Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 160, pp. 1-16.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

CONTINUITY OF THE FREE BOUNDARY IN ELLIPTIC
PROBLEMS WITH NEUMAN BOUNDARY CONDITION

ABDERACHID SAADI

ABSTRACT. We show the continuity of the free boundary in a class of two
dimensional free boundary problems with Neuman boundary condition, which
includes the aluminium electrolysis problem and the heterogeneous dam prob-
lem with leaky boundary condition.

1. STATEMENT OF THE PROBLEM AND PRELIMINARY RESULTS
Let € be the open bounded domain of R? defined by
Q= {(x1,72) € R?: 21 € (ag, bo), do < w2 < (1)}

where ag, by, dy are real numbers and 7 is a real-valued Lipschitz continuous function
on (ag,by). Let a(z) = (a;5(x)) be a two-by-two matrix and h a function defined in
Q with
a;; € L), |a(z)] <A, forae z€Q,
a(x)é-€ > NEP VEECR? forae. z €9,
h<h(r)<h forae z€Q
h$2 € Lfoc<Q)

hzy(x) >0 for ae. xz €.

— = = e e
U = W N =
= I D = —

where A\, A, h, h and p are positive constants such that 2 > h and p > 2.
Let T' = {(x1,7(x1)) : 1 € (ap,bo)} and let B(z,u) be a function defined on
I' x R satisfying

B(x,.) is Lipschitz continuous for a.e. x € T (1.6)

0B(z,.) is non-decreasing for a.e. z € T (1.7)

Let ¢ be a Lipschitz continuous function on I, e the vector (0,1), and T = 9Q\ T
Then we consider the following problem
Problem (P1) Find (u,x) € H(Q) x L>(Q) such that

(i) u>0,0<x<1,u(l—x)=0ae in€Q,
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(i)
/ (a(z)Vu + xh(z)e) - Védx < / Bz, —u)édo(x)
Q r

for all ¢ € H*(Q2) and £ >0 on Y.

This problem describes many free boundary problems including the aluminium
electrolysis problem [5], the heterogeneous dam problem with leaky boundary con-
dition [7], @} [10L 18 [19] 20, 23]. For the problem with Dirichlet condition on I'; we
refer for example to [I] and [2]I] in the case of the heterogeneous dam problem, to
[B] and [] in the case of the lubrication problem, and to [II} 13| [I4] for a more
general framework. Regarding the existence of a solution under suitable boundary
conditions, we refer for example to [8| [, [9] 10} 18] 23].

In this paper, we shall be interested in studying the free boundary I'y = 0{u >
0} N separating two different regions, which in the case of the dam and lubrication
problems, separates the region that contains the fluid from the rest of the domain.
In the case of the aluminium electrolysis problem, the free boundary separates the
regions containing liquid and solid aluminium.

The regularity of I'y has been addressed in the case of Dirichlet boundary con-
dition in [II] and [I3], where the authors have established that I'y is a continuous
curve xo = ®(x1). This result was later on extended in [14] to a more general
framework and also in [I5] in the case of the p—Laplacian.

2. PRELIMINARY RESULTS

Remark 2.1. By Harnack’s inequality [I7], we know that u is locally bounded.
Due to the local character of this study, we shall assume that there exists a positive
constant M such that

0<u<<M ae inf. (2.1)

Remark 2.2. We have (see [I3, Remark 2.1])
(i) uwe CL*(Q) for some o € (0,1). As a consequence the set {u > 0} is open.

loc

(ii) If a € CLY(Q) (0 < a < 1), then we have u € C* ({u > 0}).

loc

The following three propositions were established in [II] where the Dirichlet
condition u = 0 was imposed on I' instead of the Neuman boundary condition that
we are considering in this work. The proofs are the same and will be omitted.

Proposition 2.3. Let (u, x) be a solution of (P1). We have
Xy <0 in D'(Q). (2.2)

Proposition 2.4. Let (u, x) be a solution of (P1) and xo = (zo1, xo2) € .
(1) Ifu(zg) > 0, then there exists € > 0 such that u(xy,x2) > 0 for all (x1,x2) €
C.(x0) = Be(o) U {(z1,22) € Q1 |23 — 2| < €, 22 < Tp2}, where Be(xg)
is the open ball of center xg and radius r.
(ii) If u(zg) =0, then u(xor,x2) =0 for all x2 > ps.

