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EXISTENCE OF SOLUTIONS FOR SEMILINEAR PROBLEMS
WITH PRESCRIBED NUMBER OF ZEROS ON EXTERIOR
DOMAINS

JANAK JOSHI, JOSEPH IAIA

ABSTRACT. In this article we prove the existence of an infinite number of radial
solutions of A(u) + f(u) = 0 with prescribed number of zeros on the exterior
of the ball of radius R > 0 centered at the origin in RY where f is odd with
f<0on (0,8), f>0on (8,00) where 5 > 0.

1. INTRODUCTION

In this article we study radial solutions of

A(u)+ f(u) =0 in Q, (1.1)
u=0 on 01, (1.2)
u—0 as|z|]— oo (1.3)

where z € 0 = RY\Bg(0) is the complement of the ball of radius R > 0 centered
at the origin.
The function f is odd, locally Lipschitz and is defined by

f(u) = [uP" u+ g(u) withp>1, f/(0) <0and lim @
u—00 U

We assume that there exists 3 > 0 such that f(0) = f(8) = 0and F(u) = fou f(s)ds

where

=0. (1.4)

f<0on(0,8), f>0on (8,00) (1.5)

As f is odd, it follows that F(u) = fou f(s)ds is even. Also F has a unique positive
zero, vy, with § < < oo and F' is bounded below by some —Fy < 0 so that

F <0on (0,7), F>0on (y,0), and F > —F, on (0, 00). (1.6)
Since we are interested in radial solutions of (1.1))—(1.3) we assume that u(x) =
u(|z|) = u(r), where r = |z| = \/27 + 23 + - - - + 23 so that u solves
-1

u//(r) + N

u'(r)+ f(u(r)) =0 on (R,o00) where R > 0, (1.7)
w(R) =0, u'(R)=a>0. (1.8)
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We will occasionally denote the solution of the above by u,(r), to emphasize the
dependence on the initial parameter a.

Theorem 1.1. For each nonnegative integer m, there exists a solution u(r) of
(1.7)—(1.8) on [R,00) such that lim, .o u(r) = 0 and u(r) has exactly n zeros on
(R, ).

The radial solutions of , have been well-studied when Q = RY. These
include [I, 2, 6 [8, I0]. Recently there has been an interest in studying these
problems on R\ Br(0). These include [4, 5, [7, 9]. Here we use a scaling argument
as in [8] to prove existence of solutions.

2. PRELIMINARIES

For R > 0 existence and uniqueness of solutions of (1.7)-(L.8) on [R, R + €) for
some € > 0 and continuous dependence of solutions with respect to a follows from
the standard existence-uniqueness theorem for ordinary differential equations [3].
For existence on [R, c0) we consider

E,(r) = %uf + F(ug)- (2.1)

Using (|1.7) we see that
N -1
Ey(r) = ———u? <0 (2.2)
r

a —

so E, is non-increasing on [R, c0). Therefore

1 1

iuf + F(ug) = Eq(r) < Ef(R) = §a2 for r > R. (2.3)
Therefore by (1.6)),

1
§u;2 < §a2 + Fo.

So for a fixed a we see that u/, is uniformly bounded and hence existence on all of
[R,00) follows.

Lemma 2.1. Let u,(r) be the solution of (L.7)-(1.8)). If a is sufficiently large then
there exists r > R such that u,(r) > (. In particular, there exists ro > R such that

Ug(rq) = B.

Proof. Since ul,(R) = a > 0 we see that uy(r) is increasing on [R, R + ¢) for some
0 > 0. If uy(r) has a first critical point M, > R with u,,(r) > 0 on [R, M,) then we
must have u),(M,) = 0,u(M,) < 0. In fact u/(M,) < 0 (by uniqueness of solutions
of initial value problems). Therefore from it follows that f(uq(M,)) > 0 and
using (5) we see that u,(M,) > (.

