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EXISTENCE OF INFINITELY MANY SYMMETRIC SOLUTIONS
TO PERTURBED ELLIPTIC EQUATIONS WITH
DISCONTINUOUS NONLINEARITIES IN R¥Y

SHAPOUR HEIDARKHANI, FARIBA GHAREHGAZLOUEI, AREZOO SOLIMANINIA

ABSTRACT. In this article we study the existence of infinitely many radially
symmetric solutions for a class of perturbed elliptic equations with discontinu-
ous nonlinearities in RY. We determine open intervals of positive parameters
for which the problem admits infinitely many symmetric solutions. Our proofs
are based on variational methods.

1. INTRODUCTION

We consider the perturbed elliptic problem
= Apu |ufPPu = Af(|z],u) + gl w), zeRY, uweWrPRY)  (11)

where Apu = div(|Vu|P~2Vu) is the p-Laplacian operator, A > 0, u > 0, 2 <
N < p < 400, the functions f,¢: RY x R — R are continuous almost everywhere.
We recall that f is continuous almost everywhere if the set Dy = U,ern{z € R :
f(Jzl],.) is discontinuous at z} has measure zero.

Since many free boundary problems and obstacle problems may be reduced to
partial differential equations with discontinuous nonlinearities, as it arises in physics
problems, such as nonlinear elasticity theory, mechanics and engineering topics,
the existence of multiple solutions for Dirichlet boundary value problems with dis-
continuous nonlinearities has been widely investigated in recent years. Chang [4]
extended the variational methods to a class of non-differentiable functionals, and
applied directly the variational methods for non-differentiable functionals to prove
some existence theorems for PDE with discontinuous nonlinearities. Later, Hu et
al. in [0] obtained the existence of two solutions for an eigenvalue Dirichlet prob-
lem involving the p-Laplacian with discontinuous nonlinearities. Next, Motreanu
and Panagiotopoulos [I3, Chapter 3] studied the critical point theory for non-
smooth functionals and in this framework, very recently, Marano and Motreanu
[T1] obtained an infinitely many critical points theorem, which extends the Varia-
tional Principle of Ricceri [15] to non-smooth functionals, and applies the result to
variational-hemivariational inequalities and semilinear elliptic eigenvalue problems
with discontinuous nonlinearities. In [2] Bonanno and Molica Bisci presented a more
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precise version of the infinitely many critical points theorem of Marano and Motre-
anu, and as an application of their result, they ensured the existence of infinitely
many solutions for a two-point boundary value problem with the Sturm-Liouville
equation having discontinuous nonlinear term. In [7] the authors employing the
same critical points theorem of Marano and Motreanu, investigated the existence
of infinitely many radially symmetric solutions for a class of differential inclusion
problems. In [I7] the authors using a three critical points theorem for a non-
differentiable functional and a Sobolev embedding result, established the existence
of three radially symmetric solutions for the problem , in the case u = 0.

In the present paper, under some appropriate hypotheses on the behavior of the
potential of f, under a condition on the potential of g, at infinity, we ensure the
existence of infinitely many radially symmetric solutions for the problem ; this
is done in Theorem We also list some special cases of Theorem (3.1} Further,
replacing the conditions at infinity of the potentials of f and g, by a similar one at
zero, the same results hold and, in addition, the sequence of symmetric solutions
uniformly converges to zero; this is done in Theorem The abstract approach
is fully based on the critical point theorem proved in [2]. Our approach here is in
the one dimensional setting and is different from that employed in [7] in which the
author directly discussed the existence of infinitely many solutions for the original
differential inclusion problem, while here by setting p = |z| and treating as an
ordinary differential equation we establish the existence of infinitely many solutions
for the ordinary differential equation which will be observed later (see (3.2))), and
since the solutions of the ordinary differential equation are the solutions of the
problem , we have the results for the problem .

A special case of our main result is the following theorem.

Theorem 1.1. Let f : RY x R — R be continuous almost everywhere, and assume
that for each § > 0 there is a constant M such that

sup |f(p, 2)| < Ms,
|1<8

where p = |z|, and that for all z € D(f) the condition f~(p,z) < 0 < f*(p,z)
implies f(p,z) = 0, where

f7(p,2) = lim essinf._¢i<5 f(p, C),
N (1.2)
fH(py2) = lim esssupj. <5 f(p,€)-

Put .
Fpt) = [ So9)is. peRTUQO} teR,
0
Assume that
T sup e Fp )N tdp
lim inf =
£—+o00 €p
D
2 F(p,&)pN~tdp

lim sup fo
£—+o0 é’p

0,

=+oo for some D > 0.

