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ASYMPTOTICALLY LINEAR SCHRODINGER EQUATION WITH
ZERO ON THE BOUNDARY OF THE SPECTRUM

DONGDONG QIN, XIANHUA TANG

ABSTRACT. This article concerns the Schrodinger equation
—Au+ V(x)u = f(z,u), forax e RV,
u(z) — 0, as |z| — oo,
where V' and f are periodic in x, and 0 is a boundary point of the spectrum
o(—A + V). Assuming that f(z,u) is asymptotically linear as |u| — oo,
existence of a ground state solution is established using some new techniques.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
In this article, we consider the Schrédinger equation

~Au+V(z)u= f(x,u), forzcRY,

u(z) = 0, as|z| — oo,

(1.1)

where V : RY — R is a potential and being 1-periodic in z;, f : RY xR — R is a
nonlinear coupling which is asymptotically linear as |u| — oo, i.e. the nonlinearity
f satisfies the assumption

(A1) f(x,t) — Vao(2)t = o(Jt]), as [t| — oo, uniformly in z € RY, where
f € O(RYN x R),V, € C(RY) is 1-periodic in x;, i = 1,2,..., N, and
inf Vo (2) > A == inf[o(=A + V) N (0, 00)].
This equation arise in applications from mathematical physics, and solutions of
(1.1)) can be interpreted as stationary states of the corresponding reaction-diffusion
equation which models phenomena from chemical dynamics. It is known that for
periodic potential, the operator A := —A + V has purely continuous spectrum
o(A) which is bounded below and consists of closed disjoint intervals (see [27]
Theorem XIII1.100]). Problem with periodic potentials and asymptotically
linear nonlinearities has been widely investigated in the literature over the past
several decades, see [B], [0, [10], 111, 19} 20} 14} [16] 22 [30} 33l 36} 37, B8, [42] and the
references therein. Here, we recall some results on existence and multiplicity of
solutions of depending on the location of 0 in o(.A).
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Case 1: info(A) > 0. Since the operator A is strictly positive definite, techniques
based on the mountain pass theorem have been well applied. For example, using the
‘monotonicity trick’ introduced by Struwe [28], Jeanjean [14] (see also [16]) proved
a positive solution for under (Al), V(z) = K > 0 and the following growth
and technical assumptions:
(A2’) F(z,t) = fot f(z,s)ds > 0, and f(z,t) = o(|t|]) as |t| — O uniformly in
z € RY;
(A3) F(x,t) == itf(z,t) — F(z,t) > 0 for all (z,t) € RN x R, and there exists a
8o € (0,A) such that
@Z]\—éoﬁ}—(x,t)Z(SQ. (12)
Ding and Luan [I0] obtained infinitely many geometrically distinct solutions with
(A1), (A2’) and (A3) (in particular, V € C!, f € C?). Similar results can be found
in [37] with f being independent of x and V., = a > A. Under assumption that
V(z) = Ag(z) + 1 provided that A > 0 and g(z) > 0 has a potential well, multiple
solutions are obtained by Heerden [36] (see also [38]). For asymptotically periodic
nonlinearities, we refer readers to [20] where a nontrivial solution was obtained

by using a version of the mountain pass theorem and comparing with appropriate
solutions of a periodic problem associated with (|1.1]).

Case 2: 0 lies in a spectral gap of o(A), i.e.
sup[o(A) N (—00,0)] := A < 0 < A = inf[o(A) N (0,00)]. (1.3)

In this case, Szulkin and Zou [30] first proved the existence of a nontrivial solution
for (1.1)) with (A1), (A2’) and a modified version of (A3):

(A3") F(z,t) := 3tf(z,t) — F(z,t) > 0 for all (z,t) € RN x R, and there exists
a 0y € (0,Ag) such that: if f(xz,¢)/t > Ao — do then F(x,t) > &y, where
Ao := min{—A, A}.