We then define the function ® by

(I)(J,‘l) _ {do if {IQ : (Il,ﬁCz) S Q, U(Z‘l,ftg) > 0} = @ (23)

sup{xz : (z1,22) € Q, u(x1,z2) > 0} otherwise.

Then the function ® is well defined.
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Proposition 2.5. ® is lower semi-continuous on (ag,by) and
{u>0} ={z2 < P(x1)}.
The following lemma is an extension of [I1, Lemma 3.4].

Lemma 2.6. Let (u,x) be a solution of (P1). Let (x11,2Z5), (12,25) € Q with
x11 < z12 and w(x14,25) = 0 for i = 1,2. Let D = ((:E127m22) X @2,—1-00)) n Q.
Then we have

/D (a(z)Vu + xh(z)e) - Vidx < /Fﬁ(:lc7 v —u)(do(x)
V¢ e HY(D)NL®(D), (>0, ((z1,25) =0 a.e. 1 € (z11,212).

Proof. For e > 0 small enough, one sets:

ae(x1) = min (1, (1 = $11)+, (212 = x1)+>.

€ €
Note that
@ for xr1 € (1’11,1’11+6)
ac(zy) =41 for 1 € (11 + 6,212 — €) (2.4)
T12—x1

- for xr1 € (1‘12 — G,Ilg)

Then x(D)a.( is a test function for (P), and we have:

/ (a(z)Vu + xh(z)e) - V(ae()dz < / Bz, p —u)aldo(x) (2.5)
D aDnT
We set £ = (1 — a )¢, and for 6 > 0, we denote by Hjs the following approximation
of the Heaviside function i.e. the function defined by
n 1 fors > ¢
s
Hs(s) = min (1, 7) =<¢s/6 for0<s<9d (2.6)
0 for s <0

Then x(D)Hs(u)& is a test function for (P1), and we have

[ (@) Vus xhla)e) - V(Hs N < [ B~ ) Ho(wédoo

oDnr
or

/D (H(;(u)a(x)VuV& + Hj(uw)a(x)VuVu + xh(z)(Hs (u)fe)m)d:r

< /a  Blap — wH (o).

which leads by (1.2) and the monotonicity of Hs to

/D (Hy(w)a(z)VuVe, + xh(@)(Hs(u)E.)o, )dz < / Bz, p — w)Hy(u)é.do (a)

aDNT
Hence we have

/ H(;(u)a(x)VuV&dx—i—/ ((h-Hs(w)&e)wy — hay Hs(w)&e ) d
D Dn{u>0} (27)
<[ Bae - wHsw)gdo(o).

aDAr
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Since

oDNr

/ (hHs ()€)wyd = / (h.Hj(w)é.)vado (z) > 0,
Dn{u>0}
it follows from that

lfmmmmwwami/ mgmmwmgf B(, ) Hy (u)€cdor (x).

DN{u>0} aDAT
(2.8)
Letting d go to 0 in , we obtain
/ a(2)VuV((1 = a,)C)dx
b (2.9)
< / he, (1 — a)Cdx + / Bz, —u)(1 — ae)ldo(x).
D{u>0} oDAT
Now, from and , we deduce that
/ (a(z)Vu + xh(z)e) - Vidax
D
= / (a(z)Vu + xh(z)e) - V(ael)da
D
+ / (a(z)Vu + xh(z)e) V((1 — ae)()da
D
<[ B - uado) + [ ) - a)Guds
aDAT D
b h-a)de s [ B - w1 - a)dots)
D{u>0} aDAT
< / Xh(ﬂl‘)(l - ae)Cdex + / hwz(l - ae)Cdx
D DN{u>0}
b B - wde(o).
oDnr
Taking into account , the result follows by letting e approach O. [

Proposition 2.7. Let (u,x) be a solution of (P1) and By(xo) C Q. Ifu =0 in
B,.(xq), then we have

B((z1,v(w1)), p(@1,7(21)))
h(z)va(z1,vy(21))

Proof. Since u(x) = 0 in B,(x(), we obtain by Proposition

x(x1,22) = for a.e. (z1,22) € Cr(x).

u=0 1in C,(xp).
Moreover, since we have in the distributional sense
div (a(z)Vu + xh(z)e) =0 in Cp(xo),
we obtain in particular