Then, the problem
—Apu+ [ulP2u = f(|z],u), xRN, wuecWHP(RY)

admits a sequence of symmetric solutions.
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2. BASIC DEFINITIONS AND PRELIMINARY RESULTS

For basic notation and definitions on the subject, we refer the reader to [I [3, 12
T4]. Let (X, |- |lx) be a real Banach space. We denote by X* the dual space of X,
while (-, -) stands for the duality pairing between X* and X. A function ¢ : X — R
is called locally Lipschitz if, for all © € X, there exist a neighborhood U of u and
a real number L > 0 such that

lp(v) —o(w)| < L|jlv —w|x for all v,w € U.
If ¢ is locally Lipschitz and u € X, the generalized directional derivative of ¢ at u
along the direction v € X is

plw +7v) — p(w)

©°(u;v) ;= limsup
-

w—u, 7—01

The generalized gradient of ¢ at u is the set
Op(u) :={u" € X" : (u",v) < ¢°(u;v) for all v € X}.
So dp : X — 2% is a multifunction. We say that ¢ has compact gradient if dyp

maps bounded subsets of X into relatively compact subsets of X*.

Lemma 2.1 ([13| Proposition 1.1]). Let ¢ be a functional in C*(X). Then ¢ is
locally Lipschitz and
o (usv) = (¢ (u),0) for all u,v € X;
dp(u) ={¢ (u)} forallu € X.

Lemma 2.2 ([I3], Proposition 1.3]). Let ¢ : X — R be a locally Lipschitz functional.
Then ¢°(u;-) is subadditive and positively homogeneous for all u € X, and

©°(u;v) < Ljv||  for all u,v € X,
with L > 0 being a Lipschitz constant for ¢ with respect to u.
Lemma 2.3 ([A]). Let ¢ : X — R be a locally Lipschitz functional. Then ¢° :
X x X — R is upper semicontinuous and for all A >0, u,v € X,
(Ap)®(u;v) = Ap®(us v).
Moreover, if p,v : X — R are locally Lipschitz functionals, then
(p+9)°(u;v) < ©°(u;v) + ¢°(uyv)  for all u,v € X.

Lemma 2.4 ([I3, Proposition 1.6]). Let v,% : X — R be locally Lipschitz func-
tionals. Then
() (u) = MNd¢(u) for allu € X, A € R,and

Ao + ) (u) C dp(u) + dp(u) for allu € X.

We say that u € X is a (generalized) critical point of a locally Lipschitz functional
@ if 0 € dp(u), i.e.,
©°(u;v) >0 forallv € X.
When a non-smooth functional, g : X — (—o00,+00), is expressed as a sum of a
locally Lipschitz function, ¢ : X — R, and a convex, proper, and lower semicon-
tinuous function, j : X — (—o0,+00), that is, g := ¢ + j, a (generalized) critical
point of g is every u € X such that

@ (u;v —u) +j(v) = j(u) 20
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for all v € X (see [13} Chapter 3]).
Let the space

WLP(RYN) = {u € LP(RY) : Vu € LP(RV)},
be equipped with the norm

oy = ([ (Vu@)l? + futa)Pyie)

The action of the orthogonal group O(N) on W1P(RY) can be defined by gu(z) =
u(g~'z) for every g € O(N), u € WHP(RV) and z € RV (see [16]), and we can
define the subspace of radially symmetric functions of W1P(RY) by

WEP(RYN) = {u e WHP(RY) : gu = u,Vg € O(N)}
equipped with the norm

+o0
oy = ([ (0GP + ()0~ dn)

As pointed out in [7, Theorem 3.1], since 2 < N < p < 400, WP(RY) is compactly
embedded in L>(RY). In particular, there exists a positive constant k& > 0 such
that

1/p

1/p

sup  [u(p)] < kllullyir s, (2.1)
p€[0,+00]

for each u € WLP(RY).

Hereafter, we assume that X is a reflexive real Banach space, ® : X — R is
a sequentially weakly lower semicontinuous functional, T : X — R is a sequen-
tially weakly upper semicontinuous functional, A is a positive parameter, j : X —
(—00,400) is a convex, proper, and lower semicontinuous functional, and D(j) is
the effective domain of j. Write

U.="T -7, I,:=® - AU = (D — AT) + \j.
We also assume that @ is coercive and
D(j) N & (—o0,7) £ 0 (2.2)

for all » > infx ®. Moreover, owing to (2.2]) and provided r > inf x ®, we can define
(Sque@—l(—ooW) \II(U)) B \Il(u)

= inf
QO(T) ue-i)*llI%—oo,T‘) T — (b(u) '
v i=liminfo(r), 6= Tjgﬁ;n£)+ o(r).

When ® and Y are locally Lipschitz functionals the following result is proved in [2
Theorem 2.1]; it is a more precise version of [I1}, Theorem 1.1] (see also [I5]), which
is the main tool to prove our results.

Theorem 2.5. Under the above assumptions on X, ® and ¥, one has

(a) For every r > infx ® and every A € (0,1/¢(r)), the restriction of the func-
tional I, = ® — AU to ®~1(—oc0,r) admits a global minimum, which is a critical
point (local minimum) of I in X.

(b) If v < 400, then for each A € (0,1/7), the following alternative holds: either

(bl) I, possesses a global minimum, or

(b2) there is a sequence {un} of critical points (local minima) of Iy such that

lim,, 400 P(u,) = +o0.
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(¢) If § < 400, then for each A € (0,1/4), the following alternative holds: either

(cl) there is a global minimum of ® which is a local minimum of Iy, or

(c2) there is a sequence {uy} of pairwise distinct critical points (local minima)
of I\, with im,_, ;. ®(u,) = infx ®, which weakly converges to a global
minimum of .