Under assumptions (A1), (A2’) and (A3’), moreover f(z,t) is odd in ¢, Ding and Lee

[9) proved that has infinitely many geometrically distinct solutions. In recent

paper, the author [33] developed a much more direct approach to find a ground state

solution of Nehari-Pankov type for with (A2’), a slightly stronger version of

(A1) and the following monotone assumption:

(A4) t— f(lfl’t) is non-decreasing on (—o00,0) U (0, 00).

Note that, it follows from (A4) that

¢
Fla,t) = %tf(x,t) — F(z,t) = / (@ - @)sds >0, V(z,t) e RN xR,
0

and F is non-decreasing on ¢ € [0,00) and non-increasing on ¢t € (—oo, 0], which
together with (A1) and f(x,t) = o(|t|) as |t| — 0 uniformly in z, imply that
(A3) and (A3’) hold (see [16, Remark 1.3] or [19]). For asymptotically periodic
nonlinearities, Li and Szulkin [I9] obtained a nontrivial solution with (A1), (A3’)
and some assumptions on the asymptotic behaviour of f as |z| — oc.

Case 3: 0 is a boundary point of the spectrum o(A), i.e. the potential V(x)
satisfies
(A5) V € C(RY) is 1-periodic in z;, i = 1,2,..., N, 0 € 0(A), and there exists
by > 0 such that (0,b9] No(A) = 0.
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Clearly, A > by by (Al). To the author’s best knowledge, no previous study has
focused on this situation (Even for superlinear nonlinearities, there are few papers
[2, 211, 23], 241, [25] 132, [40}, [41] in the literature). The main difficulties to overcome
are the lack of a priori bounds for Cerami sequences and the working space for this
case is only a Banach space, not a Hilbert space which is different from [30] [9].
Unlike Case 1, strongly indefinite problem can not be reformulated in terms
of a functional having the mountain pass geometry. Moreover, the methods used in
[2, 40} [41] are no more applicable, and even though techniques used in [30, [9] can
be adapted, the condition (A3’) does not hold in this case since A\g = 0. Inspired
by above works and using a generalized linking theorem established in [32], we are
going to consider this case in the present paper. To conquer difficulties mentioned
above, the concentration compactness arguments introduced by P.L. Lions [I8] and
developed by Jeanjean [14] are adapted, a new variational framework which is more
suitable for this case is introduced. Additionally, some new techniques and (A3)
instead of (A3’) are used in this paper. Before presenting our main results, we
introduce the following mild assumptions:

(A2) there exist constants ¢, co > 0, ¢ € (2,2*) such that
cy min{|t|2, [t]*} < tf(z,t) < co|t]?, V(z,t) € RN x R. (1.4)

Let E be the Banach space defined in Section 2. Under assumptions (A5), (A1)
and (A2), the functional

<I>(u):/RN(\VU|2+V(x)u2)dz7/R F(z,u)dz, (1.5)

N

is well defined for all u € E, moreover ® € C'(E,R) (see Lemma [2.2)). Denote the
critical set by

M={ue E\{0}:(®'(u),v) =0, VveE} (1.6)
Now, we are ready to state the main results of this article.

Theorem 1.1. Let (A1)-(A3) and (Ab) be satisfied. Then problem has a

ground state solution, i.e. a nontrivial solution ug € E satisfying ®(ug) = infrP.

Corollary 1.2. Let (A1)—(A2) and (A4)—(Ab) be satisfied. Then problem (1.1|) has
a ground state solution, i.e. a nontrivial solution ug € E satisfying ®(ug) = infamP.

The following three functions satisfy all assumptions of Corollary

f(z,t) = Voo(x) min {|t|*,1} ¢, where v € (0,2* — 2) and V,, € C(RY) is 1-
periodic in each of z1,2s,...,zx and inf Voo > A.

f(z,t) = Voo (2) {1 — W} t, where v € (0,2*—2), Vi, € C(RY) is 1-periodic

in each of z1,xs,...,zx and inf Vo, > A.

f(z,t) = h(z,|t|)t, where h(z, s) is non-decreasing on s € [0, 00) and 1-periodic
in each of x1,z2,..., 2N, h(z,s) = O(|s|’) as s — 0 with v € (0,2* — 2), and
h(z,s) — Va(x) as s — oo with inf V, > A uniformly in z.

