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EXISTENCE OF SOLUTIONS TO THE RIEMANN PROBLEM
FOR A MODEL OF TWO-PHASE FLOWS

MAI DUC THANH, DAO HUY CUONG

ABSTRACT. We study the existence of solutions of the Riemann problem for
a model of two-phase flows. The model has the form of a nonconservative
hyperbolic system of balance laws. Based on a phase decomposition approach,
we obtain all the wave curves. By developing an analytic method, we can
establish a system of nonlinear algebraic equations for each solution of the
Riemann problem. The system is under-determined and can be parameterized
by the volume fraction in one phase. Therefore, an argument relying on the
Implicit-Function Theorem leads us to the existence of solutions of the Rie-
mann problem for the model for sufficiently large initial data. Furthermore,
the structure of the Riemann solutions obtained by this method can also be
obtained.

1. INTRODUCTION

In this article we consider the existence and the structure of solutions of the
following Riemann problem for the model of two-phase flows,

O¢(ap) + Oz (apu) =0,
B (apu) + 0y (apu® + p)) = pdsv,
8,(530) + 8,(80v) = 0, (1.1)
3 (86v) + 0. (B(8v° + q)) = —pdea,
O+ 0,(60v) =0, zeRt>0,

where «, p, u, p stand for the volume fraction, density, velocity, and pressure in the
first phase of the flow, called Phase I; and 3,0, v, q stand for the volume fraction,
density, velocity, and pressure in the second phase of the flow, called Phase II. The
volume fractions satisfy

a+pB=1. (1.2)
System is obtained from the full model of two-phase flows, see [2 [], by
assuming that the flow is isentropic in both phases. The first and the second
equations of describe the balance of mass and momentum in Phase I, while the
third and the four equations of (|1.1)) describe the balance of mass and momentum
in Phase; the fifth equation of, called the compaction dynamics equation,
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represents the evolution of the volume fractions. Observe that the third and the
fifth equations of (|1.1)) yield

83 + 09,3 = 0. (1.3)

Note that the first version of the compaction dynamics equation is used in
[2]. The current compaction dynamics equation ( the last equation of (L.I])) was
proposed in [4], and is suitable for our analysis as it is conservative.

System has the form of nonconservative systems of balance laws, where the
weak solutions will be understood in the sense of nonconservative products, see [5].
It has been known that the system is hyperbolic, but not strictly hyperbolic,
since the characteristic fields may coincide. Moreover, the fact that the dimension
of the unknown function U is large (five components) makes it hard to solve the
Riemann problem for large initial data. However, the system possesses a very
interesting property: four characteristic fields involve quantities only in one phase.
This allows the waves associated with these characteristic fields to change only in
one phase and remain constants in the other.

In an earlier work, [24], a phase decomposition approach for studying the Rie-
mann problem for was proposed. Then, based on a geometrical approach
where the positions of related various curves in a phase plane can be determined
and compared, the author established several results on the existence of solutions of
the Riemann problem for . In this work, we will rely on an analytical method,
instead, to establish existence results of Riemann solutions of . For this aim,
we will show that each Riemann solution, whose structure can be determined using
the phase decomposition method, corresponds to a set of nonlinear algebraic equa-
tions. Then, we will show that these equations can be parameterized as functions of
the volume fraction in one phase, says, Phase I. By applying an Implicit Function
Theorem, we can obtain the existence of Riemann solutions. It is worth to note
that the locality in applying Implicit Function Theorem here is constraint to only
the gas volume fractions, while all other quantities of the Riemann data (density,
pressure, temperature, velocity) can be taken relatively large. Moreover, we note
that since each solution of the Riemann problem is corresponding to a system of
nonlinear algebraic equations, computational methods can be developed for com-
puting the exact solutions. Consequently, this work can be useful for developing
numerical methods such as the Godunov method to approximate the initial-value
problem for the model under study.

Hyperbolic models in nonconservative forms have attracted the attention of many
authors. The earlier works concerning nonconservative systems were carried out
in [7, 10, 1T, 15]. The Riemann problem for the model of a fluid in a nozzle with
discontinuous cross-section was considered in [12] for the isentropic case, and in [19]
for the non-isentropic case. The Riemann problem for for shallow water equations
with discontinuous topography were solved in [I3, [14]. The Riemann problem for a
general system in nonconservative form was studied by [6]. The Riemann problem
for a model of two-phase flows was studied in [I7, 24]. Two-fluid models of two-
phase flows were studied in [9, [I§]. Numerical approximations for two-phase flows
were considered in [I} [3] 6] 20} 2] 22| 23]. See also the references therein.