3. MAIN RESULTS

Let f: RY x R — R be continuous almost everywhere and assume that for each
01 > 0 there is a constant Mjs, such that

sup |f(lzl, 2)[ < Ms, . (3.1)
|z]<81

Since z is away from the origin, we set p = |z| and treat (1.1) as an ordinary
differential equation. Thus we write u(p) instead of u(x), and the problem (1.1)
corresponds exactly to

— (PN o)) + PN e(u) = AN (p,w) + pp™ g (o) (3.2)

where ’ denotes d% and ¢(s) = |s|P~2s. Put

F(p,t)=/0tf(p,8)ds, peRTU{0}, teR.

Pick D > 0 such that S(0, D) C RY where S(0, D) denotes the ball with center at
0 and radius of D, and let wy be the volume of the N-dimensional unit ball.
Our main result is stated using the following assumptions:

(A1) F(p,t) >0 for all (p,t) € [Z,+00) x (RT U{0});

(A2)
—+oo _
— Jo 7 (supjy<¢ F(p, 1) p™ " dp
£—~+o0 fp
D
1 . Jo? Flp,&)pNtdp
< N7 2P T lim sup ;

(A3) for all z € D(f) the condition f~(p,z) <0< f*(p, z) implies f(p,2) =0,
where f~(p,2) and fT(p,z) are given as in (1.2)).

Put
o enDY(E( - sr) + 1)
1= -
2 N-1
plimsup,_, ;o W
o f+<>0(sup F(P7t))pN_1dp 4
Ag 1= (pk” 1512141_1015 0 \t|§€§p ) .

Suppose that g : RY x R — R is continuous almost everywhere, and for
d2 > 0 there is a constant M;, such that

sup |g(|x], 2)| < Ms,, (3-3)

[2]<d2
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(A4) for all z € D(g) the condition g~ (p,2) < 0 < gT(p, z) implies g(p, z) = 0,
where
(

g9 (p.z) = lim essinfl._¢j<59(p,¢), 9" (p,2) = lim esssup._¢1<59(p; ),

whose potential G(p,t) = fot g(p,s)ds, p € RTU{0}, t € R, is a non-negative
function satisfying the condition

o7 (suppy<¢ G(p, ) pN " dp
£—+o0 &p

< +o00. (3.4)

Set

+oo N-1
1 Jo ~ (suppy<e Flp, 1) p™ dp
= (1 _ D1 0 [t]<¢ )
Hor = S (1= ok imiaf & |
Theorem 3.1. Under assumptions (A1)—(A4), for each A €A1, A2| and for every
w € [0, pg [, problem (1.1) has an unbounded sequence of symmetric solutions.

Proof. To apply Theorem to our problem, we take X = W'P(RM). Fix
A €]A1,A2] and let g be an almost everywhere continuous function satisfying the
condition (3.4). Arguing as in [I], we follow the proof in the case y > 0. Since,
X < \g, one has

+oo N-1
- Jo (supy<e Flp,1)p" ~'dp
s = 1 — X pk? lim inf 22 = )>0.
Hax = prage (L= Ak min &

A2
1+pk?’%)\2goo
ve = Ay and A €]y, vaf. If goo # 0, since 1t < Py x> We obtain

Fix o ‘5]07ng[ and set vy := A\; and vy 1= . If goo = 0, clearly, 17 = Aq,

b
+ + Pk g < 1,
A2

and so

I T
1+ pkp%AQ.goo

)

namely, A < v,. Hence, since A\ > A\; = vy, one has A €lv1, v2[. We now set

1o, - e I N-1
B) = il T = [ 1P+ 5600

ju) =0, W(u) ="T(w)—ju) = T(u)

for each u € X. Clearly, the functional ® is locally Lipschitz and weakly sequen-
tially lower semi-continuous. Put I5 := ® — AV, Since f and g satisfy and
(3-3), respectively, and W,»P(R") is compactly embedded in L>(RY), the assertion
remains true regarding ¥ too (see [8, [9]). By a simple computation, we obtain

d®(u)
du

+oo

— [ Py e .
0

From Chang [4, Theorem 2.1], we have

OU(w) = [(/~ (o) + K9~ (o)™ (¥ (o) + &

9" (. w)p™ 1.
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So the critical point of the functional I5 is precisely the solution of the differential
inclusion

= (P o)) + pN T b (u)

b A i 3.5
e A/ (pu) + %9’(0, w)pN L (fF (pyu) + %g*(p, u))p™N 1] (35)

for p € [0,+00]\(u™! (D) Uu"(Dy)).

Since m(Dy) = m(D,) = 0, we can obtain —(p™ ~1¢(u’)) + pN e (u)) = 0 for
almost all p € u=1(Dg)Nu~1(D,). On the other hand, in view of Assumptions (A3)
and (A4), we obtain f(p,u(p)) = 0 for almost all p € u=1(Dy) and g(p,u(p)) =0
for almost all p € u‘l(Dg), respectively, i.e.