We point out that Jeanjean [15] considered a related problem of by using
the dual approach and constraint method without periodicity assumption on f.
Clearly, there is no more translational invariance of the equation. As pointed out
by the referee, it is very interesting to investigate further problem without
the translational invariance, and this is work under consideration. The remaining
of this paper is organized as follows. In Section 2, we introduce the variational
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framework setting established in author’s recent paper [32] which is more suitable
for the case that 0 is a boundary point of the spectrum o(—A + V). The proof of
main results will be given in the last Section.

2. VARIATIONAL SETTING AND PRELIMINARIES

In this section, as in [32], we introduce the variational framework associated with
problem (L.I)). Throughout this paper, we denote by || - ||s the usual L*(R") norm
for s € [1,00) and C;, i € N for different positive constants. Let 4 = —A + V|
then A is self-adjoint in L2(RY) with domain D(A) = H2(RY). Let {£(\) : —00 <
A < 400} be the spectral family of A, and |A|*/? be the square root of |A|. Set
U =id — £(0) — £(0—). Then U commutes with A, |A| and |A|'/2, and A = U|A|
is the polar decomposition of A (see [I2, Theorem 4.3.3]). Let F, = D(].A|'/2), the
domain of |A|'/2, then £(\)E, C E, for all A € R. On F, define an inner product

(w,)o = (|4]"/2u, |A]20) |+ (wv)se, Vu,ve B,

||U||0 =V (U,U)(h Vu € E*v

where and in the sequel, (-,-);2 denotes the usual L?(RY) inner product.
By (A5), we can choose ag > 0 such that

V(z)+ag >0, VreRN. (2.1)

For u € C§°(RY), one has

and the norm

lullg = (Mlu, w) 2 + [|ull3 = (A + ao)lu, w)r2 — ao(Uu, w) 2 + [|ull3

< UCA + a0)'2ull2 [l (A + ao)*ull2 + ao|Uullzull2 + |lull3

(2.2)
< [I(A+ ao)ull3 + (a0 + 1) Jul3
< (1+ 2a0 + M)|ul| 3 gy
and
[l 7 vy < ((A+ao + Lu,u)p
= (Au,u)rz + (ao + 1)[[ul3
(2.3)

= (UIAP/QM \A|1/2u) L + (ag + 1) ||ul)3
< M2 ull3 + (a0 + Dlull3 < (1 + ao)[lul3,

where M = sup,cgn |V (z)]. Since C§°(RY) is dense in (E., || - [o) and H'(RY),
thus
1

m”unfil(nw) <lully < (14 2a0 + M)||u|F gy, (2.4)
forallu e B, = Hl(]RN).
Denote
E; =&(0)E,., ET =[E(+00)—E(0)]E.,
and

(u,v)* = <|A|1/2’U47 ‘.A|1/2’U> ’ ||'I.LH* =V (uvu)*v v u,v € E* (25)

L2
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Lemma 2.1 ([32, Lemma 3.1])). Suppose that (AB) is satisfied. Then E, = E ®
EY,
(u,v)s = (u,v)2 =0, Yu€E,, veEET, (2.6)
and
[u*lZ > Allut]3, (w7l <aolu™[3, Yu=u" +ut € B =E @B, (27)
where ag is given by (2.1]).

It is easy to see that || - [|. and || - || g1 (r~) are equivalent norms on E™, and if
u € E, then u € ET & £(0)u = 0. Thus ET is a closed subset of (E.,| - |lo) =
HY(RY). We introduce a new norm on E_ by setting
1/2 _
lull— = (lallZ + llul3) ", Yue BL. (2.8)

Let £~ be the completion of E_ with respect to || - ||=. Then E~ is separable and
reflexive, E"NE" = {0} and (u,v), =0forallu € E-,ve Et. Let E= E- ®E*
and define norm || - || as follows
lull = (Ju= |2 + [ut)2)"?, Yu=u +ut e E=E-@ET. (29
It is easy to verify that (E, | -||) is a Banach space, and
VAt < ut e = utl, Jutlls < vwlut], Vue B, se 2,27, (210)
where 75 € (0, 400) is imbedding constant.