On the other hand, if u,(r) has no critical point then u,(r) > 0 for each r > R.
Suppose now by the way of contradiction that u,(r) < g for each r > R. Since
uq (1) is increasing and bounded above then lim, o uq(r) exists. Thus there exists
L >0, L < [ such that

lim u,(r) = L. (2.4)

Since E,(r) is non-increasing and bounded below, it follows that lim, . E,(r) ex-
ists. This implies lim,._, u, () exists and in fact lim, o u, (r) = 0 since otherwise
uq would become unbounded contradicting (2.4]). Hence by (1.7)), lim, o u) (r) ex-
ists and as with ], (r) we see that lim, o u// (r) = 0. Taking limits in (1.7)) we see
that f(L) = 0. Since L > 0 it follows that L = .
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Suppose now that this is true for all values of a > 0. We then let y,(r) = "“T(T)
and we see that:
N-1 a
Yo + Yo + flaya) _, (2.5)
r a
Ya(R) =0, y,(R)=1. (2.6)

Since

Yo | Flaya)\' f(aya (N-1)
(7* (az )) = YoYa + (a by — - vi <0,

it follows that

y?  Flay,) 1
At > R.
5 + 2 =3 Vr >
In addition, from ({1.6) it follows that
vi Fo 1
2 a? — 2
Hence
y? 1 F
Ja o270 oy
2 — 2 + a? —

if a is sufficiently large. Therefore |y | is uniformly bounded if a is sufficiently large.
Also 0 < ugq < 8 implies 0 < gy, < g < 1if a is large so y, is uniformly bounded.
And since ay, is bounded it follows that % — 0 as @ — oo. Thus it follows
from that |y//| is uniformly bounded for sufficiently large a. Hence by the
Arzela-Ascoli theorem y, — y and y, — ¥’ uniformly on the compact subsets of
[R,0) as a — oo for some subsequence still denoted by y,. Moreover from
we see y(R) =0 and y'(R) = 1.

On the other hand, 0 < y, < g so it follows that y, — 0 as a — co. Soy =0
and therefore y' = 0 which is a contradiction to y'(R) = 1. Hence there exists
rq > R such that u,(r,) = and 0 < u, < 5 on (R,7,).

If u!/(r,) = 0 then u, = § by uniqueness of solutions of initial value problems.
But this contradicts the fact that u/,(R) = a > 0. Thus u/(r,) > 0. Hence u,(r)
must get larger than 5. Thus there exists r, > R such that u,(r,) = 5, u,(re) > 0

and u, < B on [R,7,). This completes the proof. O

Lemma 2.2. If a is sufficiently large then uy(r) has a mazimum at My, > r,. In
addition, |ug| has a global mazimum at M, and u,(M,) — 00 as a — 00.

Proof. Suppose by the way of contradiction that u,(r) > 0 for each r > R. Then
ug(r) > B for r > r, as we saw in the proof of the Lemma Also as in Lemma
ul (rq) > 0 thus 37,4, > 7, such that u(re,) > 8 + € for some € > 0 and since
ul, > 0, for r > rq, we have f(uq) > f(8+ €) > 0. Therefore,

"
U, +

N -1
wy + (B +€) g+ ——ug + f(ua) =0 forr>ra,.

This implies
(erlu;(r)), < —f(B+e)rNTL for r > 1y,
Hence for r > r,, we have

N-1 N-1 pNTl Nt
Y T g () < g g (ray) _f(ﬁ—‘_e)(Ni—ll) — —00
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as r — oo. This contradicts the assumption that u/, > 0 for r > R. So IM, > r,
such that ul(M,) = 0 and u)(M,) < 0. By uniqueness of solutions of initial
value problems it follows that w)(M,) < 0 so M, is a local maximum. Thus
f(uq(Mg)) > 0 and therefore u,(M,) > B. To see this is a global maximum for
|uq| suppose there exists My, > M, with |us(M,,)| > ua(M,) > . Then since F'
is even and increasing for « > (3 it follows that
F(uq(May)) = F(|ua(May)|) < F(ua(Ma)).

On the other hand, E, is nonincreasing so

F(ug(Ma,)) = Eo(Ma,) < Ea(Ma) = F(uq(Ma)),
a contradiction. Hence M, is the global maximum for |u,].