— ("t o(u) + PN o) = XN f(p,w) + Ep" T g(p, ) (3.6)

for almost all p € u=(Dy)Nu='(D,). Combining and (3.6), we can obtain that
the solutions of the problem (3.2) are exactly the critical points of the functional
I5. Now, we claim that v < +oo0.

Let {&,} be a sequence of positive numbers such that &, — 400 as n — oo and

Jo 7 (supjy<e, [F(p,t) + EG(p, 1)) p™ ~2dp

RS "
+o0 3 -
Sy T Guppy<e[Fp,t) + EG(p, t)])pN tdp
= lim inf .
£—+o0 €P
Put r, = %(%)p for all n € N. Bearing in mind (2.1]), we have

O (—o0,rp) ={uc X;®(u) <r,}
(€ Xl gy < P70}
€ {u € X: u(p)] < & for all p € [0, +oc]}.

Hence, taking into account that infy ®(0) = 0 and ¥(0) = 0 for every n large
enough, one has

(SUPyed-1(—co,r,) Y(v) — ¥(u)

ueP—1(—o0,ry) Ty — ‘P(u)
SUDPyed—1(—o0,ry) U(v)
Tn
< Jy ™ (supp<e, [F(ﬂ t)+£G(p, t)})pN‘ldp
- L(s)r
< Jo " (supjy<e, Flp1))p™dp Efo+oo(5up|t\§£n G(p, t))pN‘ldp'
a %(%)p A %(%)p

From Assumption (A2) and the condition (3.4) one has

+oo _ +o0 _
G F(p,t))pN 1dp+ i Edo (U<, G(p,t))pN " dp

n—00 %(%)P n—oo )\ %(%’)P

< +00,
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from which it follows that

Sy T (suppy<e, [Fp t) + EG(p, 1)) pN tdp

lim i < +00

n—oo 5(7)12
Therefore,

sup F(p,t)+ EG(p,t)])pN1d
+ < liminf o(r,) < lim fo ( |t\<5L[ (i’ . 5\ (p:1)])p P<+OO' (3.7)
n——4oo n— 00 ;(f)P
Since
Jo T (suppy < [F(p, t) + EG(p, 1)) pN~'dp
Ko
Jo % (suppy<e Fp,t)pN"dp 71 [y > (supy < Glp, )N tdp

)

L5
taking into account ([3.4)), one has

Jo (sup¢ < [F(p t) + &G (p, t)])pN " "dp

lim inf
e & (3.8)
+ _ . .
< i int Jo 7 (suppy<¢ Flp, t)pN~'dp L
— §_>+OO é-p Xgoo.
Since G is nonnegative, we obtain
D _ D
2[F(p, &) + EG(p, N-1q 2 F N-1gd
Jim sup Jo2 [F(p.&) + G (p, ©)]pN"dp ~ limsup Jo* Flp, )" dp (3.9)

E—+4o0 é‘p £—+o0 é‘p

Therefore, in view of (3.8)) and (3.9), we have

A €]vy, o]
SR TIEF R
= D )
T r N-1
plimsupg__, .. Jo? [F(p,€)+ AEf(mé)]p dp

1
Joh < (supjy < [F(p, ) +EG(p,t)])pN ~1dp {
51’

pkP liminfe_ 4o

1
g]oa 7[7
v

where we used (A2) and (3.7).

For a fixed )\, inequality implies that the condition (b) of Theorem can
be applied and either I3 has a global minimum or there exists a sequence {u,} of
solutions of the problem such that lim,, . ||un || = 4o0.

The other step is to show that for the fixed A the functional I5 has no global
minimum. Let us verify that the functional I3 is unbounded from below. Since

D
1 p , Jo? Fp,&)p"'dp
=< lim sup
X S oDV (L1 )+ 1) et &
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D
2

P , Jo2 [F(p,€) + EG(p, ©)]pNtdp
< ~ T lim sup ,
LUND (ﬁ(l_ 2*]\;)"‘1) £—+o0 é.p

we can consider a real sequence {d, } and a positive constant 7 such that d,, — +00
as n — oo and

D —
1 ? [F(p,dn) + EG(p, dn)]p™ ~tdp
=<7< N2pp T Jy* [P () A (p,dn)] (3.10)
for each n € N large enough. Let {w,} be a sequence in X defined by
0 if z € RV \ S(0, D),
wy(x) = %(D —|z|) ifze€ S(0,D)\S(0, %), (3.11)
dn, if z € 5(0,2).
For any fixed n € N, it is easy to see that w,, € X and, in particular, one has
2p 1
1y < Bon DN (51 = 55) +1). (3.12)

On the other hand, since 0 < wy,(x) < d,, for every z € RV, from (A1) and since
G is nonnegative, from the definition of ¥, we infer

