Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 147, pp. 1-14.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

GROUND STATE SOLUTIONS FOR AN ASYMPTOTICALLY

LINEAR DIFFUSION SYSTEM

YINBIN LI, JIAN ZHANG

ABSTRACT. This article concerns the diffusion system
Oru — Agu + V(z)u = g(t, z,v),
—0tv — Agv + V(z)v = f(t,x,u),

where z = (u,v) : R x RV — R2, V(z) € C(RY,R) is a general periodic
function, g, f are periodic in ¢,z and asymptotically linear in u, v at infinity.
We find a minimizing Cerami sequence of the energy functional outside the
Nehari-Pankov manifold A/ and therefore obtain ground state solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
In this article, we consider the diffusion system on R x RV:
Ou — Agu+ V(z)u = g(t, z,v),
—0w — Agv+V(z)v = f(t,z,u),

(1.1)

where 2z = (u,v) : R x RY — R? V(z) € C(RY,R) is a general periodic function,
g, [ are periodic in ¢, x and asymptotically linear in v, u at infinity. In recent years,
there are many papers like system on bounded domains, see [2, 3] [ [6] [7] [8, @,
10|, (1T, 15 16l 17, 18] and the references therein. For the case of V() = 0, Relying
on fixed point theorem, Brézis and Nirenberg [3] certified the following system has

a (generalized) solution (u,v) with u € L* and v € LS.
Oy — Agu = —v° + f,
—0w —Agv=1u®+g,

in (0,7) x Q, where Q is a bounded domain, f,g € L*, subject to the boundary
conditions u = v =0 on (0,7) x Q and u(0,z) = u(t,x) on . Clément et al [4]

investigated the system
Oru — Agzu = |v\q*2f0,
—0w — Agv = |ulPu,
in (=T,T) x Q, where Q is a bounded domain and p, ¢ satisfy
N 1 1
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The authors proved that there exists Ty > 0 such that for each T' > Tp, the above
problem has at least on positive solution via the mountain pass theorem. For the
case of V(z) # 0, applying a local linking theorem, Mao et al [16] proved that
problem has at least one nontrivial periodic solution, see also [I5]. For other
related elliptic system problems, we refer readers to [, 9] 10, 1T}, 20| 29} [30} B31] and
the references therein.

Systems similar to in the whole space was also studied by many authors.
For example see [2] [0} [} [14] [17, [I8], 27, 28] and the references therein. Bartsch and
Ding [2] considered the following infinite-dimensional Hamiltonian system

Ou — Agu+ V(z)u = Hy(t, x,u,v),
0w — Ayu+ V(x)v = Hy(t, z,u,v).

The authors obtained the existence and multiplicity of solutions of homoclinic type
under the classic Ambrosetti-Rabinowitz condition. Later this result was improved
by Schechter and Zou in [18] by using the methods of monotonicity trick. Based
on a variant generalized linking theorem established in [I7] and monotone trick,
Zhang et al [27] proved the existence of the least energy solution of with the
nonlinearity f and g are superquadratic in v, u at infinity. In the aforementioned
references, the following classical condition (A1) due to Ambrosetti and Rabinowitz
[1] is generally assumed:
(A1) there exist > 2 and Ry > 0 such that
0 < pF(z,t) <tf(x,t), VYaxeQ, |t|> Rp.

This condition implies F(z,t) > C|t|* for large |t| and some constant C' > 0. Thus,
one can obtain mountain pass geometry as well as satisfaction of Palais-Smale
condition under the condition (A1l). However, we can not deal with system
via the mountain-pass theorem directly if the nonlinearity f is of asymptotically
linear at infinity.

Motivated by the above articles, we consider system with 0 lying in a gap of
the spectrum o(—A,+V) of the Diffusion system (—A,+V') and study the existence
of ground state solutions for system . To the best of our knowledge, there
are less works concentrated on asymptotically linear case up now, thus this is an
interesting problem. More precisely, we first make the following basic assumptions:

(A2) V € C(RY) is 1-periodic in each of x1, x2,...,7x and
sup[o(—=A,; + V)N (—00,0)] := A <0< V:=inflo(—A; + V) N (c0,0)];

(A3) f(t,z,s) and g(t,x,s) are continuous and l-periodic in ¢t and z;, i =
1,2,....N,

F(t,z,s) := / ft,z,8)dd >0, G(t,z,s):= / g(t,x,0)dé > 0,
0 0

(s + gt )]

