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MULTIPLE SOLUTIONS FOR FRACTIONAL
SCHRODINGER EQUATIONS

HONGXIA SHI, HAIBO CHEN

ABSTRACT. In this article we study the fractional Schrédinger equations
(=A% + V(z)u= f(z,u) inRY,

where 0 < a < 1, N > 2, (—A)% stands for the fractional Laplacian of order
a. First by using Morse theory in combination with local linking arguments,
we prove the existence of at least two nontrivial solutions. Next we prove that
the problem has k distinct pairs of solutions by using the Clark theorem.

1. INTRODUCTION AND MAIN RESULTS

In this article, we consider the fractional Schrodinger equation
(=A)*u + V(z)u= f(x,u) in RY, (1.1)
where 0 < aw < 1, N > 2, (—=A)® stands for the fractional Laplacian of order «,
V € C(RY,R) and f € C(RY x R,R).
When « =1, (1.1)) becomes the classical Schrédinger equation

—Au+V(z)u= f(z,u) inRY. (1.2)

In recent years, the existence and multiplicity of standing wave solutions of
have been widely studied, we refer the readers to [12 18, 25 26], 27, 28] and the
references therein.

When 0 < a < 1, is a nonlocal model known as nonlinear fractional
Schrédinger equation. The nonlocal model has attracted much attentions recently.
For the case of a bounded domain, Ricceri [I9] established a theorem tailor-made
for a class of nonlocal problems involving nonlinearities with bounded primitive. In
[9], Molica Bisci and Repovs studied a class of nonlocal fractional Laplacian equa-~
tions depending on two real parameters and obtained the existence of three weak
solutions by exploiting the result established by Ricceri in [19]. For more related
results, we refer the readers to [7, 8] and the references therein.

Equations of the form in the whole space RY were studied by a number of
authors. See, for instance, [2, [ [6], 20} 211, 22| 29] and the references therein. Felmer,
Quaas and Tan [6] studied the existence and regularity of positive solution of
with V(z) = 1 for general s € (0,1) when f has subcritical growth and satisfies
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the Ambrosetti-Rabinowitz((AR) for short) condition. Secchi [20] obtained the
existence of ground state solutions of for general s € (0,1) when V(z) — +o0
as || — 400 and (AR) condition holds. In [4], the authors looked for radially
symmetric solutions of when V and f do not depend explicitly on the space
variable z. In [29], the authors obtained the existence of infinitely many weak
solutions for by variant fountain theorem established by Zou in [30] when f
has subcritical growth.

On the other hand, Morse theory and local linking theorem are powerful tools
in modern nonlinear analysis [3], 10} [24], especially for the problems with resonance
[11,23]. However, there are no existed papers dealing with the existence of solutions
for fractional Schrodinger equations by using Morse theory.

Motivated by the above facts, the goal of this paper is to consider the multiplicity
of nontrivial solutions for problem . Under some natural assumptions, by using
Morse theory in combination with local linking arguments, the existence results of
at least two nontrivial solutions are obtained. Next we prove that the problems
have k distinct pairs of solutions by using the Clark theorem. It is worthy stressing
that we will use a more general assumption on V(z), which extend some recent
results from the literature.

Next we state our main results, using the following assumptions:

(V1) V € C(RY,R) and 3 := infgny V(z) > 0.

(F1) There exist constants 1 < 11 < 72 < --- < 7y, < 2 and positive functions

& (z) € L= (RV,R), ..., £m(z) € L7 (RN, R) such that
|f(xvu)| < 7151(x)|u|7171 ot 'Vmgm(x)h—" 7m717 V(x,u) € RY x R.

