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HOLDER CONTINUITY WITH EXPONENT (1 +a)/2 IN THE
TIME VARIABLE FOR SOLUTIONS OF PARABOLIC
EQUATIONS

JUNICHI ARAMAKI

ABSTRACT. We consider the regularity of solutions for some parabolic equa-
tions. We show Holder continuity with exponent (1 + «)/2, with respect to
the time variable, when the gradient in the space variable of the solution has
the Ho6lder continuity with exponent a.

1. INTRODUCTION

In this article we consider the Holder continuity of solutions for the equation.

Lu := gz:l aij(%t)m + 2 bi(%t)afzi 5=/ e (1.1)

where @ = 2 x (0,T], & C R" is a domain and T > 0. For the classical solution
u(z,t) of (L.1)), we shall show the Holder continuity with exponent (1+ «)/2 in the
time variable ¢, when the gradient of u with respect to the space variable x has
Hoélder continuity with exponent a.

We assume that:

(H1) L is parabolic, i.e., for any (z,t) € @Q,

D ai(@, )68 >0 forall 0# &= (¢r,...,6) €R™
ij 1
Note that L is not necessary uniformly parabolic.

(H2) ay;,b; € C(Q) for 4,5 =1,...,n where C(Q) denotes the space of continu-
ous functions in Q).

(H3) There exist constants p1, 2 > 0 such that

Zan‘(!ﬂ,t) < 1, Z |b;(x,t)| < pe for all (z,t) € Q.

i=1 i=1
(H4) f = f(=z,t) is a bounded continuous function in ) satisfying
|f(x,t)| < pg forall (z,t) € Q.
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In the following, for non-negative integers k,[ and any set A C R", we denote the
space of functions u € C(A x (0,T]) such that u has continuous partial derivatives
0%u for |a| < k and &]u for j < 1in A x (0,T] by C*!(A x (0,T]). Here

dlely,

o= ————
v ox{t -+ Oxp”

for any multi-index o = (g, ..., ) and |a| = Y. | ;. We also use the notation
up = Og, Uy, = Op, U, Ug,z; = Op, 0, u etc. Now we are in a position to state our
main result.

Theorem 1.1. Under the hypotheses (H1)—(H4), let u € C*1(Q) be a solution of
(1.1) in Q. Assume that there exist o € (0,1] and constants C1,C2 > 0 such that

Vu(z,t) = Vu(y, t)| < Ci]z —y|* (1.2)

for all (z,1), (y,t) € Q, and
[Vu(z,t)] < Cs (1.3)

for all (z,t) € Q. Here and hereafter V denotes the gradient operator with respect
to the space variable x.

(i) Let Q' C Q be a subdomain such that dist(¥,0Q) > d > 0, and define
Q' = x(0,T]. Then there exist 6 > 0 depending only on i, po, iz and o, K >0
depending only on p1, pe, p3,d, o, C1 and Cy such that

lu(z, t) — u(z, to)| < K|t — to| )72 (1.4)

for all (z,1), (x,t0) € Q" with [t —to| < 4.
(ii) Furthermore, if we assume that OQ # 0 and u € CH0(Q x (0,T)) satisfies
that there exist 8 € (0,1] and a constant D > 0 such that

|Vu(z,t) — Vu(z,to)| < Dt — to| 1T/

for all x € OQ and t,ty € (0,T], then for any o > 0 there exists K > 0 depending
only on 1, po, us, C1,Co, D and o such that

lu(z, t) —u(z, to)| < Kt —to|AF1/2 4 = min{a, 5}
for any (x,t), (x,to) € Q with |t —to| < 0.

Remark 1.2. Gilding [6] assumed that |u(z,t) — u(y,t)| < Ci|lz — y|* instead of
(1.2) and (1.3), and obtained

lu(z, t) —u(z, to)| < K|t — to|*

instead of (L.4). Note that the papers of Brandt [4] and Knerr [7] can be viewed
as precursors to the present study. See also the discussion of Ladyzhenskaja et
al [8] in [7]. Then the author of [6] applied the result to the Cauchy problem for
the porous media equation in one dimension. See also Aronson [2] and Bénilan [3].
On the other hand, our result can be applied to the regularity for a quasilinear
parabolic type system associated with the Maxwell equation. For such application,
see Aramaki [1].
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2. PROOF OF THEOREM [L.1]

We shall use a modification of the arguments in [6).

