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NONEXISTENCE OF POSITIVE GLOBAL SOLUTIONS TO THE
DIFFERENTIAL EQUATION v” — ¢t P~ 1y? =0

MENG-RONG LI, TSUNG-JUI CHIANG-LIN,
YOUNG-SHIUAN LEE, DANIEL WEI-CHUNG MIAO

ABSTRACT. In this article we consider the ordinary differential equation
u' —t7P7lyP = 0.

We show the blow-up for solutions of this equation, under certain on the initial
data.

1. INTRODUCTION

In articles [I]-[6], [8]-[10] we studied the semi-linear wave equation Du+ f(u) =0
under some conditions, and we found some interesting results on blow-up, blow-
up rate and estimates for the life-span of solutions, but no information on the
singular set. So we want to study some particular cases for lower dimensional
wave equations, therefrom we hope that we gain some experience for for studying
particular lower dimension later.

It is clear that the functions =P~ 1u?, with p > 1, u > 0 and ¢ > 1 is locally Lip-
schitz. By standard theory, the existence and uniqueness of classical local solutions
holds for the equation

" —t7P P =0, pe(1,00),
w(l) =ug, u'(1)=uy.

(1.1)
Notation and fundamental Lemmas. First we make a substitution
u=tv, u =v+t, u =22+t
Py = 2P Ty P2y = PP,
2tv’ 4 20" = vP.
Set s =1Int, v(t) = w(s), then tv’ = w;, 20" = wgs — ws.

For a given function w in this work we use the following abbreviations:

2
Eu(0) = (i — ) — 2™ au(s) = w? = a(s)

K(s):=Ky(s) == /OS w2(r)dr,  J(s) = Ju(s) =w(s)”" = .
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The equation (|1.1)) can be transformed into

Wes + Ws = WP, (1.2)
w(0) = wo = uo, (1.3)
ws(0) = w1 = uy — up. (1.4)

Using some elementary calculations we obtain the following lemmas.

Lemma 1.1. Suppose that w is the solution of (1.2), then

Ky(s)+2K(s) — Z%UJPJA(S) = E,(0), (1.5)
ass(8) + as(s) = 2(w(s)PT + K,(s)). (1.6)

Lemma 1.2. Suppose that w is the solution of (1.2)), then

K(s) = sz(o) (1—e %)+ p—?— 16_25/0 e*rwPt (r)dr, (1.7)
4 S
Ko(s) = Ey(0)e2 4 —— P*l——*%/ 20 P+ (1) dr, 18
()= Bu@e + (e - e [eruriman ()
as(s) = (as(0) + 2E,(0))e™ — 2E,,(0)e™2*
2 s i 1.9
+ i (p— 1+ 4e"%)e" SwPT(r)dr, (1.9)

as = —(p+1)Ew(0) + ((p+ 1) Ew(0) + as(0))e™*

+(p+3)K(s)+ (p— 1)/05 o0 K (r)dr, (1.10)
Jss(s) = —(p+ Da(s)™ F (= ((p + 1) Ew (0) + as(0))e™))
(1.11)

— (p? — 1)a(s)—pT“—1 /Os e" " K (r)dr.

Proof. By (1.5) and (1.6) we have

Kq(s)+2K(s) = E,(0) + Lw(s)”“,

(2K (5))s = ¢ (Bu(0) + ——uw(s)"H),

2 S
r+1Jo

Ewy(0)
2

Thus (1.7) and (1.8 are obtained.
By (1.6) and (1.7)) we obtain
e (ass(s) + as(s)) = 2¢* (w(s)P*' + Ky(s)),

e’as(s) = as(0) + /OS 2" (WPt + K,)(r)dr

e*K(s) = 2wl (r)dr.