=0, uniformly in (¢,z) € R x RY;

|s|—0 |S|
Ve € C(RY) is 1-periodic in each of x1, 3, ..., 2y and Vi (x) > 0, and

there exists a ug € E™ \ {0} such that

Juoll = ol = [ Valo)uo+w) <0, we B
X
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(AD) f(t, ;) foo(t,,8) + g(t, 7, 8)goo (£, 7, 8) <0, foolt, m,5) = o([s]),
Goo(t,,8) = o(|s|) as |s| — oo uniformly in (¢,7) € R x RY;
(A6) s — f(t,z,s)/|s|, s — g(t,z,s)/|s| are strictly increasing on (—oo0,0) U
(0, 00).
The Nehari type assumption (A6) was used by Szulkin and Weth [19] to obtain
existence of ground state solution of Nehari-Pankov type, i.e. a nontrivial solution
zo which satisfies ®(zg) = infar @, where

N ={ze€ E\E™ : (9'(2),2) = (®'(2),n) =0,YVn € B},

Functional @ is the energy functional, and E = E~ ®E™ is a Hilbert space on which
® defines. Later, Zhang et al [26] proved same consequence for by weakening
(A6) to the following condition:

(A7) s+ f(t,x,s)/|s|, s — g(t,z,s)/|s| is nondecreasing on (—oo,0) U (0, c0).
We must point out that condition (A7) is also crucial in our paper to find a minimiz-
ing Cerami sequence of the energy functional via diagonal method (see [2T], 22 24]).

Moreover, in order to better show our results, we give the following condition can
be found in [21]:

(AS) f(t,:L',S) = Voo(x)s + foo(taxas)a g(tvxas) = Voo(x)s + goo(taxas)a where
Voo € C(RY) is 1-periodic in each of z1, 2, ..., xx and Voo (z) > V,
fool(t,z,8) = o(|s]), goo(t,x,8) = o(]8|) as |s|] — oo uniformly in (¢, z) €
R x RY, and 0 < sf(t,z,5) < Vaoo(z)s? for (t,7) € R x RY and s # 0.

Remark 1.1. Before we state our main results, we need to point out that (AS)
implies (A4) and (A5) if inf Vo (x) > V. Furthermore, (A7) and (A3) imply that
1

if(t,x,s)s > F(t,x,s) >0, VYs>0, (t,r) € R x RV,

It follows from (A3)—(A5) and (A7) that s — foo(t,x,)/|s| is nondecreasing on
(—00,0)U(0,00), and that foo(t, 2, 5)/|s| = —Veo(z) < 0 as |s| — 0, which together
with foo(t,2,8) = 0o(]s]) as |s| — oo uniform in ¢,z implies that sf (¢, z,s) < 0 for
all s > 0. Similarly, we have sg. (¢, z,s) < 0, for all s > 0.

Theorem 1.2. Let (A2)—(Ab), (A7) be satisfied. Then problem (1.1) has a solution
20 € E such that ®(zp) = infyr & > 0.

Corollary 1.3. Let (A2), (A3), (A7), (A8) be satisfied. Then problem (L.1) has a
solution zg € E such that ®(z) = infyr @ > 0.

The following functions satisfy all assumptions of Corollary
Example 1.4. f(t,z,5) = Voo(x) min{|s|?, 1}s, where § > 0 and V., € C(RY) is

1-periodic in each of z1, za, ..., zy and Vo (z) > V.
Example 1.5. f(t,z,5) = Voo(2)[l — (1/In(e + |s]))]s, where Vo, € C(RY) is
1-periodic in each of 1, T2, ..., xy and Voo (x) > V.

2. VARIATIONAL SETTING AND PRELIMINARIES

Throughout this paper, we denote by |- |s the usual L*-norm and (-, ")y the L2
inner product. In order to continue the discussion, we need the following notation.