(Xh(:c))wz =0 in D'(Cy(x0)). (2.10)
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Let ¢ € HY(C,(z0)) such that £ = 0 on 9C,.(x¢) N Q. Then +x(C,(x0))¢ are test
functions for (P1), and we have

[ ngdo= | B(w, ¢)€dor(z). (2.11)
Cyr (o) 9C,(zo)NT
Integrating by parts and using (2.10]), we obtain
/ Xhéz,dx :/ xhvoldo(x). (2.12)
Cr(z0) aC, (zo)NT

We deduce then from ([2.11)) and ( - ) that

[ mgdo)= [ pep)gdota)
BCT(zo)ﬂF 6CT(I0)HF
for all £ € HY(C.(20)), £ = 0 on 9C,.(x0) N, which leads to xhvy = B(x, ¢), or

) = ALy 0, ).
(]

Proposition 2.8. Let (u,x) be a solution of (P1). If the Lebesgue measure of the
free boundary is zero, then we have

Bz, p)
X = X{u>0} T hira X{u=0} Jfor a.e. x €.

Proof. From (P1)(i), we know that
x=1 a.e. in {u>0}. (2.13)

Let « € Int({u = 0}). Then there exists a ball B,.(z) of center z and radius r such
that B,.(x) C {u =0}, i.e. w=01in B,(z). By Proposition we have y = %U’f)
a.e. in B.(z). Therefore

X = ﬂ(}i;f) a.e. in Int({u = 0}). (2.14)

Since 0{u > 0} N is of measure zero, from (2.13)-(2.14) we obtain

B(z, ¢) .
X = X{u>0} T I X{u=0} a.e. in Q.

O

Proposition 2.9. Let (u,x) be a solution of (P1). If zg = (xo1,%02) € Q and
r > 0 are such that B,.(xg) C ), then we cannot have the following situations in
By (x0):
(i) u(z) =0 for x1 = x01 and u(zx) > 0 for x1 # To1.

(ii) u(z) =0 for z1 > xo1 and u(z) > 0 for x1 < To1-
(iii) u(z) > 0 for x1 > xo1 and u(x) =0 for z1 < xo1.

Proof. Let £ € D(B,.),€ > 0. Since +£ are test functions for (P1), we have

/ (a(z)Vu + xh(z)e) Védz = 0. (2.15)
B (zo)
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(i) Under assumption (i), we have y = 1 a.e. in B,(zg). Taking into account

(1.5), from (2.15)) we obtain
/ a(r)VuVedr = —/ h(x){z, >0
BT(xO) BT(zO)

Using the maximum principle, we deduce that either u > 0 in B,.(z¢) or v = 0 in
B,.(xg), which both contradict (7).
(ii) From (P1)(i) and Proposition we have under the assumption (ii), x =1

a.e. in B, = B (xo)ﬂ{xl < To1} and X = ﬁ(m ‘P) a.e. in B)Y = B,.(zo)N{x1 > 01}
Then from , it follows that

/r a(x)VuVedr = —/Br xh(x)&s,dx —/B X (7)Ez, dx o)

_ _/ h(@)&s, da — 6( 2
- B
Integrating by parts, we have

B, 90)612 _ /B+ (ﬂ(xa@)

V2

€), de=0. (2.17)
B 2

It follows from (2.16)-(2-17) and taking into account (L.5) that

/ a(x)VuVedr = —/ hz, :/ hz, & > 0.
By (z0) By B

4

We deduce from the maximum principle that either v > 0 in B,.(z() or v = 0 in
B,.(x0), which both contradict (ii).
The proof (iii) is similar to the proof of (ii), an it is omitted. O

Theorem 2.10. Let (u,x) be a solution of (P1). Then we have

Bz, p)
hl/2

To prove the above theorem we need the following lemma.

sz:min(l, ) a.e. in Q.

