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BLOW-UP FOR THE EULER-BERNOULLI VISCOELASTIC
EQUATION WITH A NONLINEAR SOURCE

ZHIFENG YANG, GUOBING FAN

ABSTRACT. In this article, we consider the Euler-Bernoulli viscoelastic equa-
tion .
uge (1) + A2u(z, t) — / g(t — 8)A%u(x, s)ds = |uP " u
0
together with some suitable initial data and boundary conditions in Q X
(0, +00). Some sufficient conditions on blow-up of solutions are obtained under

different initial energy states. And from these results we can clearly understand
the competitive relationship between the viscoelastic damping and source.

1. INTRODUCTION
The Euler-Bernoulli equation
wpe(w, ) + Au(z, t) + h(ug) = f(u), (x,t) € R™ x (0,400), (1.1)

describes the deflection u(x,t) of a beam (when n = 1) or a plate (when n = 2).
Where
A2y = A(Au) = Z (Zuf“”) ,
=1 =1 LIt
h and f represent the friction damping and the source respectively. The blow-up
properties of this model have been extensively studied. For example, Messaoudi
[13] studied the equation

ug (w0, ) + Au(z, t) + alug| ™ 2uy = blulP~?u, (1.2)

where a,b > 0 and p,m > 2 and proved that the solution blows up in finite time
with negative initial energy when m < p. Later, this result was improved to the
case of positive initial energy by Chen and Zhou[5]. All these results reflect a
competition between the source and the friction damping.

When we take the viscoelastic materials into consideration, the model be-
comes

ug (2, 1) + APu(z, t) — /0 g(t — 8)A2u(z, s)ds + h(uy) = f(u), (1.3)
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where g is so-called viscoelastic kernel. The term f(f g(t — 8)A2u(x, s)ds describes
the hereditary properties of the viscoelastic materials[d]. It expresses the fact that
the stress at any instant ¢ depends on the past history of strains which the material
has undergone from time 0 up to t. When h = 0 and f = 0, Tatar [16] obtained the
property of the energy decay of the model . And from this, we know that the
term fot g(t—s)A%u(z, s)ds, similar to the friction damping, can cause the inhibition
of the energy.

When various damping, such as friction damping, strong damping and viscoelas-
tic damping, come together, some blow-up results are obtained. For example,
Tahamtani and Peyravi [I8] considered the equation

t
uge(,t) + Azu(x, t) — / g(t — S)A2u(l’, s)ds — Aug — Augy + |ut|m71ut = |u\p71u,
0

(1.4)
together with some initial-boundary conditions and proved that the LP*! norm of
any solution grows as an exponential function if m < p and the initial energy is
negative. Very recently, Gang Li et al.[T1] studied the asymptotic behavior and
blow-up properties of solutions of in the case where the positive initial energy
has an upper bound. From their result, we can see the competition mechanism be-
tween source and all the dampings. For the better comprehension of our motivation,
we point out that the system (1.4) has weak damping |us|™ tuy, strong damping
Auy and viscoelastic damping [ g(t — s)Au(x, s)ds at the same time. But, how
much influence on blow-up the each damping has? This question did not seem to
be answered in the literature. That is, we can not know the specific effect of each
damping among this competition mechanism. And this is the motivation of our
present work. More precisely, we will discuss the initial-boundary value problem

t
wge (z,t) + Au(w,t) — / g(t — s)A%u(x, s)ds = |u|P~u,
0

(z,1) € Q x (0,7),

Ou(x,t)
T—O, (x,t)E@QX <O,T),

u(z,0) =up(z), u(z,0)=ui(z), =€l

u(z,t) =

where Q € R™ (n > 1) is a bounded domain with smooth boundary 0. v is the
unit outward normal vector on 0f). And wug,u; are given initial data belonging
to suitable spaces. We try to discuss the influence of the competition between
viscoelastic damping and source on the blow-up of solutions. And we hope that
we have a more in-depth understanding of the interaction mechanism between the
source and the viscoelastic damping. Compared with the relevant literature, this
is a distinctive feature of the present paper.