We now show that wu,(M,) — 0o as a — oo. Suppose not. Then |uq(r)| < C
where C' is a constant independent of a. As in Lemma , let y,(r) = ““T(r) Then
as in Lemma Yo — y with y = 0 and y/'(R) = 1, a contradiction. Hence
uq(M,) — 0o as a — oo. This proves the lemma. O

Next we proceed to show that u,(r) has zeros on (R, c0) and the number of zeros
increases as a — oo. First we let v, (1) = uq (M, + 7). It follows that v, satisfies

ol (r) + AJLTTU;(TH f(va(r)) =0 on [R,o0), (2.7)
va(0) = uy(M,) = /\ﬁ and v, (0) = 0. (2.8)

By Lemma limg oo ug(M,) =
S 2
Next we let wy, (1) = Ag * ™ va(
we see that

oo and thus A\, — 0o as a — oo.
ﬁ) as in [§]. Then using (1.4) and (2.7)—(2.8))

2

N-1 . g A& wy,)
——wy (r) + |wy, [P wy, +
)\alma + T Aa( ) | >\a| Aa )\—p71

wy, (0) =1, wh (0)=0. (2.10)

wy, (r) + =0, (2.9)

Lemma 2.3. wy, — w uniformly on compact subsets of [0,00) as a — 0o and w
satisfies w" + |w|P~1w = 0.

Proof. From (1.4) we know that f(u) = |u[P~ u + g(u) with p > 1 where % —0
as u — oo. Letting G(u) = [ g(s)ds then it follows that fp(ff — 0 as u — oo.

Let wy, (r) be the solution of the system (2.9)—(2.10) and E,(r) be the energy
associated with wy, (r) defined by

Wi, ot 1 =
E)\a = 9 P+ 1 + Az(pp:rll) G()\a U))\a). (21].)
Then E} (r) = ;(ﬁji wi < 0 which implies E, (r) is a non-increasing function
of r. Therefore,
1 1 21
By, (1) < B3, 0) = 7+~ GO ).
Aa” !

Since S;ff — 0 as u — oo it follows for a sufficiently large that

a

1
D) < FE < —— 4 1<2.
Ao (1) < Aa,(O)_p+1+ <
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Also it follows that |G(u)| < mwpﬂ if |u| > T for some T7 > 0. And since

G is continuous on the compact set |u| < Ti, there exists a constant C'¢ > 0 such
that |G(u)| < Cg if |u] < Ty. Thus

|G(uw)| < Cq + |u|PT for all w.

2(p+1)

Therefore if a is sufficiently large we see from this upper bound for G and (2.11))
that

wf\Q |w,\ |p+1 1 =2 Ca |w>\ ‘erl
—se p e L2 —— G\ wy, ) <2+ + < .
2 pwl T D (A& wa) < 2+
Thus if a is sufficiently large we have
wl | |wy, [P Cg
= £ <2 <3. 2.12
2 Talprn) T (2.12)

Therefore wy, and w)  are uniformly bounded for large a. So by the Arzela-Ascoli
theorem wy, — w uniformly on compact subsets of [0,00) for some subsequence
still labeled wy,, .

Now using the definition of f from we have:

7 N -1 = =

— <P
w — W wy [P w AT g A Twy ) =0
W VA N T lwa, | xe TAG T g(AG T wy,) =0,

wy, (0) = 1,w), (0) =0.

Since limy_ o gi“) = 0, it follows that for all € > 0 there exists a 75 > 0 such that

P
lg(u)] < €|u|?P if |u| > T5 and the continuity of g on the compact set |u| < T implies
lg(u)| < Cy for some Cy > 0 if |u| < Ty. Thus,

lg(w)| < Cy + elulP  for all u
and hence
2 2p_
g wa,)| < Oy + eXd " wy, [P
Recall from ([2.12)) that |wy, | < [6(p + 1)]ﬁ < 4 for p > 1. So:

2 2p_
p_1 p—1
lg( A& 2pw>\u.>| < Cg+€i‘pa 4v _ Czi + edP.

- =1 =1
by Aa Aq

This implies

At C
lgAd™ wy, )| < limsup —— + ed? = e4?.

0 < limsup 5 —

a— 00 )\p—l a— 00 )\p—l
a a

This is true for each € > 0. Hence
2

lg(Ae " wa, )|

lim T =0. (2.13)
a— 00 )\571
In addition, recall that M, > R and so for r > R we have
1 1

<
XM, +7 = M+ DR
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and since |w) | is uniformly bounded (by (2.12)) we see that yA1—w) — 0 as
a — oo. From this and we see that the second and fourth terms on the
left-hand side of go to 0 as a — oo. In addition, wy, is bounded by and
therefore it follows from (2)) that [w} | is uniformly bounded.