(F2) Thereexist¢; > 0,0 < ¢3 < ﬁ, 1 < 7 < 2 and small constants 0 < r < rg,

such that

colul* > Fz,u) > cilul?, r<|u/<ry ae xRN,
where Sy is the Sobolev constant from H*(RY) to L?(RY); furthermore,
in the sequel F(z,u) = [ f(z,s)ds.
(F3) flz, —u) = —f(z,u).
Theorem 1.1. Assume that the potential V() and the nonlinearity f(x,u) satisfy
(V1), (F1)—(F2). Then problem (1.1)) has at least two nontrivial solutions..

Theorem 1.2. Assume that (V1), (F1)—(F3) are satisfied. Then problem (1.1)) has
at least k distinct pairs of solutions.

The remainder of this article is organized as follows. In Section 2, some prelim-
inary results are presented. In Section 3, we give the proof of our main results.

2. VARIATIONAL SETTING AND PRELIMINARIES

In this section, we collect some information to be used later. We will denote
either by @ or by Fu the usual Fourier transform of w.

Sobolev spaces of fractional order are the convenient setting for our equations.
A complete introduction to fractional Sobolev spaces can be found in [5], we offer
below a short review. We recall that the fractional Sobolev space W*P(RY) is
defined for any p € [1,+00) and o € (0,1) as

wer@®RN) = {u e LP(RV) : /RN W dz dy < 00}
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This space is endowed with the Gagliardo norm

|u(:1c) — u(y)|p 1/p
P
||’U/H1/Va,p = (/N |u‘ dx / |m ‘ap N d.’L‘dy) .

When p = 2, these spaces are also denoted by H*(RY).
If p =2, an equivalent definition of fractional Sobolev spaces is possible, based
on Fourier analysis. Indeed, it turns out that

oY) = {ue PEY): [ 1+ [eP)laPd < o),
RN
and the norm can be equivalently written by

. 1/2
Jullze = (all + [ 1ePelarae) "
]RN

Furthermore, we know that || - ||« is equivalent to the norm

e = ([ (=002 2y )

In this article, in view of the potential V' (x), we consider its subspace

E={ueH*R"Y): V(z)u® dz < oo},
RN

Then, by [20], F is a Hilbert space with the inner product

wo)s = [ (€Ra©9(6) + @) + [ Viehuala) s, Vu.ve P,

N

and the norm
1/2
fulle = ([ GePei + i+ [ viotar) "
RN RN

Furthermore, we know that || - || is equivalent to the norm

Jull = ([ 0-80722 + vy ds)

The corresponding inner product is

(u,v) = /RN((—A)“/2U(w)(—A)“/2v(w) + V(z)u(z)v(x)) dx.

Throughout out this paper, we use the norm || - || in E.
As usual, for 1 < p < +o00, we let

1/p N
o= ([ Ju@Pde) . ue @)
RN
[ulloo = ess sup,cpn|u(z)|, ue LRY).
To prove our results, the following compactness result is necessary.

Lemma 2.1 ([13]). E is continuously embedded into LP(RN) for 2 < p < 2% and
compactly embedded into LY (RN) for 2 < p < 2% with 2%, = 25—

It follows directly from the Lemma[2.T]that there are constants S, > 0 such that
lull, < Spllull, VueE, pe(2,2)].
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Lemma 2.2. Assume that (V1), (F1) hold. Then the functional ® : E — R defined
by

®u) = gl ~ [ Plo.u@)do (2.1)

is well defined and of class C*(E,R) and

(@' (u),v) = (u,v) — . f(z,u(z))v(z) de. (2.2)

Furthermore, the critical points of ® in E are solutions of problem (|1.1)).