0 —-I 0 I
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S=-A+V, Ay=5S.
Then reads as follows
JOz+ Agz = H,(t,x,2), z=(u,v),

here and in the sequel H(t, z, z) := F(t,x,u) + G(t,x,v). It is called an unbounded
Hamiltonian system or an infinite dimensional Hamiltonian system (see [2]). Indeed,
it has the representation J0;z = V,H(t, x, z) with the Hamiltonian

H(t,z,2) = —/ (Vou - Vv +V(x)uw — H(t, z,2)) de
RN

in L2(RY,R?), where V., denote the gradient operator in L?(RM, R?).
To show our main result, as in [2], we introduce for r > 1 the Banach space,

B, = B, (R x RY,R?) := W' (R, L"(RY,R?)) n L" (R, W' n W' (RN, R?)),

equipped with norm

r r > 2\
el = [ [ (Il + 10 ey

Clearly, B, is the completion of C§°(R x R R?) with respect to the norm || - ||z, .
If r = 2, By is a Hilbert space.

Let A := J0; + Ao, then A is a self-adjoint operator acting in L? := L?(R x
RM R?) with domain D(A) = Bo(R x RV, R?), and there exist ¢;, ca > 0 such that

all2lB, <1423 < eolz|13,
for z € By (see [2]). Under assumption (A2), L? possesses the orthogonal decom-
position
I’=L " a&Lt, z=z @27, 2te Li,

such that A is negative definite (resp. positive definite) in L™ (resp. LT). Let
|A| denote the absolute value of A and |.A|'/2 be the square root of A. Let F =
D(|A['/?) be the Hilbert space with the inner product

(zyw) = (| A2z, | A 2w)

1/2

and norm ||z|| = (z,2)'/2. There is an induced decomposition

E=E @EY, Ef=EnL?*,

which is orthogonal with respect to the inner products (-, )2 and (-,-). Moreover,
we have the following embedding theorem.

Lemma 2.1 (|2, Lemma 4.6]). E is continuously embedded in LP for any p > 2 if
N =1, and for p € [2,2(N +2)/N] if N > 2. E is compactly embedded in LY  for
allp € [2,2(N +2)/N).
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3. PROOF OF MAIN RESULTS

Let X be a Hilbert space with X = X~ @ XT and X~ L XT. Functional
¢ € CYX,R) is said to be weakly sequentially lower semi-continuous if for any
u, — u weakly in X one has p(u) < liminf,, . @(un), and ¢’ is said to be weakly
sequentially continuous if lim, o (¢ (un), v) = (¢’'(u),v) for each v € X.

The following generalized linking theorem plays an important role in proving our
main results.

Lemma 3.1 ([5] Theorem 4.5], [I2| Theorem 2.1)). Let X be a Hilbert space with
X=X"®XT and X~ L XT, and let o € CY(X,R) of the form

1
p(u) = St = o™ ?) = ¥(w), w=u"+u” eXTOX.

Suppose that the following assumptions are satisfied:

(1) ¢ € CYHX,R) is bounded from below and weakly sequentially lower semi-
continuous;

(2) o' is weakly sequentially continuous;

(3) there exist r > p >0 and e € X+ with ||e|| = 1 such that

k= 1inf p(S,) > sup p(0Q),
where
S,={ue Xt :|ul=p}, Q={set+v:iveX ,s>0|se+v|]<r}
Then for some ¢ > k, there exists a sequence {u,} C X satisfying
p(un) = ¢, @' (un) (1 + Junll) — 0.
Such a sequence is called a Cerami sequence on the level ¢, or a (C). sequence.
Under assumptions (A2)—(A5b), it is easy to verify that the functional
1 _
®(z) = 5 (IZ711° = 1717) = ¥(2), 2= (w,v), (3.1)
is well defined for all z € E and ® € C1(E,R), where
W(z) = / Hit,z,2) = / (F(t,z,u) + Gt 2, 0)]. (3.2)
RxRN RxRN
Moreover, for z = (u,v) € E, { = (§,n) € E,
@20 == (O = [ e ngtgttaan,  (33)
X
and a standard argument shows that critical points of ® are solutions of (1.1]) (see
[Bl 25]).

Lemma 3.2. Suppose that (A2)—(A5), (A7) are satisfied. Then U is bounded from
below, and weakly sequentially lower semi-continuous and V' is weakly sequentially
continuous.

The proof of the above lemma is standard, see [7,[26]. Using Sobolev’s embedding
theorem, one can check the above lemma easily, so we omit it.