The organization of this article is as follows. In Section 2 we recall basic proper-
ties of the system , and the jump relations by using the phase decomposition
approach. In Section 3 we establish the existence results of solutions of the Riemann
problem.
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2. PRELIMINARIES

2.1. Characteristic fields. Throughout, we assume for simplicity that the fluid
in each phase is isentropic and ideal, where the equation of state is

p=p(p) =rp", q=4q(0) 2196, k,0>0, 7,0 > 1.
The system (|1.1) can be re-written as

p(U*’U)a

Oup + ubzp + pdyu + o =0,
O+ ' (p)O0rp + udypu = 0,
00 + v0,0 + 00, v = 0, (2.1)

@v+HWﬁﬁ+m&w+gé#&a:Q

O +v0,a=0, xR, t>0,

where

W (p) = P'(p) K (0) q)

Thus, if we choose the unknown vector function to be of the form
U = (p7u797’v7a)7

we can re-write the system (1.1) as a system of balance laws in nonconservative
form as

U, + AU)U, =0, (2.2)
where
u p 0 0 p(uT_v)
RK(p) w 0 0 0
A= 0 0 v 6 o0
0 0 K@) v B
0 0 0 0 v

The characteristic equation of the matrix A(U) is
(0 =N ((w=2)?=p)((v=X)?~¢q) =0,
which admits five roots as

M(p,u) =u—/p(p), Xa(p,u)=u+p(p),

2.3
A3(0,0) =v—~/¢(0), M(0,v) =v++/¢(0), Is(v)=v. (23)
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The corresponding right eigenvectors can be chosen as

—p p
' (p) ' (p)
Tl(p’ u) =u 0 3 TQ(IO’ ’U,) =p 0 5
0 0
0 0
0 0
0 0
r3(0,v) =v —0 , ra(0,v) =v 0 , (2.4)
q'(0) q'(0)
0 0
—(u—v)*pfq(9)
(0)5

where
po 26 2/i)
p"(p)p+20'(p)’ q"(0)0 +2q'(9)
It is not difficult to check that the eigenvectors r;,7 = 1,2,3,4,5 are linearly inde-
pendent. Thus, the system is hyperbolic. Furthermore, it holds that
Az < Ag < M\g.

It is interesting that the eigenvalues A5 may coincide with either A1 or Ay on a
certain hyper-surface of the phase domain, called the sonic surface or resonant
surface. We call the supersonic region to be the one in which

[u—v]>c:=+/p(p), (2.5)

the subsonic region is the one in which |u — v| < ¢. To illustrate these regions,
we consider the projection of the hyper-plane v = vy of the phase domain, for an
arbitrarily fixed vy, in the (p, u)-plane, see Figure

Gr=A{(pw)| uw—vo>D(p)}
Go={(p, )| |u—wol <V (p)};

G3 = {(,0, u)| uU—vg < —/ p/(p)}v (26)
Cx={(p,u)| u—vo==%VP(p)}
C=CiuUcC-_.

Then, the states U such that (p,u) € G1,Gs, belong to the supersonic region;
the states U such that (p,u) € Ga, belong to the subsonic region; and the states U

such that (p,u)Cx belong to the sonic surface.
On the other hand, it is not difficult to verify that

D)\Z(U)T'Z(U):l, Z:172,3747 27
DXs(U) - r5(U) = 0, 27
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FIGURE 1. Projection of the phase domain hyper-plane v = v

so that the first, second, third, fourth characteristic fields (\;(U),r;(U )) i =
1,2,3, 4, are genuinely nonlinear, while the fifth characteristic field (A5(U),r5(U))
is linearly degenerate.

2.2. Rarefaction waves. Rarefaction waves of the system (2.2), and therefore of
(1.1), are the continuous piecewise-smooth self-similar solutions of ([1.1]) associated
with nonlinear characteristic fields, which have the form

Ulz,t) =V(E), €= % t>0xcR.

Substituting this into (2.2]), we can see that rarefaction waves are solutions of the
following initial-value problem for ordinary differential equations

av(€)

dé =ri(V(€), &=Xi(lo), i=1,234,

(2.8)
Vn(Uo)) = Up.

Thus, the integral curve of the first characteristic field is given by

dp(§)  =2y/P'(p)
s p”(p)p + 210'(P) P& <0,

du(§) _  2v¥ \ﬁ (2.9)

s p"(p) p+2p
d9(€) _dv(§) _ da(i) —0
e~ dg¢  de

This implies that 0, v, « are constant through 1-rarefaction waves, p is strictly de-
creasing with respect to &, and wu is strictly increasing with respect to £&. Moreover,
since p is strictly monotone though 1-rarefaction waves, we can use p as a parameter
of the integral curve

d _ /
du _ —v/P'p) (2.10)
dp p

The integral curve (2.10) determines the forward curve of 1-rarefaction wave Rq(Up)

consisting of all right-hand states that can be connected to the left-hand state Uy
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using l-rarefaction waves

P (y)

dy, p < po, (2.11)
o U

RiU0): u=r((pnsun)ip) = o~ [
P
where p < pg follows from the condition that the characteristic speed must be
increasing through a rarefaction fan.