Therefore by the Arzela-Ascoli theorem for some subsequence still labeled w),
we have wy, — w and w) — w' uniformly on compact subsets of [0,00) and
from we have lim,_, w’A’a + |w[P~ w = 0. Thus limg s w’A’a exists and in fact
lim, o wy =w". Hence

w” + [wlP~tw =0 (2.14)
w(0) =1, w'(0)=0. (2.15)
Therefore juw' + —gw[Pth = 5.

It is straightforward to show that solutions of (2.14)—(2.15) are periodic with

period /2(p + 1) fol \/% and they have an infinite number of zeros on [0, 00).

Since wy, — w uniformly on compact subsets of [0, 00) as a — oo it follows that
wy, has zeros on (0,00) and the number of zeros of w)y, gets arbitrarily large by
taking a sufficiently large. Recalling that

w, (r) = X7 Tug(M, + )\L)

we see that u,(r) has zeros (R, 00) for large a and the number of zeros of u,(r)
increases as a increases. U

Next we examine (1.7)-(1.8]) when a > 0 is small.

Lemma 2.4. 7, — 00 as a — 01 where rq is defined in Lemma .
Proof. From (2.3) we have fu/? + F(u,) < +a® for r > R, and from Lemmaﬁ we

have u/, > 0 on [R,7,]. So rewriting this inequality and integrating on (R, r,) gives

ldr =r, — R.

Ta ul Ta
______a <
/R Va2 —2F (ug) _/R

Letting s = u,(r) we see that

g ds Ta w! dr
T —a < r,— R 2.16
/O a2 — 2F(3) /R a2 — 2F(ua) —=a ( )
From (L.4) we have f’(0) <0, thus f(u) > —3|f’(0)|u for small u. So a® —2F(u) <
%|f’(0)|u2 + a2 for small v and so

Va2 —2F(u) <4/a?+ g|f’(0)|u2 <a+ \/g|f’(0)|u for small w.

Therefore,

for small u.

1 1
>
Va2 —=2F(u) 44 /%|f’(0)u

So for some € with 0 < € < 8 we have

€ ds ¢ ds 2 3o €
/ \/GQTF(S)Z/O at /317 0)s _\/3|f’(0)|ln(l+v2|f(0)a)ﬂoo
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as a — 07. Therefore from ([2.16)) and the above computation we see that

— o asa—0F

. /ﬁ ds - / ds
2y VaZaFG) e o 2F0)
thus r, — oo as a — 0. Hence the lemma is proved. O
Note that if E(rg) < 0, then
u(r) >0 for each r > ro. (2.17)

Suppose not. Then there exists z > o such that u(z) = 0 and so F(u(z)) = 0. By
(2.2), E(r) is non-increasing so E(z) < E(rg) < 0. Therefore
4 2 / 2
0<” (;) =2 <2Z) + F(u(2)) = E(2) < 0

which is impossible. Hence u(r) > 0 for all r > ry.

Lemma 2.5. If a > 0 and a is sufficiently small then uy(r) > 0 for each r > R.

Proof. Assume by the way of contradiction that u,(z,) = 0 for some z, > R. Since
ug(R) = 0 and v, (R) = a > 0 we see that u,(r) has a positive local maximum,
M,, with R < M, < z, and since the energy function E,(r) is non-increasing then

0 < Ey(zq) < Eq(M,) = F(ua(M,)).
Thus by (1.6) ue(M,) > 7 and so in particular there exist pq, g, with R < p, <
o < M, such that ua(pa) = g,ua(qa) = fand 0 < u,(r) < g for [R, qa) Then
by (L.5) we see that f(uq) < 0 on [R,q,) so ul, + X=2ul, > 0 on [R,q,) by (L.7).
Therefore [5,(rY~u})" dr > 0 from which it follows that

Nyl > RV (R) >0 on [R,q.).

Thus ue(r) is increasing on [R,q,). In addition, p, — oo as a — 07 for if the p,
were bounded then a subsequence would converge to say some finite pg as a — 07.
Since E,(r) is non-increasing this would imply u,(r) and u), () would be uniformly
bounded on [R,py + 1] and so by the Arzela-Ascoli theorem for a subsequence
uq(r) — ug(r) = 0 as @ — 0F. On the other hand, g = Ug(pa) — uo(po) = 0 as
a — 01 which is a contradiction. Thus we see that p, — 0o as a — 0F.