We will discuss this problem in three cases: E(0) < 0, 0 < E(0) < Ey and
E(0) > 0. When E(0) < 0 and 0 < E(0) < Ey, our approach is the same as in
[, 14, [15], in which the authors studied the equation

t
ug(x,t) — Au(z, t) + / g(t — s)Au(z, s)ds + |ug| ™ Tuy = |ulP" u (1.6)
0

and obtained some blow-up results. But, in the case of E(0) > 0, we here solve
(1.5) by introducing the so-called positive type function.
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2. PRELIMINARIES AND STATEMENT OF MAIN RESULTS

Throughout this article, C' denotes a generic positive constant. It may be dif-
ferent from line to line. And we use the standard Lebesgue space LP(2) with their
usual norms || - ||,. We first state the general assumptions on g and p as follows:

(A1) g € C*(]0,00)) is a non-negative and non-increasing function satisfying
0<k:= /000 g(s)ds < 1. (2.1)
(A2) The function e g(t) is of positive type in the following sense:
/Otv(s) /Os e = g(s — T)u(r)drds >0, Vv e CY([0,00)), Vt > 0.

(A3) If the space dimension n = 1,2,3,4, then 1 < p < o0; If n > 5, then
1<p< 2.

Remark 2.1. Assumption (Al) was used in |4, 14, [I5] and it points out that the
kernel function g must be “small”. For the definition of positive type function in
detail, we refer readers to [§]. A typical example of such function is

gt) =ee™", 0<e<l.

Moreover, since e g(t) is of positive type, we have

/Ot ¢ /0 o5 =) [ Au(e.s)Au(e,7) do dr ds

= /Q/Ot (es/QAu(x,s)) /OS (esjg(s - T)) (eT/QAu(x,T)) drdsdz > 0.

Thus, we deduce that

t
/ / g(t — s)Au(t)Au(s) dsdx > 0.
aJo
To simplify notation, we set

(po)(t) = / ot — 5) /Q [0(t) — (s) 2 da ds,

where ¢ may be a scalar, or a vector valued function. A direct computation shows
that, for any g € CY(R) and u € H?(0,T, L?(Q)), the following equality holds:

/0 g(t — s) (Au(s), Au(t)) ds

= 2 o Au)(D) — oDl Au(n)3 (22)
- i{@ean® - ([ atis)1auiz).

Now, we state the existence of a local solution which can be established by
adopting the arguments in [I3] [1].

Theorem 2.2. Assume that (A1) and (A3) hold. Let ug € HZ(2) and u; € HL(Q)
be given. Then, there exists a unique weak solution u(t) of (1.5) such that

u € C([0,T); Hy () N CH([0, T L*(Q),  ur € L*([0, T]; Hy (). (2.3)
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for T > 0 small enough.

Now, we define the following two functionals:

I(t) = I(u(t) = [Aull3 — [lullpiy, (2.4)
1 1 K
B(0) = B(ult) = gl + 5 (1 [ a(s)as)aul}

(2.5)

1 1 +1

+ 5(9 o Au)(t) — m||u||£+1~

By and the assumption (A1), some direct computations yield
1 1

E'(t) = 5(¢' 0 Au)(t) - 59(0)|Aul3 < 0. (26)

The following four lemmas are necessary to prove our main results. The first one
is the Sobolev-Poincaré inequality [2, Chapter 4].

Lemma 2.3. Let q¢ be a number with 2 < q¢ < oo(n = 1,2,3,4) or 2 < q¢ <
2n/(n — 4)(n > 5), then for u € HZ(Q) there exists a positive C,. = C(£,q) such
that [[ull < C. | Aull.

;2
Lemma 2.4. . Assume that (A1) holds. If ||uo|p+1 > Ao = BE™" and E(0) <
—2(p+1) —(p+1)

Ey= (- ﬁ)Bo P71t then we have ||ul|p41 > Ao and ||Aulls > By "~"  for all

t > 0, where By = \/%k for ||ullp+1 < B|Aulfs.
Proof. By (2.5)), we have
1 ¢ 2 1 +1
2) = 5 (1= [ atepds) Il — —lulz]
1=k, 1 .
2 ——lAulpy = P} lullpr (2.7)
I L
2> TBg”uHQ - ZmHUHpH-
Denote ] 1
— g2 _gptl >

Then, we easily deduce that f(x) takes its maximum value Ey at A\g. Since Ey >
E(0) > e(t) > f(|lullp+1) for all t > 0, there is no time t* such that ||u(t*)|/p+1 = Ao.
By the continuity of the ||u(t)||p+1-norm with respect to the time variable, one has
[lw(t)]lp+1 > Ao for all ¢ > 0, and consequently,

1 —(p+1) —(p+1)
———B," " >B," " .

1
e >
mBO Hu||p+1 11—k

This completes the proof. (Il

[Aully >

Lemma 2.5. Assume that g(t) satisfies (Al) and (A2), and u(t) is the correspond-
ing solution of the problem (1.5)). Moreover, the function ®(t) is twice continuously
differentiable, satisfying

D" (t) + ®'(t) > /0 g(t—s) /Q Au(z, s)Au(x,t) dz ds
®(0) >0, @'(0)>0,

(2.8)
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for every t € [0,Ty). Then ®(t) is strictly increasing on [0,Tp).