Similarly, 8, v, a are constant through 2-rarefaction waves. The backward curve
of 2-rarefaction wave Ro(Up) consisting of all left-hand states that can be connected
to the right-hand state Uy using 2-rarefaction waves is given by

P
1;(3/)@7 p < po. (2.12)

Po

Ra2(Uo) : u=wa((po,uo);p) = uo +

In the same way, p,u,a are constant through 3- and 4-rarefaction waves. The
forward curve of 3-rarefaction wave R3(Up) consisting of all right-hand states that
can be connected to the left-hand state Uy using 3-rarefaction waves is given by

" V)
Rg(Uo) : V= W3((90,’U0); 6‘) =V — / Y dy, 0 S 6‘0. (213)
0o
The backward curve of 4-rarefaction wave R4(Uy) consisting of all left-hand states

that can be connected to the right-hand state Uy using 4-rarefaction waves is given
by

0 /0
R4(U()) : v = w4((90,v0); 9) = v + qy(y)dy, 0 < 90. (214)
0o

2.3. Jump relations for shock waves. A discontinuity (shock or contact wave)
of (1.1)) is a weak solution (in the sense of nonconservative products) and is of the
usual form

_, f t
Ula,t) = {(U] ’ for T <o (2.15)
+, for x> ot,

for some constant states Uy and a constant shock speed o. This discontinuity
satisfies the generalized Rankine-Hugoniot relations for a given family of Lipschitz
paths. The generalized Rankine-Hugoniot relations corresponding to any family of
Lipschitz path for the conservative equations in must coincide with the usual
canonical ones. In particular, it holds that

—o[p0] + [6v] = 0,

_o[6] + [6v] = 0, (2.16)

where o is the shock speed, [A] = Ay — A_, and Ay denote the values on the right
and left of the jump on the quantity A. This yields

6(v — o) = M = constant,
M[3) =o.

The second equation of (2.17)) implies that either M = 0 or [5] = 0. Since 6 > 0,
one obtains the following conclusion: across any discontinuity ([2.15)) of (1.1

(2.17)

either [3] =0, or v = o, a constant. (2.18)
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It is derived from (2.18)) that if [3] = 0, then the volume fractions remain con-
stant across the discontinuity. The system (1.1]) is therefore reduced to the two
independent sets of isentropic gas dynamics equations in both phases

Op + Oz (pu) =0,
O (pu) + Oz (pu® +p) = 0,

8159 + 8I(0”U) = 0,
(V) + 0, (0v* +q) =0, xR, t>0.
This implies that 0,v,« are constant through 1- and 2-shock waves, while p,u,

are constant through 3- and 4-shock waves.

Given a left-hand state Uy, let us denote by S;(Up),i = 1,3 the forward shock
curves consisting of all right-hand states U that can be connected to the left-hand
state Up by an i-Lax shock, ¢ = 1,3, and by S;(Up),j = 2,4 the backward shock

curves consisting of all left-hand states U that can be connected to the right-hand
state Uy by a j-Lax shock, j = 2,4. These curves are given by:

1/2
S1(Uo) = u=wi((po,u0); p) == uo — <(p popog po) ;P> po,

Sa(Un) = (s uo)ip) i= o+ (EZPULZI)

— 9 9 1/2
Sg(Uo) : v = w;:,((eo,?)o);e) =Ty — <(q q0 0 ) , 0 > 907

(2.19)

1/2
s P> Po,
(2.20)

S4(U0) : v = UJ4((00,1}0);9) =g + (W}#)lm, 0> 90.

From (22.11)—(2.14) and (2.20)), we can now define the forward wave curves issuing
from Uy as

Wi (Uo) = R1(Uo) U S1(Uo),

2.21
Wa(Ua) = Ra(Us) U Sa(Uo). (221

and the backward wave curves issuing from Uy by
WQ(U0> = RQ(UO) U SQ(U()), (222)

Wi (Up) = Ra(Up) U S4(Up).

These curves are parameterized in such a way that the velocity is given as a function
of the density in each phase, under the form u = w;(Up; p),p > 0,i = 1,2,3,4. Tt is
not difficult to check that wy,ws are strictly decreasing; and that wo,w, are strictly
increasing. Summarizing the above argument, we get the following result.

Lemma 2.1. Through an i-wave (shock or rarefaction), i = 1,2, the quantities
0,v, are constant. Through a j-wave (shock or rarefaction), j = 3,4, the quanti-
ties p,u, « are constant. The wave curves W;(Up), i = 1,2,3,4, associated with the
genuinely nonlinear characteristic fields issuing from a given state Uy are given by

and (E29)

2.4. Jump relations for contact waves. Contact discontinuities correspond to
the second of (2.18]) where [5] # 0. Any contact discontinuity associated with the
fifth characteristic field can be characterized as follows.

Theorem 2.2 ([24, Theorem 3.3]). Let U be a contact discontinuity of the form
associated with the linearly degenerate characteristic field (\5,75); that is,
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[8] # 0 and Uy belong to the same trajectory of the integral field of the 5fth charac-
teristic field. Then, U is a weak solution of in the sense of nonconservative
products. Moreover, this contact discontinuity U satisfies the jump relations in the
usual form
vy =0, [oap(u—v)]=0,
[(u—v)2+2h] =0, [mu+ap+Bq =0,

where m is the constant m = ap(u — v).

