m°) + ¥ — Aua i,
r(1—73) ( ) (6.8)
for ¢ = 1,2,.... By Proposition these problems have the unique solutions

w; € er(O7T) C C[O’T]’ 1=1,2,... and /\l”wlnooﬁ < Ol(”finoo;a + )‘iHul,iHoo;U)'
( (3.7) takes the form of , if we replace the data vector (f;, gi, i, m, m°, ¢) by
(i — Niu14,0,0,0,ma + mP,0).) The properties of w; with (6.1)) and (6.3 yield

the relations > "2, v Ajw; € C0,T] and Y2, vidiw;
check that v; = w; * (my — my) solves (6.7). By the uniqueness of the solution

= 0. One can immediately
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of (6.7), it holds uq ; — ug; = w; * (M1 —ma), i = 1,2,.... Consequently, we can
transform as follows:

Z’YZ{’IZJZ — Aiul,i — )\zwz * (m2 + mo) — )\lwz}*(ml — mz)(t) = O, (69)
i=1

for t € (0,T). By Titchmarsh convolution theorem, there exist 77 > 0 and 75 > 0
such that T7 + 715 =T and

Z%{lﬂi — Aiugi — Aw; * (mg +m°) — /\iwi}(t) =0 (6.10)
i=1

a.e. t € (0,Ty), and (m* —m?)(t) = 0 a.e. t € (0,73). But since the function at the

left-hand side of (6.10)) is continuous and possesses the limit » .=, (¢;(0) —X;p;) # 0

as t — 0%, the equality 77 = 0 is valid. Consequently, (m; — ms)(t) = 0 a.e.

t € (0,T). This completes the proof. a
7. EXISTENCE

Let us introduce the function
o0 o0
Qppr(t) = Z%‘qﬁ,i(t)tl_ﬂ = Z%' (Nipi — fi(0)) Eg g (—it”). (7.1)
i=1 i=1
Firstly, we prove a proposition that gives a necessary consistency condition for

R+ Qp.p. ()P L.

Proposition 7.1. Let (8,m) € (0,1) x L,(0,T) with some p € (1,00) solve IP.
Assume that f; € WZ}(O,T , ¥ € WE0,T), g; € OH}?(O,T), i=1,2...,m°¢
L,(0,T) and

o0 o0
> hildilgil <00, > [villl fillwa 0,1y < o0,
i=1 i=1

- - (7.2)
Z Pvilllillwg o,my < o0, Z [villlgillg.p < oo
=1 =1

Then W + Qg (£)t° 1 € o HJ(0,T).

Proof. Since ¢HF(0,T) — L,(0,T) and W{(0,T) — H}~P(0,T) for r € (1, ﬁ),
r < p, Propositionyields u; € W(0,T). Moreover, implies the inequalities
S il fillizsr <00, S illillizs.r < o and Yo7, [lllgall- < oo. There
exist o such that (hence also (5.1)) is valid. Applying we obtain the
relation Y .o, [vil||uf|lre < oo. Thus, b’ = 32 vu; € L,.(0,T). Further,
with implies "2 |villlul + gp.illppo < 00. Since W (t) + Qpp s (t)tP1 =
S yilul 4 gs.4) (1), we deduce ||B 4+ Qp.p, ¢ (£)t° 1|5 pio < 0o. This with Lemma
implies the assertion of the proposition. O

For the statement and proof of an existence theorem, we define the following
balls in the space L,(0,T):

Byo ={w € L,(0,T) : ||w

and introduce the notation

|p;<7 < o}

d= (%|i:1,...,omfi|i:1,...,oo,¢i|i:1,...,omgi\i:L...,oo,mO»h)
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for the data vector of IP.
Theorem 7.2. Let f; € WZ}(O,T), v € WHO,T), i=1,2,..., m" € L,(0,T) with

some p € (1,00) and

Yol < oo, Y IO < oo, Dl Nz, 0y < oo,
i=1 i=1 i=1 (73)

Z 17i| Af|9i(0)] < oo, Z illlYill Ly 0,7y < 00
=1

i=1
with some € € (0,1]. Moreover, b € (0,1) be such that
h' + Qup, s ()1°F € 0Hp(0,T) (7.4)
and g; € oH;(0,T), i =1,2,... and

o0
> hilllg:
i=1

with some s > b. Finally, assume the conditions

sp < 00 (7.5)

Z Yi(Aigi — 1:(0))# 0, (7.6)
i=1
h(0) = Z%’%’- (7.7)