Proof. We first consider the auxiliary ODE

Ot + ¢ (t) = /0 gt —s) /Q Au(x, s)Au(x,t) dx ds
p(0) = ®(0), #'(0)=0

(2.9)
for every t € [0,Tp). The solution of the problem (2.9) is

e

@(t) = ¢(0) +/O e_s%se_ /OS g(s—1) /Q Au(z, s)Au(x,7)dz drds,  (2.10)

€ [0,Tp). Then, by (A2) we obtain

¢'(t)
:/t et /sg(s_T)/ Au(e, s)Au(z, 7) dz drds

2.11
/ / (¢*/2Au(a, ) / (" g5~ 7)) (7 Aute. 7)) drds da e
>0, Vte[0,Tp).
Therefore, we have o(t) > ¢(0) = ®(0).
Note that ®'(0) > ¢’(0). We next show that
() > o' (t), Vt>0. (2.12)

Assume that (2.12)) is not valid. This implies that there exists ¢y > 0 satisfying
to =min{t > 0: ®'(t) = ¢'(t)}. (2.13)
Then we have the problem

(1) — (1) + (1) — (1) >

P(0) —(0) =0, @'(0)—¢ (0) -0 (2.14)

for every ¢ € [0,Tp). This problem can be solved as
®'(to) — ¢'(to) > e"(2'(0) = ¢'(0)) > 0

which contradicts (2.13). Thus, we see that ®'(¢) > 0, which implies our desired
result. (]

Lemma 2.6. Assume that (uo, uy) € (H3(Q) x Hy(Q)) satisfies [, uo(x)ur(x)dx >
0. If the solution u(t) of (1.5)) exists on [O,T) and satisfies I(u) < 0, then ||ul|3 is
strictly increasing on [0 T)
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Proof. A direct computation yields

1 a2
LMoL
:/ (Jue (O + wee) dee
Q
t
= [luell3 + ull2ty — [Aul3 + /Q Au(t)/o g(t — s)Au(s) dsdx (2.15)

_ HutHg—I(u(t))—&—/ﬂAu(t)/O ot — $)Au(s) ds dz
>/QAu(t)/0 g(t — s)Au(s)dsdx > 0,

where the last inequality comes from Remark [2.1] This implies

d
%Hu(t)H% > 2/ uo(x)uq (z)dr > 0. (2.16)
Q
Thus, we obtain
d2
p7e) llu(®)|% + ||u (t)]12 > / Auf(t / (t — s)Au(s) ds dx. (2.17)
Therefore, this lemma follows from Lemma O

Our main results read as follows.

Theorem 2.7. Assume that (A1) and (A3) hold. If k < pi);l , then, for any initial
data ug € HE(Q) and uy € HF(Q) satisfying E(0) < 0, the corresponding solution
of the problem (L.5)) blows up in finite time.
Theorem 2.8. Assume that (A1) and (A3) hold. If k < & =
data ug € HZ(Q) and uy € HL(Q) satisfying ||uo|lp+1 > /\0 and E( ) < Ey, the
corresponding solution of (L1.5)) blows up in finite time. (Here Ao, Eo >0)
Theorem 2.9. Assume that (A1)—(A3) hold. Ifk < 2 p+1 , then, for any initial data
ug € H(Q) and wy € Hy(Q) satisfying E(0) >0, [, uourdz >0, I(ug) <0 and
4(p+1)C2
l[uoll2 — (0),
(p—1)—(@+Dk

where C, is the constant of Poincare inequality on ), the corresponding solution of

the problem (L.5)) blows up in finite time.

Remark 2.10. From condition (2.18]), when the initial energy is in the high state,
the solution of (|1.5)) also blows up in finite time if we can ensure that the initial
value ug satisfy (2.18). In other words, (2.18) is a restrictive condition to ug, not
to E(0).