Lemma 2.2 ([32] Lemma 3.2]). Suppose that (A5) is satisfied. Then the following
statements hold.
(i) E= — L5(RYN) for o < s < 2%;
(i) B= — HL (RN) and E= —— L{ (RY) for 2 < s < 2*;
(iii) For o < s < 2*, there exists a constant Cs > 0 such that

lully < Cu[lrullz + (/Q|u\9dx)s/g+ (/ |u|2dx)3/2], (2.11)

for all u € E~, where Q C RY is any measurable set, Q¢ = RN \ Q.

The following linking theorem is an extension of [I7] (see also [3] and [39, The-
orem 6.10]), which plays an important role in proving our main results.

Theorem 2.3 (|32, Theorem 2.4]). Let X be real Banach space with X =Y @ Z,
where Y and Z are subspaces of X, Y is separable and reflexive, and there exists a
constant (o > 0 such that the following inequality holds

[Prul| + || Prull < Gollull,  Vu € X, (2.12)

where Py : X =Y, Py : X — Z are the projections. Let {fx}ren C Y™ be the dense
subset with ||fx||ly~ =1, and the T-topology on X be generated by the norm
=1
[l = max{||P2u||, > 5 ltie, P1u>|}, Vu € X. (2.13)
k=1

Suppose that the following assumptions are satisfied:
(A6) p € CY(X,R) is T-upper semi-continuous and ¢’ : (pa, | - ||-) — (X*, To+)
18 continuous for every a € R;
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(AT) there exists > p >0 and e € Z with ||e|]| = 1 such that
k= 1inf p(S,) > 0 > sup p(9Q),
where
S,={ueZ:|ul=p}, Q={v+se:veY, s>0,|v+sel| <r}
Then there erist ¢ € [k, supg @] and a sequence {u,} C X satisfying
olun) = ¢, 19" (un)llx- (1 + [lunll) — 0. (2.14)

Such a sequence is called a Cerami sequence on the level ¢, or a (C).-sequence.

Let X =FE,Y =FE~ and Z = ET. Then (2.12) is obviously true by (2.9). Since
E~ is separable and reflective subspace of E, then (E~)* is also separable. Thus we
can choose a dense subset {fi}ren C (E7)* with ||fx|/(z-)- = 1. Hence, it follows

from (2.13) that

o] 1 ~
lw]l = maX{||U+||,Z27|<fk7U )}, VueE. (2.15)
k=1
It is clear that
|| < ully <lull, VueE. (2.16)

By Lemma it is easy to see that ® € C'(E,R), moreover
(@ (u),v) = / (VuVo + V(z)uv) dz — f(z,u)vde, (2.17)
RN RN
for all w,v € E. This shows that critical points of ® are the solutions of (1.1).
Furthermore,

1 -
B0) = (et 2 = D) = [ P da, (218)
foralu=u"+u~ € E-®ET =E, and
(@ (u),v) = (u,v)s — (u",0) — f(z,uw)vde, Yu,v € E. (2.19)
RN

Lemma 2.4 ([32] Lemma 3.3]). Suppose that (A1)—(A2), (A5) are satisfied. Then
® € CHE,R) is T-upper semi-continuous and ® : (D4, - ||-) — (E*,Tp) is
continuous for every a € R.

3. PROOF OF MAIN RESULTS

Lemma 3.1. Suppose that (A1)—-(A2), (A5) are satisfied. Then there exists a
constant p > 0 such that r := inf &(SF) > 0, where S} = 0B, N E*.