Then there exists og[d] such that for o = agld] it holds
~ 1
wold] = ClwldN,[d] < . (78)

where

Nold) = IF + Qup.r (O oo + [S brlAileil + 3 ills(O)[] 1l
i=1 i=1

#{G [ A ded + 3 ) + 3 bl 0]

i=1

o0 o0 oo
+ > il fillpo + D il + ) il \IgiIIb,p;o} (L + m°lpio )
i=1 i=1 i=1

(7.9)
C = (3C, +4T"7 +2)(Co+ V(ene + )(T'T +1),
Kld] = {Z i (1:(0) — Ai@i)} . (7.10)

Moreover, IP has a solution (3, m) such that 3 = b and m belongs to B, |4, where
o is any number satisfying (7.8) and

0o[d] = C|rld]| Ry [d]
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with
R, |d]
= 1B + Qs )" 1,50
oo 1 oo o0
+ ) hildileilllm®pe + {ﬁ [Z vl A Lol + D |%|>\f-|fz‘(0)\} (7.11)
=1 =1

i=1

o0 o0
+ 3 il o + 3 illlgilpe b (14 1m0lo),
=1 =1

where C = 2(Cy + 1)(cge + 1)(TPT71 +1).

Proof. Since || fillp.e — 0, |1¥i]1;0 — 0, ||gillo,p;0 — 0 as o0 — oo for all ¢ and

oo (oo}
D alll fillse < D il filly < oo,
i=1 i=1

oo o0

D lldilie < > Pl < oo,
i=1 i=1

oo

o0
> hilllgillopo <> Pilllgillsp < oo,
i=1 i=1

the dominated convergence theorem for series implies

oo o0 o0
il e = 00 D billillie — 0. D 1illgillspo — 0
i=1 i=1 i=1

as 0 — oo. Moreover, |h' + Qp.o.t ()P ||y pio — 0 and |m°[,.; — 0 as o — oo.
Consequently, there exists such o = o¢[d] that is valid.

Let o be some number satisfying . Setting 8 = b, it remains to show that
there exists a suitable m € B, (g, such that the pair (3,m) solves IP. Let us
consider the following equation for m:

DP(R + Qs (£)77)

== vl +qs:) + > wifl+ D%g;)
i=1 i=1
i (7.12)
+Z%(1/%(0) - z‘Pz m+272 u +Qﬁ z)+)\zqﬁ z)

_Z% iPim —Z% (u; + qp.i) — Aigg,i)¥m”°,

where u; = u;[m] is the solution of (B.7). Due to the assumptions of the theorem,
Proposwlonn7 and -, all terms in (7.12) belong to L,(0,T") provided
m € Ly(0,T). Therefore this equation is well- deﬁned

Firstly, let us show that if m € L,(0,T) solves 7 then the pair (5, m)
solves IP. Suppose that m € L,(0,T) solves . Substituting Qg , ¢ (t)t°~! by
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> oo Yi4B,is Wi + s — s, by u; in (7.12)) and integrating from 0 to ¢ we obtain
t=F —
m* (h/"‘Z’YiQBz = Zw uﬂrZ%fz Z%gz
i=1

+ Z%‘ (i — Aiug)*xm — Z%‘)\iui «m’ (7.13)

i=1
- Z%)\Jl%,z‘ + Z%‘ (Nigi — £i(0)).
i—1 i=1
From we obtain
o0
*Z%’ Z’Yz/\ uz+Z’Yzfz Z'ngz
i=1

+ Z%‘(?/}i - )‘iui) *M — Z%)\iui * mO

i=1

(7.14)

and from (5.16]) we deduce
* Z%(Jﬁ,i == Z%)\i[l%,i + Z%‘ (Miwi = £:(0)). (7.15)
i=1 i=1 i=1

Subtracting the sum of (7.14) and (7.15) from (7.13]) we have
t=8

1_‘(7 Z’YZ , tE (O,T)

This implies b’ — Y2, vu} = 0 for t € (0,7). Integrating from 0 to ¢ and using
the assumption ([7.7)) we obtain (3.8]). This proves that the pair (5, m) is a solution
of IP.