(2.23)

Thus, whenever a state on one side of a contact discontinuity is fixed, the state
on the other side U that can be connected with Uy by a contact discontinuity must

satisfy the equations
ap(u —v) = agopo(ug —v) :=m, (2.24)
(u— )2 +2h = (ug — vo)? + 2hy0, '

and
_ Pogo = [mu + ap]
B
So, we can define the fifth wave curve Ws(Uy) to be the curve of contact waves

issuing from Ujy. It is the set of states U that can be connected to Uy by a contact
discontinuity, where U can be defined by the equations (2.24]) and (2.25]).

. (2.25)

3. EXISTENCE AND STRUCTURE OF RIEMANN SOLUTIONS

In this section, we will show that the Riemann problem for possesses a
solution made up a finite number of waves (shocks, rarefaction waves, and con-
tacts) separated by constant states, only. The case where the solution containing
coinciding waves is much more complicated and it will be the topic for future de-
velopments.

Notation. In this section, we use the following notation:

(1) Wi(U;,U;) (Sk(U;,U;), R (U, Uj)) denotes a k-wave (k-shock, or k-rar-
efaction wave, respectively) connecting the left-hand state U; to the right-
hand state Uj;

(ii) W (U;, U;) ® W, (Uj, Uy) indicates that there is an m-wave from the left-
hand state U; to the right-hand state U;, followed by an n-wave from the
left-hand state U; to the right-hand state Uy;

(i) Uy = (p+,us) and Vi = (04,v9) denote the left- and right-hand states of
the contact in Phase I and Phase II of a Riemann solution under consider-
ation, respectively.

3.1. Phase decomposition. We can see from the above that
e Through i-waves, ¢ = 1,2, the quantities in the phase II: V' = (0,v) and
a, 8 remain constant;
e Through j-waves, j = 3,4, the quantities in the phase I: U = (p,u) and
a, f remain constant.
So, in any Riemann solution:
(i) Quantities in the phase I involve only in the 1st, 2nd and 5fth characteristic
fields;
(ii) Quantities in the phase IT involve only in the 3rd, 4th and 5fth characteristic
fields.
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Only 5-contacts involve quantities in both phases. So, they can serve as a
“bridge” connecting the two phases. We can consider the wave structure in each
phase separately.

Components of Phase I in Riemann solutions. Quantities in Phase I involve
only waves from the 1st, 2nd, and and 5fth fields. However, although

/\1(U) < )\2(U),

A5(U) can be in any order with A;(U) and A2(U). In our phase decomposition,
the contact waves play a key role for constructing Riemann solutions. Following
[12, [19] [7, [8], we also impose the following admissibility condition:

(AC) The contact wave must remain in the same subsonic or supersonic region.
This criterion means that the left-hand and right-hand states of the admissible
contact will remain in the same subsonic or supersonic region. Therefore, our
construction of Riemann solutions will rely on the location of the contact in the
supersonic or subsonic region as follows. Let U_ be the state on the left, and U,
be the state on the right of the contact.

(A) The contact belongs to the supersonic region A5 < Ap;

(B) The contact belongs to the subsonic region Ay < A5 < Ag;

(C) The contact belongs to the supersonic region As > As.
In the next subsection, we build three classes of Riemann solutions, having different
configurations, for these three cases.

Components of Phase II in Riemann solutions. In Phase II, one has A3 <
A5 < A4. The Riemann solutions in Phase II always have the form

Wa(Vi, V=) @ Wi (V_, V) @ Wa(Vs, Vi),
see Figure 2

FIGURE 2. Riemann solutions in the phase II

So, the quantities in Phase II involve only four constant states Vi, Vi, Vg. Since
V_ = (97,00) € Wg(VL), V+ = (0+,’U0) € W4(VR)
Therefore,
Vo = U+ :w3(VL;9,> =w4(VR;9+), (31)
where w3 and wy are defined by (2.13)), (2.14)), and ([2.20]).
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3.2. Construction of Solutions.

Case A: The contact belongs to the supersonic region \; > \5. The solution
contains a 5-contact on the left of both waves in nonlinear families, see Figure
(left). As before, Uy, Vi denote the states on the left and right of the contact in
Phase I and Phase II, respectively. One has

U_=Ur.
Let {U1} = Wi (Uy) N Wa(Ug).

A
A A A,
B U,

Y=

FI1GURE 3. Case A: Riemann solutions in the phase I

The solution begins with a liquid 3-wave from V, to V_, followed by a 5-contact
V., then it continues separately in each phase. In Phase I, the solution does not
change across the 3-wave. It jumps by a 5-contact from Uy to U, followed by a
1-wave from U, to U, then arrives at Ur by a 2-wave, see Figure [3| (right). In
phase II, the solution arrives at Vi from V, by a 4-wave. The whole Riemann
solution has the configuration as in Figure [4] where the 1-, 2-, and 4-waves may
interchange the order.