The proof of the above lemma is standard, and we omit it. Observe that, (A1)
implies the existence of a constant p > 0 such that
A < p <inf V. (3.1)
Let
Eo := [€(n) — E0)|LX®RY),
Then Ey C ET is nonempty and
Allul|3 < [Jull* < pllul|? for all u € Ey (3.2)



EJDE-2015/213 ASYMPTOTICALLY LINEAR SCHRODINGER EQUATION 7

Lemma 3.2. Suppose that (A1)—(A2), (A5) are satisfied. Let e € Eq C ET with

llell = 1. Then there is a 1 > 0 such that sup ®(0Q) < 0, where
Q={w+se:weE",s>0, |w+ se|]| <r}. (3.3)

Proof. (A2) yields that F(x,t) > 0 for any (z,t) € R¥*1, so we have ®(u) < 0 for
u € E~. Next, it is sufficient to show ®(u) — —o0 as u € E~ & Re, |Ju|]| — oc.
Arguing indirectly, assume that for some sequence {w, + t,e} C E~ @ Re with
|lwp, + tre|]| — oo, there is M > 0 such that ®(w, + t,e) > —M for all n € N.

— _Wwnptlpe __ ,— — ;
Set v = ity = Un + sne, then |lun]l = 1. Passing to a subsequence, we may

assume that v, = v =v" +sein E, s, — s and v, — v a.e. on RY. By (A2) and

(2.18]), we have
—2M < 2®(w,, + tpe)

= 22— [fwn]l? — 2 / (@, wn + tne) da
RN

2c
<t w2 - 22 ( 00 + tacl* do
o [wn+tne|<1

—|—/ |wn+tne|2dx).
|wyn+tne[>1

From (2.10)), (2.11) and (3.4), we have
o/2
Juwnlg < € [lwale + [ ey wal?dr) ]
Jwp+tne|<1 |wn+tne|>1
§01\|wn||5+02(|tn|9/ \e\gdx+/ [+ el de)
|wn+tne|<1 |wp+trel<1

+ Cy (ti/ le|? dx—l—/ |wy, + tael? dx)g/2
|wn+tne|>1 |wn+tne|>1
< Cullwal2 + s ([t]? + €2+ 2M) + Cy (£ + 2)
< Cs (L+ta]?+12),
which, together with , and 7 implies that
wn + tnell2 = 12 + [wnl|2 + [[wnl|2 < 262 + 2M + Cg (14 [tn|¢ +£2)7%. (3.5)

(3.4)

Since ||wy, + tne||> — oo, it follows that |t,| — oo and
2 t th 1
s, = 5 2 5/ > .
lwn 4+ tnell® ™ 262 4 2M + Cg (1 + |ta]e + £2)%¢ — 21+ C7)
This shows that s > 0, and so v # 0. By (3.1, (3.2)) and the fact e € Eq, one has

s — ||v_|\z —/ Voo(ﬂc)v2 dz
RN
< s°lell? = lv™ |7 — inf Vo [Jv]l3

< — [(inf Voo — ) s [le]|3 + o7 [[% + inf Ve [0 7][3] < 0.

Hence, there is a bounded domain Q C R such that

s —|v7|12 —/ Voo (z)v? dz < 0. (3.6)
Q
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Let .
filz,t) == f(z,t) = Voo (x)t, and Fi(z,t) :/ fi(z,s)ds. (3.7
0
By (Al) and (A2), there exists a positive constant C such that

Fi(e,t) < Ct2, V(z,6) RV xR, and lim 11

i 2 0 uniformly in z.
t|—oo

(3.8)
It follows from Lebesgue’s dominated convergence theorem and the fact [jv, —
UHLz(Q) — 0 that

. Fi(z,w, + tpe) . Fi(z,wy, + tpe)
lim ——— 5 dz = lim —
n—oo [ ||wn —|—tneH n—oo Jo |wn —|—tne|

By (), (1) and (B9), we have
F n tn
0 tim (2l — |2 -2 [ Dt )
n—oo o lwn +trell

. _ Fi(z,w, +tpe) 1
- [t -2 (B )
[ = ol =2 | AT T ez T2V @) de

|v,|? dz = 0. (3.9)

<o o2~ [ Valade,
Q
a contradiction to (3.6]). O

Lemma 3.3. Suppose that (A1)-(A2), (A5) are satisfied. Then there exist a con-
stant ¢, € [n,supQ <I>] and a sequence {u,} C E satisfying

D(un) = co (@ (un)llp- (1 + [Junl]) — 0. (3.10)
where Q is defined by (3.3).

