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MULTIPLE POSITIVE SOLUTIONS FOR DIRICHLET PROBLEM
OF PRESCRIBED MEAN CURVATURE EQUATIONS IN
MINKOWSKI SPACES

RUYUN MA, TIANLAN CHEN

ABSTRACT. In this article, we consider the Dirichlet problem for the prescribed
mean curvature equation in the Minkowski space,

%) =Af(u) in Bg,

u=0 on JdBR,

fdiv<

where Bg := {z € RY : |z| < R}, A > 0 is a parameter and f : [0,00) — R
is continuous. We apply some standard variational techniques to show how
changes in the sign of f lead to multiple positive solutions of the above problem
for sufficiently large A.

1. INTRODUCTION

In this article we show the existence of multiple positive solutions of Dirichlet
problem in a ball, associated to the mean curvature operator in the flat Minkowski
space LN+ with (z1,...,zy,t) and metric Zilil(dxi)z —(dt)?. These problems are
of interest in differential geometry and in general relativity. It is known [ [IT] that
the study of spacelike submanifolds of codimension one in LN*! with prescribed
mean extrinsic curvature leads to Dirichlet problems of the form

Vu

VI [VuP?

where € is a bounded domain in RY and f: Q x R — R is continuous.

This topic has been largely discussed in the literature for in the special
cases that N = 1 or Q is a ball (or an annulus) in RY, see [2, 3], 4, [5] [7, 8, 14, [15]
and the references contained therein. Note that Coelho, Corsato, Obersnel and
Omari [7] proved the existence of one or multiple positive solutions of with
N = 1 provided that f is LP-Caratheodory function, but the positivity of f is
not required. Moreover, Bereanu, Jebelean and Torres [3] applied Leray-Schauder
degree arguments and critical point theory to show existence of positive radial
solutions for when Q = Bp = {z € RY : |2| < R} and f is positive on
[0, R] x [0, ) with @ > R. Of course, the natural question is what would happen if
f(zl,8) = f(s) and f changes its sign in [0, «).

fdiv( > = f(z,u) in Qu=0 ondQ, (1.1)
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Recently, Ma and Lu [I5] used the quadrature arguments to study the existence
and multiplicity of positive solutions of the nonlinear eigenvalue problem

!

(ﬁ) +Af(u) =0in (0,1), u(0) =u(1) =0, (1.2)

where £ > 0 is a constant and f satisfies

(A1) [ € CH ([0, 52
(A2) Either f(0) >0 or

. f(s) s
0) = 07 = lim > O, S) = ;
70) fo s—0+ 1(s) Vi) V1 — ks?
(A3) There exist 0 < a1 < by < az <by < - < bpe1 < am < ﬁ such that

f(a;)) <0, f(b;) >0and F(b;) > F(u) forall 0 <u <b;,i=1,2,...,m—1.

They showed the existence of at least 2m — 1 positive solutions provided A is large
enough. Their result is an analogous of the well-known result due to Brown and
Budin [6], who established the result of with k = 0 by using a generalization
of a quadrature technique of Laetsch [12].

Motivated by above papers, this article is devoted to studying how changes in
the sign of f lead to multiple positive solutions for the Dirichlet problem

—div <\/1—VTL—VU|2) = Af(u) in Bpg,

u=0 on 0Bgr

(1.3)

for A > 0 sufficiently large. Assume throughout that f : [0,00) — R is continuous
and satisfies:

(A4) f(0) > 0 and there exist 0 < a1 < by < as <bs < -+ < bp_1 < apym <R
such that f(s) < 0if s € (ak,br) and f(s) > 0 if s € (by,ar41) for all
k=1,....m—1;

(A5) faa:“ f(s)ds >0 forall ke {l,...,m—1}.

Our main result is the following theorem.

Theorem 1.1. Assume (A4), (A5). Then there exists a number A > 0 such that
for all X > X, problem (L.3)) has at least m — 1 positive solutions uy, ug, ..., Upm—1 €
H}(Br) N L*®(Bg) and ||uk||ec € (ak,ar+1] for allk=1,...,m — 1.

Remark 1.2. It would be interesting to investigate a similar version of Theorem
for Dirichlet problem (I.1)) with @ C RY bounded, sufficiently smooth.