(e —1)+

=as(0) +2e°K(s) + /OS 2" (wPTt — K)(r)dr,
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S
e’as(s) = as(0) + 2e° K (s) + / 2¢e"w(r)Ptdr
0

S Eu) 2 T
_ /0 267‘( 2(0) (1 o 672r) + o 16727"/0 62nwp+1(n)dn)dr

=as(0) +2e°K(s) + /05 2e"wP T (r)dr — /OS E,(0)(e" —e ")dr

e e
——— | e e“MwP™ (n)dn dr,
p+1Jo 0
S

e’as(s) = as(0) +2e°K — E,(0)(e® +e7° —2) + / 2e"wP ™t (r)dr
0

4 /S —r /T 2n, . p+1
- e e“Mw n)dndr,
p+1Jo 0 )

e’as(s) = as(0) +2e°K(s) — E,(0)(e® +e7° —2) +/ 2e"wP L (r)dr
0
pj— 1 (675\/0 2P (n)dn —/O 67T62Twp+1(r)dr>
=as(0) +2e°K(s) — E,(0)(e® +e7° —2) + / 2e"wP T (r)dr
0
4
p+1Jo
e’as(s) = as(0) +2e°K(s) — E,(0)(e® +e7° —2)

+

(e7* —e ")e2 wPT(r)dr,

S

ol e
o[ p+1

=a5(0) +2e°K(s) — E,(0)(e® +e7° —2)

(" — D)]e"wP T (r)dr

2
+ — p—1+ Qer_s]erwpﬂ(r)dr,
2
— e
p+1

p+1Jp
*25/ ezrwpﬂ(r)dr)
0

E,(0)
2
(p— 14 2e" )" SwPT(r)dr

as(s) = as(0)e ™ 4+ 2( (1—e2%) 4

—E,(0)(1+e 2 —2e7°) + pr1 ),
= a5(0)e™" + By (0)(1 — ™)

4 S
+ P 16_25/ 2wt (r)dr — By, (0)(1 4 725 — 2¢7%)
0

2 S
+ o1 ), (p— 14 2e"%)e" 5wl (r)dr
= (as(0) + 2E,(0))e™* — 2E,,(0)e ™2
2 s s r—s
+ b1l (p— 1+ 4e" e *wPt(r)dr.

Therefore, (|1.9)) follows.
Now to prove ([1.10)). According to (1.5)) and (1.6, we obtain that

e’as(s) = as(0) + /Os 2" (wPT + K,)(r)dr
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= a,(0) + /OS 2&(%([(5 + 2K — E,(0)) + KS)(r)dr
s(0) = (p+ DEw(0)(e® — 1)

S

e"((p+3)Ks +2(p+ ) K)(r)dr

S

+

S—

and
as(s) = —(p + 1) Ew(0) + (as(0) + (p + 1) Ew(0))e™*
+ /O e ((p+3)Ks +2(p+ 1)K)(r)dr
= _(p + I)Ew(o) =+ ((p + I)Ew(o) =+ as(O))eis

+(p+3)K(s)+(p—1) /OS e K(r)dr.

To show (1.11), we use (1.6) and the definition J(s) := J,(s) = a(s)_%,

Js = _%a(s)_p;rl_las;
ass(s) = —((p + 1) Ew(0) + as(0))e™* + (p + 3) Ks(s)

- DE(s)— (p—1) / S K (r)dr

The above formulation is equivalent to assertion (1.11]). Thus Lemmal[l.2]is proved.
O

Definition 1.3. A function g : R — R has a blow-up rate ¢ means that g exists
only in finite time, that is, there is a finite number 7™ such that

li ty"t=0
Jim g(t)
and there exists a non-zero 3 € R with

lim (T —1)%g(t) = 3,

t—T*

in this case g is called the blow-up constant of g.

The following lemma is easy to prove so we omit its proof.
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Lemma 1.4. If g(t) and h(t,r) are continuous with respect to their variables and
the limit lim, 7 fog(t) h(t,r)dr exists, then
g(t)

9(T)
lim h(t,r)dr = / h(T,r)dr.
t—=T Jo 0

2. NONEXISTENCE OF GLOBAL SOLUTION WHEN FE,,(0) <0

In this section we want to show there is not global solution for (1.1)) under
negative energy F,,(0) < 0.