The above lemma is a direct corollary of Theorem and Lemmas and
0.2

Lemma 3.4. Suppose that (A1)—(A2), (A5) are satisfied. Then
l|lul|? < (@ (u),ut —u™) +/ Mhﬁﬁdz, Yu € E. (3.11)
u#0 U
Proof. By (A1), (A2) and (2.19)), for any u € E, one has
@)t~ ) =l - [ Feat a0
RN
f(z,u -
= |lull? - /7&0 (&) [(w*)? = (u™)?] dz

u
>l - [ I8 pas,
u#0 u

This shows that (3.11]) holds. O

Lemma 3.5. Suppose that (A1)-(A), (A5) are satisfied. Then any sequence {u,} C
E satisfying

D(up) = >0, [ (un)|
is boundeded in E.

g (14 Juy]) — 0 (3.12)
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Proof. First we prove that {||u,||«} is bounded. To this end, arguing by contradic-
tion, suppose that [|u,|/« — co. Let v, = up /||ty ||+, then |v, [« = 1. If

0 :=limsup sup / v, |? do = 0,
B(y,1)

n— oo yGRN

by Lions’s concentration compactness principle ([18] or [39, Lemma 1.21]), then
vf — 0in L¥(RY) for 2 < s < 2*. Denote

n

T, Un)

Qn::{xeRN:f( g?\—&o}.

Un

By (2.10), one gets

| I s < (- a0) [ o

n

< (A =d0) [lv; I3 (3.13)
gz

From (A3) and (3.12)), one has

c+o(l) = ®(uy) — %(@(un),un> = o F(x,up)dz > /RN\Q dod. (3.14)

It follows from (A1), (A2), (3.14) and Hélder inequality that

Lo Bompace [ P
RN\Q,,

Un RN\,

< Cl(/RN\Q” 1dx)("_2)/g(/w\ﬂn |v:{|9dx>2/g (3.15)

< Gyllof |12 = o1).

By (3.11), (3.12), (3.13) and (3.15), we have

1
< ([t ||2 <‘I”(un),UI — Uy, ) +/ f(J;, tn) \v;Hde
n || % Up #0 n
3.16
f(amun) +12 60 ( )
= = ot fde +o(1) <1 — — 4 o(1),
Up #0 Un A

which is a contradiction. Thus § > 0.
Going to a subsequence, if necessary, we may assume the existence of k,, € Z~
such that [5, 1\ /5 lv2da > 2. Let wy(z) = va(z + ky). Then

/ lw | de > —. (3.17)
B(0,1+V'N) 2

Since V(z) is periodic, we have ||w, || = |jv;}]| < 1. Passing to a subsequence,
we have wi — w® in E, w}f — w® in L2 (RY) and w} — w®) ae. on RV,
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Obviously, (3.17) implies that w) # 0. By (A2), ([2.19) and (3.12)), one has
it 113 = llug [+ o(1)

> i ¢ wnl?do + exfJun? [ wn*da
lwn ll«|wnl<1 llen | |wn|>1

From ([3.18)), we have

[l ||
/ Jwa| dz < TG + o(1) = o(1), (3.19)
Jtim [« [ | <1 c1[[ua |2
/ lwy |2 dz < e | +o(l) < Cy (3.20)
n > < s .
et [+ |21 c1l[unll?

By (2.10), (2.11)), (3.18)), (3.19) and (3.20]), we have

ey, 1+ llwy, 114
e o 0/2
|wy, |*dz + lw, |* dz
lun I |wn]>1

< oy I + i +
< 1+C4+C5(/ |w:{|‘-’dx—|—/ |wn|9dx>
lwn [l Jwn|<1 llwn |l Jwn | <1

[lwn |« |wn | <1
0/2
JrCﬁ(/ |wi|2 dz+/ |wn‘2 d:c) < Cy.
lenlllwn|21 lein [ [0 |21
(3.21)

This shows that {w; } is bounded in E and so w; — w® in F and w;, — w®
a.e. on RV, Let wy = wM +w®. Tt is clear that wi = w® # 0 and w, — wp
a.e. on RY.