(2.18)

3. PROOF OF MAIN RESULTS

The method of the proof of Theorem [2.7] and Theorem [2.§ is standard. And
the idea comes from H. A. Levine etc.. For the convenience of readers, we here
write out the process of the proof in detail. And the improved convexity method
will be used to prove Theorem Readers can refer to the relevant literatures
[8, (7, @, 10, 12] 17, 19, 20] and the references therein.
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3.1. Proof of Theorem Let

L(t) = H"™“(t) + E/Quutdx. (3.1)

Here, H(t) = —E(t), 0 < a < 2(};;;1) and € > 0 to be choose later. First, by
(2.6]), we easily obtain H'(t) > 0 and 0 < H(0) < H( ) +1 ||u||§ﬂ Second, by

differentiating the equality (3.1)) and applying (1.5 and , we have

L'(ty=1—-a)H “(t)H'(t) + E/Q |ug|?dx + s/Quuttdx

25/ |Ut|2dx+5/ uud
Q Q

:€||ut||§+5(—||Au|\§+/QAu(t)/0 o(t — $)Au(s) dsda + [ul211) (3.2)
= el|lug||? - |3 u t — s)Au(s)ds —
— <l — llaul + [ Suto) [ gt - )uts)as - <(p+ 1) E)

+€@;”Mm@+(Li[g@mNMMg+@ko@}

In addition, by Young and Schwarz inequalities, we have

/Q Au(t) /O t gt — s)Au(s) ds da

_/QAu(t) /Otg(t—s) (Au(t) — Au(s)) dsdz + (/Otg(s)ds)umng

¢ ¢ (3.3)
> ([ gtapas) g - / 9(t = )| Au(t)o]| Auls) — Au(b)]2ds
= ([ stris) il - LE2 gz g0 a0
Thus, by and , we obtain
) > Sl + o+ VH() + ¢ (p;l - ) (g 0 Au)(1) -

p—1 ,p—1 1, [t
rellgt - B+ 35) [ ato)as]

p+1

Now, choosing 0 < 5 < and according to the hypothesis k < ”2—;1, we have

p“ —6>0and 5= — (p 1 + 45) fo s)ds > 0. So we can deduce that

L'(t) > C (H(t) + |Jug|)3 + | Aul|2 + (g 0 Au)(t)) . (3.5)
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Next, thanks to Holder and Young inequalities, we have

’ / uutd:c

"< ull 7 el

< Clull 55 sl

< C (lullyyy + lluel3) (3.6)
< C (1Al + lullB + fuell3)

< C (|1Aul3 + H(t) + (g 0 Au)(t) + [[wil]F)

2
wher62§5—1 5

Lﬁ(t) = (Hl_o‘( )—1—5/ uuwlac)m
< 21—10 )+ | / uutdm|1 E (3.7)

<C(||AUII2+H (90AU)( )+ lluell3),
which implies
L'(t) > ALT= (t),
where A is a positive constant depending on C' and e. Therefore

a—1

L(t) = (L= (0) + a(il)\t) i

So L(t) approaches infinite as ¢ tends to /\;1’75(0). And this completes the proof.
o —a

3.2. Proof of Theorem Let G(t) = Eo + H(t), then we have G'(t) > 0. By
Lemma 2.4 we have

1 1 =2etl)
0<G(t)_(§—m)30 +H()
1t 2 (3.8)
<(5 p+1)HAuH2+H(t)

< C(||Au|l3 + H(1)).

Now, we set
F(t) =G () + 5/ uupdx. (3.9)
Q
Then, similar to (3.2)), we have

Flt) = (1— a)G-(1)G'(t) + ¢ |ut|2dx+6/ g dz
Q Q

25/ |ut|2dﬂc+6/ Ul dr
Q Q
p+

> L2l <+ D + (L~ 6) (0 Bt

p—1 (-1 1 /t 2
—- (5 +45) Og(s)ds]uAUHQ V8 > 0.

(3.10)

+e
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Next, similar to the proof of Theorem [2.7] we easily deduce that
F'(t) > AFT= (t)

which shows that F(t) blows up in time 7% < —=&—.
aAFT=% (0)

3.3. Proof of Theorem [2.9]l We first claim that
I(u(t)) <0, (3.11)

4(p+1)C?
CENEPES 12

lu(t, I3 >
for every ¢t € [0,T).
In fact, if (3.11)) does not hold, then there exists a time ¢; such that
t1 = min{t € (0,7) : I(u(t)) =0} > 0. (3.13)

By the continuity of the solution u(z,t) as a function of ¢, we deduce that I(u(t)) <
0, for all t € [0,¢1) and I(u(t;)) = 0. Thus, by Lemma [2.6] we obtain

, A(p+1)C?
l[u(t, )13 > lluoll3 > -1 —(p+ 1k

E(O), vVt € [O,tl).