The following lemma is interesting and shows an important behavior of nonde-
creasing functions. By a similar argument as in [21] 22], on can prove the following
lemma.
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Lemma 3.3. Suppose that h(t,z,s) is nondecreasing in s € R and h(t,z,0) =0
for any (t,z) € R x RN, Then

1— 62 s
( s - eo—)h(t,m,s)\s\ > / h(t,x,7)|7ldr, V9 >0, s,0 €R.  (3.4)
Os+o
Lemma 3.4. Suppose that (A2)—(Ab), (A7) are satisfied. Then for any z = (u,v) €
E,

1—72

1
B(2) 2 ®(rz + ) + < +
forallCe E=, 7>0.
Proof. For any (t,z) € R x RY and it follows from (A7) and Lemma [3.3| that

('(2),2) = 7(2'(2), Q) (3.5)

1— 72 t v
( T2 7'1/0) M > / ft,z,s)ds, VY7 >0, o,veR. (3.6)
2 v TV+O
Similarly, we have
1—72 t v
( 2T 2 — TVJ) M > / g(t,z,s)ds, VY7 >0, o,veR. (3.7)
v TV+0

By , , and , one has

B(2) - B(rz + )

= 1H<H2 4 1— 7'2 <<I>’(z)7z) —7(®'(2),¢)
/RXRN ( &z uju—7f(t,z,u)¢ = /7-u+§ f(t,x,s) dS)
/RxR ( g(t,z,v)v = 7g(t, z,v)n — /Tv+ng(t,w,s) ds)
1-—

HCH2 <‘1> (2), 2) = 7(2(2), ),
for all z = (u,v) €F, C = (&,n) € E7, and 7 > 0. This shows that (3.5 holds. O
From Lemma [3.4] we have the following two corollaries.

Corollary 3.5. Suppose that (A2)—(A5), (A7) are satisfied. Then for any z € N,

B(z) > ®(rz+¢), YCeE, 7>0. (3.8)
Corollary 3.6. Suppose that (A2)—(A5), (A7) are satisfied. Then for any z =
(u,v) € E,
PR Co N kY 2/ () o
O(z) > O(12") + + (D'(2),2) + 72(D'(2),27), ¥Yr>0. (3.9

2 2
Lemma 3.7. Suppose that (A2)—(Ab), (A7) are satisfied. If inf Vo, > 0, then

{(®'(2), 72 + 2¢)
> 72)2F)? = [lmz + 20|17 + (I3l

o e D
RxRN RxRN

Voo (z
2 vg(t,:c,v)Voo(z) — [g(t,z,v)]2
o Vo ) |
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forall z=(u,v) € B, T€R, and ( = (§,n) € E~.

Proof. For any (t,z) € R x RV in view of , and inf V., > 0, we have
T{(®' (2,72 + 2())
=P = )27 - 2r(27, Q)

- T/ [f(t, @, u)(Tu+ 28) + g(t, ,v)(Tv + 21)]
RxRN

= 2P — e 2+ N — / Vaela)(rut O

RxR

—/ Voo(x)(Tv—f—n)Q +/ Voo(x)[(ru+£)2 —7f(t,z,u)(Tu + 28)]
RxRN

RxRN

" / Vo (@)[(ru + 1) — g(t,,0)(ro + 20)]
RxRN

> 722 = [l + ¢ + G - / Vi (@) (2 + O)?

RxRN

(
2 'Ug<t7xav)voo(m) — [g(t,.’L‘,v)]Q
T ~/]R><]RN VOO(x ’

forall z = (u,v) € E, 7 € R,and { = (§,n) € E~. This shows that (3.10) holds. O

Corollary 3.8. Suppose that (A2)—(Ab), (A7) are satisfied. If inf Vo > 0, then

=12 =+ P = [ Velo)e O

RxR
U z,u) Voo () — @, u)]?
B / vg(t, x,0)Veo (x) — [g(t, z,v)]?
. Voo (@) ’

for all z = (u,v) e N and ( = (§,m) € E™.

Applying Corollary we can prove the following lemma in the same way as in
[19, Lemma 2.4].

Lemma 3.9. Suppose that (A2)—(A5), (A7) are satisfied. Then
(i) there exists p > 0 such that

m:= ijI\lff@ > rk:=inf {®(z): 2 € ET,|]z]| = p} > 0;

(ii) [|2*]| = max {||z"||, v2m} for all z € N;
Define the set

By = {z e PO} [P~ [P = [ Va@)e+ 0 <0vC e B,

xR

Obviously, (A4) shows that the set Ej is not empty.
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Lemma 3.10. Suppose that (A2)—~(A5), (A7) are satisfied. Then, for any e € E7,
sup®(E~ @ Rte) < oo and there is R, > 0 such that