The proof of our main result will be given in the next section and follows ideas
used in [7], 8, [13], suitably modified and expanded for the case being considered.
For the earlier results on the semilinear problem, see [9] [10].

Now we list a few notation that will be used in this paper. Let E = H}(Bgr) with

1/2
the usual norm ||Ju|| = <'fBR \Vu|2dm) . The norm ||-|| is considered on L>°(Bg).
We also define ¢ : (—1,1) — R by ¢(s) = 7= and on(y) = \/13\7\2" y € RN

with | - | stands for the Euclidean norm in RY.
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2. PROOF OF THE MAIN RESULT

The following Lemma is a consequence of the weak maximum principle for the
¢-Laplace operator.

Lemma 2.1. Let g : R — R be a continuous function and there exists ag € (O, R)
such that g(s) > 0 if s € (—00,0) and g(s) < 0 if s > ag. If u is a non-trivial
solution of

—div (L) =g(u) in Br, u=0 on 0Bg, (2.1)

VI— | Vul?

then w is positive a.e. and belongs to L>(Bg). Moreover, ||u]loo < ag.
Proof. Let v =u~ = max{—u,0} € E, then
Vo = {(;v“’ Z ; 8? (2.2)
Multiplying the equation in by v and integrating by parts, we have
v Vu - Vv

Br V/1— \Vv|2 Br V/1— IVU\2 Br

Hence Vv =0 a.e. in B and we conclude that © > 0 in Bg.
Next, choosing the test function w = (u — ag)™ = max{u — ap,0} € F in the

g(u)vdx > 0.

equation
Vu-V
/ VY g = g(u)wdz,
Br V1 — |V’U,|2 Br
we have Vw = 0 a.e. in B and therefore u < ag, i.e., ||u|o < ag. O

Observe that there exists a constant M € (0, 00) such that

F&) <M, se[0R. (2.3)
With the aim of finding positive solutions of (|1.3)), we introduce an equivalent
formulation of the problem aforementioned. For k = 2,...,m, let us define fj :
R — R, by
f(0), s<0,
Ji(s) = f(s), s€(0,ar), (2.4)
0, s> ag.

We notice that the function fj shares the assumed properties of f. Moreover, if u
is a non-trivial solution of

—div (L) = Afr(u) in Bg, u =0 on dBg, (2.5)

V1—|Vul|?
by Lemma u is positive and ||ullc < ag. Thus, u is also a positive solution of
(1.3) and belongs to L*(Bg) with |lul/c < ak.

For every A > 0, set 8 := ¢/ (qb_l(%)) and define x) : R — R such that
Bs =67 (R + 2B, i s> 07 (),
Xa(s) = q 8(s), if | < o' (AFH), (2.6)
Bs+071 (MUR)) = AR if 5 < 7T (MUE),
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Let II) : R — R be given by

Yy
M) = [ (O
0
Then
1 1
3¥° <Th(y) < 58y yeR (2.7)
Let the functional Zy (), ) : E — R be defined by
(A u) = / I\ (|Vu|)dx — )\/ Fy(u)dz,
BR BR

where Fi(s) = [; fr(o)do. We denote by Kj,()) the set of critical points of Zj.

Lemma 2.2. Ifu is in K(\), then u is a weak solution of

—div(¢yn(Vu)) = Afi(u) in Bg, u =0 on OBg, (2.8)
where ( )
(Ve

YN (Vu) = V- Vu. (2.9)

Proof. Let u € Ki(X). For any ¢ € C§°(Bgr) and € € R, then u + ep € E. Since
Ik(Aa u + 650) - Ik(A7 u)

:/B (I (Vu-+ €Vigl) = IN(Vu)Jdz = A | [Fifu+ep) = Fyu)]do

= / A [[Vul + 01(|Vu + eVl — [Vu])| ([Vu + eVl — [Vu|)dz

Br

— e Tre(u+ O2e0)pdx
Br

2eVu - Vi + €2|Vp|?
= / X,\[|Vu| + 01 (|Vu + eV| — |Vu|)] i Vel
Br

|[Vu+ eV| + [Vl

— e Se(u+ O2ep)pd,
Br

for some constants 61,65 € (0,1), it follows that
Tt ep) - L)