Next we return to and after rewriting we have

/

u—“gl for each r > R.
a? — 2F (uy,)
Integrating on [pg, ¢.] and setting wu,(r) = t we obtain
a

a

d qald — 218
< - a a- .
—2F (uq ' _/ PTG h (2:18)

/ dt /Qa
g \/a? —2F(t) Pa

Now on [g,ﬁ] we have 0 < a? — 2F(t) < 1+ 2|F(B)| if 0 < a < 1. Tt follows that

0

/5 dt 3
> =c>
s VaE—2F(u) 211 2F (D)
for some constant ¢ > 0 and sufficiently small a. Combining this with (2.18]) we see
that
Ga — Po > ¢ if a is sufficiently small. (2.19)
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Now by the definition of E,(r) it is straightforward to show that
(PN D) = (DY F(u,).
Integrating on [pg, ¢q] gives

da
qg(N_l)Ea(Qa) = pi(N_l)Ea<pa) +/ [TQ(N_D]/F(UG) dr.

a

Since F(uq) < F(g) < 0 on [pg,qa] we have

qa
pi(N*l)Ea(pa)_’_/ (7‘2(N71))IF(U,G) dT

< OB, (p) — [F(IEN D D]

But

Da
PNV Epa) = RO VER)+ [ F ) dr
R
and

pa
/ (2N =DV F(ug) dr <0
R
as F(ug) <0 on [R,p,]. Thus

1
pz(N—l)Ea(pa) S RQ(N—l)Ea(R) _ 5@2 RQ(N—l)-

Therefore,
1
BN VB (g0) < 5o BN - (RO [0 2]
So
~ a2 R2(N-1) 3 ~ ~
B (g) < T FOI@EVD ) (220)

Now by (2.19) we have

EOD D 2 (g0 2 e

a )

3 = oo. Thus

and from earlier in the proof of this lemma we saw lim,_, o+ pZN -
2(N—1)  2(N-1) i
qa — Pa —ooasa— 0T
It follows then from (2.20]) that qg(Nfl)Ea(qa) is negative if a is sufficiently small.
Thus by (2.17) it follows that us(r) > 0 for r > ¢,. Also, since we have u,, > 0
on [R,q,] and u,(R) = 0 we see that u,(r) > 0 on (R, 00) if a is sufficiently small.
This completes the proof. (Il

3. PROOF OF THEOREM [L1]

Let
So = {a > 0|u,(r) > 0V¥r > R}.
By Lemma we know that for ¢ > 0 and a sufficiently small that u,(r) > 0 so
So is nonempty. Also from Lemma we know that if a is sufficiently large then
uq(r) has zeros. Hence Sy is bounded above and so the supremum of Sj exists. Let
ag = sup(Sp).

Lemma 3.1. u,,(r) > 0 on (R, ).
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Proof. Suppose by the way of contradiction that there exists zg such that wu,, (z0) =
0 and u,(r) > 0 on [R, z9). Then ug, (z0) < 0 and by uniqueness in fact u, (z0) < 0.
Thus g, (r) < 0 for zg < r < zp+ €. If a < ap and a is close enough to ag then
the continuity of solutions of boundary value problems with respect to the initial
conditions implies that u,(r) also gets negative which contradicts the definition of
ag. S0 Ugy(r) > 0 on (R,00). This completes the lemma. O

Lemma 3.2. u,,(r) has a local maximum, M,, > R.

Proof. Suppose not. Then u;, (r) > 0 for all » > R. Since Eq,(r) < Eq,(R) for all
r > R, we have
u (r) %
10l 4 Py () < 0.
2
This implies F(uq,(r)) < % and hence g, (r) is bounded. Since we are also assum-
ing u;, () > 0 it follows that lim, . ua,(7) exists. Let us denote lim, . tq, (1) =

L. Since E,,(r) is a non-increasing function which is bounded below, it follows that

u 2
lim, o0 Eoo (1) = lim, oo [5% + F'(uq, )] exists.

Since we also know that lim, . ua,(r) exists it follows that lim, . u, (r) ex-
ists and in fact lim, . uy, (r) = 0 (since otherwise uq,(r) would be unbounded).
Therefore from it follows that lim, . u,, (r) = —f(L) and in fact f(L) = 0.
(Otherwise, u,  would be unbounded but we know u;  — 0). So L = —43,0, or 3.
Since ugq,(r) > 0 and uy, () > 0 thus L = 3.