In addition, it is obvious that |lu(t,-)||3 is continuous on [0,#], which implies that

4(p+1)C?

u(ty, )% > . 3.14
Jutt, )13 > o R E©) (3.14)
On the other hand, it follows from ([2.5)), (2.6) and (3.13)) that
1—k 1
(T - ]m) [Au(ty, )3
. ‘4 i ) (3.15)
(1~ M2 - = P <
<J1{Ag@wﬂmmhmzlw1wmwmﬂ B(0).
Thus, by Lemma [2.3| and the hypothesis k < £ +1’ we deduce that
2(p+1)C?
u(ty,)||2 < * 0). 3.16

Obviously, there is a contradiction between (3.14)) and (3.16]). Thus, we have proved
that (3.11) is true for every ¢ € [0,7"). Furthermore, by Lemma we see that

(3.12) is also valid on [0,T).

Now, we prove that the solution of (L.5)) blows up in a finite time. To this end,
we define the following auxiliary function

M(t) = [lut, )13 + /O lus, )[3ds + (b = t)l|uoll3 + alc + )%, (3.17)

where a, b and ¢ are positive constants which will be determined in the sequel.
Direct computation yields

M (1) = 2(ult), u(t)) + 2 /0 (u(s), us(5))ds + 2a(c + 1), (3.18)
M"(t) = 2|ug |3 + 2(w, uge) + 2(u, ug) + 2a. (3.19)
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By (2.16) and (L.5)), we see that
M/I( )
> 23 + 2(u, uge) + 2a

t
= 2||ue||3 + 2(u, —A%u + / g(t — 8)A%u(s)ds + [ulP u) + 2a
0 (3.20)

t
— 2y 2+ 2full7HE — 2 Aull? + 20 + 2 / ot —3) /Q |Au(t) de ds

2/0 gt — s)/QAu(t)(Au(s) — Au(t))ds

Next, by using Young’s inequality to estimate the last term in (3.20)), we have

[ att=9) [ sut@u) - dute)ds < fO—nA I3+ 2 (g0 Au)®), (321
0 Q

Since k < P21 « 2=l e have
p+1 p*+1°

for all 6 > 0. Now, we pick § = m.
p+1—09>0. And we easily obtain
M//(t)
t 1 t
> (3wl + [0 - D(1- [ s)as) — 5 [ go)ds] aul?
0 5 0
+(p+1-=9)(goAu)(t) —2(p+ 1)E(t) + 2a
k
> (p+ 3wl + [(p— 1) (1= k) = 5 [Auld + (p+ 1 = 8)(g 0 Au)(t)
. (3.22)
= 2p+ DEO) + 200+ 1) [ Jus(s. ) [Bds +2a
0

t
> (3wl + 20+ 1) [ un(s, s +2a
0
p-10-b
2072

where the last 1nequahty follows from Lemma [2.3] and Lemma [2.6] Noting the
condition (2.18) and k < 2 5 +17 we see that

(p—1D(—Fk)
2072

Thus, we have M”(t) > 0 for every t € (0,T). Then, by M’(0) > 0, we see that
M (t) and M’(t) are strictly increasing on [0,T).
Next, we select the positive constants a, b and ¢ such that

+ luoll3 — 2(p + 1) E(0),

luol3 = 2(p + 1)E(0) > 0.

o+ Do < L0 =B w260+ 1E(O)
p—1 M(0)
2 )

-1
pT(/ uoulderac) > ||uol|2.
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In addition, we denote

t
Pi= ||U(t>-)\|§+/o lu(s, )l3ds + a(c +t)*,

M/(t) t
Q=252 Rt )+ [ lun(s s+
Thus, we have M (¢t) > P and M"(t) > (p+ 3)R for every ¢ € [0,b). It follows that
3
MIOM(1) - R0 (1) 2 0+ 3)(PR- Q%) 2 0, (3.23)

where the last inequality comes from P#? — 2Q60 + R > 0 for every 6 € R.
Now, we pick g = 1’4;1 > 0. Direct computation yields
(M~F) = —BM~P~tM'(t) <0,
p+3
4
This means that M ~? is concave. Noting that M (0) > 0, we see that the function
M=P - 0ast— T* and T* < %. Therefore, there exists a finite time
T* > 0 such that

(MBY" = —BM—7=2 (M (£) M (t) (M'(1)?) < 0.

lim lu(t,-)[|3 — oc.
t—T*
Thus, the proof of Theorem [2.9]is complete.

Remark 3.1. A comparison of Theorems and [2.9] indicates that we must
reduce the effect of viscoelastic damping, or increase the source, or both of them to
ensure that the solution of the concerned system blows up in finite time when the
initial energy state transitions from low to high.
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