Theorem 2.1. IfT is the life-span of u and u is the positive solution of the problem

(1.1) with E,,(0) <0, then T is finite. This means that the global solution of (1.1)

; 2 2, p+l
does not exist for (u; —up)* < 71 %o

Proof. We consider the cases as(0) > 0 and as(0) < 0. In the first case, using (|1.10))
of Lemma [[.2] we obtain that

as(s) = —(p+1)Eu(0)(1 —e™°) + as(0)e™" + (p + 3) K (s)
+(p— 1)/0 e"*K(r)dr >0
for all s > 0 and

a(s) > —(p+ 1D)E,(0)(s—1+e %) 4+as(0)(1—e"*)>1

for

(p+ 1) Ew(0)
According to Lemma [1.1] (1.6)) for s > s,

s>sy: =1+

_a(s) p—1 3 pil
= (a(s) 2 —1) —|—2a(s) 2
3
> ia(s)p;;
1250

thus we obtain that there exists s : =1 — (s0) > so so that

Ey(0) p+1 a

p+1 6 p+3
>3 TS = — Tm
a(s) % a,(s) = 5 (a(s)F)
a2(5) > —0—a()"5 + a2(s0) — ——a(50)F > ——a(s) ™
s\ 13 5170 T30 “p+3
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3 p+3
> 4
092 || als) "

—ra(s)' T 2 (s =) = ()
1—p —]. 4 —p
o < (T L)
therefore there exists
S* <87 =51+ Tpfch(Sl) T

such that
1-p
a(s)™* — 0 fors— S

This means that the solution for of (|1.1)) does not exist for all ¢ > 1 and the life-span
T* of u is finite with 7% < In S7. Whereas, if as(0) < 0 using (1.10) of Lemma

again, we obtain that
as(s) = —(p+ 1) E,(0)(1 —e®) +as(0)e™* + (p+ 3)K(s)

+(p-1) /03 e *K(r)dr >0

for all large s > so, where s5 is given by

as(0)

CESROL

so =1In(1+

and
a(s) > —(p+ 1)E,(0)(s —sa+e7 % —e ) +as(0)(e™*2 —e™ %) > 1
for all s > s3, s3 can be obtained by
— (p+ D) B (0) (55 + %) — ag(0)e
=1—(p+1)Eu(0)(s2 +e%2) — as(0)e™™
According to Lemma for s > s3,

a(s w(s)?
(ass +as)(s) = Z(w(s)’”r1 — %) + 2w, (s)? + (2)
> 2(a(s)% - @ + 2[wswl(s),
ass(s) > 2a(s)(a(s)™> — %)
a(s) et 3 i1
= T(G(S) -1+ §a(3>
3 p¥l
> 5@(5) 7

a(s) % = ~PE302(50) 1 20(s5)
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(ai(s))s = 2a5(5)a88<3>
> 3a(s)pT+las(s
6
p+3

)
(a(s) %),

1p -1 3 4 1p
a(s) @ §—L< p+3(s—84)—p a(s4) 3 )

3 4 -
S§§S4+\/%p_la(54)%

a(s)% — 0 fors— S3.
This means that the solution for the problem (1.1)) does not exist for all ¢ > 1 and
the life-span T of u is finite with 7% <In S5. g

therefore, there exists

so that

3. NONEXISTENCE OF GLOBAL SOLUTION WHEN E,,(0) >0

In this section we want to show there is no global solution of ([1.1]) under positive
energy E,,(0) > 0 when one of the following conditions holds

uo(u1 — UO) Z 07 (31)

2
ug(ur —ug) <0, wi(ur —up) > iy 1ug+l~ (32)

We have the result for nonexistence of global solution of (1.1J).