Lemma 2.11. Let (a,b) C (ag,bo), yo such that (a,b) x {yo} C Q and let D =
((a,b) x (yo,00)) N Q. Then we have

/ h(k —x)T€pdr <0, VE€ HY(D), €>0, £=0 on (0D)NQ
D

Proof. Let I" = {(x1,7(x1)) : 71 € (a,b)}, and £ € H'(D) such that & > 0 and

€= 0on (9D)NQ. Using +x(D)(Hs(u) — 1)€ as test functions for (P1), we obtain
/D (a(2)Vu + xhe) ¥ ((Hs(w) — 1)€)dx = — ) (Hy(u) — 1)édo(z)
which can be written as
/ Hi(u)a(z)Vu - Vuéde + /D (Hs(u) — 1)a(z)VuVede

+ /D X H (0)E] o — /D X () d
. Bz, —u)(Hs(u) — 1)&do(x) .
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By taking into account the monotonicity of Hy, integrating by parts, and using the
ellipticity of a(x), we have

- /D hés,dz < /D (1 — Hy(u))a(z)VuVeds — /D h[Hy (w)€], do
+ . B(x, ¢ —u)(Hs(u) — 1)édo(x)

= / (1 - Hs(uw))a(z)Vu - Vidzr + / Hs(u)hg,&dx
D D

+ / (Hs(w) = V[P, —u) — hwn]edo(x) — /F | hl/gfda(;r).

2.18)
Next, integrating by parts again, we have

/D/-ihfxzda: = // khvoldo () —/D(/»ih)mgdx. (2.19)

Adding (2.18)) and (2.19)), and using the fact that (kh)z, = heyX{8(2,0)>hve} = 0,
we obtain

/ (5 = X da < / (1 — Hy(u))a(e)Vu - VE da + / Hy(w)ha, (x)édz
D D D
+ [ (Ha(w) = DB~ ) ~ hafédo o) (2.20)
+/ (k — D heédo(x).
Letting § go to 0 in , we obtain
[ = xgede <= [ (3la,p) - hualdo(a)
D I'Nn{u=0}
+ /Dx{u>0}h$2§dx—|— /F,(K, — Dhvaédo(z)
which leads to
/ h(li - X)fwzdx
D
Bz, 9)
< /D Xfusoy has & + /F o (n s )hugfda(x)
—|—/ (k — 1)heé&do(x)
I'Nn{u>0}
< / Xtusophapbds V€ HY(D), €>0, £=00ndDNQ.
D

Hence we arrive at

/ (i — hx)enade < / tusoyhasEd, (2.21)
D D

for all ¢ € HY(D), £>0,£=00ndDNK.
Now we extend the functions hx, hy, and x{u>01hs, by 0 and denote the exten-
sions respectively by &, X, and . In particular (2.21]) holds for any ¢ € C%1(R?),¢ >
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0, with £ having a compact support in D UT”. Let £ be such a function and let
€ = dist(supp(fm), oDNQ).

Then for each y € B.(O), and € € (0, ¢0/2), the function x — £(x+y) is nonnegative,
belongs to C%!(R?), and has a compact support in D UT’. Therefore we obtain

from
[ m=ente s < [ 6@t +y)ds
R2 R2
which leads to

Low( [ 5=ttt nas)ay< [ o [ ot +vds)dy

where pe is a smooth function satisfying pe > 0, supppe C Be(O) and [, pe = 1.
Writing f. = pe * f for a function f, we obtain

/ (Re(@) = Xe(2))Enyda < / O (v)édx  VE € C¥(R?), € > 0,;supp(¢) € DUT.
R2 R2

In particular, we obtain for the function £ = min (1, @)C, with 6 > 0, ¢ €
CY1(R?), ¢ > 0, supp(¢) Cc DUTY,

5o () s

< /RQ 0. (x) min (1,@)@5 (2.22)
< /R 0. (2)¢dz.
Note that
[ -1 B
- /RZ min (1, @)(m X)) Canda (2.23)

Fe— X))
+ /RQ(EE —yﬁ)<min (1, %))mgd;ﬂ.

As § — 0, we have
)+

/R2 min (1, (E%)(Ee — X ) oy dr — /}R2 (Fe —X.) T Copda (2.24)

[ (i (. 55 o

and

- / . Eva %(Ee a Ye)—‘r(ﬁa - XE)JUzdx

R2N{0<Fe—X.<8} (2-25)
= / S (win(8, (R, ~ X)*)))asde

r2 20

= /]R2 (min(4, (R — X6)+))2€;—§d:ﬂ — 0.
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It follows from (2.22))-(2.25)) that
/ (Fe — X.) T Copdr < 0.Cdx
R? R?

which by letting € — 0 leads to
[ =0 hnde < [ qumoyhan (226)
D D

Taking ¢ = (1 — Hs(u))¢ with ¢ € HY(R?), ¢ > 0, supp(¢) € DUT’ in (2.26), we
obtain