FIGURE 4. Case A: A whole Riemann solution where the contact
is in the supersonic region Gy
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Theorem 3.1. Let V,, = (0., v.) be the intersection point of Ws(Vy,) and Wa(VRg).
Providing that the state (pr,ur,vs) is in the supersonic region

ur — v > /P (pr),

or, M (Ur) > As(vs), there exists an interval I  «y such that whenever ap € I,
the states on both sides of the contact Uy, Vi, U_ = Uy, are well-defined and can
be calculated. Let Uy be the intersection point of the curves Wi (UL) and Wa(Ur),
and let Ug be such that

01U, Ur) = vy, (3:2)

where o1 is the 1-shock speed. Then, the Riemann problem has a solution made up
shocks, rarefaction waves, and a contact separated by states Uy,U; in phase I and
by Vi in phase II. Precisely, the solution can be described by:

e Solution in Phase I:

Ws(Ur,Uy) @ Wi(Uy,Uy) @ Wo(Uy, Ug).
o Solution in Phase II:

Ws(Vi, Vo) @ W5(V_, Vi) & Wa(V4, Vg).

Proof. Whenever the states are well-defined, the construction is clear. We will
prove that these states exist. First, a strategy for computing these states can be
done as follows. The solution in Phase I gives v+ = vy and 2 equations in (3.1)).
The jump relations across the 5-contact give us 3 equations

arp+(uy —vo) = appr(ur —vg) :=m,

(13 — o) + 2h(ps) = (u —v0)? + 2hs (3.3)

Bra+ — Bra— +m(us —ur) + (arps —arpr) =0,

where p, = p(p), g+ = q(6+) = 10%. from the equation of state. The five equations

(3.1)-(3.3) enable us to calculate the five quantities: 64, vq, p+,u+, and so give us
the states Vo, U,. Then, since

{Ui} = Wi (Uy) N Wa(Ur),
the state U; is determined by the equations

up = w1 (Us; p1) = wa(Ur; p1),

where wy and wo are defined by (2.11)), (2.12)), and ([2.20]).

We now prove that these states must exist. Indeed, eliminating 64 from these five
equations yields three equations for ag, pt,u4,vg, as follows. Since the function
v = w3(Vy;0) defined by and is decreasing as a function of 6, it has an
inverse function, denoted by § = w3 ' (Vy;v) := 65(v), which is also decreasing in v.
Similarly, since the function v = w4(Vg; 0) defined by and is increasing
as a function of 0, it has an inverse function, denoted by 0 = w; * (Vg;v) := 04(v),
which is also increasing in v. From , it holds that

0_ = wg_l(VL; vg), O = w;l(VR; V). (3.4)
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Substituting into implies that a = ag, p = p4, u = uy,v = vy satisfy
ap(u—v) —appr(up, —v) =0,
(u —v)? + 2h(p) — (ur, —v)? —2hy, =0,
(1 = a)q4 (Vriv) = BLa-(Visv) + appr(ur —v)(u —ug)
+ (ap(p) — arpr) =0,

(3.5)

and so p4,u4, v can be found in terms of ar, where
q-(Vr;v) = q(03(VL;v)),  q+(Vr;v) = q(04(Vr;v)). (3.6)

Since g = ¢(#) is increasing in § > 0, and 6 = 03(v) is decreasing and 0 = 04(v) is
increasing, it holds that

dg—(Visv) _ dgdfs

dv T do dv <0,
dgy (Vrsv) _ dqdby S
dv do dv ’

which mean that g_ is decreasing in v, while ¢4 is increasing in v.
Let w3 meet wy at (0, v.). That is,

Vx :u)3(VL;9*) ZW4(VR;9*). (37)
This yields ¢4 (Vg;v«) = q¢—(VL;v.). The three equations in (3.5)) can be written as
F(X,Y)=0, where X =a, Y =(p,u,v). (3.8)

It holds that
F(a,b) =0, a=ar, b= (pr,ur,vs).

To see whether the implicit equation (3.8]) can define a curve Y = G(X) for X near
a = «ay, we consider the matrix

(0Fi(a,b)/0Y}), i—13

ar(ur — vy) arLpr 0
= 21 (pr) 2(ug — vy) 0
d dq_
arp'(pr)  appr(ur —v.) (1 —a) G (v.) — B (vs)
As seen above, ¢y is increasing in v, and ¢_ is decreasing in v, which yields

da—

%(U*) >0, v

7 (vi) < 0.