Theorem 3.1. If T is the life-span of u and u is the positive solution of the problem
with Ey(0) > 0 and ug(uy — ug) > 0, then T is finite. This means that the
global solution of does not exist for (u; —ug)? > %ugﬂ, ug(ur — ug) > 0.
If T is the life-span of u and u is the positive solution of the problem with
E,(0) > 0, ug(us —uo) < 0 and Ey,(0)+ uo(ur —wug) > 0, then T is finite. This
means that the global solution of does not exist for uy(u; — ug) > I%uﬁ“.
Remark 3.2. Under positive energy E,,(0) > 0, ug(u1 —up) < 0 with uj (u1 —ug) <

Tiﬂ‘g“ we conjecture that solutions of (|1.1) exist globally, and the asymptotic
behavior of such solutions is similar to the function

cPti-p
pp—1)
as t — 0o, but we are unable to prove this rigorously.

c+
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Proof. Using Lemma[L.2] (L.9), E.(0) > 0 and ug(u1 — ug) > 0 we obtain

s —s 2(p - 1) ® r p—1
e’as(s) > (as(0) + 2E,(0)) — 2E,(0)e™° + pT/o e"a(r)wP= (r)dr,

p+1

A(s) :/OS erw i (r)dr,  As(s) = e%a(s)

2 (as(0) + 2B (0)) = 2B (0)e™ + =
2 2

Pt 1 (€77 As(s)) P e *(Ass(s) — As(s))

> (as(0) +2E,(0))e 2" Ay(s) — 2E,,(0)e 3 A (s)

+ 22“; Do (0)A(s),

2 (e A —ag®)

p+3
> ((as(O) +25,(0) + %A(s))es - 2Ew(0)>e_3sA(s) >0

for some large s4, s > s5, since as(0) + 2F,,(0) > 0. Therefore, for s > ss,

(e7* Ay(s)) 5

> a(% + 1%3 ((as(O) + QEW(O) + %A(S)) es — 2Ew(0))673514(s),
As(s)
> (a0% 252 (000 4 22000) + B A0 - 28,,(0))e () "

1. p+t1/p+3
+(§)5ié (p2 (as(0)+2Ew 0)
Pt
% (s))eg—QEw(O))pHe His (3)571369
p
1. p+1 el s 1 pt+1 p—|—3 p+1
— (5),, Say? e +(§)p S(T)p 3((as(0)+2Ew(O)
— s % _2p 4 p+1l
F A )¢ = 2Bu(0) e T AR,

By the same arguments as in the proof of Theorem [2.I] the assertions in can be
obtained. O
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4. NONEXISTENCE OF GLOBAL SOLUTION WHEN E,,(0) =0

In this section we want to show there is no global solution of (1.1) under zero
energy E,,(0) =0, with uo(u1 — uo) > 0.

Theorem 4.1. If T is the life-span of u and wu is the positive solution of (1.1))
with Ey,(0) = 0 and ug(uy —ug) > 0, then T is finite. This means that the global

solution of (1.1]) does not exist for (u; — ug)? = %ugﬂ, ug(u —ug) > 0.

Remark 4.2. If F,,(0) = 0, up(u1 — ug) < 0 we conjecture that solutions of (1.1)
exist globally and have the same asymptotic behavior as that stated in Remark[3.2]
Yet, again, we do not have a rigorous proof.