D

2 ﬁ _
W) > [P + K60 (3.13)
So, according to (3.10)), (3.12) and (3.13)), we obtain
1 op 1 - [= T ~
a —p N(Z 1 _ _— _ H N-1
Ixwa) < Sdon DY (550 = 50) +1) =X [ 7 [(Plo.d)+ £} dp

2p 1

1 _
— P N(Z (1 _ _— _
< pdanD ( m (1 2N) + 1)(1 AT)

for every n € N large enough. Since A7 > 1 and lim,,_ 4, d,, = +00 we have

lim I5(w,) = —o00.
i fxliom) = o0

Hence, the functional I3 is unbounded from below, and it follows that Iy has
no global minimum. Therefore, applying Theorem we deduce that there is a
sequence {u,} C X of critical points of I5 such that limy, e [[un|yy1.0 gy = +00.
Hence, since the critical points of the functional I are exactly the solutions of the
problem , and then they are the solutions of the problem , the conclusion
is achieved. O

Remark 3.2. We notice that instead of Assumption (A2) in Theorem we are
allowed to assume the more general condition

(A5) there exist two sequence {ay,} and {3, } with
2p 1 Bn

(wNDN(—(l — 5w+ 1))1/pan <t

for every n € N and lim,,, o 0, = 400 such that

400 _ D _
- Jo " (supyy <, Flp,t)pN "tdp — [,2 F(p,an)pN1dp
n (%) —on DY (Z5 (1~ ) + o,
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D
2

1 i Jo> Fp,&)pN"dp
T T im sup - .
Obviously, Assumption (A2) follows from Assumption (A5), by choosing a;,, = 0
for all n € N. Moreover, if we assume (A5) instead of (A2) and set r,, = %(%)p for

all n € N, by the same reasoning as in Theorem we obtain

. (SUPyca—1(—o0,r,) ¥ (V) — ¥(u)
o(ry) = inf
u€P—1(—o00,ry) Tn — (I)(u)

SUPyed—1 (o) T (V) = Jy  Flp,wn())pN ~dp
= 2ol e

- Jo = (supjyy<ce Flp, 0)pNdp — [F F(p,cn)pN~dp

T R e DY (5 (- ) + Dl

where w,,(z) is defined as given in (3.11)), for z € RN with «,, instead of d,,. We
then have the same conclusion as in Theorem with Ay replaced by

\, (p - f0+oo(sup|;§5 F(p, t))pN;dp - folg F(p, an)ledp) -1
T (B — o DY (B (L= ) +
The following result is a special case of Theorem with = 0.
Theorem 3.3. Assume that (A1)—(A3) hold. Then, for each
wyDN (£ (1= gx) +1)

<

)

AeE N Z::| o) s
plimsup,_, W
1
pk? liminf_ o, 2 CPize Mool dp |
the problem
— Apu+ [ulP2u = Af(|z|,u), RN, uweWH(RY) (3.14)

has an unbounded sequence of symmetric solutions.
Here we point out the following consequence of Theorem [3.3]

Corollary 3.4. Assume that (A1) and (A3) hold. Also assume that:
(AG)
foJroo(SUngg F(p,t))pN~tdp 1

lim inf & < op
(A7)
D/2 N-1
. Jo T F(p,&pNldp 1 N, 2P 1
e A T

Then the problem
—Apu+ [uP2u = f(|z],u), zeRY, weWHP(RY)
has an unbounded sequence of symmetric solutions.

Remark 3.5. Theorem is an immediately consequence of Corollary
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Now, we point out a special situation of Theorem [3.3]when the nonlinear term has
separable variables. To be precise, let a be a continuous function such that «(|z|) >
0ae € RN, a#0,andlet h: R — R be non-negative and continuous almost
everywhere; namely, m(Dy) = 0 where D), = {z € R, h(z) is discontinuous at z}.
We also assume that for each ¢ > 0 there is a constant M, such that

sup |h(z)] < M,.

|z|<e
Put H(t) = f(f h(s)ds, t € R. Then, we have the following consequence of Theorem
B.1
Theorem 3.6. Assume that

(A8)
D
H 2 N—ld H
lim inf (©) < fo a(p)p p lim sup (5)

§oroe & krun DV(F5(1 - o) + 1)) alp)pNdp) emree €
(A9) for all z € D(h) the condition h™(z) < 0 < h'(z) implies h(z) = 0, where
- _ . . + _ .
h=(z) = 61_1)I(I)l+ essinf|._¢cj<5h(¢), h'(2)= 61_1)I(I)I+ eSS SUP|,_¢|<s h(¢).
Put
wn DN (F5 (1 — 5v) +1)

Az ::} ) - H(E)'
p(Jy> alp)pN~tdp) limsup,_ , o “g
1

pkp( f0+<><> a(p)pN—1dp) lim infe . | o Iif(f) [

Suppose that g : RN xR — R is an almost everywhere continuous function such that
for 62 > 0 there is a constant Ms, such that holds, and satisfies (A4), whose
potential G(p,t) = fotg(,o, s)ds, p € Rt U{0}, t € R, is a non-negative function
satisfying the condition . Set

400
(1 - )\pkp(/ a(p)pN tdp) liminf
0

§——+o0

o= — H(é‘)).
PkPgoo &v
Then, for each A € Ay and for every pu € [0, i \[ the problem
— Apu+ [uP2u = |z h(uw) + pg(jz|,u), =€ RN, weWHP(RY) (3.15)
has an unbounded sequence of symmetric solutions.
Next we give an example where the hypotheses of Theorem are satisfied.