Thus, the determinant

(0Fi(a,0)/0;)| = 200 ((1 — ) - 02) 5 50 () (s, — ) = ' pr o)
has same sign as ((ug —v.)? — b (pr)pr) = (ur —v.)? — p'(pr) > 0 when Uy, is in
the supersonic region. So, the matrix (0F;(a,b)/0Y;) is invertible. Applying the
Implicit Function Theorem, we can see that there exists an interval I containing
ag, such that equation determines a map Y = Y («a),« € I. Thus, the states
Ui, Vi are well-defined for ag € I. The inequality implies that the contact
wave W5(Up, Uy ) can be followed by the 1-wave Wy (U4, Uy). This completes the
proof of Theorem [3.1 (]
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(A ua
As A

y=

FI1GURE 5. Case B: Riemann solutions in the phase I

Case B: The contact belongs to the subsonic region \; < A5 < Ay. In Phase
I, the solution begins with a 1-wave from Uy, to U_, followed by a 5-contact from
U_ to Uy, then it arrives at Ugr by a 2-wave. In Phase II, the solution begins with
a 3-wave from Vg, to V_, followed by a 5-contact from V_ to V., and then it arrives
at Vg by a 4-wave. The 1- and 3-waves may interchange the order, and the 2- and
4-waves may interchange the order, see Figure [f]

t
A, M5 A\,

FIGURE 6. Case B: A whole Riemann solution where the contact
is in the subsonic region

Theorem 3.2. Let U, = (p., u.) be the intersection point of Wi (Ur) and Wa(Ur)
in the (p,u)-plane, and let Vi = (0.,v.) be the intersection point of Ws(VL) and
Wa(VR) in the (8,v)-plane. Providing that (p.,us,vs) is in the subsonic region

(ue —0.)* < P'(p4),

i.e., M(Us) < As(vi) < Aa(Us), there exists an interval I 5 oy, such that whenever
agr € I, the Riemann problem has a solution made up shocks, rarefaction waves,
and a contact separated by states Uy in phase I and by Vi in phase II. Precisely,
the solution can be described by:
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e Solution in Phase I:
Wi (Ur,U-) & Ws(U_,Uy) ® Wa(Us, Ug).
o Solution in Phase II:
W3 (Ve, V=) @ Ws(V_, Vi) & Wa(Va, V).
Proof. Since U_ € Wy (Uyp), and Uy € W5(Ug), it holds that
u- =wi(Ur;p-), uy =w2(Ur;ps), (3.9)

where wy and we are given by (2.11), (2.12)) and (2.20). As before, the solution in
Phase I gives v4 = vg and 2 equations in (3.1]). That is,

vo = vt = wz(V;0-) = wa(Vg; 04),

where w3 and wy are defined by (2.13)), (2.14), and (2.20)). The jump relations across

the 5-contact give us 3 equations
arp+(uy —vo) = app—(u— —vo) :==m,
(uy —vo)* +2h(py) = (u_ —vo)* +2h_, (3.10)
Brq+ — Brq— +m(uy —u_)+ (appy —arp-) =0,
where p. = p(py), g+ = q(61+) = 105, from the equation of state. The seven equa-
tions (3.1)), (3.9)), and (3.10) enable us to calculate the seven quantities: Uy, Vi =
(ei, Uo).

We now prove that these states must exist. Indeed, eliminating wi,60+ from
these seven equations yields three equations for ag, p+,vg, as follows. As above,
the function v = w3(Vr; ) is decreasing as a function of 6 and so it has an inverse
function, denoted by 6 = w3 '(V;v) := 03(v), which is also decreasing in v. Sim-
ilarly, since the function v = w4(Vg;#) is increasing as a function of 4, it has an
inverse function, denoted by 6 = w; ™ (Vg;v) := 64(v), which is also increasing in v.

From , it holds that
0_ =ws ' (Visv), 604 =wy (Va;vo). (3.11)
Substituting and into implies that a = ag, p+,v = vy satisfy
aps (w2 (Ur; p+) —v) — app—(wi(Ur; p-) —v) =0,
(w2(Urs p+) = v)* + 2h(p4) — (w1 (UL; p-) = v)* = 2h_ =0,
(1= @)+ (Vriv) = Brg-(Ve;v) + app—(wi(Ur; p-) — v)(w2(Ur; p+)
—wi1(Us; p-)) + (ap(ps) — arp(p-)) =0,
and therefore pi, vy can be found in terms of ap, where
q-(V;v) = q(05(V;v)), a4 (Vrsv) = q(04(VR;v)). (3.13)

Since g = ¢(#) is increasing in 6 > 0, and 6 = 03(v) is decreasing and 0 = 04(v) is
increasing, it holds that

(3.12)

dg—(Visv) _ dqdfs

. dd
dqy (Vr;v) _ dqdfs
dv do dv ’

which means that ¢q_ is decreasing in v, while ¢ is increasing in v.
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Now, let Wi (Uyr) meet Wa(Ug) at (p«, u.). That is,
us = wi(Ur; px) = w2(Ur; pa).- (3.14)
As above, let w3 meet wy at (04, v,). That is,
ve = w3(Vi; 0,) = wy(Vg; 04). (3.15)
This yields
4+ (Vrive) = q- (Vs v4).