Secondly, let us denote w = w,[d], © = 0,[d], K = k[d] and show that the
equation (7.12)) has a unique solution m in the ball B, ,. To this end, we rewrite
this equation in the fixed-point form

m = Fm, (7.16)
where
Fm = /@{D'6 (W + Qpp.r P71+ Z%M(Ui[m]/ +4s.i)
i1
=Y vi(f] - D%gi) - Z% [m] +45.0) + Nigg,i)¥m  (7.17)
i=1
+Z%)\ oim +Z% m]' +qp) — )\iQﬁ,i)*mO}~

In view of -, and ( it holds
HZwiqﬁ,iHm < Z il Aillgs.ill 1o
i=1 ;

< 2 [Z el AT +ZI%IA £:(0)]]-

(7.18)
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Let m € By, i.e. ||m|pe < 0. From the definitions of w and ¢ and (7.9) we
deduce that Tpr%leoHp;g <¢< % and Tpr’;lg <¢< i. Thus, the relation (5.13)
is valid. By means of the assumptions of the theorem, (4.10), (4.11), (5.14) and
(7.18]) we estimate:

||~7:m||p;cf

CQC[-}E - €
< I 10 + Qoo (O o + e | D lilM e
i=1

+ 3" IO +C2 [ 5 mem 0+ >
=1 =1
+ G 3 bl 1l + Z illgslama] + 3 1l
i=1 i i=1

{3 Pallflhr + 22T 3 bl + 3 )]

i=1

o [ mem >|+Zm||w;||1;g}||m||p;a

=1

p=1
G [ il e + 3 Pl

i=1 i=1

+ L [Z A li] + Z XL O] Himllpo

Cacp T'7 ol S e
o+ { 2B S o + Y 1 £00) ]

i=1 i=1

o|Iml

p;o

o0
|pie + Z 1villlgill 3,ps0

S
i=1
C € >
+ T [ﬁ’ Zmu i >|+Zm||w;||1;a} Imallpeo
i=1

o
p—1 C
+ T \%Il\f{\lp;o + I%'Illgi\la,p;a + 2N Pl il
o8
=1 =1

o
+ 3 LA O] Ol
i=1
Estimating ||m||;o by ¢ and [[m]|2., by Tﬁi and simplifying we obtain

|l < 5 +wie,

where

o1 = Culel{ 5z [ ALl + 2 L) + 3 bl 0]

+ Z il fillpio + Z illlYill o + Z |%H|gz||ﬁpa}(1 + [m°lpsor)

i=1
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with
5C,

~ 5C5
Cl = max{cg’e( + T + CQT ) + T + CQTi}

5 p=1
< (Gt Depe + HTF +1).
Since wy < w < 1 we have || Fm||p;, < £+ £ < 0. Thus, the operator F maps B,

into By«

Let mq,ma € B, ». Then the difference v; = u;[m4] — u;[ms] solves the problem
t—B _
) * 0]+ Nvi = f; — Nvg x (ma +mP), 0;(0) =0, (7.19)

where

fi= (1/)1 — )\iui[ml])*(ml — mg).
By the vanishing initial condition and f,(0) = 0, the function , related to v;
is equal to zero. Moreover, Tijleng;U + TijleOHp;U < % Therefore,
applied to yields

_ ., -
Aillvillpio < CalNiEg il f lpo = CallAiEg.illio || (¢:(0) — Aigi) (my — my)
+ [¥5 = Ni(us[ma]” + qp.) + Aiggi] *(my — m2)Hp;J
< CalNiEllvie [[:0)] + Ailpi] + 46110

p—1
+T77 Nilluilma]” + g illpso + Nillgs.i

| e

Using the estimate (5.14]) for u;[m1] +¢gs,, the relatlon Hm||p - g T7T 1 for ||m|| o

in this estimate as well as (4.10]), (4.11)), . and ( we obtam

Z il Ail| il pro < w2llma — ma|lpio, (7.20)
=1
where
=& [2 AT li] + Z BN + 3 s A )|
=1 (7.21)
£ 3 bl + 3 b + 3 Fullillage )
=1 =1 i=1
with

-~ p—1 C p—1 C
Cy = Comax{cg,(T 7 Ca+2); C@G(f +1);CoT 7 f}

< 205(Cy + 1) (cpe + 1)(TF +1).
Further, from ([7.17)) we have

Fmi — Fmg = m{i Vvl + i’yi)\ivz’- * (Mg — mO)

i=1 i=1

_Z% i(uilma]’ + qgi) + Xigp)*(m mQ)}’
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hence
| Fma _fm2||p;0