/D h(k — X)+ng2d$

(2.27)

< / (1~ Hs ()X usoyhes o + / Chiss — x)™ (H5(0))
D D

Since x =1 a.e. in {u > 0} and x < 1, we have

/ Ch(k —x) " (Hs(u)) g, dx = / Ch(k —1)T(Hs(u))p,dz = 0. (2.28)

D Dn{u>0}
Then we deduce from (2.27)—(2.28) that
[ =0t eda < [ (= How)xpoohacie (229)
Letting § go to 0 in (2.29)), we obtain
/ h(k —X)"Copdr <0 V¢ € HY(D), (>0, (=00ndDNQ
D

which completes the proof of the lemma. ([

Proof of Theorem[2.10} Let D be a domain below I' given by D = ((a,b)) X
(yo,00)) N Q, with {yo} x (a,b) C Q. By Lemma we have for ¢ = I(z1)(y —
Yo)x(D), where I(z1) = (z1 — a)(b— 1)

/ h(k —x)t(z1 —a)(b—z1)dxr <0
D

which leads to (k —x)™ =0 a.e. in D and x < x a.e. in D. Since this holds for all
such domains D, we obtain x > k a.e in ). (I

Corollary 2.12. Let (u,x) be a solution of (P1) and let T = {(x1,v(2z1)), 21 €
(a,b)} C T, with ag < a < b < by. Assume that

B(z, »)

T]/2 >1 a.e. in F/.

Then we have u > 0 and x =1 below .

Proof. Let D = ((a,b)) X (yo,00)) N such that {yo} X (a,b) C Q2. We deduce from
Theorem [2.10] and the assumption that x = 1 a.e. in D. Using (P1)(ii) and (L5,
we obtain div(a(x)Vu) = —hg, < 0 in D, which leads by the maximum principle
to either u =01in D or w > 0 in D.

Now, assume that v =0 in D and let ¢ € H*(D) with ¢ > 0in D and ¢ = 0 on
0D N Q. Since +x(D)& are a test functions for (P1), we have

/ Wew = | Bla,0)Cdo(a)
D I
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which becomes after integrating by parts and taking into account (|1.5)

[ lao) = ha)aota) = = [ ¢, <0,

Since ( is arbitrary, we obtain 8(x, ) — hre < 0 a.e. in I, which contradicts the
assumption. O

3. A BARRIER FUNCTION
For the rest of this article, we assume that
aeCr*(Q), aec(0,1), (3.1)
he, < co in D'(Q). (3.2)

In this section, we construct a barrier function that will be used in Section 4 to
establish the continuity of the function ¢.

Theorem 3.1. Let (u,x) be a solution of (P1). Then u e CYH(R).

loc

Proof. We refer to [13] when H(z) = h(z)e, and to [14] or [22] for more general
situations.

Let (z11,25), (T12,25) € Q such that x1; < z12. We assume that e = 215 — 213
is small enough to guarantee that

(z11 — €, 712 + €) X (T4, Ty + 2¢) CC Q.

Let Z = (211 — €,x12 + €) X (24,25 + €). We denote by v the unique solution in

H'(Z) of the problem
div(a(z)Vv) = —h,, in Z
(a(z)Vv) - (3.3)
v=op(x)=¢c(xzy +€—22)T on IZ.

O

Remark 3.2. Under the above assumptions on a and h, we deduce from (3.3)) (see
remark subsequent to [I7, Corollary 8.36 p. 212]) that v € cle (ZU (11 — €, 12 +

loc
€) x {z, + €}). Moreover, we have for a positive constant C' independent of ¢, the

following gradient estimate as in [I3]:
[Vou(z)| < cl=3) vreT= [11, 1] X {25 + €} (3.4)

Let us extend the function v by 0 to D = ((xn,xu) X (§2,+OO)) N Q, and let
0=xH{v>0}H+ %X({v = 0}). The main result of this section is the following
Lemma.

Lemma 3.3. Assume that for some positive number p we have

h(z) — Bz, p(z) >up onT. (3.5)

Vo

Then for € > 0 small enough we have

/ (a(m)Vv + 9h(m)e) -V(¢ > / B(z, p)do(z)
D r
V¢e HY (D), ¢>0,¢(=0o0ndD\T.