Example 3.7. Let 2 < N < p < +oo and h: R — R be defined by

e*, z<2,
h(z) =40, 2z=2,
22, 2> 2.

The function & has only one discontinuity point at zp = 2 where h(zp) = 0. Hence,
the condition (A9) is satisfied. A direct calculation shows that
ef—1, z2<2,
H(z) =40, z=2,
233,  z>2.
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Therefore,
su Ht H
lim inf HMPij<e 7 ®) =0, limsup 7(5) = +o00,
§—Foo 134 §—+o0 &p
and we observe that (A8) is fulfilled. Hence, using Theorem the problem
_ h(u) 91(u)
_A p—2 — )\ RN
U+ [ulP "y (1+|x|2)2+ul+|m|2’ T e ,
where
e*, z<2,
n(z) = {0, z > 2.

for every (A, p) €]0, +00[Xx[0, +00[ admits an unbounded sequence of radially sym-
metric solutions in WP (RY).

Arguing as in the proof of Theorem [3.1] but using conclusion (c) of Theorem
instead of (b), the following result holds.

Theorem 3.8. Assume that (A1) and (A3) hold and

(B1)
+oo B
Sy (supp<e Flp, 1) pN " dp
lim inf
£—0t v
D
; f02 F(p,&)pN~dp
< 2P 1 hmsup )
ErwonDN (551 — 5%) + 1) ¢mot &
Put
wy DN (F5(1 = 5iv) +1)
Ag = 2 .,
plimsup,_, o+ W
Ay = 1
o Jo" " (supyy ¢ Flpit))pN ~tdp

pkP liminfe_, o+ 7

Suppose that g : RN x R — R is continuous almost everywhere, and that for 6 > 0
there is a constant Ms, such that (3.3) holds, and satisfies (A4), whose potential
G(p,t) = fgg(p, s)ds, p € Rt U{0}, t € R is a non-negative function satisfying the

condition N
*(su G(p,t)pN—1d
g0 = Jlim, Ut pt'<§£p(p Do dp o (3.16)
and set
Jor (supyy<e Flp, £))pNdp
_ _ Pl <
flg,\ = kP30 (1 Apk hgrg(l]rlf & )

Then for each X €], Aa[ and for every p € [0, fig z[, problem (1.1)) has a sequence
of symmetric solutions, which strongly converges to 0 in WIP(RY).

Proof. We take X, ®, T, j, ¥ and I, as in the proof of Theorem [3.1] By a similar
way as in the proof of Theorem we show that § < +oo. For this, let {£,} be a
sequence of positive numbers such that &, — 07 as n — +oo and

+oo )
lim 0 (supjy<e, [F(p,1) + 5G(p,t)])p™ 1dp<

n——+oo fg

+00
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Setting r,, = %(%)p for all n € N, arguing as in the proof of Theorem it follows
that 0 < 4o00. Fix A €]A3, \4[. The functional I does not have a local minimum
at zero. Indeed, let {d,} be a sequence of positive numbers and 7 > 0 such that
d, — 0% as n — oo and

G(p,dn))pN~tdp

n

Z1F(p, dy) +
<r< p fo[(p )

1 , 3.17
A wnDN(Z(1— &)+ 1) (3.17)

Q. [>I=l

for each n € N large enough. Let {w, } be a sequence in W,}?(RY) defined as given

in (3.11). According to (3.12)), (3.13]) and (3.17)), we obtain
D

2 Ay A TR+ PG d Nl
or(l—5x)+1) - ; [F(psdn) + S G (p. dn)]p™ " dp

1 2p 1
~p N < o o
< danD ( " (1 2N) -+ 1)(1 /\7‘) <0

1
I(wy,) < =dbwn DN (
p

for every n € N large enough. Since I)(0) = 0, this means the functional I does not
have a local minimum at zero. Hence, the part (c) of Theorem concludes that
there exists a sequence {u, } in X of critical points of Iy such that ||u, ||er,p(RN) —0
as n — 0o, and the proof is complete. O

Remark 3.9. Note that Assumption (B1) in Theorem could be replaced by
the more general condition

(B2) there exist two sequences {a,,} and {f3,} with
2p 1 On

(wNDN(—(l — o)+ 1))1/pan <t

for every n € N and lim,, ;o 3, = 0 such that

s . o _
Jo % (supyy<5, Flp,t)p™ "dp — [,? Flp, an)p™tdp

lim

n—-+oo (Be)p —wn DN (21— 5k) + 1)ah
D
1 . Jo? Flp,&)p™N"dp
< N T lim sup .
wND (ﬁ(l_ QTV)'Fl) £—0+ fp

Remark 3.10. We observe that in Theorem Corollary and Theorem
by Theorem and replacing £ — +oo with £ — 07, by the same reasoning, we
have the conclusions, £ — 400 replaced by & — 07, but the sequences of symmetric
solutions strongly converge to 0 in WP(RY), instead.