P(z) <0, VzeE- @RTe, |z]| > Re. (3.12)

Proof. Tt is sufficient to show that ®({+se) < 0fors>0,( € E~ and ||(+se|| > R
for R > 0. Arguing indirectly, assume that, for some sequence {(, + s,e} C
E~®R%e, ¢, = (&n,mn), € = (€1, €2) with ||C, + snel| — 00, ®((, + spe) > 0 for all
n € N. Set

= (Gt 506/ + sl =5+ e 513
then ||v,, + 7,e|| = 1. Passing to a subsequence, we may assume that v,, = v in E,
then v, — v a.con RxRY, v~ — v~ in E, 7, — 7 and
0< w
”Cn + sneH (3 14)
T lle||? 1” |2 / F(t,z,&n + sper) + G(t, x,mn + Spea) :
= —|le _ ,Un _ '

2 2 xRN ||Cn+8”6||2

Clearly (3.14)) yields that 7 > 0. Since e € Ej, there exists a bounded domain
Q) C R x R¥ such that

2ell? =l |2 - /Q Vi (2)(re +v7)? < 0. (3.15)
Let
Foo(t,x,s) = /S foolt,x, T)dT; Goolt,x,s) = /S Joo(t, x, T)dT.
Then ’ '
F(t,z,s) = %Voo(alc)s2 + Foo(t,x,s); G(t,x,s) = %Vm(ar:)s2 + Goo(t, , 8).
It follows from that
T of? - gl P — [ Elbntsnen) + Gt + sncs
Q

0<

G, + el
2 1 1
= Zlell = 3l 1 = 5 [ Volopidda (3.16)
_ / Foo(t, 2,80 + sne1) + Goo(t, @, M0 + sne2)
0 ¢ + snell? .

Clearly, |Fuo(z,t,8)| + |Goo (2,1, 8)| < cgs? for some cg > 0 and

[Foo (2,1, 8)| + |Goo (2, 1, 5)|

2 —0

s
as |s| — oo, Since v, — v in E, v, — v in L?(Q) and it is easy to see from the
Lebesgue dominated convergence theorem that

/ Fo(t,z,&n + sner) _/ Foo(t,x,&n + sner)
Q ||Cn+5ne||2 Q |<n+5ne|2

|vn]? = 0(1).

Similarly,

/ Goo(ta T, n + Sn€2) _ 0(1)
Q

”Cn +5n6||2
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Hence,
0<72lefl? — o |2 - / Vi (@) (e + v )2,
Q
which contradicts (3.15]). ([l

Corollary 3.11. Suppose that (A2)—(A5), (A7) are satisfied, and let e € Ef satisfy
llell = 1. Then there is a ro > p such that sup ®(9Q) < 0 for r > 1o, where

Q={C+se:C€E™, s>0,|C+se|] <7} (3.17)

Lemma 3.12. Suppose that (A2)—(Ab5), (A7) are satisfied. Then for any z €
E+\ {0}, we have NN (E~ ®R*z) # 0, i.e., there exist 7(z) > 0 and w(z) € E~
such that T7(2)z + w(z) e N .

Proof. By Corollary there exists R > 0 such that ®(w) < 0 for w € (E~ &
R*2)\ Bgr(0). By Lemma (i), ®(r2) > 0 for small 7 > 0. Thus, 0 < sup P(E~ &
R*2) < co. It is easy to see that ® is weakly upper semi-continuous on E~ @R*z,
therefore, ®(z9) = sup®(E~ @ Rtz) for some zp € E~ @ RTz. This z is a
critical point of @|g-gRr., 50 (®'(20),20) = (®'(20),() = 0 for all ( € E~ & Rz.
Consequently, 2o € NN (E~ @ RT2). O

Lemma 3.13. Suppose that (A2)—(A5), (A7) are satisfied. Then there exist a
constant ¢y € [k,sup ®(Q)] and a sequence {z,} C E such that

O(zn) = co, |2 (zn)[I(L + [|2al) — O, (3.18)

where Q is defined by (3.17]).

The above lemma is a direct corollary of Lemmas i) and Corollary
The following lemma plays a crucial role in the proof of our main results, by
which we can directly find the existence of ground state solution of Nehari-Pankov

type associated with (1.1)).