0=1
e—0 €
Vu-V
= / XA(|Vu|)7<pdx —A fr(u)pdz
Br |Vl Br
= Yy (Vu) - Vodz — A fr(u)pdx
Br Br
= / [— div (wN(Vu)) - )\fk(u)]godx.
Br
Thus, for any ¢ € C§°(Bgr), u is a weak solution of (2.8). O

Consequently, from Lemma if w is in Kg(\), then u is a weak solution of
(2.8). By a similar argument of Lemma with n(Vu) instead of ¢n(Vu), we
can deduce that v is nonnegative and belongs to L (Bg) with ||ul/c < ak.
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We next claim that Kj(\) is not empty. Since fj is bounded and vanishes on
(ag,0), Tr(A,+) is coercive and bounded from below. Further, it is weakly lower
semi-continuous. Therefore there exists ug(A) such that

T (A, uk(N) = inf{Z,(A\,v) : v € E}.
The following Lemma shows that for k = 2,...,m, ar—1 < ||ugllec < ar and
therefore, (2.8) has at least m — 1 solutions when A > 0 sufficiently large.
Lemma 2.3. For k = 2,...,m, there exists A\, > 0 such that for all X > A,
up & Ki—1(A).

Proof. We shall show that there exist Ay > 0 and ¢ € E, ¢ > 0 and ||¢|l0 < ag,
such that
TN, 0) < Zp—1(Au), A> A
for all uw € F satisfying 0 < u < ag_1.
From (A5), o := F(ag) — max{F(s) : 0 < s < ag—1} > 0. Then, for all u € F
satisfying 0 < u < ag_1,

/ F(u)dz < F(ag)dz — awyRY, (2.10)
Br Br

where wy is the measure of the unit ball in RY. For § > 0, let 5 := {z € By :
dist(x,0BR) < 6}. By Lebesgue’s Theorem, |Q25] — 0 as 6 — 0. Moreover, for each
0 > 0, there exists p5 € C§°(Br) with 0 < @5 < ax, vs(z) = a, for all z € Br\Qs.
Thus

Flps)dr = / Fla)dz+ | Fles)de

Br Br\Qs Qs

— [ Pz~ [ (F@)-Fe)ds @)
Br Qs

> / F(ag)dz —2C|Qs|,
Br

where C' = max{|F(s)] : 0 < s < a}.
By (2.10) and (2.11) we can choose and fix ¢ sufficiently small so that there
exists n 1= a|Q| — 2C|Qs| > 0 such that ¢ := @; satisfies

/QF(sD)d:rZ/QF(U)ﬂLn

for all u € E with 0 < u < ai_1. Therefore for all such u,

Ik(/\,QO)—Ik_l(XU):/B [MA(IVe]) = Tx([Vul) | dz — A i [F(e) — F(u)]da

< / T (|Vep)dz — Ay < 0,
Br

provided A > 0 is chosen sufficiently large. Hence for such A the global minimum of
T, cannot be obtained at any v € F such that 0 < u < ag_1, i.e. up € Kr—1(A). O

Lemma 2.4. A function u € E is a positive solution of (2.5)) if and only if it is a
positive solution of ([2.8)).
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Proof. Suppose that u is a positive solution of (2.5). Hence, for fixed r € (0, R],

o o(/Vu)
. Vu _ . Vu
/;T div (m)dﬂf = /;T div (WVU)dﬂj

o (2.12)
_ [ WDy nas
oB, |Vl
it follows that
- MVu -ndS = A fr(u)dx, (2.13)
B, |Vl B,
where n denotes the unit outward normal to Bg.
Since Vu - n = |Vu| on dB,., we have
—/ (| Vu))dS = )\/ Fe(u)da.
0B, B,
By radial symmetry, this can be rewritten as
AM
IVu(r)| < qs*l(T’") for all r € (0, R], (2.14)

e ||[Vulloo < o7t (WTR) Therefore, ¢n(Vu) = ¥y (Vu) and we conclude that u

is a positive solution of (2.8]).
Suppose now that u is a positive solution of (2.8]). Arguing as above we see that

AMR
< —1(7 : 2.1
IVl < x~ (220 (2.15)
Therefore, ¥y (Vu) = ¢n(Vu). In particular, | Vul| < 1 and we conclude that u
is a positive solution of ([2.5)). O

Note that by Lemmas [2.3] and for all \ large enough, there are m — 1 positive
solutions ug(A), ..., um(A) as asserted by Theorem |1.1
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