(3.6)
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Proof. Let v be the outward unit normal vector to D. First we have by (1.1)), (3.4)
and (3.5]) for € small enough

a(z)Vo.w + h(z) — Bz ¢) > —AC.17) w>0 onT. (3.7)
V2
Next, for ¢ € HY(D), ¢ >0, ¢ = 0 on dD \ T, by integrating by parts and using

(3.5) and (3.7) we obtain
/ (a(x)vv + Qh(z)e) -V(dz
D

- / (a(x)Vv + Gh(x)e) -Vdx + / Bz, ) Crpdx
DN[v>0] DNfv=0] V2

- /D o (div(a(m)Vv)Jrth(x))CdxwL /F Bz, p)¢do(z)

+ /T (a(a:)Vv v+ h(z) — L(Z(p))Cdo

> /F B(z, p)Cdo(x).

4. CONTINUITY OF THE FREE BOUNDARY

This last section is devoted to the upper semi-continuity of ¢. We assume that

v € Ci2 (a0, bo), (4.1)
a€Cr¥QuUI), (4.2)
ﬂ(df, 50) - hV? € Cl%c(]:‘) (43)

The main result is the following theorem.
Theorem 4.1. Let 291 € (ag,by) such that (xo1, P(x01)) € Q and

B(zo1, v(wo1), p(*o1,7(T01)))
V2($017 7(5501))

Then @ is continuous at 1.

< h(xm,@(xm)). (44)

The proof of Theorem [4.1]is based on the following two lemmas and follows the
steps of the one of [I3, Theorem 5.1].

Lemma 4.2. Let zg = (201, To2) €  such that u(xg) =0 and

B(xo1,7(2o01), p(wo1,7(T01)))
va(zo1,7(wo1))
Then one of the following situations holds:

< h(.%‘()l, (I>(ac01))

(i) There exists 11 < xo1 such that u(z1,v(z1)) =0 for all x1 € (x11,T01).
(ii) There exists w12 > xo1 Such that uw(xy,vy(x1)) =0 for all 1 € (zo1,212).

Proof. Let 1> 0 small enough and Z, = ((zo1 — p1, To1 + p1) X (w02, +00)) N Q2. We
denote by v the unique solution in H!(Z,,) of
div(a(z)Vv) = —hg, in Z,

v=¢(x) =7(x1) —z2 ondZ,. (45)
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We have (see [I7, p. 212]) v € C’llof‘(Zu url,), where I'), = {(z1,7v(z1)) / #1 €
(xo1 — p, o1 + ) }. Moreover, given the sign of the functions v(z1) — z2 and h,,,
we have by the maximum principle v > 0 in Z,,.

Since B(z, @) < h(x)ve at To = (xo1, Y(x01), there exists by (4.2)-(4.3) a positive
real number A, such that

B(z, ) < h(z)va + Aca(z)(Vv) v on Ty /s. (4.6)
Since u(xg) = 0, and v is continuous, there exists p; € (0, 1/2) such that

u(z1,22) <A min  v(z) Va € By, (zo). (4.7
z€B,,/2(x0)
By Proposition [2.9] one of the following situations holds

(1) there exists (3311, 1‘21) (S BHI (.730) such that z1; < o1 and u(xn,xgl) =0
(11) there exists (Ilg, ZL'QQ) S B#l (CIJO) such that T11 > To1 and u(l’lg,fﬂzg) =0

Let us assume for example that (i) holds. Set x5, = max(xg2,x21), Z = ((xn, Zo1) X
(gz,—i—oo)) N Q, ve = Aw and assume that p; is small enough. Since (211, x01) X
{£2} C E#l (xo)v we have by ‘)

U(Z’l,&Q) S /Ue(xla£2)a vxl S (xlla'rol) (48)

Moreover, since u(z11,25) = u(xo1,z5) = 0, we obtain by Proposition (ii) that

u(z11,x2) = w(xor, r2) =0, Vrs > x4 (4.9)
Taking into account (4.8))-(4.9), we have u < v, on (0Z) N Q. Therefore we obtain
by using (u —ve)Txz € H'(Q) as a test function in (P1) (ii) and (4.5)

/Z (0(2) Va4 1h(2)e) ¥ (u — v0)*de

(4.10)
= / B(z, ¢ —u)(u —ve)Tdo(x).
(8Z)nr
/ (a(z)Vu+ h(z)e)V(u — v ) tdx
7 (4.11)