We here give the following example to illustrate our results.
Example 3.11. Put N =2 and p=3. Let f : R — R be defined by
1, (z—1)€]0,1]\C,
- [ Enepn
0, otherwise

where C is the “middle third set” of Cantor. Clearly, m(Dy) =m(1+C) =0 and
for each z € Dy one has f(z) = 0. A direct calculation shows

o) = {z (z—1) e[0,1]\C,

0, otherwise.
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Therefore,

sup F(t F
lim inf \tlgizf() =0, limsup (35)
£—0t ¢ e—ot &
Hence, taking Remark[3.10] into account, by the similar result to Theorem[3.8, for a
fized continuous almost everywhere function g : RN x R — R satisfying the required
assumptions in Theorem [3.8, the problem

—Agu+ ulu = Mf(u) + pg(z),uv), =eR? ue W 3(R?),

= 400

for every X €]0,400[ and pu lying in a convenient interval, admits a sequence of
symmetric solutions, which converges strongly to 0 in W13 (R?).

We now consider the problem
— Agu+ lul""2u = Aa(@) f(u) + pBx)g(u), xRN, we WIPRY) (3.18)

where A\ > 0 and p > 0 are two parameters, a, 3 € L*(RY) N L>®(RY) are radially
symmetric, a, 3 > 0, o, 8 Z 0, f,g : R — R are non-negative continuous almost
everywhere, namely, m(Dy) = 0 where Dy = {z € R : f(z) is discontinuous at z},
and m(Dy) = 0 where Dy, = {z € R, g(2) is discontinuous at z}. We also assume
that for each ¢; > 0 there is a constant M,, such that

sup [f(2)] < M., . (3.19)

|z|<en
Let koo be the embedding constant of W1?(RY) ¢ L>(RY); we obtain

sup |u(@)] < koollullwrr@y),
RN

and koo < 2p(p — N)~1 (see [7]). Put

t) :/0 f(s)ds, teR.

Next we have an existence result under the following assumptions:
(A10)

fo e ol @) FE) el 21 (s0,2)) timsup 2.
E—o0 & KEownDN(Z5(1— k) +1) ¢otoo &P

(A11) for all z € D(f) the condition f~(z) <0 < f*(z) implies f(z) = 0, where
f(z)= 513& essinf|,_¢j<5 (), fT(2) = 513(% esssup|._¢<s f(C)-

Put
N e wnDV(Z5(1— 5%) + 1)
: RIGE
pHO‘HLl(S(O,%)) lim supe_ ;o 5(§)
1

n 3 . F .
Phool|al| 1y liminfe 4o 5(pﬁ)

Suppose that g : R — R is a non-negative continuous almost everywhere function
such that for each to > 0 there is a constant M,, such that

sup g(z) < M,,, (3.20)

[2|<e2
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(A12) for all z € D(g) the condition g~ (z) < 0 < g*(z) implies g(z) = 0, where
9~ (2) = lims o+ essinf,_¢<59(C),97(2) = lims_ o+ esssup._¢|5 9(C),
whose potential G(t) = fg g(s)ds, t € R, is a non-negative function satis-
fying the condition

. G(&)
900 = 1By Jim e < T (3.21)
and set
_ 1 ()
l — _ P
g = o (1 APKEG[|Bll 1 oy lim inf =22 )

Theorem 3.12. Under assumptions (A10)—-(A12), for each A €]Xs, Ag[ and for ev-
ery p € [0, ﬂ;’)\[, problem (3.18) has an unbounded sequence of symmetric solutions

in Whp(RY).
We remark that no symmetry requirements on the nonlinear terms f and g are
needed.

Proof of Theorem[3.13. Fix A and p as in the conclusion. Take X = WLP(RY)
and define the functionals

B0) =l ey X0 = [ la@F (@) + 5B Gl

J(u) =0, ¥(u) =T(u) —j(u) = T(u)

for each u € X. Put I = ® — AU. Clearly, the functional ® is locally Lipschitz
and weakly sequentially lower semi-continuous. Since f and ¢ satisfy and
, respectively, and WP(R¥) is compactly embedded in L>(RY), the asser-
tion remains true regarding I too. Moreover, like for Theorem we obtain that
any critical point u € WP (RY) of the functional I, is a solution of the problem
(3.18)). Thanks to a non-smooth version of the principle of symmetric criticality
introduced by Krawcewicz and Marzantowicz [I0], we can obtain any critical point
of I§ = IA|WT1,p(RN) will be also a critical point of Iy. Consider a real sequence {d,, }
such that d,, — +00 as n — oo. Let {w,} be a sequence in WHP(RY) defined as in
(3-11). It is easy to verify that w, € W"P(RY) and it is radially symmetric. Since
0 < wy,(z) < d, for every z € RY, and f and « are non-negative, one has