For simplicity, we omit Uy, Ug, Vy, Vg in (3.12)) in the sequel whenever this does
not cause any confusion. The three equations (3.12) have the form

F(X,Y)=0, where X =0a,Y = (p_,ps,0). (3.16)
It holds that
F(a,b):(), a = ar, b:(p*vp*vv*)~

To see whether the implicit equation (3.8]) can define a curve Y = G(X) for X near
a = ay, we consider the matrix (9F;(a,b)/0Y};); ;_13, which is equal to

ap (U — Vs + pews(ps)) —ar(us — v + pawi(p)) 0
2. — v.)h(p2) + 21 (p.) ~2(u. — vl (p) — 20 (p.) 0],
apps(te — va)wh(ps) +arp’(ps)  —appe(us —v)wi(ps) +arp’(ps) g
where
dq+ dq_
0. = (1-a) 2 w) - 5.5 (0)

As argued above, the function ¢, is increasing in v, and the function ¢_ is decreasing
in v. So,
dqg_

(ve) >0, E(U*) < 0.

da
dv
This yields g, > 0. Thus, the determinant

[(0F(a,b)/dy;)|
=g ar (us — vs + pawi(ps)) —orp (Ui — vi + pawi (ps))
" 120w — v )wy(pa) + 20 (ps)  —2(us — vi)wi(ps) — 21/ (ps)
= gulap(ue — vs + pewy () (—2(us — vi)wi (pi) — 20 (p4))
+ap(ue — s + pawi (04)) (2(us — vi)wy(ps) + 20/ (ps))]

= 2¢.ar (e —0.) 2 (Wh(pe) — Wi (pe)) + pult’ (pa) (W1 (ps) — wi(ps))

= (@hp2) = W (p)) (s — 02)° — pl ()

= (wilps) = Wi (p)) (s = v)? = ' (p4)) <0,
since wh(px) > 0, wi(p«) < 0, and U, is in the subsonic region (u. — v.)? < p'(ps).
Hence, the matrix (0F;(a,b)/0Y;) is invertible. Applying the Implicit Function
Theorem, we deduce that there exists an interval I containing a;, such that equation

(3.16)) determines a map Y = Y (), « € I. Thus, the states Uy, Vi are well-defined
for ap € I. This completes the proof. O
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Aok

Y=

FIGURE 8. Case C: A whole Riemann solution where the contact
is in the supersonic region G3

Case C: The contact belongs to the supersonic region A\ < As.

Theorem 3.3. Let V., = (0., v.) be the intersection point of Ws(VL) and Wy(Vg).
Providing that the state (pr,ur,vs) is in the supersonic region

ur — v < =P (pr),

or, Aa(Ug) < As5(vy), there exists an interval I > ag such that whenever ay, € I,
the states on both sides of the contact Uy, Vi, Uy = Ug, are well-defined and can
be calculated. Let Uy be the intersection point of the curves Wa(U_) and W1 (UL),
and let Uy, be such that

Ug(Ul,U,) S’U,, (317)
where oo is the 2-shock speed. Then, the Riemann problem has a solution made up
shocks, rarefaction waves, and a contact separated by states Uy,U; in phase I and
by Vi in phase II. Precisely, the solution can be described by:

e Solution in Phase I:

Wi(Ur,Uy) @ Wo(Ur,U-) ® W5(U—,Ug).
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e Solution in Phase II:
W3(VL7 V—) D W5(V—7 V+) S2) W4(V+7 VR)
See Figures[7 and[§

The proof of above theorem is omitted, since it is similar to the one of Theorem

B.1

Acknowledgments. This research is funded by Vietnam National Foundation for
Science and Technology Development (NAFOSTED) under grant number 101.02-
2013.14.

REFERENCES

[1] A. Ambroso, C. Chalons, F. Coquel, T. Galié; Relaxation and numerical approximation of a
two-fluid two-pressure diphasic model. ESAIM: M2AN, 43(2009), 1063-1097.

[2] M. R. Baer, J. W. Nunziato; A two-phase mixture theory for the deflagration-to-detonation
transition (DDT) in reactive granular materials, Int. J. Multi-phase Flow, 12(1986), 861-889.

[3] F. Bouchut; Nonlinear stability of finite volume methods for hyperbolic conservation laws,
and well-balanced schemes for sources. Frontiers in Mathematics series, Birkh&user, 2004.

[4] J. B. Buzil, R. Menikoff, S. F. Son, A. K. Kapila, D. S. Steward; Two-phase modelling of a
deflagration-to-detonation transition in granular materials: a critical examination of mod-
elling issues. Phys. Fluids, 11(1999), 378-402.

[5] G. Dal Maso, P. G. LeFloch, F. Murat; Definition and weak stability of nonconservative
products. J. Math. Pures Appl., 74 (1995), 483-548.

[6] P. Goatin, P. G. LeFloch. The Riemann problem for a class of resonant nonlinear systems of
balance laws. Ann. Inst. H. Poincar Anal. NonLinéaire, 21 (2004), 881-902.

[7] E. Isaacson, B. Temple. Nonlinear resonance in systems of conservation laws. STAM J. Appl.
Math., 52 (1992), 1260-1278.