(i) Let ' C Q be a subdomain with dist(Q',9Q) > d > 0 and define Q' =
Y x (0,T]. Fix arbitrary points (zg,t0), (x0,t1) € Q" with 0 < ¢ty < 1 < T and
choose 0 < p < d, and define y and C' so that

Cq
1+a’

w = max{u1, pio, u2Ca + pg} and C =

Moreover, we define a set and functions

N = {ZI? € Rn7 |£L‘*SC()| < ,0} X (t07t1] - Qa
v (@, t) = p{1 +25p72(1+ p)}(t — to) + sp~ 2|z — @o|* + Cp'*e
+ {u(z,t) — u(zo, to) — Vu(zo, to) - (x — z0)}

where “” denotes the inner product in R". Let

5= sup |u(z,t) — ulx,to)].
to<t<t;,zEQ

Since

v = p{1+ 257 (14 p)} £ w2, 1),
’U!L{' = 28p_2(:1,‘i - xoai) + {’U’II (I,t) — Uy, ($07t0)}7
v, =2sp 26+ Ug,z; (T,1)

where §;; denotes the Kronecker delta, we have

Lo* = —p—2sp2u(1 4 p) + 25p 2 {D_aii(w,t) + > b, t)(2; — 0,) }

=1 i=1
+ Lu(z,t) F zn: bi(z, t)us, (zo, to)
i=1
< —p—=25p 2 (4 pp) + 25p" % (1 + p2p) + | f (2, 1)]
£ 3 b1 ), (o, o)
=1
< —p—25p" 2 (4 pp) + 25p~ % (1 + p2p) + ps + Copz < 0.

Here we used the definition of .
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When t = tg and |z — z¢| < p, from the definition of C, we see that
vE(x,t0) = sp2|a — xo|® + Cptte
+ {u(z, to) — u(zo,to) — Vu(zo,to) - (x — xo)}
=sp 2|z — xo|* 4+ Cp' T
1
+ / (Vu(Oxo + (1 — 0)x) — Vu(zo, to)) - (x — 0)db
0

(2.2)
> sp 2| — x)? + Cptt?

1
—Cl/ |0zo + (1 — 0)x — xo|*db|z — x0]
0

Cq
14+«
When |z — x¢| = p and ¢ty < t < t1, using the definition of s, we can see that

vE(x,t) = p{1+ 25p 2 (1+ p)}(t — to) + s + Cp' ™™
+ {u(z,t) — u(xo, to) — Vu(zo, to) - (x — x0)}
= {1+ 2sp72(1+p)}(t —to) + s+ Cp' ™

Z sp_2|w—x0\2+0,01+°‘ _ p1+a 20

+ {u(x, to) — u(xo, to) — Vu(zg, to) - (x —x0)} (2.3)
+ {u(z,t) — u(x,to)}
> {1+ 2sp (1 + p)}(t —to) + s+ Cp*T — ﬁ—laplﬂ" — s
> 0.
Thus from , and , we see that
Lvt <0 inN,

+ . (2.4)
v= >0 on the parabolic boundary of N.

By the maximum principle (cf. Friedman [5, p. 34] or Lieberman [9, Chapter 2,
Lemma 2.3]), it follows that v* > 0 in N. Hence we have

F {u(z,t) — u(xo, to) — Vu(zo, to) - (x — x0)}
< Cp™ + {1+ 2sp 2 (1 + )}t — to) + sp 2|x — o>,
If we put x = z(, then we see that
00, 1) — ulo, to)] < Cp + {1+ 25p™2(1+ p)} ¢ — to).
Since zg € ' and t € (to,t1] are arbitrary, it follows that

s <Cp™ + {1+ 2sp7 (1 + p)}(t1 — to)
1 (2.5)
= Cp™™ ™+ p(t —to) + 5 s{4up™ (1 + p)(tr — to)}-

Let p* be the positive root of the quadratic equation y? = 4u(1 + y)(t; — to), i.e.,

pr=2u(ty — to) + 2{u(ts — to) + p*(t1 — to)*}'/*. (2.6)

If we define § = d?/(4u(1 + d)), for t; < to + d, it is easily seen that p* < d. Thus
we can replace p in (2.5)) with p*. Therefore when tg < t; < to + J, we see that

s < C (2t — to) + 2{plts — to) + 12 (t — t0)2}/2)" ™"
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1
-Fuﬁl—tw-+§s

= C(2p(ty — t0)/2 4+ 2+ p2(t1 — 1) }/2) T (1 — 1) 1
+ (s — o) 1792ty — tg)I+)/2 %s.
Since t; — tg < 0, we have
s < 2[C(2u8"2 + 2{p + p20} /)T 4 g2 (1) — 1) IH/2,

Thus we have
lu(zo,t1) — u(zo, to)| < K () — to)1Te)/2
where )
K =2[C(2u6"? + 2{u + p26}1/2) " 4 ps0=)/2]

for any t; < tg+ 4. Since (xg,to) and (xg,t1) with tg < t; < T are arbitrary points
in @', we get the conclusion of (i).

(ii) When (zg,to), (zo,t1) € @ with 0 < ¢y < t1 < to + o, we choose p* as in
(2.6). We define

N*={z e R": |x — xo| < p*} x (to,t1] CR™ x (0,71,
wF (z,t) = v (2, 1) + D(t; — to) /2 in N* N Q,

§= Sup |u($7t) _u($7t0)|’
to<t<ti,z€Q

By a similar argument as in the proof of (i), we have
Lwt <0 inN*NQ,
w® >0 on the parabolic boundary of N* N Q.

If we choose p = max{ iy, iz, poCs + p3, Do(1+8)/2} from a similar argument as in
(i) we can get the conclusion of (ii).
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