Lemma 3.14. Suppose that (A2)—(A5), (A7) are satisfied. Then there exist a
constant ¢, € [k, m] and a sequence {z,} C E satisfying

O(zn) = ¢ [12°(20)II(1 + [zn]l) — 0. (3.19)

Proof. Choose ¢, € N, (x = (&, k) such that

1
m<B(G) <m+, keN (3.20)

By lemrna (ii), 1G]l = v2m > 0. Since (i € E, it follows from (A5) that

/ f(t’magk)foo(t’zagk) + g(t7$vnk)goo(t7x7nk) <0. (321)
RxRN

Voo ()
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Set ex = ¢ /lI¢F]l- Then e, € E* and ||ey| = 1. By Corollaryand (13.21)), for
any w € E~, we have

lexll? — [lw])® - / Vio (@) (ex + w)’
RxRN
G

Ck e \2
_ _ 2 Voo _ k
T Lo @ (g + o~ 7d7)
C]: 2 1 gkf(t7xa§k)v<>0(x) - [f(t,l‘,fk)P
< _ _
< =gl ||Ck+|2/umw Vo)
. (3.22)
1 / Mg (b, T, m) Voo (%) — [9(t, 7,71
1T S Voo ()
e G
Tk
1 f(tuxagk)foo(taxagk) + g(t7xvnk)goo(tvx7nk)
—_— 0.
MTRAE /MN Vo l2) <

This shows that e, € Ef. By Corollary there exists r, > max{p, ||Cx||} such
that sup ®(0Q%) < 0, where

Qr={C+ser:C€EE ,5>0,|C+se|| <me}, kel (3.23)
Hence, applying Lemma to the above set Q, there exist a positive constant

¢k € [k, sup @(Q)] and a sequence {zxn fnen C E satisfying
O (21,m) — Ck,

19" (2 )I1(1 + [l25.mll) — O,
By Corollary [3:5] one obtains

ke N. (3.24)

D(Ck) > (¢, +w), Vr>0, we E™.

(3.25)
Since (i € Qg, It follows from (3.23) and (3.25) that ®((x) = sup ®(Qx). Hence,
by (3.20) and (3.24)), one has

1
D(2n) = e <m+ 7, 9 (zrn) 11+ 20mll) — 0,
Now, we can choose a sequence ni C N such that

1 1 , 1

H_% < ®(2k,n,.) <m+E> 12" (2e,m (X + Nl 20m [1) < %’ ke N.

keN. (3.26)

(3.27)

Let 2z, = 2k,n,, k € N. Then, going if necessary to a subsequence, we have

D(zn) = cx €[5, ml, (| ®(z0) (1 + ||2nl]) — 0.

O
Lemma 3.15. Suppose that (A2)—(Ab), (A7) are satisfied. If there exist {z,} C E
and ¢ > 0 such that

b(z,) — ¢,

12 (2 ) [[(1 + [[zn]l) — O,
then {z,} is bounded in E.

(3.28)
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Proof. To prove the boundedness of {z,}, arguing by contradiction, suppose that
lzn]l — oo. Let {z,} = {un,v,} and w, = 2z, /||zn]|, then ||w,|| = 1. By Lemma
there exists a constant Cy > 0 such that |w,|s < Cy. If

§:=limsup sup / lw, | =0,
n—oo yeRXRN J B (y)

where y := (¢,x), then by Lions’ concentration compactness principle in [13] or
[25, Lemma 1.21] (usual this lemma is stated for {z,} C E, however, a simple
modification of the argument in [I3] shows that the conclusion remains valid for
E), wf — 0in L® for 2 < s < N*. Fix R > [2(1 + ¢)]'/2. By virtue of (A3),
(A4) and (A5), for e = 1/4(RC4)? > 0, there exists C. > 0 such that |H(¢,z, s)| <
els|? + C.|s|P. Hence,

1
limsup/ H(t,r, Rw!)dz < e(RCy)? + RPC. lim Jwi b=~

n—oo 4

Let 7, = R/||z,|. Hence, by virtue of (3.19), (3.29) and Corollary [3.5] one obtains

(3.29)