Now by the definition of ag we know u,(r) has a zero if a > ap, say uq(z,) = 0.
Next we show that

lim z, = co. (3.1)
H.*)ao
Suppose not. Then |z,| < K for some constant K and so there is a subsequence of
z, still denoted z, such that z, — 29 as a — aar. But u,(r)— g, () uniformly on
the compact subset [R, 2o + 1] as a — ag so 0 = lim, .+ Ua(2a) = Uaq(20) Which

contradicts that u,, () > 0 from Lemma H Thus limaHaar 2q = oo. In addition,
2

E.(z4) = % > 0. Also:

u? (r
lim E,, (r) = lim [GOT() + F(uq,(r))] = F(B8) <O0.

T—00 T—00
So there exists Ry > R such that E,,(Ry) < 0.

Since limg_,q, Uq () = Ug, () uniformly on the compact set [R, Ry + 1], it follows
that lim,_,q, Fo(Ro) = Eoo(Ro) < 0. Since E,(Ro) < 0 < E,(z,) and E, is
non-increasing it follows that z, < Ry if a is sufficiently close to ag.

However, by , we have z, — oo as a — ao+ which is a contradiction since
Ry < 0.

Hence ug,(r) has a local maximum at r = M,, for some M,, > R. This
completes the proof. ([

Lemma 3.3. u, (r) <0 if r > M,,.

Proof. Suppose u, (mg,) = 0 for some mgq, > M,,. Then u (mg,) > 0 and so
f(u(mg,)) < 0. Since we also know that ug,(r) > 0 (by Lemma it follows
that 0 < g, (Ma,) < B. Therefore, Eq,(Mma,) = F(tgy(ma,)) < 0 and so by the
continuity of the solution with respect to initial conditions we have E,(mg,) < 0 if
a is sufficiently close to ag.
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Now by the definition of ag if a > ag then u,(r) has a zero, z,, with E,(z,) > 0
and by (31) we have seen that lim, .4, 2, = c0. Since E, is non-increasing we
therefore have z, < mg,. But z, — oo as a — af and m,, < 0o so we obtain a
contradiction. This completes the proof. ([

So u, (r) < 0 for all 7 > Mg,. Also, ug,(r) > 0 80 lim, .o ug,(r) = L with
L > 0. Since E,,(r) is non-increasing, we see as we did earlier that f(L) = 0.
Thus L = 0 or 5. We now show E,,(r) > 0 for all > R. So suppose there is an
ro > R such that E,,(ro) < 0. Then E,(r9) < 0 for a close to ap and in particular
if @ > ag. But then we know that z, exists and since E,(z,) > 0 it follows that
za < 70 since E, is non-increasing. But this contradicts that z, — oo from (3.1).
Thus E,,(r) > 0 for all » > R.

Let us suppose now that L = . Since E,(r) is non-increasing and bounded
below:

lim E,,(r,ap) exists.
T—00

This implies

lim w2 (r) exists
T—00 0

and as we have seen earlier this implies lim, o ug, (1) = 0. Therefore,

u/2 (7,)
0< lim B, (r) = lim =52 4 F(L) =0+ F(5) < 0.

which is a contradiction. Hence we must have L = 0. i.e. lim, o tg,(r) = 0. Thus
we have found a positive solution ug, (1) of - such that lim, o g, (1) = 0.
Next we let
S1 = {a > 0|u,(r) has one zero on (R, c0)}.

[8, Lemma 4] states that if u,, (r) is a bounded solution of on (0,00) with
k zeros and lim, o ug, (1) = 0 then if a is sufficiently close to aj then u, has at
most k + 1 zeros on [0,00). A nearly identical lemma holds for solutions of
on (R, 00). Applying this lemma with ay we see that u, on (R, o) has at most one
zero if a is sufficiently close to ag.

On the other hand, for a > ag we know that u,(r) has at least one zero on
(R, 00) by the definition of ag. Thus if a > ag and a is sufficiently close to ag then
u, has exactly one zero and so we see that 57 is nonempty. We also know 57 is
bounded from above by Lemma [2.3] and so we let:

ay = sup Sy.

Using a similar argument as earlier we can show that wu,, (r) has exactly one zero
on (R,00) and lim,_.o ug, (r) = 0. Continuing in this way we see that we can
find an infinite number of solutions - one with exactly n zeros on (R, 00) for each
nonnegative integer n - and with lim, . u(r) = 0.
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