[8] E. Isaacson, B. Temple, Convergence of the 2 X 2 Godunov method for a general resonant
nonlinear balance law, SIAM J. Appl. Math., 55 (1995), 625-640.

[9] B. L. Keyfitz, R. Sander, M. Sever; Lack of hyperbolicity in the two-fluid model for two-phase
incompressible flow, Discrete Cont. Dyn. Sys.-Series B, 3(2003), 541-563.

[10] P. G. LeFloch; Entropy weak solutions to nonlinear hyperbolic systems under nonconservative
form, Com. Partial. Diff. Egs., 13(1988), 669-727.

[11] P. G. LeFloch; Shock waves for nonlinear hyperbolic systems in nonconservative form, Insti-
tute for Math. and its Appl., Minneapolis, Preprint, #593, 1989.

[12] P. G. LeFloch, M. D. Thanh; The Riemann problem for fluid flows in a nozzle with discon-
tinuous cross-section, Comm. Math. Sci., 1(2003), 763-797.

[13] P. G. LeFloch, M. D. Thanh; The Riemann problem for shallow water equations with dis-
continuous topography, Comm. Math. Sci., 5(2007), 865-885.

[14] P. G. LeFloch, M. D. Thanh; A Godunov-type method for the shallow water equations with
variable topography in the resonant regime, J. Comput. Phys., 230 (2011), 7631-7660.

[15] D. Marchesin, P. J. Paes-Leme; A Riemann problem in gas dynamics with bifurcation. Hy-
perbolic partial differential equations III, Comput. Math. Appl. (Part A), 12 (1986), 433-455.

[16] G. Herndndez-Duenas, S. Karni; A Hybrid Algorithm for the Baer-Nunziato Model Using the
Riemann Invariants, J. Sci. Comput., 45 (2010), 382-403.

[17] D. W. Schwendeman, C. W. Wahle, A. K. Kapila; The Riemann problem and a high-resolution
Godunov method for a model of compressible two-phase flow, J. Comput. Phys., 212 (2006),
490-526.

[18] M. D. Thanh; Exact solutions of a two-fluid model of two-phase compressible flows with
gravity, Nonlinear analysis: R.W.A., 13 (2012), 987-998

[19] M. D. Thanh, The Riemann problem for a non-isentropic fluid in a nozzle with discontinuous
cross-sectional area, STAM J. Appl. Math., 69 (2009), 1501-1519.

[20] M. D. Thanh, D. Kréner, N.T. Nam; Numerical approximation for a Baer-Nunziato model
of two-phase flows, Appl. Numer. Math., 61 (2011), 702-721.

[21] M. D. Thanh, D. Kroner, C. Chalons; A robust numerical method for approximating solutions
of a model of two-phase flows and its properties, Appl. Math. Comput., 61 (2011), 702-721.



18 M. D. THANH, D. H. CUONG EJDE-2015/32

[22] M. D. Thanh; Building fast well-balanced two-stage numerical schemes for a model of two-
phase flows, Commun. Nonlinear Sci. Numer. Simulat., 19 (2014) 1836-1858.

[23] M. D. Thanh; Well-balanced Roe-type numerical scheme for a model of two-phase compress-
ible flows, Kor. J. Math., 51 (2014), pp. 163-187.

[24] M. D. Thanh; A phase decomposition approach and the Riemann problem for a model of
two-phase flows, J. Math. Anal. Appl., 418 (2014), 569-594.

Mar Duc THANH
DEPARTMENT OF MATHEMATICS, INTERNATIONAL UNIVERSITY, VIETNAM NATIONAL UNIVERSITY -
HCMC, QUARTER 6, LINH TRUNG WARD, THU Duc DistrIicT, HO CHI MINH CITY, VIETNAM
E-mail address: mdthanh@hcmiu.edu.vn

Dao Huy CuoNG
NGuYEN Huu CAU HiGH ScHOOL, 07 NGUYEN ANH THU, TRUNG CHANH WARD, Hoc MoN Dis-
TRICT, HO CHI MINH CITY, VIETNAM.
DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF SCIENCE, VIETNAM NA-
TIONAL UNIVERSITY - HCMC, 227 NGUYEN VAN CuU STR., DistrIiCcT 5, HO CHI MINH CITY,
VIETNAM

E-mail address: cuongnhc82@gmail.com



	1. Introduction
	2. Preliminaries
	2.1. Characteristic fields
	2.2. Rarefaction waves
	2.3. Jump relations for shock waves
	2.4. Jump relations for contact waves

	3. Existence and structure of Riemann solutions
	Notation
	3.1. Phase decomposition
	Components of Phase I in Riemann solutions
	Components of Phase II in Riemann solutions
	3.2. Construction of Solutions
	Case A: The contact belongs to the supersonic region 1>5
	Case B: The contact belongs to the subsonic region 1<5<2
	Case C: The contact belongs to the supersonic region 2<5
	Acknowledgments

	References