Now we define i, (z) = u,(z + ky), then i, /||u,||+ = w, — wo a.e. on RY and
wo # 0. For a.e. z € Q:={y € RN : w(y) # 0}, we have lim,,_., |, (z)| = oo.
For any ¢ € C§°(RY), set v, (z) = ¥(z — k). By (A5), (A2), 2.19) and (3.7),

then we have

<‘I),(un)>wn> = (’u”r_‘z_ — Uy, Vn)s — (Vooln, ¥n) 12 _/ Ji(z, up ) do

T, Uy
=l [0 = ). = Votmtindao = [ L2 1, ]
=mwwﬁ—mw><v%w [ Dt pad),
71
which, together with ), yields that
(wf — )~ Vo) — [ DI pan— o). a22)

||
Note that limyy .o f1(z,t)/[t| =0 unlformly in z, then
fl z un
al
fi(z, fi(@,
s/|i¥—ﬂw—mwm+ Py
RN Unp,

Up,

|w n|1/1d:c|
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<[ - willvldrt [ L@ )l = oL).
supp Q Un

Hence,

(wg = wg ,¥)s = (Vootwo, )2 = 0.
Thus wy is an eigenfunction of the operator B := —A + (V — V) contradicting
with the fact that B has only continuous spectrum. This contradiction shows that

{||un]|«} is bounded. By (A2), (2.19) and (3.12)), we have

o 12 = a1+ 0(1) = [ f(own )

> C1</ |un|9dx—|—/ |un|2dac).
[un <1 Jwn|>1

From (2.10)), (2.11)) and (3.23]), we have

0/2
g < Caflun e+ [ fupedot ([ Pan) ]
n|<1 |un|21

|u

gcwwmm$+/
|

un|<1

+2 2 \/?
+( |, |*dx + [t | d:c) } < Ch1.
\un\Zl \un\Zl

This shows that {||u;, ||} is also bounded and so {u,} is bounded in E. O

(3.23)

IUII"der/ [un|?dx (3.24)
|un|<1

Lemma 3.6 ([2, Corollary 2.3]). Suppose that (A5) is satisfied. If w C E is a weak
solution of the Schrddinger equations

—Au+V(z)u= f(z,u), zcRY, (3.25)

i.e.
/ (VuVyp + V(z)uy) de = / fz,u)pdz, Yo e CFRY), (3.26)
RN RN
then u, — 0 as |z| — .

Lemma 3.7. Suppose that (A5), (A1)—(A3), (A5) are satisfied. Then M # 0, i.e.,
problem has a nontrivial solution.

Proof. Lemma implies the existence of a sequence {u,} C E satisfying (3.10).
By Lemma {un} is bounded in E. Thus [|u,[|¢ is also bounded. If

0 :=limsup sup / lu |2 dx = 0,
B(y,1)

n—oo yeRN

then by Lions’s concentration compactness principle, u;} — 0 in L*(RY) for 2 <

s < 2*. From (A2), (2.18)), (2.19) and (3.10)), one has

2. +o(1) = [ I =z | =2 | Flavu) s
< Nt = [ do -+ (@), 0)
RN

g@/|wrwmm+m)
RN

< eaflunllg™ syl + o(1) = o(1)
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which is a contradiction. Thus § > 0.
Going to a subsequence, if necessary, we may assume the existence of k,, € Z
such that

0
/ lub?dz > .
B(kn,1+VN) 2
Let us define v, (x) = uy,(x + ky) so that
vo
o2 de > . (3.27)
B(0,14+VN) 2
Since V(z) and f(z,t) are periodic in z, we have ||v,|| = ||u,|| and

®(vn) = ¢ € [, 5up @], [ (vn)]
Q

g (1+ |lva]]) — 0. (3.28)