= / (Aea(z)(Vv) - v + h(z)va)(u — ve) tdo(z).
(6zZ)nr

Subtracting (4.11)) from (4.10) and using (4.6) and the fact that xh(x)eV(u —

ve)T = h(z)eV(u—ve)T a.e. in Z, we obtain
/ a(z)V(u—v)t - V(u—v.)Tdr
z
— [ (B 0) = Ma@)(V) v - b w) o) (112
(92)nr

< / (B(x, ©) — Aea(z)(Vv) v — h(x)l/g)(u —v)tdo(x) <0.
(82)nT

We deduce from (4.12)) and (1.2)) that V(u—v.)" = 0 a.e. in Z. Since (u—v,)" =
on (0Z) N Q, we obtain u < v, in Z and in particular u(z1,v(x1)) =0 V €
($11,3301)-
If (ii) holds, in a similar way we obtain that w(zq,v(z1)) =0 Va; € (zo1,z12).
O
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Lemma 4.3. Let € > 0 small enough and let v be the barrier function defined by
(3.3). Assume that (u,x) is a solution of (P1) such that:

u(xy, o) < v(xy,ze)Vry € (211, T12) (4.13)
u(zin,x) =0 i=1,2 (4.14)
u(zy,v(x1)) =0 Vi € (211, T12). (4.15)

Then for 6 >0 and Ds =D N{v >0} N{0<u—v<d} we have

lim ! / a(z)V(u —v)".V(u—v)Tdr = 0.
5—0 0 Ds

Proof. Let 6, > 0. We consider the function d,(x2) = H,(xs — T2), where H,(s)
was defined in and To = z, + €. Then we introduce the non-negative function
¢ = Hs(u —v) + d,(1 — Hs(u)) which belongs to H*(D) N L>°(D). Using the fact
that d,(z,) = 0 and ([£.13), we see that ¢ vanishes on {z = z,}. Therefore by
Lemma 2.11] we have

/D (a(2)Vu + vh(2)e)V(Hy (1 — v))da
< / B, — w)(Hs(u — v) + dy(1 — Hy(u)))do(x) (4.16)
T
- /D (a(2)Vu + xh(x)e)V(dy (1 — H(u)))da.

Given that u(z1;,2,) = 0 for ¢ = 1,2, from Proposition (ii) we deduce that
w(wyi, x2) = 0,Vry > xo,7 = 1,2. This leads to

w(zis, v2) < v(w1i,T2), Yao > x9, i=1,2. (4.17)

Combining (4.13)) and (4.17), we obtain v < v on 9D N €, and therefore since
Hs(s) = 0 for s < 0, we obtain Hs(u —v) = 0 on 0D NQ = dD\I'. So using
Hs(u — v) as a test function in (3.6) we obtain

7/ (a(z)Vu+0h(x)e)V(Hs(u—v))dx < f/ﬂ(x,cp)Hg(ufv)do(x) =0. (4.18)
D r

Adding (4.16]) and (4.18]), we obtain by taking into account the fact that u = 0 on
rnob,

/D (@)Y (1 — )V (Hy (1 — v))dz
< /D (6 — X)h(a)(Hs(u — 0)),,da
/ (a(2) Vi + xh(2)e)V (dy(1 — Hy(u — v)))dar

a D
4 / B, 9)dy(1 — Hy(u))do(x)
T
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Taking into account that v = 0 on I' N 0D and d,, = 0 in {v > 0} the above
inequality becomes

/ Hi(uw)a(z)V(u —v)V(u—v)dz
Dn{v>0}

< _/Dﬂ{v_()} Hj(u)a(z)VuVu — /Dm{v_o} xh(z)(Hs(w))z,dx
Bz, ¢)
+~/;m{v—0} vy (e (4.19)

+ / (a(zx)Vu+ xh(z)e)V((1 — dy)(1 — Hs(u)))dx
Dn{v=0}

+ / (a(z)Vu + xh(z)e)V(Hs(u))dx
Dn{v=0}
=0+ D+ +1+13.