Proof. Using the Lemma (L.10), E,(0) =0 and uo(u1 — up) > 0 we obtain
as(s) = as(0)e”* + (p+3)K(s)+ (p—1) /OS e K(r)dr >0,
a(s) =a(0) +as(0)(1 —e™*) + (p+3) /Os K(r)dr+ (p—1) /Os /or e’ " K (n)dndr,
o(9) = a(0) + a1 - )+ (p+3) [ K(r)ar
0
+o=1) [ [ er@anar
—al0) + a1~ )+ (p+3) [ K()ar
0
+(p— 1)( — e_s/o e"K(r)dr —|—/0 K(T)dr)
—a(0) + 0,1 )+ [ Q1) = (- DK Gar
>a(0)+as(0)(1—e )+ (p+3) /OS K (r)dr.
By Lemma ,
o) 2 al0) + @01~ )+ (p+3) [ K(ryir

— a(0) +a,(0)(1— )+ L2 [Tpeer ( /0 €2nwp“(77)dn) ar

p+1Jp

3 s 3 [°

= a(0) +as(0)(1 —¢™*) — ﬁ% 1/ el (n)dn + i‘% W (r)dr,

—s p+ 3 3 2r—2sy, p+1

a(s) > a(0)+as(0)(1—e*)+—— [ (1—e YwP™ (r)dr

p+1Jp
=a(0) + as(0)(1 — e~ %) + we_% / (e +e")(e® — e )wP T (r)dr,

p+1 0

Pt 3678\/ (e’ — er)wpﬂ('r)dr
p+1 0

a(s) > a(0) + a,(0)(1 - e~*) +
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/ (e® er)wp+1(7n)dr > a(f)’%l (fes Teb — es);
s/2 2 2
thus
a(s) > a(0) + as(0)(1 — =) + 23 —s{ 02 (14 5ot — of)
- ) p+1 5
+a(3)F Gt +et —e))
Further, for
1 +1 . )
§ 2 Sg = 5 §+3(1 —a(0) —as(0)(1 —e ))a(o){2
we also have
a(s) > a(0) + as(0)(1 — =) + 253 [T (1 e2r=2sy,m+1 (1) gy
p+1J
3 1 1— —2s
Z“(0)+%(0><1—6*5)+]13%a(0)”7( - )
—s +3 p+1 1
> a(0) + as(0)(1 — )+% (0)F ( 75)
> 1,
2
(ass + as)(s) = z(w(s)pH B @> + 2w, (s)? + w(s)
4 2
> 2(a(9)"% — 40) + 2wl
p— 1
ass(s) > 2a(s) (a(s)Tl _ 1)
_ a(s) p=1 3 i1
=55 (ae)'F ~ 1) + Sa(o)
> ga(s)pTH’
thus there exists s; > sg such that for s > sy,
P 3 Y
a(s7)T3 — _p‘g a?(sg) + 2a(56)¥7
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—4 i-p _p+3 3
—(a(s) J)s:a(s) ag > m Vs > s7,

74 1—p 4 1—p
P 1&(5)T > ’/%(3—57) oo 1a(57)T Vs > sy
1-p —1 4 —p
() * < =F = (y ,%(5 —s1) = o —qalsn)T);

therefore there exists
p+3 4 1-p
Ss < —_— 1
s Ssthy 3 p—la(87)

a(s)% — 0 for s — S3.

This means that the solution of (1.1)) does not exist for all ¢ > 1 and the life-span
T* of w is finite with T < In 53. O

such that

Remark 4.3. If we reconsider the solution behavior of the problem on (0,1],
as one may use the same transformations as given in Fundamental Lemmas and
obtain problems f on the interval —oo < s < 0. On the other hand, by
changing variables 7 = —s, w(s) = X(7), equation yields

X;r — X, =XP, 7€ (0,00), (4.1)
X(O) = XO = U}(O) = Wo = Uop, (42)
XT(O) = X1 = —W1 = Uy — Uz. (43)

In [7] we estimated the life-span 7* of the positive solution X of (4.1) in three
different cases:
(a) X; =0, Xo>0: 7 < ef, for a suitable k.
(b) X1 >0, Xg>0:

L~
(i) Ex(0) >0, 7 < ek2, fy = 2o, /BHL x 2"
(i) Ex(0) <0, 7% < eks kg = 2.