2
T _
cto(1) =d(zn) = 2 (I I” + [l %)
+ 1- Tr% / 2 /a1 -
- H(t’x77—nzn) + <(I) (zn>7zn> +Tn<q) (Zn)7zn>
RxRN 2
R? _
= 5 (lwd I + wa %)
—/ H(t,z, Rw}) + (} - i)(@’(z ), 2n) + i(@'(z )y 2
RxRN 2 2|zl O P E
R2
:——/ H(t,z, Rw}) + o(1)
2 RxRN
R 1 3
> 7 — i +0(].) > C"‘FZ'FO(].).
This contradiction shows that § > 0. (]
Going if necessary to a subsequence, we may assume the existence of k,, € ZN+!
such that fBH (o) lwit|? > 2. Let () = wn(-+ky). Then ||, = [lw,| = 1,
and 5
/ lo;h|? > —. (3.30)
Biryn+1(0) 2

Passing to a subsequence, we have w, — w in F, w, — win L], 2 < s < N*,
Wy, — W a.e. on R x RN, Then, implies that w™ # 0 and so w # 0.

Now we define Z,,(-) = z,, (- + &y ), then Z, /|2, || = W, — @ almost everywhere on
RxRY, @, #0. For # € Q= {y € RxRY : (y) # 0}, we have lim,, . |2,(2)| =
oo. For any ¢ € C(?O(R X RN7R2)3 ¢ = (5377)7 setting d’n(i) = ¢(‘i - kn) = (gna nn)a

<(I)/(Zn)v ¢n> = (2: -z, (bn) - (Voowna ¢n)L2 - / foo(t; x»un)fn
RxRN
_/ gOO(t7x7’Un)nn
RxRN

=zl (e — w2 60) — (Ve 6)1 / Joolty 2,00

hUnKn
RxRN |2n]
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Joo(t, 2, 0p)
- [wn [0
RxRN |2 ]

~ ~— ~ foo t7maan ~
= N[t —7.0) = (Vi s — [ LT
RxRN EN
7/ goo(tw,@n)‘w |77]
RxRN |2n| ’
which, together with (3.19)), yields
~ ~— ~ foo t;x»an ~
(W =y, 9) = (Voolln, @) 12 */ ¥|wn|€
RxRN EN
Joo (b, @, V)|
- [ g = o).
RxRN |2, |
Note that
foo t, o, Uy), -
|/ ¥|wn\€|
RxRN |20 ]
f t,l’,’& ~
< [ Em g
RxRN EN
f (t7x7,l:l ) ~ ~ f (t’x’a ) ~
N e e A e [
RxRN |2 RxRN |Zn

~ = foo(tvx’an) ot —
<Cp gl + [ [ o) = o).

Similarly,
goo(tvxvijn) ~
W e AT )
RXRN |Zn|
Hence,
(ﬂﬁ_ - ﬁ}_a ¢) - (Voowna ¢)L2 =0.

Thus, @ is an eigenfunction of the operator B = A — JyV,, contradicting the fact
that B has only a continuous spectrum since the periodicity of V. (see [2] and [7]).
This contradiction shows that {z,} is bounded.

Proof of Theorem[I.3. By Lemmas and we deduce that there exists a

bounded sequence {z,} C E satisfying (3.19). A standard argument shows that

{2zn} is a nonvanishing sequence. Going if necessary to a subsequence, we may

assume the existence of k, € ZN*! such that [, (k) 2n|?dx > g for some
1+ vwrrlkn

0 > 0. Let w, = 2z, (- + ky). Then

)
/ lw,|?dr > 3 (3.31)
By yrrr(0)
Since f(t,x,s), g(t,z,s) and V(z) are periodic, we have ||w,| = ||z,| and
O(wn) = ¢, (|2 (wn) (1 + [Jwn]l) — 0. (3.32)

2 < s<?2
loc —
and w,, — w a.e on R x RY. Obviously, (3.34) and (3.35) imply that w # 0 and

Passing to a subsequence, we have w, — w in F, w, — w in Lj
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®’(w) = 0. This shows that w € N and so ®(w) > m. On the other hand, by using
(3.35), (A7) and Fatou’s lemma,

m

1
> ¢, = liminf [‘I)(wn) — §<(I’/(wn)vwn>

n—oo

L 1 1
= hmlnf/ {*f(t,x,fn)fn - F(t,x,gn)fn + 5 (twﬂ?n)nn - G(t,%ﬁn)nn]
n—oo Jpygn L2 2

> / lim inf Ef(t,x,én)gn - F(tvxvfn)fn + 1 (tyffmn)ﬂn - G(t»%??n)ﬁn]
R

xRN 100 2

— B(w) - %(@'(w)7w> — B(w).

This shows that ®(w) < m and so ®(w) = m = infyr & > 0. O
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