We observe that I9 + I3 + I$ = 0. Moreover, integrating by parts, we have since
u=0onI'NdD

:177
1= [ seamioe) — [ P s,
I {Iz:fg} Vo
B ) (4.20)
:7/ ) (Hys (u))day < 0.
{mo=m2} V2
From (4.19)-(4.20) we obtain
/ Hj(u)a(x)V(u —v)V(u — v)dz
Dn{v>0}
g/' (a(2)Vu + xh()e) V(1 = dy)(1 — Hy(u)))dz.
Dn{v=0}
At this point the proof follows step by step the one of [I3] Lemma 5.1]. O

Proof of Theorem[/-1. Let € > 0 be small enough. Let x¢1 € (ag,bp). Set zp =
(xo1,9(z01)) = (z01,x02) and assume that z¢ € 2. Using the continuity of 8(x, ¢)—
h(zx)ve at Top = (x01,7(z01)), there exists for e small enough a positive number g,
such that

h(z)vy — Bz, 0) > pe on T ={(z1,7(z1)) : 71 € (w1 — €, w01 +€)}.  (4.21)
Since u(xg) = 0 and u is continuous, there exists n; € (0, €) such that
u(zy,2) < €& V(x1,22) € By, (20). (4.22)

By Proposition [2.9] one of the following situations holds
(i) There exists x,, = (Tn1, Tn2) € By, (x0) such that z,; < zo1, u(Tn1, Tn2) =
0 and lim, o T, = xp.
(ii) there exists &, = (zp1,Zn2) € By, (2o) such that x,1 > zo1, u(Tn1,Tn2) =0
and lim,,_, T, = xg.
Let us assume that ¢) holds. Then there exists by Lemma a positive integer n
large enough such that

u(zy,y(z1)) =0 Vi € (Tn1,zo1). (4.23)
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Set z, = max(¢(xo1), Tn2) and assume that e is small enough so that
(1 — €, 01 +€) X (25 — 26,25 + 2¢) € Q.

Let v; be the barrier function defined by in the set Z; = (zp1 — €, 201 + €) X
(4, Z5+2€). We consider the extension by 0 of vy to Dy = ((zn1,Z01) X (24, +00)) N
Q. Taking into account , we see that vy satisfies .

Now since (@p1,201) X {25} C By, (20), by we have

u(z1,29) < € =v1(w1,25) Va1 € (T01,701). (4.24)
Moreover since u(z1,2y) = u(xo1,25) = 0, by Proposition (i) we obtain
w(Tn1,x2) = u(xor, 22) =0 Vag > x,. (4.25)

Combining (4.23))-(4.25)), we see that Lemmaholds for D1 = (n1,T01) X (Zg, o+

€). Then we can argue as in [I3] to obtain for Ay = (1, 201) X (5 — €, 25 + €)

/A a(x)V(u—v1)".V{dr = 0 V¢ €D(A)

which by ([4.24) and the strong maximum principle leads to (u — v1)T = 0 in
A;. Consequently we have v < v in D; and in particular u(zi,z4 +€) = 0

Va1 € (xn1,T01). Therefore

w(ry,x2) =0 Vag >y +€=2T2, Y21 € [Tn1,To1]-
Now, by continuity of u there exists 1y € (0, zo1 — z,1) such that

u(wy,m2) < € V(x1,22) € By, (01, T2).
By Proposition there exists (£m1, Zm2) € By, (201, T2) such that
Tma > Tay,  Tma > To1, WTm1, Tme) = 0.
Set a, = T2 and assume that e is small enough so that
(Tn1 — €, Tm1 + €) X (xh, x5 + 2€) € Q.

Let vg be the barrier function defined by (3.2) in the set Zy = (zp1 — €, X1 + €) X
(ah, x5, + €). Clearly the extension by 0 of vy to Dy = ((.1301, Tm1) X (2h, +oo)) nQ
satisfies (3.6). Then, since (zo1,Zm1) X {25} C By, (xo1,Z2), we have

u(zy, xh) < €@ =vo(x1,25) Vi € (Tot, Tm1)-
Arguing as above, we show that (u — ve)™ =0 in Dy N [vy > 0], which leads to
w(wy,xe) =0 Vag > x5 +€, Var € [To1, Tmal-
Hence we have
w1, w2) =0 Voo >zh+e, Vor € [Tn1, Tml-

Note that if (ii) holds, we argue similarly to obtain the same conclusion.
We have proved that for all xo € (1, Tm1),

gZS((El)§§12+€<IZ'2+7]2+6:£2+6+7]2+6<1’02+?71+772+26<¢(£C01)+46

which is the upper semi-continuity of ¢ at zg;. (I
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