Proof. From (F1), one has
|F(z,u)] < &@)u@)" + -+ &ml@)lu(@)]™, V(z,u) e RY xR (2.3)

For any u € E, from (V1), (2.3) and the Holder inequality, it follows that

/ |F(2,u)|dx < / (€1 (@) |u(@)t + - + Enl@)|u(@)|™] da
RN .
e 771‘/2(/]@ )| dx) 7 ( /R V@) de)

< BTl
=1

2—74

Vi
)

2 ||U
=7,

and so ® defined by (2.1]) is well defined on E.
Next, we prove that (2.2)) holds. For any function # : R — (0,1), by (F1) and
the Holder inequality, we have

[ o (e, u(z) + 10(@)o(a))o(@)| da

< max | f(z, u(z) + t0(z)v(z))||v(z)| dz
RN t€[0,1]

<30 [ &Gt + ) o) ds

<3 [ &) N
m 2, vi-1 24

S ([ @) ([ veeR)
(/RN V(x)|v(x)|2dx)1/2

e ([ @) ([ Ve e

<D Bl = (a7 (ol o]l < Hoc.

; Vi
i=1

L o) Y ()] da

IN

X
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Then by the above inequality, (2.1)) and the Lebesgue’s Dominated Convergence
Theorem, we have

, o O(uttv) — D(u)
(@/(w),0) = lim 2E

t—0+

= lim t{”““’” i / [F (2, u(2) + to(x)) - F(z,u(2))] dz}

= tim [(u.v) t”“”2 / (@ u(e) + t(x)o(e))o(x) de]

t—0+

~ (u,0) — /R S ul@)e(a) d.

This shows that (2.2]) holds. Furthermore, by a standard argument, it is easy to
show that the critical points of ® in E are solutions of problem (1.1)) (see[I6]).

Let us prove that @’ is continuous. Let uy — w in E, then uy — u in L2(RY),
and so

klim up(z) = u(z), ae. xRV, (2.5)
We claim that
Jim [ [ f (s un(@) = f,u@)[ dz = 0. (2.6)
k—o0 RN

Indeed, if it is not true, then there exists a constant € > 0 and a subsequence uy,
such that

/RN |f(x,ug, (x)) — f(z,u(x))|2dx >e, VieN (2.7)

Since up — w in L?(RY), passing to a subsequence if necessary, it can be assumed
that Yoo [luk, — ull3 < +oo. Set w(z) = [, |uk, (2) —u(m)|2}1/2, r € RV,
Then w € L2(RY). Note that
|f (@, ur, () = f(, u(z))?
< 2| f (@, ur, (2)° + 2/ f (2, u())”
< 49716 (@) P g, (@) PO 7Y fua) PO ]
e A 6 (@) [Jun, ()P0 Y o+ fu(a) PO ]

(45 + 265 [l (2) — (@) + o] D)

j=

<D+ 716 (@) P lw(@) P07 - fula) O]

j:
=g(x), VieN,zeRN

3

—_

and

) dr = c Y5 2 A2 Mo (21205 =D 1 ()12 =D doe
(éNw>d S 47 [ I @P @) + fule) 0 d

1

<.
Il

(2.9)

Ms

2 —1 2
>4 + 1 (Ilwlz™ 7+ s ) < oo

<.
I
—
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Then by (2.5), (2.8)), (2.9) and the Lebesgue’s Dominated Convergence Theorem,

we have

lim |f (2, up, (x)) — f(z,u(z))|* de = 0,

71— 00 RN

which contradicts (2.7). Hence (2.6) holds. From ([2.2)), (2.6) and the Holder in-

equality, we have
(@' (up) — @' (u),v)]

= Jw = w0y = [ 1fen(o) = Fleulo)lota) da]

< Jlug = wllloll + /RN |f (2, ur(2)) = f (2, u())]|v(z)] do

. 1/2
<l = ol + 5% ([ 1#@unta)) = Flau@) de) ol = of0),
as k — +o00, which implies the continuity of ®’. The proof is complete. (]

We will use Morse theory in combination with local linking arguments to obtain
the critical points of ®. Now, it is necessary to recall the following definitions and
results.

Definition 2.3. Let E be a real reflexive Banach space. We say that ® satisfies
the (PS)-condition, i.e. every sequence {u,} C E satisfying ®(u,) bounded and
lim,, o ®’(u,) = 0 contains a convergent subsequence.