3 o0 o0
< Il 5 D2 it + 3 bl 41
i=1 i=1

oo oo
p—1
+ T vlhillwslma) + gzillpe + |%\)\i||fm,i||1;a} [m1 = ma||po-
i-1 i=1

Using the estimates (5.14]), (7.18) and ([7.20) we obtain

3
[Fmi — Fmallp,e < (§|f<~'|w2 + wi)[lmy — mallpio-

Since 3|klws + w1 < w < 1 we obtain ||Fmy — Fma|lpe < 1[lmi — ma|pe. This
shows that F is a contraction in the ball B, ,. By Banach fixed-point principle,
the equation (7.16) has a unique solution in B, ,. The proof is complete. O

The following theorem gives an explicit formula for the component 3 of the
solution of the inverse problem.

Theorem 7.3. Let
Z il (Nilps] + 1£:(0)]) < o0, Z%’(Ai@i — fi(0)) #0
i=1 i=1
and W + Qg s (t)t°~1 € oHP(0,T) for some p € (1,00) and 8 € (0,1). Then
_ o Ifh(t) = h(0)]
G=uh)= lm ==

Proof. By Lemma there exists z € L,(0,T) such that &' + Qg , (t)t° = = I°2.
Integrating this formula from 0 to ¢ we have

h(t) — h(0) + Z% (Nipi — fi(()))/o Ep (=)0 dr = [P (1).
1=0

(7.22)

Since [§ Eg5(—\7)m7 " dr = t°Ep 511 (—\it”) (B, (4.4.4)]), we obtain 20RO —
Z(t) with

oo
Z(t) = — Z Yi (/\1801 — fl (0))Eﬁﬁ+1(—)\itﬂ) =+ t_5[1+62(t).
i=0
Let us compute the limit of Z(¢) in case t — 0F. We have

) o0 1 oo
=l ;%‘ (Niwi = £i(0)) Eg pra(=Nit”) = TBAD ;72‘ (Niwi = fi(0))
and

|t~ T+0 (1) = ‘fﬁ /Ot (t—1)» Z(’T)d’]"

T(G+1)
<[ (e ™ g

p—1

t »
EESCES T

—llzllL, 0 =0 ast—0".
P



22 J. JANNO EJDE-2016/199

Thus lim;_,o+ Z(t) = ¢ # 0. Taking logarithms the relation

|h(t) = h(0)]

= 120) (7.23)

and solving for § we obtain

_ Infh(t) = h(0)] — In|Z(t)|
A= Int '

Taking the limit ¢ — 0% and observing that lim,_, o+ n ‘lfit)‘ = 0 we arrive at

[722). 0

Remark 7.4. In practical computations, we can apply the formula (7.22) only
approximately, i.e. [ = W, where t; is some small value of the time. It
is possible increase the accuracy of computation of § incorporating the principal

term of Z(t), too. Namely, in the proof of Theorem we saw that

Z(t) ~e= —ﬁ ;%(Ai%‘ — £i(0))

as t — 07. Thus, from (7.23) we obtain

|h(t) —h(0)] 1 -
i ~ F(ﬁ+1)‘§7i(>\i¢i—fi(0))‘

if t & 0. From this relation we deduce the following approximate equation for 3
that is applicable in case of small t;:

h(t) o) &

=—1 (7.24)
(207 (i — Fi0)| T+

8. STABILITY

Under the conditions of Theorem [7.3] the stability of 3 with respect to h is im-
mediate. Let (ﬁ,(pi|i:17___7oo,fi\i:17,,,,oo,h) and (E, &i|i:17mm,ﬁ|i:1,__4700,71) satisfy
the assumptions of Theorem Then p(ﬁ) — u(h) implies B — 3. Moreover,
do(h1,ha) = |u(h1) — p(he)|, k1, ha € H, defines a pseudometric on elements of the
space H := {h : u(h) exists and is finite}. Thus, 18 = B| = do(h, h).

Next we prove a theorem concerning the local Lipschitz-continuity of the com-
ponent m of the solution of IP with respect to the data.