/ o(2) F(wn (x))dz > 0.
S(0,D)\S(0,2)
Hence, one has

/]RN a(z)F(wy,(z))dz = /S(o,g’ a(w)F(wn(x))daz+/ a(z)F(wy,(x))dx

S(0,D)\S(0,2

>/S(0,123 a(z)F(wy,(z))dx

D
= WN(;)N||04||L1(5(o,g))F(dn)~

Then, from (A10) we have

el @) F(E) ol (s0.2)) : F(E)
lim inf > T limsup —=
E—+oo &p keownDN (55 (1= 55) +1) e—voo &P
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fRN o(z)dx lim su F(§)
= Hown DN (Z(1— L)+ 1 T
sownDN (55 (1= 27) +1) =40

As in Theorem we can prove that the functional I3 is unbounded from below,
and it follows that I5 has no global minimum. Therefore, applying Theorem @
we deduce that there is a sequence {u,} C WP(RY) of critical points of I5 such
that limp, oo ||un|| 1.0 gy) = +00. Hence, we have the conclusion. O

Remark 3.13. We also observe that in Theorem [3.12]by Theorem [3.8|and replacing
¢ — 400 with € — 07, by the same reasoning, we have the conclusions, £ — -+oo
replaced by £ — 0T, but the sequences of symmetric solutions strongly converge to
0 in W}P(RY), instead.

REFERENCES

[1] G. Bonanno, G. Molica Bisci; A remark on perturbed elliptic Neumann problems, Studia
Univ. “Babes-Bolyai”, Mathematica, Volume LV, Number 4, December 2010.

[2] G. Bonanno, G. Molica Bisci;; Infinitely many solutions for a boundary value problem with
discontinuous nonlinearities, Bound. Value Probl. 2009 (2009) 1-20.

[3] S. Carl, V. K. Le, D. Motreanu; Nonsmooth variational problems and their inequalities,
Springer Monographs in Mathematics, Springer, New York, New York, 2007.

[4] K. C. Chang; Variational methods for non-differential functionals and their applications to
PDE, J. Math. Anal. Appl. 80 (1981) 102-129.

[5] F. H. Clarke; Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

[6] S. Hu, N. C. Kourogenis, N. S. Papageorgiou; Nonlinear elliptic eigenvalue problems with
discontinuities, J. Math. Anal. Appl. 233 (1999) 406-424.

[7] A. Kristély; Infinitely many solutions for a differential inclusion problem in RY, J. Differ.
Eqgs. 220 (2006) 511-530.

[8] A. Kristdly; Infinitely many radial and non-radial solutions for a class of hemivariational
inequalities, Rocky Mountain J. Math. 35 (2005) 1173-1190.

[9] A. Kristdly, Cs. Varge; On a class of quasilinear eigenvalue problems in RN, Math. Nachr.
278 (2005) 1756-1765.

[10] W. Krawcewicz, W. Marzantowicz; Some remarks on the LjusternikSchnirelman method for
non-differentiable functionals invariant with respect to a finite group action, Rocky Mountain
J. Math. 20 (1990) 1041-1049.

[11] S. Marano, D. Motreanu; Infinitely many critical points of non-differentiable functions and
applications to the Neumann-type problem involving the p-Laplacian, J. Differ. Egs. 182
(2002) 108-120.

[12] G. Molica Bisci; Variational problems on the Sphere, Recent Trends in Nonlinear Partial
Differential Equations, Contemporary Math. 595 (2013) 273-291.

[13] D. Motreanu, P. D. Panagiotopoulos; Minimaz Theorems and Qualitative Properties of the
Solutions of Hemivariational Inequalities, Kluwer Academic Publishers, Dordrecht, 1999.

[14] D. Motreanu, V. Ridulescu; Variational and Non-variational Methods in Nonlinear Analysis
and Boundary Value Problems, Nonconvex Optimization and Applications, Kluwer Academic
Publishers, 2003.

[15] B. Ricceri; A general variational principle and some of its applications, J. Comput. Appl.
Math. 113 (2000) 401-410.

[16] M. Willem, Minimaz Thorems, Birkhauser, Boston, 1996.

[17] G. Zhang, S. Liu; Three symmetric solutions for a class of elliptic equations involving the
p-Laplacian with discontinuous nonlinearities in RY, Nonlinear Anal. TMA 67 (2007) 2232-
2239.

SHAPOUR HEIDARKHANI
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, RAZI UNIVERSITY, 67149 KERMANSHAH,
IRAN

E-mail address: s.heidarkhani@razi.ac.ir



EJDE-2015/123 EXISTENCE OF INFINITELY MANY SYMMETRIC SOLUTIONS 17

FARIBA GHAREHGAZLOUEIL

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, RAZI UNIVERSITY, 67149 KERMANSHAH,
IRAN
E-mail address: f.gharehgazloo@yahoo.com

AREZOO SOLIMANINIA
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, RAZI UNIVERSITY, 67149 KERMANSHAH,
IRAN

E-mail address: a.solimaninia@yahoo.com



	1. Introduction
	2. Basic definitions and preliminary results
	3. Main results
	References