Let E be a real Banach space and ® € C'(E,R). K = {u € E : ¥ (u) = 0},
then the gth critical group of ® at an isolated critical point u € K with ®(u) = ¢
is defined by

Co(®,u) = Hy(®° N U, 8N U\ {u}), qeN:={0,1,2...},

where ®° = {u € E : ®(u) < ¢}, U is a neighborhood of u, containing the unique
critical point, H, is the singular relative homology with coefficient in an Abelian
group G.

We say that u € E is a homological nontrivial critical point of ® if at least one of
its critical groups is nontrivial. Now, we present the following propositions which
will be used later.

Proposition 2.4 ([I5, Proposition 2.1]). Assume that ® has a critical point v = 0
with ®(0) = 0. Suppose that ® has a local linking at 0 with respect to E =V & W,
k=dimV < oo; that s, there exists p > 0 small such that

D(u) <0, weV, [ull <p;
O(u) >0, ueW, 0<|ul <p.

Then Cy(®,0) 2 0, hence 0 is a homological nontrivial critical point of ®.

Proposition 2.5 ([15, Theorem 2.1]). Let E be a real Banach space and let ® €
CY(E,R) satisfy the (PS)-condition and is bounded from below. If ® has a critical
point that is homological nontrivial and is not a minimizer of ®, then ® has at least
three critical points.
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Proposition 2.6 ([17, Theorem 9.1]). Let E be a real Banach space, ® € C1(E,R)
with @ even, bounded from below, and satisfying (PS)-condition. Suppose ®(0) =0,
there is a set K C E such that K is homeomorphic to S~ by an odd map, and
supg © < 0. Then ® possesses at least j distinct pairs of critical points.

3. PROOF OF MAIN RESULTS

In this section, we prove Theorems|[I.I]and [I:2} To this end we need the following
lemmas.

Lemma 3.1. Suppose that @ satisfies (V1) and (F1), then ® satisfies the (PS)-
condition.

Proof. We first prove that ® is coercive. By (2.1)), (2.3)) and the Holder inequality,
we have

B) = gl = [ Flau(e)de
1 ul|? - 3 (@) |u(x)|" do
Sl =32 [ & a

gl = 3= 502 [ @) ([ v pa)

i=1

Y

v

Yi

1 m
> Sl = 30876l 2

; Vi
=1

Since 1 <y < -+ < Y < 2, implies that ®(u) — 400 as ||ul| — +oo.

Next, we prove that ® satisfies the (PS)-condition. Assume that {uy} C E is
a sequence such that {®(uy)} is bounded and ®'(ug) — 0 as k — 400. Then by
, there exists a constant M > 0 such that

lurll < M, VkeN. (3.2)

Going if necessary to a subsequence we can assume that up — ug in E. For any
given number ¢ > 0, by (F1), we can choose R. > 0 such that

2—7;

</II>R I&(I)Iﬁ) e i=12,...,n (3.3)

Since the embedding of E — L? (RY) is compact, then
up, — ug, in Ly, (RY),
and hence,

lim lug () — uo(z)|* do = 0. (3.4)

By (3.4), there exists ko € N such that

/ n lug () — uo(z)|* do < €2, for k > k. (3.5)
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Hence, by (F1), (3.2), (3.5) and the Holder inequality, for any k > ko we have

/| n |f (@, uk(2)) = f (2, uo(x))|luk (z) — uo ()| d

< ([, e unte) = slemo)l a) (]

) 1/2
g () — 1o(2))| d:c)
|z|<Re

1/2

= |:/|17<R 2(|f(:£,uk(:l:))|2 + |f(x7u0(l’))|2) dSC:| £

[Z% / e )[? <|uk<x>|2<w—1>+|uo<x)|2<w—1>>dx]”2€

|| <

2(vi—1 2(v;i—1 1/2
[me (570 + ol )] e

1/2
2(y;—1
2[Z%||a||2 (M0 o fug 377D e

(3.6)
On the other hand, for & € N, it follows from (F1), (3.2), (3.3) and the Holder
inequality that