Theorem 8.1. Let the data vectors
d= (@i‘i:l,...,oov fi|i=1,4..,ooa ¢i|i=1,...,ooa gi|i=1,...,00a m07 h)v
d= (¢i|i:17...,oovfili:l,...,ooawi|i:1,...,ooagi‘i:l,...,ooamoah)

satisfy the assumptions of Theorem [6.1] with same parameters p,e,b and s. Let
(B,m) and (B, m) with B = b be the solutions of IP corresponding to the data d and

d, respectively. Let o1[d] be a sufficiently large number such that for o = o1[d] the



DETERMINATION OF ORDER OF FRACTIONAL DERIVATIVE 23

EJDE-2016,/199

relation
Clwld)|[Nola'] + [ 3 bills() + 3 blnil | llm + m0l
i= i=1
+ {a% [Z X )]+ D AT leal |+ D 10 (8.1)
J i=1 i—1
0 1
+Z|%|)\ [|w;[m ||1o}(1+||m+m ||p;c,)}g 5

is valid. Moreover, assume that the data vector d is sufficiently close to the data

vector d, so that

‘Z;’il Yi(%i(0) — Xips)

_ - <2 (8.2)

‘Zizl Yi (¥i(0) — Xipi + i (0) — ¥;(0) — N\ (@i — %‘))‘
is valid and the estimates
1" —m e <1 and
Clrld] {Z lles ()] + 3 bkl
i=1 i=1
(8.3)

[Z PaIX ()| + D ALl |+ 3 e
i=1 =1 i=1

1
+Zw luom 1o f172° = P < 5
o1[d]} and

are satisfied, where o = og[d] = max{og[d]
dt = ((951 — i)li=1,....005 fiT|i:1,...,oov (Jz — i) |i=1,....005

(Gi — 9i)li=1,..., oo,mT,E—h),
fl=Fi— fi= (@ = m®) s« Nwilm] + mox (¢ — ), mlt =m+m® +m® —m’.

Then
17— mllp < Cl{IF = '+ Qy 5y 7 O sy

+ 3G — el + D Pl F(0) - £(0)
=1 i=1
+ 37 alldi0) = () + 3 bl F — £l 6.4
=1 =1
0 ~
+ 3 lllgh - %l
=1
3 bulls - gl + 170 - m0], ),
=1

where C[d] is a constant depending on the data vector d
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Proof. Firstly we mention that the series in the formulas (8.1]) and (8.3]) converge be-
cause of the assumptions imposed on d and d. In particular, > o< 75| [|ui[m] 1,0 <

p—1
S T77 |luglm] + gs.illpio + llgs.ill1:o and

00, because ||u}[m]

ZI%I/\ [uilm] + gg.illpe < o0, Z il Aillgs.illio < o0
i=1
in view of Proposmon and assumptions of the theorem. Secondly, due
to and the dominated convergence theorem for series, there exists o = o1[d]
such that is valid.
Denoting v; = u;[m] — u;[m], the difference (3,m — m) = (8, k) is a solution of
the inverse problem

t=8
) * [v;(t) — g, (t)] + Aivi(t)
= F.(0) + k * [1h; (1) — Nwa(8)] =m0 Awi(8), t € (0,T), v;(0) =7, (8.5)
Z'Yivi(t) —h(t), te(0,7T)

with the data vector
d= (¢i|i:1,‘..,ooy?i|i:1,...,007$i|i:1,.“,007?i‘i:l,...,ooamo7ﬁ)7
where
Bi=0i— i, fi=1f U=t — i+ v — Awilm],
G,=gi—g, m'=ml, h=h—h
By (8-2), it holds |«[d]| < 2|k[d]|. Let us set o = 02[d] and estimate
wold) = C|k[d)| N, [d]

< 2C|s[d]| N, [d]

< 2C)k[d][[N, [d [Zmnm 0) + 3 hildlil lIm + m® + 70 =m0,

i=1

{5 [Z IO+ 3 Al ]+ 3 bl
% =1 =1

- Z il Xillufml o b (0 4 mO 4 20 = mPo)]

Since the norms | - ||p;» and || - ||g’p,(r are nonincreasing in o, the relation (8.1 is
valid for o = o3[d], too. Using (8.1)) and (8.3) we reach the inequality wg [E] <1

for o = 03[d]. Now we can apply Theorem - to the inverse problem (8 . We
conclude that (8.5) has a solution (3, k) such that k € B, @.0> ¢ = 0o2[d]. From the

uniqueness of the solution of (8 . (following from Theorem|[6.1)), we have k = m—m.
Hence, for o = o3[d] it holds

17 = 1l i < 05[]
= Cl[d]| Ro|d]
< 2C|x[d]| R, [d]
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= 2C|wld)|[IF = ' + Qs 5 1 (D 3.0

o
5 iz = el

i=1

1 [ e s .
SRR SEC]

o0 o0
3l o + 32 ellG: = gillao } (1 T o) ]
=1 =1

From the formula of f] we obtain f(0) = f;(0) — f;(0) and
= F= 1= Nipa(m® = m®) — (m® — m®) « N fm] + (1;(0) — 43(0))m
+mok (] — bl