Therefore, the solutions of (1.1]) on (0, 1] can not defined on this interval but blow
up in the interior under such circumstances.

Acknowledgments. We want to thank Prof. Klaus Schmitt for his comments
and improvements on writing. We want to thank Prof. Long-Yi Tsai and Prof.
Tai-Ping Liu for their continuous encouragement and their discussions of this work,
We want to thank NSC and Grand Hall for their financial support and the referee
for his interesting and helpful comments on this work.

REFERENCES

[1] M. R. Li; Nichtlineare Wellengleichungen 2.Ordnung auf beschrdnkten Gebieten. PhD-
Dissertation Tiibingen 1994.

[2] M. R. Li; Estimations for the life-span of solutions for semilinear wave equations. Proceedings
of the workshop on differential equations V. Jan.10-11,1997, National Tsing -Hua University,
Hsinchu, Taiwan.

[3] M. R. Li; On the semilinear wave equations (I). Taiwanese J. Mathematics vol.2 no.3 p.
329-345, (1989).



12 M.-R. LI, T.-J. CHIANG-LIN, Y.-S. LEE, D. W.-C. MIAO EJDE-2016/189

[4] M. R. Li; Nonexistence of global solutions of Emden-Fowler type semilinear wave equations
with non-positive energy, Electronic Journal of Differential Equation, Vol. 2016, No. 93, pp.
1-10.

[5] M. R. Li; Estimates for the life-span of the solutions for semilinear wave equations, Com-
munications on Pure and Applied Analysis, Vol. 7, No. 2, pp. 417-432, 2008.

[6] M. R. Li; Existence and uniqueness of solutions of quasilinear wave equations (I1I), Bulletin
Ins. Math. Academia Sinica, Vol. 1, No. 2, pp. 263-279, 2006.

[7] Meng-Rong Li; Asymptotic behavior of positive solutions of the nonlinear differential equation
t?u” = u™, 1 < n, Electron. J. Diff. Equ., Vol. 2013 (2013), No. 250, pp. 1-9.

[8] M. R. Li; R. D. Pai; Quenching problem in some semilinear wave equations, Acta Mathematca
Scientia, vol. 28, no. 3, pp. 523-529, 2008.

[9] M. R. Li; L. Y. Tsai; Ezistence and nonezistence of global solutions of some systems of
semilinear wave equations, Nonlinear Analysis, No. 54, pp. 1397-1415, 2003.

[10] M. R. Li; L. Y. Tsai; On a system of nonlinear wave equations, Taiwanese J. of Mathematics,
vol. 4, no. 7, pp. 557-573, 2003.

MENG-RONG L1
DEPARTMENT OF MATHEMATICAL SCIENCES, NATIONAL CHENGCHI UNIVERSITY, TAIPEI, TAIWAN
E-mail address: 1liwei@math.nccu.edu.tw

TsuNG-Jul CHIANG-LIN
GRADUATE INSTITUTE OF FINANCE, NATIONAL TAIWAN UNIVERSITY OF SCIENCE AN TECHNOLOGY,
TAIPEI, TAIWAN

E-mail address: D9918005@mail .ntust.edu.tw

YOUNG-SHIUAN LEE
DEPARTMENT OF STATISTICS, NATIONAL CHENGCHI UNIVERSITY, TAIPEI, TAIWAN
E-mail address: 99354501@nccu.edu.tw

DANIEL WEI-CHUNG MI1AO
GRADUATE INSTITUTE OF FINANCE, NATIONAL TAIWAN UNIVERSITY OF SCIENCE AND TECHNOLOGY,
TAIPEI, TAIWAN

E-mail address: miao@mail.ntust.edu.tw



	1. Introduction
	Notation and fundamental Lemmas

	2. Nonexistence of global solution when Ew(0) <0
	3. Nonexistence of global solution when Ew(0) >0
	4. Nonexistence of global solution when Ew(0)=0
	Acknowledgments

	References