Passing to a subsequence, we have v, = vp in E, v,, — vgin Ly, (RN) for2 < s < 2*

and v, — vy a.e. on RY. Then (3.27) implies that vy # 0. For any v € C5°(RY),
there exists a Ry > 0 such that suppy C B(0,Ry). By (A2) and [39, Theorem
A.2], we have

lim |f(z,un) — fx,u)|]|de = 0. (3.29)
n—oo B(O,Rw)

Note that
(v = v, v), — (v, —vy,9), —0. (3.30)
Hence, it follows from ([2.19)), (3.28)), (3.29) and (3.30) that

|<(I)I(UO)7¢>‘ = ‘<(I)/(Un)7w> - [(’U: - U(va)* - (U; - v(;/‘b),j
[ ) = ) dal

<o)+ [ 1f(w.un) = flawllv] do = of0).

This shows that (®’(vg),1) = 0 for all 1 € C°(RY). Since C§°(RY) is dense in E,
we can conclude that ®'(vg) = 0. This shows that vg € M and so M # . Lemma
implies that vy is a nontrivial solution of (1.1). O

Proof of Theorem[I1]. Lemma [3.7] shows that M is not an empty set. Let ¢y :=
inf o, ®. Since F(z,t) > 0 for all (z,t) € R¥*1 one has ®(u) > 0 for all u € M.
Thus ¢g > 0. Let {u,} C M such that ®(u,) — ¢o. Then (®'(u,),v) = 0 for any
v € E. In view of the proof of Lemma we can show that {u,} is bounded in

E. By (A2) and (19)
0= (@' (wn).u) = I = [ Flavun)u da, (3:31)
RN

and

i 12 = flu |2 = / P un ) da
RN

ch(/ |un|9dx—|—/ |un|2dm).
|u7z|<1 ‘unlzl

(3.32)
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From (2.10), (2.11)) and (3.32]), we have

lunll < CLlllugllg + Iz 113)
+|e —1|e —|e —12 o/
< Collun g + llug M1 + |uy, [?da + |uy, [*dz
|“n|<1 ‘un‘zl
<Calluflie+ [ fublrdes [ jualids (3.33)
Jup|<1 |wn|<1

2 9 /2
+ ( |u,r |“da + [t | daz) }
‘un‘zl ‘unlzl

< Ca (Jlus 12 + [l 112) -

y (A2), (2.10), (3.31) and (3.33]), one has

Jut|2 = / F )t dz < g / a0 | dz
RN RN
1-1/e
< s (h e + et 12) 7Y |-,
which implies that

— —1 -2 —1 -2 —1
Csa/(e )SHuT—il-Hg(Q )/ (e )+HUTLH£Q )/ (e ).

This shows that |lu}]|« > ap for some ag > 0. If

0 :=limsup sup / lut |2 dz = 0,
B(y,1)

n—oo ycRN

then by Lions’s concentration compactness principle, u, — 0 in L$(RY) for 2 <
s < 2*. From (A2) and (3.31), one has

o2 = [ ouutde <ca [ funl™ ] do < collunlg i = o(1),

a contradiction. Thus ¢ > 0.

By a similar argument as in the proof of lemma(3.7] we can show that there exist
a sequence {v,} C E and vy € E \ {0} such that ||v,|| = ||un||, vn — vo a.e. on RY
and

(P(’Uo) — Co, CI)I(’U()) =0. (334)

This shows that vy € M, and so ®(vg) > ¢p. On the other hand, by (A3), (2.18),
(2.19), (3.34) and Fatou’s Lemma, we have

co= lim [®(v,) — 1(<I>'(vn),vn>] = lim [%f(x,vn) — F(z,vy,)] dz

n—oo 2 n—oo RN

. 1 1
/]RN nh~>n;o [if(a:,vn) - F(:c,vn)] dr = /]RN [if(:c,fuo) — F(z,vo)] dz

= B(r) — 5 (@' (00), v0) = B(un).

v

This shows that ®(vg) < ¢o and so ®(vg) = infrq @, which together with lemma
implies that vg is a ground state solution of ([1.1)). |
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