Moreover, from (7.1]) and the relation for fT(0) we see that Qp,—p.ft = Qﬁ o ot

Using also the relation ||m® — m®||,,, <1 for the addend m® — m?® in the term m!
and applying (4.12) we continue the estimation of || — m||,,, as follows:

[ — m“p;o

< CA{IF ~ + Qg s OF 500

+ D 1l @ = el 3 IATNE — @il + Y 1l AL £i(0) — £i(0)]

=1 =1 =1
o0 - o0 -
+ 3 1l f = Fille 4+ 172 = m°llpio + D [all1h:(0) — 13 (0)]
=1 =1
o0 . o0
+ > 1l = Ylllio + > 1allgi = gill e
i=1 i=1

where C1[d] is a constant depending on d. Using (4.7) and the relation
oo 1 o0
> il Al — il < * DA — wil,
i=1 * =1
where A\, = min{); : \; > 0}, we arrive at (8.4) with C[d] = (1 + & )e”2lC [d]. O

9. MODEL PROBLEM AND NUMERICAL EXAMPLE

A thorough numerical study of IP will be a subject of a forthcoming paper. The
present paper, focused on the analysis, is finished by a simpler numerical example.

Let us consider the direct problem in the domain (x,¢) € (0, 27) % (0, 1) with
the data g = » = m® = 0, f(x,t) = 2sinx, ¢(x) = sinz and Dirichlet boundary
conditions u(0,t) = u(2m,t) = 0. In such a case the expansions of f and ¢ in
contain only single addends corresponding to the eigenfunction v; = sinx of the
operator A = %. The solution of has the form w = wuq(¢) sinx, where uy is
the solution of the following Cauchy problem for ODE:

=8

T sl (t) +uy(t) +mrui(t) =2, t € (0,1), u1(0)=1.
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In view of Lemma [£.3] this problem is equivalent to the Volterra integral equation
of the second kind

uy (t) + P Eg g(—t7) s mox uy (t) = 2 — Eg(—t%), t € (0, 1). (9.1)
Let the state u be observed at the point, z = 7, i.e. ®[2] = 2(5). Then

h(t) = ua (t) sing = i (t).

The inverse problem with such data satisfies the assumptions of Theorems —
(.ol

In the numerical example we assumed m is of the form m(t) = cie™t + coe™2,
where c1, co € R are unknown coefficients. Then the kernel of the Volterra equation
K =P~ Eg 5(—tP) * m is continuous.

Fixing certain values of 8*, ¢f and ¢} (exact solution of the inverse problem), we
solved and computed the values h(t;) = ui(¢;) in nodes t; =in, i =1,..., N,
where 7 = % and N is the number of the nodes. Moreover, we set h(0) =sin 5 = 1.
The obtained vector h(t;), ¢ = 0,..., N, formed the synthetic data of the inverse
problem.

The solution procedure was implemented in two stages. In the first stage we
found the approximate value of 8 by solving the equation . In the second
stage we determined ¢; and ¢; via minimization of the cost functional

N
J(ey,eq) = Z|h[02,02](ti) — h(t:)],

where hlci, ca] = uy[ca, co] is the trace at 2 = T of the solution of the direct problem

corresponding to the parameters B, ¢ and cs.

The minimization of the cost functional was performed by means of the gra-
dient method. The solution of the Volterra equation (direct problem) was
implemented using the collocation with piecewise constant splines.

TABLE 1. Results in case 8 = 0.8

N I6) c1 Co
100 0.786  1.037 1.045
1000 | 0.799 1.004 1.006
10000 | 0.7998 1.0005 1.0006

TABLE 2. Results in case § = 0.2

N g C1 Ca
100 | 0.155 1.69 1.82
1000 | 0.194 1.08 1.09
10000 | 0.199 1.01 1.01

Tables |I| and |Z| contain numerical results in cases 8* = 0.8, ¢f = ¢5 = 1 and
8% = 04, ¢f = c¢5 = 1, respectively. In both cases we chose the initial guesses
c1,0 = 2, c2,0 = 3 for the minimization process.
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Results show that the method to determine 8 proposed in Remark [7.4] works
well in the case of bigger 3, but requires a quite small stepsize in the case of smaller

B.
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