/| o o) = S )k 0) — o)
<Z%/ ()] (jun(a)

vi—1 4 |u0($) vi—1

)(Jur ()] + [uo(x)]) dz

i1 |z|>Re
<2Z%/ (@) (lup (@) + Juo )] de

=1 \z >R

5 2—v; (37)

o> ([ la@I =) Gl o+ fuol)

i—1 |z|>Re
<2y ([ la@TT ) T 1)

i=1 |z>Re
<2) (M T)e.

=1

Since ¢ is arbitrary, combining (3.6|) with (3.7]), one has

| @) = 1o wo(@)lon(z) = w(@)] de =0 (39
as k — oo. It follows from that
(' (ug) — @' (uo), ur — uo)

=l =l = [ (o) = Fla o) furle) =~ wo(w)] da.

In view of the definition of weak convergence, we have

(3.9)

(@ (ug) — @' (ug), ux — ugp) = 0. (3.10)
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It follows from (3.8 - ) that

up — ug in F.
Hence, ® satisfies the (PS)-condition. O

We choose an orthogonal basis {e]} of E and define X; := span{e; },j =1,2,...,
Y. = @?ZlXj, Ly = ] k+1 , then £ =Y, & Z;.
Lemma 3.2. Suppose that the conditions of Theorem [I_]] are satisfied, then there
exists ko € N such that Cy,(®,0) 2 0.
Proof. It follows from (F1) that the zero function is a critical point of ®. So we
only need to prove that ® has a local linking at 0 with respect to E =Y}, & Zj.
Step 1: Take u € Yj, since Y} is finite dimensional, we have that for given rg,
there exists 0 < p < 1 small such that

u€ Yy, |Jul| <p=|ul <ry, xRN

For 0 <7 <o, let O ={z € RN : |u(z)| <7}, Qo = {z € RN : r < |u(z)| < 1o},
Q3 = {z € RY : |u(z)| > 7o}, then RY = US’ 1 Q. For the sake of simplicity, let
G(z,u) = F(x,u) — c1|u|”. Therefore, form (F2) it follows that

O(u) = f|\u||2 7/ c1|u|? de — / / / (z,u)
2 o Ja, Jag

1
<ol = [ el e [ Gawan
2 . o,

Note that the norms on Y}, are equivalent to each other, ||u||, is equivalent to
[ull and [, G(z,u)dz — 0 asr — 0. Since 0 < vy < 2, then ®(u) < 0, for all
u €Y}, with [Jul| < p.

Step 2: Take u € Zj, since the embedding £ < LP is continuous, we have that
for given rg, there exists 0 < p < 1 small such that

u€ Zy, |Jull <p=lul <ro, xRN,
Therefore, it follows from (F2) that

1 1 1
o) 2 g ull = [ ealuldo > 5 Jul - 3l =0
RN

Therefore, by Proposition [2:4] the proof is complete. O

Proof of Theorem[1.1. By Lemma O satisfies the (PS)-condition and is bounded
from below. By Lemma[3.2] and Proposition the trivial solution © = 0 is homo-
logical nontrivial and is not a minimizer. Then Theorem follows immediately
from Proposition O

Proof of Theorem[I-4 By (F3), we can easily check that the functional ® is even.
Lemma shows that & satisfies the (PS)-condition and is bounded from below.
For p>0,let K =S, ={u €Y} :||u| = p}. Thus, just as shown in the proof of
Lemma [3.2] if p > 0 is small enough, we have that

sup ®(u) <0.
K
By the definition of Yy, we have dim Y}, = k, then by Proposition [2.6] we have that

® has at least k distinct pairs of critical points. Therefore, problem ([L.1) has at
least k distinct pairs of solutions. (I
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